
J. Math. Kyoto Univ. (JMKYAZ)
20-2 (1980) 381-389

On the Hilbert-Samuel polynomial
in complex analytic geometry

By

Constantin BANIcit and  K enji UENO

(Received Feb. 27, 1979)

The Hilbert-Samuel polynomials are  given by the following theorem due to
Ramanujam ([12], [13]).

"L et X  be an algebraic v ariety , y  an  invertible sheaf on X  and .1c69, an
ideal sheaf such that Supp (0 x /f )  is com plete. Then there is a polynom ial P(n,
of total degree <dim X such that for large m we have

-Fillfm-r")=P(n, m).

When .5=0, this is the well-known polynomial theorem o f Snapper ([2], [11],
[1 6 ]). These results take a central place in the intersection number theory ([11],
[12]).

The m ain purpose o f the  present paper is to give a n  analogous theorem in
complex analytic geometry. Some comments concerning intersection numbers will
be also given.

I. P roof of the theorem

U .  F o r a  complex space X  and an invertible sheaf we will pu t ..29 n=
n-times, f o r  a n  in te g e r  ii >0 (.29 °= (9 ) a n d  ..r "= ..r - ' 0•••(:).r - ',

—n-times, fo r an  integer n<0, where Y - 1  i s  the  dual o f  2 ' .  F o r  a n  analytic
coherent sheaf g" on X , dim g  means dim (Supp g). We will write m »0  to mean
that m is sufficiently large.

Theorem. L et X  be a  com plex  space, Y  a com pact analy tic subset of  X ,
and .1 c 6 ,  a  coherent ideal sheaf  such that Supp ( /.5)= Y, a n  invertible
sheaf on X  and a coherent sheaf  on X . Then the function (n, m)l—q((g . 02'n)1
syn(.102'")) is a poly nom ial for m »0  and any  n, and the associated polynomial
P (F )= P ($ ; .1) is of  total degree < d im ..

Moreover, if X is compact and 0-4,F' is exact, then P(.. )= P (.F ')
+ P (F ")+ Q , where degree Q< dim sir'.
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Pro o f . a) Suppose first sir= 0, thus X is com pact. We need to show that the
function ni--q("- 0 2 " )  is a polynomial in n, of degree<dim g" (the last statement
of the theorem is clear in this case). This is stated by Fujita in ([5], p. 105, foot
note), at least when X  is reduced and irreducible and g - = C .  For reader's conve-
nience we sketch an argument for the general case by induction on the dimension of
X .  If dim X =0, the conclusion is clear. We prove the general step of the induc-
tion. First, we will remark that if dim .5,7  <dim X, then the function n --q ( F Ø 2 )
is a polynomial of degree <dim F ,  as .577 0..r":-.., (F /s1 ..,7 )0(..?/.9.(...F.F)". We
can assume that X  is reduced: indeed, if .At is the ideal sheaf of nilpotent elements,
then .4('" = 0 for sufficiently large k  and by additivity, using the exact sequences

0 .ilfsSx/./V's+1,F ,FI.Ats+1 .97 <F/../V'sg- 0

we conclude it.
We can assume that X  is irreducible. Indeed, let X 1 ,..., X ,. be the irreducible

components of X  and sirr the associated maximal ideal sheaves. The canoni-
cal map ..F-41-1,7.tr 1.F) has the kernel and the cokernel both of dimension <dim X,
hence for these sheaves the result is true, and we obtain the desired result, using
again additivity. Therefore X  can be assumed to be reduced and irreducible and
moreover, we can assume that Supp = X.

By a result due to  Rossi [14] there exist a compact complex manifold X * and
a modification 7r: X *-0( such that the sheaf n*.F is, modulo torsion, locally free.
Denote ir*(Y )-= 2* and S r*= n * (F ). By induction, n i-q (t(F *)0 2 *") is a  poly-
nomial of degree <dim X * =dim X , where t (F * ) is  the torsion subsheaf o f  .9"*.
By the Riemann-Roch-Hirzebruch theorem ([10]) for compact complex manifolds (as
a consequence of the Atiyah-Singer index theorem), the function ni--*x((.9. */t(S27 *))(31
2 * 1 )  is  a polynom ial of degree <dim X * .  H ence so  is th e  function ni--q(X*,
„F * 0 3 * " ) .  Now, for any n, there is a spectral sequence o f term E3, q(n)=HP(X ,
Rqn* (F*OE.99 *n)) which converges to  HP+q(X*, .97 * (:).? * " ). There is a  canonical
isomorphism Rqn,,(F*0.29 *") Rqn* (..F * )0 .2 " .  As i t  is a modification, Rcin* (., * )
is zero for q >1 , outside a  closed analytic subset of X  of lower dim ension. Using
again the induction hypothesis and the invariance of the Euler-Poincaré characteristic
in a spectral sequence, we conclude that the function ni--q(74(.F*)(:),..2") is a polyno-
mial of degree <dim X  =d im  F . The kernel and the cokernel of the natural map
.F.-r,,„F* are of dimension <dim X  and we obtain the desired result.

