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Introduction

L e t  M S p  denote th e  T h o m  spectrum of the sym plectic  group, so that
MSp„--.=.7r„(MSP) i s  the symplectic cobordism ring. In this note we study some
relations among KO-characteristic numbers o f  a  class o f  M S p„ by considering
the stable Adams operation 0 2 : KO* (MSp)—> KO* (MS p) [1/2].

In (2.6) we obtain the following commutative diagram;

KO

10 2

KO[1/2],

where T K O  i s  the Thom map, x  is  the generator o f  K O , and S 4 4 1(KO) is  an
element of Ko"(msp). Using (2. 6), i f  aEMSp o „ then w e have

(2.7)( V i c o ) *  (so , (mSp) SR (MSp))(a)=-- 0  mod. 8,

fo r  any  R=--(r„ r„ •••) such that ri i s  a non-negative integer and I R I = i r i <k,
where SR (MSp) is  a certain Landweber-Novikov operation in MSp-theory.

(2.6) and (2.7) are some generalization of the result of Floyd [1].
We consider th e  map 0 : K0 * (M S p ) K 0 * (MSp) [1 /2], which is the dual

of 0 2 . L et h i c° : MSp*
,  K0 * (M Sp) be the KO-Hurewicz homomorphism. For

a EM Spo,, s e t  h i c°(a)= 2R (a)0(K 0). Then we have

(2. 12) o (h ic o (a )), 4k-IRI2E(a)bR(K-0),

(2. 13) 4k-'R'R(a)zE  2r (a)C95(br(K0))1R(x/8) 1T ,
IT Ia R I

where [0 (b r (K 0 ))7 R  i s  t h e  in tegral coefficient of (x/8) 1n - i n  t h e
expansion of çb(br (K O)).

'Rol? (Ko)
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We consider in  msps,0Q  the  subalgebra 1/1/1V  all KO-characteristic numbers
o f  which a r e  in teg ra l. In  (3. 1) we prove that a n  element 13=E 2R bR(KO) of
KO, k (M S P) satisfies th e  re la tio n  (2. 12), i. e., ç5(13)= bRR (K O )  if  a n d
on ly  i f  ,3 i s  a  h K °  Q-image of an  element o f  W V . In  a  sense this implies
th a t W V  is  ch a rac te r iz ed  b y  th e  re la t io n  (2 . 12). A s  a n  e x te n s io n  o f  th e
forgetful map msp4k—A404,, w e can  consider a  map HT /

1,w MO, k . I n  con-
nection with (3. 1) we have  in  (3. 3) that Im age (W V  MO * )=- P* 8,  where P*  i s
a  subalgebra o f  MO * d efined  by E . E . F loyd  [ 1 ] ,  w ho  p roved  that Image
(msp* —>mo* )_P * 8.

From (2. 13) we have th e  following.

(2.14)E TI k (a)[0(h T  (K 0 ) ) i u = 0  mod. 8,I =
f o r all R  such that IR1<k.

Applying this relation and (2. 7) , we obtain the  following.

(4. 5) Fo r a 1 4 ° ,

{

mod. 8  i f  n =2m-1,

2 4 ' ' 4 m-i(a)m0  mod. 4  i f  n-- --2 m  o r  2m —1,

mod. 2 i f  n=2711,
f or

(4. 5) is some generalization o f  th e  resu lt o f  R. Okita [2]. Applying (2. 14) we
also have

(4. 7) F o r  aE 1V P,

2j 2 .14 1+.i4 2+k4 3 (a).--0  mod. 8,

f o r id -2 j+3k =n.

