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On the Hilbert-Samuel polynomial
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The Hilbert-Samuel polynomials are given by the following theorem due to
Ramanujam ([12], [13]).

“Let X be an algebraic variety, & an invertible sheaf on X and £ <0y an
ideal sheaf such that Supp (0x/.#) is complete. Then there is a polynomial P(n, m)
of total degree <dim X such that for large m we have

WX, & gmL")y=P(n, m).

When £ =0, this is the well-known polynomial theorem of Snapper ([2], [11],
[16]). These results take a central place in the intersection number theory ([11],
[12)).

The main purpose of the present paper is to give an analogous theorem in
complex analytic geometry. Some comments concerning intersection numbers will
be also given.

I. Proof of the theorem

L1. For a complex space X and an invertible sheaf &, we will put ¥"=
L®---®F, n-times, for an integer n>0(#£°=0¢) and L"=¢"'® - -L!,
—n-times, for an integer n<0, where #~! is the dual of . For an analytic
coherent sheaf # on X, dim & means dim (Supp &#). We will write m>0 to mean
that m is sufficiently large.

Theorem. Let X be a complex space, Y a compact analytic subset of X,
and £ <Oy a coherent ideal sheaf such that Supp (0x/#)=Y, £ an invertible
sheaf on X and & a coherent sheaf on X. Then the function (n, m)— x(F @ L")/
(I RL™M) is a polynomial for m>0 and any n, and the associated polynomial
P(F)=P(F; &L, .#) is of total degree <dim &.

Moreover, if X is compact and 0»F'»F - F"—0 is exact, then P(F)=P(F")
+P(F")+ Q, where degree Q <dim J".
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Proof. a) Suppose first # =0, thus X is compact. We need to show that the
function ne y(F ® £") is a polynomial in n, of degree<dim & (the last statement
of the theorem is clear in this case). This is stated by Fujita in ([5], p. 105, foot
note), at least when X is reduced and irreducible and & =¢. For reader’s conve-
nience we sketch an argument for the general case by induction on the dimension of
X. If dim X =0, the conclusion is clear. We prove the general step of the induc-
tion. First, we will remark that if dim # <dim X, then the function n—y(F ® ¥")
is a polynomial of degree<dim &, as FQL" ~(F | AL 5nF V(L | A nnF L)'. We
can assume that X is reduced: indeed, if 4" is the ideal sheaf of nilpotent elements,
then #°*=0 for sufficiently large k and by additivity, using the exact sequences

0 — NSF|NHNF — FIN NG — FINF — 0

we conclude it.

We can assume that X is irreducible. Indeed, let X ,..., X, be the irreducible
components of X and .£,..., £, the associated maximal ideal sheaves. The canoni-
cal map & —[[(#/#,%) has the kernel and the cokernel both of dimension <dim X,

hence for these sheaves the result is true, and we obtain the desired result, using
again additivity. Therefore X can be assumed to be reduced and irreducible and
moreover, we can assume that Supp & =X. : :

By a result due to Rossi [14] there exist a compact complex manifold X* and
a modification 7: X*— X such that the sheaf n*# is, modulo torsion, locally free.
Denote n*(.¥)=%* and F*=n*(&#). By induction, n— y((F*)@L*") is a poly-
nomial of degree<dim X*=dim X, where #(#*) is the torsion subsheaf of F*.
By the Riemann-Roch-Hirzebruch theorem ([10]) for compact complex manifolds (as
a consequence of the Atiyah-Singer index theorem), the function n— y((F*/t(F*))®
£*") is a polynomial of degree<dim X*. Hence so is the function n— y(X¥*,
F*rR¥*"). Now, for any n, there is a spectral sequence of term E% %(n)=HP(X,
Rin (F*®L*")) which converges to HPYI(X* F*®¥*"). There is a canonical
isomorphism RIn(F*® L*")~Rin (F*)®FL". As 7 is a modification, RIn.(F*)
is zero for g>1, outside a closed analytic subset of X of lower dimension. Using
again the induction hypothesis and the invariance of the Euler-Poincaré characteristic
in a spectral sequence, we conclude that the function n— y(n(F*)®.#") is a polyno-
mial of degree<dim X=dim &. The kernel and the cokernel of the natural map
F > F* are of dimension<dim X and we obtain the desired result.

b) We prove that the function is a polynomial (for m>0). It suffices to show
that the difference function '