b )  We prove that the function is a polynomial (for m »0 ) .  It suffices to show
that the difference function

(n, 111) 1- 4 X (.F 2"1 5 m + 1 (.F  Œ r n)) -  X(g-  -2 "1 .1 1 "( F  - r" ) )

is a polynomial in (n, in) for m »0  ([1 5 ]). Let us consider the  blowing-up of X
with respect to  J  ([8], [9]) and denote it by n: X*--+X. X* is the Proj of the Rees
sheaf-algebra Ox est e  0  •  •  •  .  Then Y*=n - 1 (Y ), the  analytic inverse image of
Y, is nothing but the Proj of the sheaf-algebra (in fact its restriction to  Y) Ox bfir assl
J 2 • • • .  The inverse image of .,/s1 2  is  an invertible sheaf F on Y* which is very
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ample relatively to the m ap Y*-+ Y (we will denote this map also by 70. szt e x /
$.,/.5 2 ,0 • •• is a  coherent sheaf of rings and , i=. .F . /./ g - a f g - /.5. 2 g - 10••• has a

natural structure of a graded coherent d-m odule (for every compact Stein subset
K , there are canonical isomorphisms T(K, O F ( K ,  .1 ) " 1 1 " ( K ,  J ) ' " ,  I"(K,

(F(K , ,1)"F(K , .F)IF(K , .1)n+ 1 T (K , g")) a n d  fo r  every inclusion K ' K ,  iso-
morphisms

F(K, .21)10, ( K ) 0(K ') ,- -  F(K ' , d ) , F(K , F(K' ,

and moreover the map C(K )-*O(K ) is fla t; now  the  above coherence statements
follow from these facts and by the noetherianity theorem of Frisch ( [4 ] ) .  As in the
algebraic case ([8]), to one associates a coherent sheaf o n  Y* and a natural

-
morphism 74(.,g0.5-"). Using the Grauert-Remmert vanishing theorem for

n=0
projective maps [7], we show that this morphism is an isomorphism on the homo-
geneous components of sufficiently large degree, that is .1'7'F  I .1 in+ 1. . 74(.;i  g " '" )
if  m »0  (in  analytic case, the details can be found in C . Bânicii e t O . Sfinasilâ,
Méthodes algébriques dans la  théorie globale des espaces complexes, Gauthier-
Villars, p. 257-259). Using again the Grauert-Remmert theorem, we have Rqn * (i i
0 5 - m)=0 for q > 1 and m »O . Thus, w e obtain, by the Leray spectral sequence,
the isomorphisms

Hq(Y, song/Jon+ 114(Y*, .,iO 3 "'"), for q O ,  m  m o .

The d-graded sheaf .-W(n)= 0  ern p r.+1 ( g - 0 )) is nothing but .4' C)„2 "
and we have the identification n) ( )2 * " , where Y * -  n*(Y ); indeed, if { • } i c i

is a covering of X  which trivializes Y  and l i  e a (v i n vi )  are transition functions of
2', then on each n - 1 (Vi) both sheaves are isomorphic to A and on the intersections
7r-  1  (Vi) n n--1 (vi ) the patching is done for both by the multiplications by hu . Thus,
we have an isomorphism

H q ( y ,  j am(tF a2 'n ) / f m +i(g -0 2 .) ) ,_ .,  H q(y* , , jo y * Is  0 .5-m)

for any n, any q  and m> ni, (the integer mo is good for every g '0 .2 ", since the
question is local on Y ). Now we apply a), with the remark that the given argument
can be extended when we replace 2' by a finite number of invertible sheaves.