T h is  paper is organized a s  follows.
I n  § 1 we prepare some preliminary properties o n  cohomologies and  homo-

logies of HP -  a n d  msp and  on  the  complex stable A dam s operation çl. I n  §2
w e show  the diagram (2. 6) obtained by applying 0 2 o n  th e  T h o m  c la s s .  We
also  defin e  0  i n  th is  se c tio n  a n d  obtain  som e r e la t io n s  o n  characteristic
numbers of msp* .  In § 3  w e  p ro v e  th a t the  re la tion  in  §2  a lso  sa tisfied  b y
classes of W V  and  v ice  versa . In  §4  by using the relations in  § 2  a n d  § 3 , w e
consider some divisibility conditions on some characteristic numbers o f  147

0 •

§ 1 .  Preliminaries

L e t  E=msp, K O , K  o r  H Z  w hich  is the  representative spectrum of the
symplectic cobordism  theory, real K -theory, com plex K -theory o r  ordinary
cohomology theory with integral coefficients. E *  d e n o te  its  coefficient ring.
Then symplectic vector bundles a r e  E * (  )-orientable. W e denote the  T hom
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m ap by rE : M S p  E .  N o tic e  th a t ric=crico, where c : KO K  i s  a  com-
plexification. T h e  following proposition is well known. O ur notations are  usual
ones.

(1 . 1 )  Proposition.

( 1 ) E*(HP - )=E * H e ( E ) ]],  w here e(E) is the Euler class of the canonical
symplectic line bundle over HP - , i. e ., the f irst Pontrjagin class.

( 2 ) E * (HP - )=E * L8,(E), p z (E), -.•} , where /31 (E ) is  the dual of e 1 (E).
L et i: HP"=M Sp(1).—  M SP be the inclusion and set i*(P1-1-1(E)) -=b1(E).
( 3 ) E* (MSp)=- E* [b i (E), b z (E), •••], where dim. b1 (E)=4i.
( 4 ) E*(M S p) i s  the d u al o f  E* (M S p) o v e r E . W e  d e n o te  the dual of

bR(E)=b 1 (E)rib 2 (E)r2.-- by S R (E ), w here R =-(r„ r2 , ••.) is an exponent sequence
of non-negative and almost zero integers.

( 5 ) The coproduct J E  E*(MSP)—> E*(MSp)(S) E* (MSp) is  g iv e n  b y  the
E .

following formula;

hlE(SR ( E ) ) =  E  SRI (E) S R 2 (E ).
Ri+1?2,--Fe

( 6 ) M Sp*(11Sp) and M S p * (M S p) a re  H o p f  algebras ov er M S p * .
MSp* (M Sp), the coproduct le is given by

dri* (b „ (M S  p))= 0 (b_(MS p))Pii  b  (M S  p) ,

w h e r e  b(MSP)=1+b1(iV ISP)±b2(MSP)+ ••• and (b_(MSP)1,t_ii  i s  the 4(n — j ) - dinien-
sional homogeneous part o f (b(MSp))i+ , .

( 7  ) (rE)*(e(MSP))=e(E),

(rE)* (43i (MSP))=1Si (E),

(z-E)* (bi (MSp))=b i (E),

rE )*  (SR  (MSp))= SR  (E).

L et çb'' K * ( K * ( )[1 /2 ] be the stable A dam s operation.

(1.2) Lem m a.

In  K*(HP - ),

0:2 (e (K))= e (K)+ (0 14) (e (K))",

w here tEK 2 i s  the Bott-periodicity element.

Pro o f . I t is  k n o w n  th a t e(K)-=t - 2 ( c '( e ) - 2 ) ,  where e  i s  t h e  canonical
symplectic line bundle over HP -  a n d  c ' (C ) i s  th e  complexification of C. L e t  72
be a  canonical complex line bundle over CP- ,  an d  r : H P - be a  canonical
projec tion . Then r*(c'(e))-=72+77, where 5" is a  complex conjugate o f  72. From
th e  properties of OL we have
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ÇN 2r* (I- 2 (c' (e)-2))=(t - 2 /4) 0(7-1- -r7 —2)= (t- 2 /4) ( 22 -F.)72.2 -2)
=(t -  2 /4) ( + —2) 2 + t-  ( 7+ 52- —2)
=(t 2 /4) 7r* (e(K)) 2 + (e (K )).

Since 7* : K* (HP- ) K * ( C P " )  is monomorphic, we have the required result.
Q. E. D.

§ 2 .  Relations on K  and KO-characteristic numbers o f MS p* .

In this section we first consider the complex stable Adams operation 0  on
K * (M S p ) . In  order to compute 0  o n  K *(M S p), consider th e  following
operation 0, : K *  (MS p) K , (M S  p) [1/2], which is the dual of the stable Adams
operation 0,2; : K* (MS p) K *  (M S p ) [1/2].