(n,m)— Y FRL"I" FRL))—UFRQL"|I™(F QL")

is a polynomial in (n, m) for m>0 ([15]). Let us consider the -blowing-up of X
with respect to £ ([8], [9]) and denote it by n: X*—X. X* is the Proj of the Rees
sheaf-algebra 0, F D F2P--. Then Y*=n"1(Y), the analytic inverse image of
Y, is nothing but the Proj of the sheaf-algebra (in fact its restriction to Y) 0x/£ ®.#/
£2@---. The inverse image of #/#2 is an invertible sheaf 7 on Y* which is very
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ample relatively to the map Y*—Y (we will denote this map also by 7). o =0y/
F@DF|F2@ - is a coherent sheaf of rings and A =F |[FFDIF[F2F D has a
natural structure of a graded coherent «/-module (for every compact Stein subset
K, there are canonical isomorphisms I'(K, &)~ @®I'(K, £)"/[(K, #)"*!, (K, #)
~@®(I'(K, £)»'T(K, F)I'(K, L)' T(K, F)) and for every inclusion K'cK, iso-
morphisms

I'K, &), 0(K)=I(K', o), 'K, #)R,x0(K)~T(K', A)

and moreover the map O0(K)—0(K") is flat; now the above coherence statements
follow from these facts and by the noetherianity theorem of Frisch ([4]). As in the
algebraic case ([8]) to .4, one associates a coherent sheaf .# on Y* and a natural

morphism 4+ (-B n*(.l ®J"). Using the Grauert-Remmert vanishing theorem for

projective maps [7] we show that this morphism is an isomorphism on the homo-
geneous components of sufficiently large degree, that is S"F [t F ~ ﬂ*(./l ®IT™)
if m>»0 (in analytic case, the details can be found in C. Banicia et O. Stanasila,
Méthodes algébriques dans la théorie globale des espaces complexes, Gauthier-
Villars, p. 257-259). Using again the Grauert-Remmert theorem, we have an*(.//;
®7 ™) =0 for g=>1 and m>0. Thus, we obtain, by the Leray spectral sequence,
the isomorphisms

H(Y, S"F | F )~ HI(Y*, ARIT™M), for ¢>0, m>m,.

The o/ -graded sheaf .#(n)= EB(J"'(.?@.?”)/J’"“(.”[@.&”")) is nothing but 4/ ®,2£"

and we have the identification .I(n)~/ ®L*", where £*=n*(%); indeed, if {V}i;
is a covering of X which trivializes # and h;;e O(V; n V)) are transition functions of
&, then on each n~!(V;) both sheaves are isomorphic to .# and on the intersections
n~1(Vy) N =='(V;) the patching is done for both by the multiplications by h;;. Thus,
we have an isomorphism

HY(Y, SN F QLI (F QL") ~HIY*, MQL*"QT™)

for any n, any q and m>m, (the integer m is good for every #F ® %", since the
question is local on Y). Now we apply a), with the remark that the given argument
can be extended when we replace £ by a finite number of invertible sheaves.

c) To prove that degree P <dim &, we proceed by induction on dim &#. As
the initial step of the induction is clear, we prove the general step. Replacing X by
Supp F, £ by (A nnF )L |Supp F and £ by (S + A »nF)| AL nnF | Supp F, we
may assume X =Supp &, hence dim X =dim #. Ifdim Y <dim X, then P(n, m+1)
—P(n, m)=yx(Y*, ‘/f®$*"®.7"') is of total degree <dim Y* <dim X, thus degree P
<dim X. Now, assume dim Y=dim X. Denote by Z the union of the irreducible
components of X .4 which are not contained in Y (if any!). One has X=Y U Z and
dim(Y nZ)<dim X. Let # <0y be a coherent ideal such that Supp (0/ #)=Z.
Our problem is of local nature around Y, hence replacing X by a neighbourhood of
Y, we can find k such that (# n #)*=0. Consider the exact sequence
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00— fptF — F — F|g*F — 0

and denote ¥ =%/ ¢*#. Consider the complex space (Z, Oy/ £*|2), £| #*%|Z,
(F+ 7"/ g% Zand | Z. In this case the zero set of the ideal-sheafis Y N Z and it
follows (as dim Z <dim X, or dim (Y n Z)<dim Z) that the degree of (n, m)—x(4®
LrlsmMG®.L") is at most dim X =dim &#. On the other hand, by the Artin-Rees
lemma, the coherence and the compactness, we can find an integer r such that #™% n
FEF =gm (s F 0 gFF), if m=>r. It follows #mF n g5F =0 for m>0 and the
same is true when we replace # by any #®.%2". Hence we obtain the exact se-
quences