c )  To prove that degree P < d i m  , we proceed by induction on dim As
the initial step of the induction is clear, we prove the general s t e p .  Replacing X  by
Supp 2 ' by 2'/(d )2 '. . " ) . . r  Supp and J  b y  (.1 + d . .F ) / s a f . . .F I Supp g- , we
may assume X = Supp g- , hence dim X =dim , F .  If dim Y <dim X , then P(n, m +1)
-P (n , m ) -  AY* „ i® . . r * "® g - "') is of total degree <dim Y*< dim X , thus degree P
<dim X .  Now, assume dim Y=dim X. D en o te  b y  Z the union of the irreducible
components of X r e d  which are not contained in Y (if any!). One has X = Y u Z  and
dim (Y n Z )<dim  X .  Let / c  ex be  a  coherent ideal such that Supp (6 x 1,1)=Z .
Our problem is of local nature around Y, hence replacing X  by a neighbourhood of
Y, we can find k  such that (.1 n j r ) k  = O . Consider the exact sequence
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k

and denote g = af Consider the complex space (Z, 9,/,f k Z ) , 2 1 j 7k.,TIZ,
+1 k ) l ik  I Z a n d  g lZ . In  this case the zero set of the ideal-sheaf is Y n Z and it

follows (as dim Z <dim X , or dim (Y n z)<dim Z) that the degree of (n, ni)i—*x( Ø
15m(W OLP n )) is at most dim X = dim .3, 7 . On the other hand, by the Artin-Rees

lemma, the coherence and the compactness, we can find an integer r such that 5 1119' n
ofk sr . = fm—r( n o f k g -/ ) , if m> r. It follows f m ,97  fl 1 1% - =0  for m »0 and the
same is true when we replace by any .F(:)2". H ence w e obtain the exact se-
quences

j sk( ..F o y n) G . F  _F .)/ j . ( 3 .- 0 2 . )

for any n and m » 0 and the proof is finished.
d) A ssum e now that X  is compact and let be an exact

sequence of coherent sheaves on X .  From the exact sequences

o s t- (F'0 .2 9 n ) ' 02^/./m(g' 0.99n)

it follows that it suffices to prove the required property for the polynomials associated
t o  th e  functions (n, m)i- - >Z(.9 . '"(.F '0 1g")) , Z ( irm (g - O LP ")), X(.firm (.F " 0 2 ")). We
have the exact sequences

O( . ' ® " )  n 5 m ( . F  2 ',1,) 5 'n (g 7  .2 " ) f m ( ' ® 9n ) O.

By the Artin-Rees lemma, the first sheaf is isomorphic to 5 1"— r(G5 , n
for r»O, m> r and any n. The proof is finished, if we show that the polynomials
associated to g n f r .F  and differ by a polynomial of degree <dim We
can assume X = Supp .F', hence dim = d i m  X .  The inclusion map induces
a morphism between the associated graded sheaves (Dstn'F'
hence a morphism between the associated sheaves on X* =Proj (0 5 172),
W e  have  x (im (g02 1 ))=AX*, x(fm ("(:).Tn))=x(X*,
..T " 0 "— m) for any n a n d  m » 0 , where Y * =7-c*(Y ) and 3" =n*(.95.)0x .. Assume
dim Y <dim X .  As the map g—>Sr. ' is an isomorphism on X \ Y, the map
is an isomorphism on X*\ Y*, hence its kernel and its cokernel are of dimension <
dim Y*<dim X = dim . '  and  we obtain the desired result. It rem ains the case
dim Y= dim X .  In this case, consider Z, f and k  as in c). It follows that f i n (g
2 1 9=  f m ((g cf k g )0 .& " ), 0-rn)=.1rm((".' I k g - ' )® - r " )  f o r  a n y  n  and
m »0 , and so o n .  Hence the proof of the theorem is finished.

1.2. The case ,st =0 (i.e. the analogue of Snapper's theorem), a s  we have al-
ready said, is due to  F u jita  ([5 ]). For dim X  =2 (and a s s o c ia t e d  to  a  divisor)
this was also proved by E. Selder (Munchen) and  fo r a  special class of Moikzon
spaces by C. Horst (München) ( *). When X  is M oikzon o r  when X  is arbitrary

(*) When X has a "projektiv abschlieBbaren Teil" (as in [31), in any case for Moigezon manifolds
(cf. Fundamental Lemma of [31).
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but has no fixed points and g  is such that the global sections generate the fibres
5 x , x e Y, the theorem is proved in [1].

D. Leistner (Regensburg) has proved the following interesting result: if  X  is
a  compact complex space, 2  an  invertible sheaf  on X  and g" e Coh X , then for
every g there exists a polynomial I) ,  of  degree< dim such that dim Hq(X, g'n®
.F")<P q(n) f or any positive integer n.