(2.1) D efinition. For a E K* (M Sp), put

c(a)-= <a, g (S R  (K))> bR  (K)E K * (MSp) [1/2],

where < , > denote the Kronecker pairing.

(2. 2) Lemma.

0 ,  is a morphism of K * -algebra.

Pro o f . The linearity is c lea r . L e t a , leGK * (M S p ) . Then

Sbc(a/3 )=- , <aiS ,  Sb(S R (K))>b R (K)

< a  P, ZIK çb:'. (SR (K))> bR (K)

= E  (  E  <a, OgS R i(K ))> <i3, 0(SR2(K))>)bR (K)
R

"
=

q
5c (a) ¢c(15)

w h e re  K (S R  (K ) ) =  E  S R I  (K )  SR 2(K).re,+u2=n

(2. 3) Proposition.

1.1+ 1

0,(1).(K ))= E )(t2/4)n - i bi (K).
; n —  j

Proof.

Oc(b.( 10)=E  <4 ( çN (SR  (K ))> (K )

E=<P +1 (K ) , i *  (S R  (K))> bR (K)).

Q. E. D.
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Recall that
ei -" ( K )  if R = 4 i ,

i* (S R  (K ))=- 1
0 otherwise,

where ZI; i s  a n  exponent sequence of which j- th  p a r t i s  1  an d  others are zero,
i. e., 4 i = (0, 0, • ••, 1, 0, •••). Using (1. 2), we have

q(b , i (K ))= <13 + 1 (K), ÇN(ei+1- (K))> b J (K)

=  E  
i+  1

. ) (t2 14)n -  b i (K).n—J

(2. 4 )  Theorem. The follow ing diagram  commutes.

K msp

E(t 2 14 Y S'4 1 (K)

K[1/2]

Q. E. D.

Pro o f . L et 0  (7K )= . 2 E  SR (K ) .  Then

P =O R (K), 0(7K)>=<04(b R (K)), vs>.

From (2. 2) and (2. 3), we have

<95c (b,(K))i , z. K >-=(t2 14)2i f  R= j/1„
2R_ { 0 otherwise.

Q. E. D.
(2.5) C oro llary  (E. E. Floyd [1]).

0 (S R  (K ))= E  (t2 1 4))  (7 ic)*(.9 4 1  (MS p) SR (Msp)).
.1g 0

Now, we consider KO-characteristic numbers. Recall that K0 4 .=Z [x , y ]/ x 2

=4y , where x KO4 a n d  y EK 0 8 ,  and that the complexification homomorphism
c : KO * —> K*  c a r r ie s  x ,  y  to  2t 2 ,  V , respectively. L e t 0 2 b e  the  stab le  KO-
Adams operation. It is well-known that c02 = 0 c .  So we have

(2 . 6 ) Theorem. The following diagram commutes ;
Ko msp KO K

E (x/8)iSiih(KO) 02 Sbg

KO[1/2]  K [1 /2 ] .
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L e t I R I = i r i  f o r  R = (r i , r2, •••)•

(2 .7 )  T h e o re m . L et aEM S p 4 k . Then f o r each R  such that 1R 1<k,

(z- 0 )*  (s(k- (m S p) SR (MS p)) (a)=- 0  mod. 8,

('rl l z )*  (s(k - IR0
4 1(mSp)SR (MSp))(a)--= 0  mod. 8.

Pro o f . From (2. 6), w e get the  following commutative diagram ;

Recall 0 2 : KO, kK O 41, [1/2 ] i s  the  m ultip lica tion  b y  4k• S o  w e  h av e  th e
equation ;

4k (r K 0)* (a)= . (x /8) 1 (7 o)* (5 i 4 i( MSP)(a) ).

Hence we have (rico)*S 1,4 1 (MSp)(a)==0 mod. 8. It is obvious that
(rico)*S u i(m s p ) (a)=(r.)* s u i(m sp )(a) . So we get th e  results fo r R-=(0, . . . ) .
T h e  general case is easily obtained replacing a  b y  SR (M S p)(a) fo r  R  such that
/2 <k.Q .  E .  D .