0— HFRYL") —(FRL"I(FRL") — (9QL")F"(YRL") — 0

for any n and m>0 and the proof is finished.
d) Assume now that X is compact and let 0»F'-»% —»%"—0 be an exact
sequence of coherent sheaves on X. From the exact sequences

00— I"F'RYL") — F' QYL — F'QRL"ISMF' RL") — 0,...,

it follows that it suffices to prove the required property for the polynomials associated
to the functions (n, m)—y(F™(F @LM), Y(SI™(F RL")), (I F"®RL")). We
have the exact sequences

00— (F'RELYVNSIN(FRL) — INFRYL") — IS™(F'RL")— 0.

By the Artin-Rees lemma, the first sheaf is isomorphic to £™ "(F' N S"F)R L"),
for ¥>0, m>r and any n. The proof is finished, if we show that the polynomials
associated to ¥=%"'nS"F and &’ differ by a polynomial of degree <dim #'. We
can assume X =Supp &', hence dim &' =dim X. The inclusion map ¥— %' induces
a morphism between the associated graded sheaves A ,=@DI"G> A . =BI"F'
hence a morphism between the associated sheaves on X* =Proj(@~s™), ./i,—-)j o
We have x(S™G@LM)=1(X*, M,@L*"@T™), (SNF' QL") =Y(X*, M 5®
Z*n®g™) for any n and m>0, where £*=7*¥) and J =n*(#)0.. Assume
dim Y <dim X. Asthe map #—&' is an isomorphism on X\Y, the map jg—wi,l
is an isomorphism on X*\Y*, hence its kernel and its cokernel are of dimension <
dim Y*<dim X =dim &' and we obtain the desired result. It remains the case
dim Y=dim X. In this case, consider Z, ¢ and k as in ¢). It follows that F™(¥®
L=S"(%9| F*9)R L"), FMF QL") =S"(F'| F*F )@ L") for any n and
m>0, and so on. Hence the proof of the theorem is finished.

I.2. The case # =0 (i.e. the analogue of Snapper’s theorem), as we have al-
ready said, is due to Fujita ([5]). For dim X=2 (and % associated to a divisor)
this was also proved by E. Selder (Miinchen) and for a special class of Moisezon
spaces by C. Horst (Miinchen)*). When X is Moisezon or when X is arbitrary

(*) When X has a “projektiv abschlieBbaren Teil” (as in [3]), in any case for MoiS§ezon manifolds
(cf. Fundamental Lemma of [3]).
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but has no fixed points and ¢ is such that the global sections generate the fibres
S, xe Y, the theorem is proved in [1].

D. Leistner (Regensburg) has proved the following interesting result: if X is
a compact complex space, % an invertible sheaf on X and & € Coh X, then for
every q there exists a polynomial P, of degree<dim & such that dim HY(X, #"®
£y Py(n) for any positive integer n.

Here we give a simple proof of this statement under the assumption that X is
compact MoiSezon. We prove it by induction on dim X. For dim X =0, this is
obvious. We can assume that dim & =dim X. First, let us consider the case where
X is projective. There exist very ample invertible sheaves .#,, .#, and effective re-
duced Cartier divisors D, D, such that ¥=2,0%5', 0x(D,)>3.%;. From the
induction hypothesis and an exact sequence

0— 0x(FRLT'RZL") — Ox(FQRL™) — 0y (FRZL™) — 0,
it follows
(X, FRQLT QL") —hi(X, FQL™)|
<hi"Y(D,, FQRL™)+hi(D,, FRQL™) < P(m)

where P(x) is a polynomial of degree <dim X — 1.
Similarly, we have

(X, FQLT 'L —hi(X, FRQL™ )| <Q0(m—1)

where Q(x) is a polynomial of degree <dim X — |.
Hence, we have

hi(X, FQL™) —hi(X, FRL™ )< P(m)+Q(m—1)

This implies the above statement.
Next let us consider the general case. By Chow’s lemma, there exist a projec-
tive variety X and a birational morphism n: X—X. There is a spectral sequence

E}i=HP(X, Rin (n*(F @ZL™)) = H (X, nX(F@L™).
As X is projective, there are polynomials P (x) of degree <dim X such that
R(X, nH(F QL) < Py(m).
As we have
E = E0Im(E{ ™41 — E10),

we obtain inequalities

(+) H(X, 1y (n*F)@ L™ =dim EZ° <dim E%0+ Y dim Eg-**-1
k=3

r—1
<dim E%}%+ Y dim E§k*-1
k=3
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r—1
=dim Ef-°4+ Y h17*(X, R* 'n (n*F)R 2™)
k=3

Put r=dim X +1. Then, E¢°=E%° Hence, we have
dim E£0<hi(X, nX(F Q@L™) < Py (m).