Here we give a simple proof of this statement under the assumption that X  is
compact Moigezon. W e prove it by induction on dim X .  F or dim X=0, this is
obvious. W e can assume that dim g" = dim X .  First, let us consider the case where
X is projective. There exist very ample invertible sheaves .2' . 2 9

2 and effective re-
duced Cartier divisors D 1 , D 2  such that = 2 ' , 0.29 i 1 , x (D i .  From  the
induction hypothesis and an exact sequence

0 ex(F02'11 - 102'im) 9x (F 0 2 " ) O D ,(.F  0.29 m) 0,

it follows

110(X, g; (:)..e rr i C).rim )— hq(X, 0 2 ' 1)1

<hq - 1 (D 1 , C)-Fm)+ hq(D i , ..FC).rm) P(m)

where P(x) is a polynomial of degree <dim X -1 .
Similarly, we have

Ihq(X, 2 7 '0 hq(X, .F -9" - 1 )1 _ Q(in —  1)

where Q(x) is a polynomial of degree< dim X — I.
Hence, we have

hq(X, 9 . C)2'm)—hq(X, P(m)+Q(m— l)

This implies the above statement.
Next let us consider the general c a s e . By Chow's lemma, there exist a projec-

tive variety g  and a birational morphism g --*X . There is a spectral sequence

 > HP + ( ,  n*(.FO .P")).

As g  is projective, there are polynomials Pq (x) of degree < dim X such that

hq(g, ( ) Y in ) )  P q (rn) .

As we have

E4: + 05 E t O / I n a ( E rk ,k -1 E7,,O) 5

we obtain inequalities

r- 1
(*) hq(X, ir * (n*,F)(:), Ym) = dim El° <dim M. , °+  E dim E r k ,k - 1

k=3

r -1
<dim Eq,:, °+  E dim E '2

k=3
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r -  1
=dim g , °+ /q - k(X , R k - 1 74(7c*..F)02m)

k= 3

Put r =dim X + 1 . Then, E. , ° =E g ;° . Hence, we have

dim El.° <hq(I, rr*( 0 2 'm ) ) .P q (m ).

On the other hand, as 7r is birational, dim RP7r* (7r*.97 )<dim  X  —1 for p> 1. Hence
by the induction hypothesis and the above inequality (*), there is a polynomial Q(x)
of degree <dim X— 1 such that

hq(X, 77 * (ri*S6 - )0 2 'm )<P q (m )+Q (m ).

There is a  canonical homomorphism f : — 7 -(* (7r*5,-- ) such that dim Ker f  <dim X
— I, dim Cokerf <dim  X -1 .  Hence it is easy to show that

hq(X ., FC).Fr"), R(m)

where R(x) is a polynomial of degree < dim X .  This is the desired result.

1.3. In the algebraic case we have the following variant of the theorem (we
again neglect to consider ..? )

Statem ent. L et X  be a  non-singular algebraic v ariety , 5 a  coherent ideal
sheaf  such that Supp (0 x /.1) is complete and ,97  an  algebraic coherent sheaf on X .
Then f o r every  g  the  functions ni--q(.5- .4(.F, 015)), tv -÷z (6°01(,F, Olf  ")) are
polynomials f or n»  O.

Indeed, by means of a result due to Kleiman there exists a resolution _F. of ,F
by locally free coherent sheaves. Then ,F,4(..50- , O f " )  equals <Ye q (2.15".. 9 9 .)
and by  additivity we obtain z(Y e,(..r .15. .))= —  z(..2 q _ i 1.1"..r q _,)+x(Coker c/ 4 /
Jrn Coker dq)+z(Coker d q + ,/ f n  Coker dq + ,), where d . are differential maps o f  Y .,
and the conclusion for local ,F,t's follows. Now we have a canonical isomorphism

.rea-moW. OP) = -29 Y 0,(0/5 ")

where _TY is the dual o f  _ T . .  Thus 6.°,1(, - ,c9ist11) is isom orphic to ye,(Gry/
p inyy) and we make use again of the previous argument to finish the proof.

We do not know whether a similar statement holds when X  is singular, or in the
complex analytic case.

H . Com m ents on intersection numbers

I L L  We can generalize the theorem, using the same argument as above, taking
into account finitely many invertible sheaves and ideal sheaves (cf. [11], [12] for the
algebraic case). This gives the possibility to define asymptotically some numerical
invariants, as in [11], [12]. We restrict ourselves to give some comments. Consider
first only invertible sheaves. We have

Statem ent. Let X  be a compact complex space, invertible sheaves
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on X  and F  an  coherent sheaf  on  X . T h e n  the Euler-Poincaré characteristic
( ® .2 ''® .  ® . ' )  is a polynom ial in n 1 . . . . .  ' r

 of  total d e g r e e< d im .F .