(2 . 8 ) R em ark . E. E. Floyd proved the following in  [1];

0  mod. 4,(rHz)* s(k - IR0 4 1(msp)SR (MS p)(a)-=
0  mod. 8  if  k  is even,

f o r each R  such that IR I<k .

I n  o rd e r to  o b ta in  m o re  ex p lic ite  re la tio n s  o f  characteristic numbers of
sympectic manifolds, we consider th e  KO-analogy o f (2. 1).

(2 .9 )  D e fin it io n . L et a E K0 * (M S p), set

( a ) =  <a, 0 2 (SR  (K0))> bR (KO).

Then we have  the  analogous properties with (2. 2) and  (2. 3).

(2 . 10 )  L em m a. 15 is a morphisni of  K O-algebra.

(2 . 1 1 )  Proposition.

(b (KO))  E  j + 1  (x / 8 )n  bj (K0).n— j

L e t h "  : K o*(A isp) be th e  KO-Hurewicz homomorphism.
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(2. 12) T heorem . L e t  aE M S  p  .  L e t h " ( a) =2 R  ( a ) b R (K O ). T hen w e
have the following relation ;

(li no 4 2R (a)bR (KO).

Pro o f . If  w e p u t ç b (h "  (a) )= in R V  (K O), it holds

m R =.<0(h"(a)), (K 0)>=<hR o(e , ,
)
 2  (SR  (K 0))>

<h x o  s  r'fla ) 3  (K0)>=4k - 'm 2R (a),

by using the  fact that 0 2 : KO 4  —> K041[1/2] i s  the multiplication by 4 .

L e t  [0(b T (K 0)] R b e  t h e  in tegral coeffic ient of (x b R ( " -
u.--s) in  th e

expansion of g5(br  (K O ) ) . We can restate (2. 12) a s  follows.

(2. 13) C orollary . Uuder the notations of  (2. 12), we have

4k-IRI 2R ( a )._
I T 1-27R1 '

1 r (a) [0  O r  ( 1( 0 ))1R(X/8) IT I - IR I .

T he  proof o f  (2. 13) is  c lear fro m  (2 .10 ) a n d  (2 . 11). From (2. 13) and (2. 11),
we also have

(2. 14) C orollary . Under the above notations,

E  2r(a)[95(br(K0)1 R
-= -0  mod. 8 fo r  any R such that 11?1<k.

ITI=k

(2. 15) R em ark . Com pairing (6 ) in  (1. 1) w ith (2. 11), it is easily  obtained
that

S 41 (MS p) SR (MS P ) =  E  [0 (b r (K0)1RS T (MSP).

So (2. 14) is only  the restatement o f (2. 7).

§3. A  subalgebra IV °  o f M S N O Q .

I n  KO * (M S  p )  Q , we consider all elements that satisfy the  re la tion  (2. 12)
and (2 . 13). Set

V  k = { a= i f e k  2 R  (a)bR (K0)E KO 0 , ( M S P ) 1 0 ( a ) = 2 R  (a) bR (K 0)} .

From (2. 12) V k D h"(M S P4k ) holds. N o w  c o n s id e r  h "  Q  : M S P ik 0 Q
KO 4 k  (M S P ) 0  Q, and define

W ° =(h K °  0 (2) - 1 (Ka4k (MSP)).

In °  c o n s is ts  o f  elements all KO-characteristic numbers o f which a re  integral.
It ho lds /11Sp4k /T or c  W V . W e h a v e  th e  fo llow ing, w hich im plies that the
KO-Hurewicz im age of liffr  is characterized by the relation (2. 12).
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(3 .1 ) T h eo rem . ( h "  Q)(1V fr ) =-  V k •

P ro o f .  F o r  yE W IR ° , we take a n  in teger i n  such  that m v E M S k i k . Since
hKo (MSP, k ) C V k ,  we have the equation 0 ( h " ( m v ) ) .=  4 k - 'RI 21e (hico( m o)bR (K 0) .