On the other hand, as = is birational, dim RPry(n*#)<dim X —1 for p>1. Hence
by the induction hypothesis and the above inequality (x), there is a polynomial Q(x)
of degree <dim X — 1 such that

(X, T (T*F)RL™) < Py(m)+0(m) .

There is a canonical homomorphism f: #F - (n*#) such that dim Ker f <dim X
— 1, dim Coker f <dim X —1. Hence it is easy to show that

h(X, FRQL™) < R(m)
where R(x) is a polynomial of degree<dim X. This is the desired result.

I.3. In the algebraic case we have the following variant of the theorem (we
again neglect to consider &)

Statement. Let X be a non-singular algebraic variety, S a coherent ideal
sheaf such that Supp (0x/F) is complete and & an algebraic coherent sheaf on X.
Then for every q the functions n—x(T o:9(F, 0[F"), n—>y(E=¢3(F, 0|F")) are
polynomials for n>»0.

Indeed, by means of a result due to Kleiman there exists a resolution .#. of &
by locally free coherent sheaves. Then J.:%F, 0[/F") equals # (&L.[F"L.)
and by additivity we obtain (o (&./F"L.))= — (L -1/F"L 1)+ x(Cokerd,/
#" Coker d,)+y(Coker d,, ,/#" Cokerd,.,), where d. are differential maps of #.,
and the conclusion for local 7,:’s follows. Now we have a canonical isomorphism

Homo( L., 0| ") =LY R,(0]27"),

where #V is the dual of #.. Thus &=¢/4(F, 0/#") is isomorphic to #,((£Y/
[#£" V) and we make use again of the previous argument to finish the proof.

We do not know whether a similar statement holds when X is singular, or in the
complex analytic case.

II. Comments on intersection numbers

II.1. We can generalize the theorem, using the same argument as above, taking
into account finitely many invertible sheaves and ideal sheaves (cf. [11], [12] for the
algebraic case). This gives the possibility to define asymptotically some numerical
invariants, asin [11], [12]. We restrict ourselves to give some comments. Consider
first only invertible sheaves. We have

Statement. Let X be a compact complex space, £ ,,..., &, invertible sheaves
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on X and & an coherent sheaf on X. Then the Euler-Poincaré characteristic
HFRLIR® --®.L") is a polynomial in n,,..., n, of total degree<dim & .

When r>dim &, the coefficient of the monomial n,---n, in this polynomial is
an integer (We can show this for a manifold X and a locally free sheaf &, using
the Riemann-Roch-Hirzebruch theorem. Then we reduce the general case to this
case, or apply directly a well-known lemma on numerical polynomials) and we
denote it by (&£ ,---Z,- #) and we call it the intersection number

In particular, when ¥, ~%,~-..~% ~% we write (¥ " %) and in fact
(&£°r- &) is nothing but r! multiplied by the coefficient of n" in the polynomial
W(F ®L"). When Wis an analytic subspace of X, of dimension <r, we denote
(&L, 0,) by (£, Z,-W)and (£ 7-Oy) by (£°7- W).

We note a property of the intersection numbers which is shown in the algebraic
case by dévissage [11]. This argument cannot be carry out in the analytic case.
However, we can use an argument in the proof of the theorem.

For any non-singular point x, #,®, _.#, is of finite dimension over the field
A ., of germs of meromorphic functions in x and the dimension is called the rank
of F in x, rk,#. Then rk,% is locally constant with respect to x. Assume that
X is irreducible, then rk, & is independent of the non-singular point x and we denote
it rk#. We have the formula

(*) (& &, F)=(kF) (&L, &L, 0x), r=>dim X,

Indeed, if Supp & # X, then r>dim &, rk# =0 and both sides of (*) are
zero. Assume now Supp F =X. Let X*¥ =, X be a modification such that X*
is a manifold and F*=n*(#) is, modulo torsion, locally free. The kernel and
the cokernel of the map & —»n,(F*), as well as the sheaves RIn (F*), g>1, are
zero outside a closed analytic subset of X of lower dimension. As we are looking
for terms of upper degree in the polynomials, we obtain successively:

(L1 Ly F)=(L1 Lo aF )= (L1 LEF ) = (LT LF- FHU(FY))

and also (&, &L, -0x)=(LF---LF-04). On the other hand rk&F =rkF*=
rk(F*[1(F*)) and we reduced the question to the case where X is a manifold and
Z 1is locally free. But in this case we can prove (), using the Riemann-Roch-
Hiezebruch theorem.