It holds o ( h K o ( m v ) ) =m 0 ( ( h I c 0 0 0 ( v ) )  a n d  2 R (h "(m v )) — m2 R ((h K ° 0 0 ( 0 ) .
Since K 0 4 k (M S P) is  a free m odule, (h K ° 0 Q ) ( v )  satisfies the relation 0((h R ° 0
Q)(v) L i k H R I  2 R  ((hR ° Q ) ( v ) ) b R  (K O ), and so, belongs to Vk.

RConversely, l e t  a -=E 2R  (a)1, (K O ) b e a n  element o f  V k .  We remark that
any element o f  17k a lso  sa tis f ie s  th e  re la tio n  (2.13). So th e  following relation
is satisfied;

(1) 4k -IRI 2re (a y.,  21? 2T (a)(x18)I T 'HR1 [0 (b r  (K 0))]1?•

I f  IR1-=k-1, th is  re la tio n  im p lies that 32R  ( a ) =  E  AT  (a)(x 18)[0(b r  (K 0))]R •
ITI k

B y induction on 1R 1, w e have from (1) that 2R (a) fo r  any R  can be represented
a s  a  Q[x]-linear combination of 2T (a)  such thatIT 1:-=k. L e t a-= E 2 ?  (a) bR (HZ)

IRI=k
b e  a n  element o f  114k (MSP), w here w e iden tify  the  coeffic ients 2R ( a )  with
integers. Then there exists some element a  o f  msp4k0Q such that (V I  Ø  Q) (a)
-=- 0. I f  w e  ta k e  a n  in teger i n  su ch  th a t m aE M S P, k , then  h " ( m a ) E V  k.

Hence in  KO,(k-IRD Q , it holds that

(2) 4k-IR'2E((hico (a))

_21?((hKo 2r chico Q) (a) ) (x18) IT ' IR ' (1 7  (K O M R® Q ) ( a ) ) +

fo r  any R  such  that IR k. W hen 1R 1-=k, 2n ( a )= .2R ((hico f a ,)  from the
,definition o f  a .  Therefore, 2R ( a )= ÂR (( f r ico (a ) )  holds f o r  a n y  R , because

from (1) and  (2) both 21? ( a )  a n d  21?c h x o 0 Q ) ( a ) )  can be written a s  th e  same
Q[x]-linear combination o f  2T ( a )  a n d  2 T ( ( h K ° 0 0 ( a ) )  s u c h  t h a t  IT1=-1?

1 2R( , , K0respectively. Hence a = v i Q )(a))bR  (K 0)=- ( h R °  Q ) ( a ) ,  an d  so , a is
a n  element of (h R °  Q ) (W  ° )  • Q. E. D.

B y (3.1), an  elem ent o f  W ir  also satisfies the  re la tion  (2.14). Especially,
w e have

(3. 2) C o ro lla ry . L e t  a  b e  a n  elem ent o f  W r  ,  a n d  set (hR° Ø  Q )(a)=.

E AR (a) bR  (K O ). T h en  it ho ld s Akii i (a) —= 0  mod.8.

P ro o f .  From (2.11) 0 ( b ( K 0 ) )  that has b 0 (K O ) with non-zero coefficient in
its  expansion is  o n ly  ¢(b 1 (K 0 ) )  w hich  equals to  (x 18)±b 1 (K 0 ) .  So by (2.10)
w e obtain  [0(b r (K0))1o=1 i f  T -=t4 1 ,  and 0 if  otherwise, where 0 is  the zero
sequence (0, 0, ••.). Therefore (2.14) in  the  case  0 implies 2" 4 i(a) 0 mod. 8.

Q. E. D.

W e remark that (2.7) also holds fo r  an  element of by (3.2).

T h e  homomorphism M S p *  —> MU* induced by the inclusion S p  U  can be
extended  to  t h e  homomorphism Wr ---, MU* b y  t h e  Hattori-Stong theorem.
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W e denote by r:M O *  the composition of Wfi,c° MU *  a n d  MU * --  MO * .
E. E. Floyd [1 ] has considered a  subalgebra P * o f  MO *  a n d  proved Image (MSp *

MO * )  is contained i n  P * 8 . O n  th e  other hand following F. W. Roush [3],
Image(M Sp * — >M 0 * ) contains MO * ". B y se lec tin g  a  p o ly n o m ia l b a s e  x i ,
i #2" —1, o f  11/10* ,  P * can be represented as the polynom ial algebra Z2[(x2i) 2 ,
(x 21_1)2 , x 2, ]  f o r  a n y  i a n d  j  su ch  th a t j# 2 k  f o r  a n y  k ,  a n d  so it holds
P* MO * 2 . We remark th e  following.

(3. 3) C oro llary . Image (r : MO*)=P*8.

Pro o f . Considering t h e  method o f  E. E. Floyd's in  [1 ] ,  Image (r :
MO * ) C P *

8 h o ld s  f ro m  (3. 2). Following D. M . Segal [4 ] ,  there exists som e
Sp-manifold for each dimension 8 j, j # 2 k ,  and its  symplectic cobordism class y z,
satisfies Si2/ (il/Sp)(y 2,)E-- 2  mod. 4. Such a  S p-m an ifo ld  was defined by R . E .
Stong [5], and  by [5, Th. 4 ] a l l  K-characteristic numbers o f  y 2 , are multiples
of 2. Therefore, th e  K-Hurewicz im age  o f ( 1 /2 ) y , ,  is integral a n d  so  (1/4) y2, 2

is  an  element o f  W V]. W e can select x ,„ j* 2 k ,  a s  satisfying r ( (1/4) y2,2)= x228 .
Hence Ir((1/4) y 2 2

2 )1j#2 11  a n d  MO * "  generate P* 8 a n d  th is  is  t h e  required
result. Q .  E .  D .

(3. 4 )  R em ark . In  f a c t  the above (3. 3) can be proved w ithout using (3. 2)
by  considering m erely  the structure of TiV °  and W r ,  i f  we use the essential
part of Floy d's m ethod. W f °  is precisely  studied by  R . O k ita [2 ] fo r

§ 4. Applications.

I n  th is  section, we investigate some divisivility conditions on characteristic
numbers o f  W r .  We denote in  this section h " O Q  m erely by h " .

(4.1) Theorem  (R . O k ita [2, Prop. 4 . 2 ]). L e t a  b e  an  elem ent o f  1,17 c,?
and let h " ( a ) =  2 R (a)b R  (K O ). T hen  22 21 -1(a) 0  mod. 8.

Pro o f . In  th e  ca se  n=1, it is clear from  (3. 2). Now inductively supposing
that 2°27 1 - 1 -1 (13)—= 0 mod. 8 holds for any 13G ,  we prove 2 4 2 1 - I (a) 0 mod. 8.
For any integer k  such that 0- k 2n- 1 , it holds

( 1 ) S k 4 1 (M S p )S z l2 ._k _1 (m sp )= ik)s141-1-42n-i-1(114Sp).

By using (2. 7) and  (1), w e have  the  following ;

( 2 ) ( 2 n  ) 2 4 1 + 4 2 n - i - 1  (a) —= 0 mod. 8 ifi=0 k — z

From (2) fo r each k=1, 2, •••, 2m - 1 ,  w e have

( 3 ) 2k40-42n_k-1(a).--- in k 2 ,12n -1 (a) mod. 8 for
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where in k is  som e in teger. N ex t w e consider th e  equation

( 4 ) S-12n-1-1 (MS p) S' n ( M S  p)

= 2  S ( 2 n - 1 ) 4 1 + 4 2 n _ 1 (M SP)+S 2 n - l j 1 + 4 2 n - 1 - 1 (MSP).

Since it holds 2-12n- '-i (S 2 ' 1 4 1(MSp) (a))=_ 0 mod. 8  b y  o u r inductive hypothesis,
it holds from  (4) that

( 5 ) 22n-1.11-F Jo- - —2.2(2n-1-1),-11±-12n-i ( a )  mod. 8.

Considering the  equation (2) in  the  case  k=2n - '  and using (3) and (5), we obtain

(1+ 2ng i ( 2: - 1 ) M i —2 m 2 .--i_ i) 2 1 2 n - 1  (a)=----  0 mod. 8.