Using the Riemann-Roch-Hirzebruch theorem, induction on dimension and the
result of Rossi, we can prove in the analytic case (X a compact complex space,
&Ly, £,y invertible sheaves, & a coherent sheaf) that W F (1 -Z)® - ®
(1-%,,1)=0 when dim & <r, analogously to Cartier’s algebraic result ([2])
(here yx is extended linearly). We can use this to extend the identities of Snapper
and Cartier to the analytic case.

In particular, we obtain compatibility between the integers (&, --&,- F) (de-
fined here asymptotically) and Kronecker’s indices

[£:2-F1=F (- T (FOL,@2)
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I1.2. Concerning the uniqueness of an intersection number theory, we have
a coarser result as in the algebraic case.

The numbers (£ ,---&, - F) satisfy the following properties.

@ (&,2,-F)=0ifdim & <r, and (F)=dim H)(X, &) if r=dim & =0.
@ (&%, -F)is a symmetric r-linear form in £1,..., Z,.

® If0->F'->F->F"->0is exact, then

(gl...gr.f;)=(gl...gr.g:').;.(gl...gr.gr”) .

@ If S is the subspace of X given by & wsF and ScT <X are inclusions of
subspaces, then (£, %, - F)=(L | T--%,|T-F|T) (£;|T, F|T are the ana-
Iytic restrictions).

® Ifn: X*>X is a modification of irreducible compact complex spaces and
& is a torsion free coherent sheaf on X, then (¥¢,-%, - F)=(LF--L}-F¥
(Z¥=1*P), F*=1¥F)).

® If X is a manifold of dimension r and & is locally free, then (&£, &,-F)
=(rkF)-(c(ZL)--ci(£,)-[X], where ¢ ,(£;) is the first Chern class of &; and
[X] is the fundamental class of X.

Another intersection number theory which satisfies the above properties co-
incides with the asymptotical theory defined here.

I1.3. We have an analogue of the numerical characterization of ampleness.

Statement. Let X be a compact complex space and ¥ an invertible sheaf
on X. Then &% is ample if and only if for any r-dimensional irreducible subspace
Wof X, &% | W is associated to a Cartier divisor and (&£'"- W)>0.

The proof is the same as those of Kleiman in the algebraic case ([11]). We
need the following criterion of ampleness of Grauert [6]:

“Let X be a compact complex space (which may not be necessarily reduced)
and & an invertible sheaf on X. If for any irreducible subset W of X of positive
dimension, there exist an integer k>1 and a non-zero section of ¥*| W which does
vanish at some point, then & is ample”.

The hypothesis that % | W is associated to a Cartier divisor is needed in the
proof, to conclude that % | Wis a subsheaf in the sheaf of meromorphic sections on
W (see [17], Ch. 11, § 4, for informations on Cartier divisors). If X is a Moisezon
space, this hypothesis is verified for any invertible sheaf (Moisezon). In any case,
G. Fischer ([3]) is able to prove the Nakai criterion on Moisezon manifolds.

I1.4. Now a few words about the case when we deal with sheaves of ideals.
We restrict ourselves to the case where we have an invertible sheaf and an ideal,
that is to the situation of the theorem. For r>dim &, the coefficient in P(n, n)
=xFRL"I(F QL") (for n>0) of n" divided by r! is an integer and we
denote it by e(F)=e(F ; £, £): the r-multiplicity of & with respect to # and
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2. If X is compact, and if 0-»F'-»F >F"-0 is an exact sequence, then e (%)
=e(F)+e(F") (r>dim &F), as it follows from the theorem. It would be inter-
esting to get rid of the hypothesis of compactness; in the algebraic case we are
always able to reduced to the compact case [12].

We also mentioned the following fact (cf. [12] for the algebraic case and & =the
structure sheaf): if X is compact and % and #.% are generated by global sections,
then we have

dim HO(X, (F @ L") | S"(F QL") — e,(y-)-;’_', =0(n1), r=dim &.
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