Since (  
i  

)—=0 mod. 2 fo r  1 5 i _ 2n- 1 — 1, w e have 2-12 ' (a )-=  0  mod. 8.

Q. E. D.

(4. 2) C orollary (Segal [4 ] or Okita [2, Prop. 4. 1] ) . L e t  a ,  an d  a, be
classes of  W y  and W T 1 respectively. Then, we hav e 24 2n (a1) =--  0 mod. 4  and
S1 2 n- 1 (a 2) =-0 mod. 4.

P roo f. W e consider the  following equation ;

Sul (MSp)S -12n- i (MSp)— S4 ' n- 1(MSp) (MSp)=(2n —2) S4 2n (MS p)

fo r n > 1, and

(S41 (MS p)) 2=2 (MS p) .

From  these equations, (2.7)  a n d  (4. 1), w e  h a v e  24 2n (a,)—= 0 mod. 4  for
W e also consider th e  following relation ;

S4 2 (MS p) S 4 2n- 1 (MS p)— S4 2n- 1 (MS p) Si ' (11/ISp)=(2n —3) S4 2n+1 (MS p)

for n 1 .  B y  u s in g  t h i s  e q u a t io n  a n d  24 2 (a,)== 0 mod. 4, w e  have  inductively
- (a

2) =-- 0 mod. 4. Q. E. D.

(4.3) P roposition (R. Okita [2, Prop. 4. 1]). F o r any aG W r ,  24 7(a)L= 0
mod. 2.

P roo f. T his is clear from Image (r : TW O  M O )  M O *
8 b y  (3. 3).

Q. E. D.

F o r this, w e first consider th e  follow-
ing lemma.

(4. 4) Lemma.

W e apply (2. 14) in  th e  c a s e  R=Jr•
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P ro o f. From  (2 .1 1 ) , a l l  95(b,(K0)) th a t  have  br (K O ) w ith  non-zero coef-
fic ients i n  th e ir  expansions a re  o n ly  0 (b „ , (K 0 ))  for j rd -1 , a n d  all
0(1),(K0)) t h a t  have b 0 (K O ) w ith  non-zero coefficients are o n ly  0(b 1 (K 0 )).
B y th is and (2 .10 ), w e have th a t a ll 0(bT(K0)) th a t have b (K O ) w ith  non-zero
coefficients in the ir expansions are o n ly  çb(bT  (K O ))  s u c h  th a t  T= i4 1 -1-4,+ , for

a n d  w e  c a n  e a s ily  d e d u c e  th e  required  relation f ro m  (2 .1 0 ) and
(2.11). Q. E. D.

(4 .5 ) T h eo rem . L et a be an element of  147 ° and set 11."(a )= E 2 R (a )0 (K 0 ).
For any i such that 0 i n, we have 2 4 1 + 4 n - i (a)=-. 0 mod. 8, 4, 4 07' 2  i f  n=2m —1,

2m---1 or 2m f o r some m, respectively.

P ro o f. In the case i = 0 , th is  is  ju s t (4 .1 ) , (4 .2 )  and ( 4 . 3 ) .  B y  u s in g  (4 .4 ),
w e have the following relation from  (2 .14) fo r R =4 ,;

r+ I r+ 1E ) 2 ( 7 1 - r - j ) 4 1 + 4 r + j ( a ) = - 0  mod.8
J = 0

f o r  0_.< j r-F l ri. Induc tive ly  supposing  tha t t h e  r e s u lt  h o ld s  in  th e  ca se
0 _ ik < n ,  w e can  prove th e  re su lt in  th e  c a se  i= h + 1  by using  the relation
( * )  for r=n—(k+1). Q. E. D.

Next we consider (2 .14 ) in  the case R=rzl i .

(4 . 6 )  Lemma.

(K 0 ))],
4

,  = f
1 0

where j+ k  f o r T = i4 1 4-

i f  T= i4 1 +14 2 --Fk43 ,

otherwise,

P ro o f. From  (2 .1 1 ) ,  0 (b ,(K 0 )) that has b 1 (K O ) w ith  non-zero coefficient
in  i t s  expansion is on ly  (b, (KO)) , (b 3 (K 0 ) )  o r  95 (b3(K0)) . Therefore, by
using (2 .10) and (2 .11 ), w e  have th a t a ll 0(b r (K 0 )) w hich have (b1 (K0))r with
non-zero coefficients in the ir expansions are only q5(bT (K 0 )) s u c h  th a t  T-=i4 1 +
j42+k43, and w e can easily  obtain the required relation by using  (2.11).

Q. E. D.

(4. 7 ) T h eo rem . L et a be an element of  1171,° and set h t c ° (a)=E 2R(a)bR (KO).
It holds

23• 2"i+i ° 2+"3(a)=-- 0 mod. 8

i f  i+2j-1-3k= 72.

P ro o f. W e  m a y  suppose j= 0 ,  1  o r  2. T h e  following relation holds from
(2 .14) for R=r4 1 b y  u s in g  (4 .6 );

( 1 ) E ( . • , 2i • 2" 0 .0- 2+"3(a)==_O mod. 8,i+2i+3k-.
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f o r  any a E  W r .  The binom ial coefficients (  
j + k — r )

 a r e  z e r o  unless the

following cases ;

(2 ) n — r _ j+ 2 k  a n d  r_ jd-k .

F o r fixed n , we prove th e  theorem by induction on j + k .  In  th e  c a se  j+k =0 ,
it holds from (2 .7 ).  Now inductively we suppose that it holds 2.1•21 4 0 - .74 2+ 4 3(a)

mod.8 if j- i-k <t fo r a n y  aE WE,f°  a n d  fo r  id -2 j± 3 k =n . We prove the
theorem in  the  case  j 0±k 0=t.

Case ( i ) j o= 2 .  In this case we consider th e  re la tio n  (1 ) f o r  r=n -2 t+2 .
If  there exist j  and  k  which satisfy that j-Elz _t and  that the binomial coefficient

j + k — ( n - 2 t + 2 )
)  is  non-zero, then  it m u st be j= 2 =  j 0 a n d  k-=k0 fro m  (2).

So using the inductive hypothesis, we have from (1) fo r r= n -2 t+ 2

4.2(71 - 30+2)411-242+(t - 2)43 /de =)  0  mod. 8

fo r any aE V ow . H ence th e  required result holds in  this case.

Case ( i i )  j 0= 1 .  We consider (1) fo r  r = n - 2 t + 1 .  I f  th ere  ex ist j  a n d  k

which satisfy that j d - k t  and  that the binomial coefficient (
i + j + k — ( n - 2 H - 1 ) )

is  non-zero, it  m ust be 1=1=1 0 a n d  k = t - 1=k 0 o r  j= 2  and  k = t - 2 .  So using
the inductive hypothesis, we have from (1) fo r  r=n - 2 t+1

4 ( n  
— 3 t + 2 ) • 2 ( n - 3 t + 2 ) 4 , - 1 - 2 4 2 + ( t - 2 ) 4 3

 (a )+ 2 -2 (7 2 - " + 1) 4 1÷4 2+" - " 3  (a )-- - 0 mod. 8

fo r any a E  W r .  T h e  fo rm e r  te rm  is  0 m od.8  b y  th e  c a s e  ( i ) ,  where we
consider the  form er term  is zere when t= -1 . Hence we have the  required result
in  this case.

Case (iii) j 0= 0 .  W e consider (1 ) f o r  r = t .  I f  there ex ist j  and k  which

satisfy and  that the binomial coefficient ( i + i ±
i
 k — t )  is  non zero, then it

m ust be j + k = t .  So using the inductive hypothesis, we have from (1) fo r  r=t

4. 20z -3t1-2,Ji +2-12+(t-2)J0 (a ) + 2.2(.-3t+i)J i +.12-f-(t-i)J3 (a )

+2 ( n - 3 t ) i l+ t 4 3  (a)==0 mod. 8

fo r any a E W P  .  T he form er tw o term s a r e  0  m od .8  b y  c a se s  ( i )  a n d  (ii),
w here w e consider t h e  f ir s t  te rm  is  z e ro  w hen  t= 1 .  H ence w e have  the
required result in  this case and it completes th e  proof. Q .  E .  D .
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