When r> dim g", the coefficient of the monomial n,•••n r  in  this polynomial is
an  integer (We can show this for a manifold X  and a  locally free sheaf F, using
the Riemann-Roch-Hirzebruch theorem. Then we reduce the general case to this
case, or apply directly a  well-known lemma o n  numerical polynomials) and we
denote it by (Y i •-•2,.• 5 - ) and we call it the intersection number

In particular, when • • • we write (Y 'r • ,F) a n d  in  fact
(Y - r• F )  is nothing b u t r ! multiplied by the coefficient of nr in the polynomial

( F Œ r n ) .  W hen W is an  analytic subspace of X , of dimension G r, we denote
i •-•Y r • Ow ) by (Y, •••..T, • W) and (Y  • r

 •  w ) by (..r • W ).
We note a property of the intersection numbers which is shown in the algebraic

case by  dévissage [1l]. This argument cannot be carry out in the analytic case.
However, we can use an argument in the proof of the theorem.

For any non-singular point x, .547
x (:), x .,1_, is  o f finite dimension over the field

of germs of meromorphic functions in x and the dimension is called the rank
of .F  in x, rk x ,F .  Then rk x .F  is locally constant with respect to  x .  Assume that
X  is irreducible, then rk x ,F  is independent of the non-singular point x and we denote
it r k ,F .  We have the formula

(* ) (2 ,• • •2 ,.•3, 7 ) = (rk.9")•(2 1 •••2' r •Ox ) ,  r  dim X.

Indeed, i f  Supp 9'0 X , th en  r >dim .9', rk.97 = 0  and both sides o f ( * )  are
zero. Assume now Supp St; = X .  Let X* X  be a modification such that X*
is a m anifold and Y'7 *=n*(.9") is, modulo torsion, locally free. T h e  kernel and
the cokernel of the map . " - +tc,,(,F*), as well as the sheaves R q n ( F * ) ,  q >  1, are
zero outside a  closed analytic subset of X  of lower dim ension. As we are looking
for terms of upper degree in the polynomials, we obtain successively:

(-99 1- - -99 , . . F ) = ( - 29 1- - - -r r . g * " . * ) =( - 29 r••• .2 I . g" * ) = ( - 29 t • • • - r ;r* " . * I t ( F * ))

a n d  a lso  (.2°, •-•Y r • Ox ) =-(Y r-••.90 ,.* •a x *). O n  th e  o th e r  h a n d  rk.F — rk .F * --
rk (F * I t(F * )) and we reduced the question to  the case where X  is a manifold and
5 : is locally free. B u t  i n  this case we can prove (* ),  using th e  Riemann-Roch-
Hiezebruch theorem.

Using the Riemann-Roch-Hirzebruch theorem, induction on dimension and the
result of Rossi, we can prove in  the  analytic case ( X  a com pact complex space,

2 ' ,•4•1 invertible sheaves, F a  coherent sheaf) that x(.9- 0 (l — Y 1) 0•••0
(l — SP,,,))=0  when dim ,9" < r, analogously to Cartier's algebraic result ([2 ])
(here x  is extended linearly). We can use this to extend the identities o f Snapper
and Cartier to the analytic case.

In particular, we obtain compatibility between the integers (2 9
1 ... 2 , •.F )  (de-

fined here asymptotically) and Kronecker's indices

( —  
1

)
r

-
t i i ® . • • -  i , )t=o 1,<•••<it
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1 1 .2 . Concerning the uniqueness of an intersection number theory, we have
a coarser result as in the algebraic case.

The numbers (2,•••Y r • .9- ) satisfy the following properties.
© • .2,.• . 9 ) = 0  if dim ,F < r, and (g")= dim H°(X, g") if  r = dim .F =O.
C )  ( 2 ,.••2 ,.• .9 ) is a symmetric r-linear f orm  in
®  If  0— *, ' — o.F — >.F" — *0 is exact, then

(3 1 .--T r.F )= G ri . - 2 ,..9 ")+  ( 3 1 . - - 9 9 ,— F")•

®  If  S is the subspace of X given by a y . "  and Sc T X  are inclusions of
subspaces, then (2 f ..  ..9")=Gr IT  are  the ana-
ly tic restrictions).

(D  If  n: X*--.X is a modification of  irreducible compact complex spaces and
is  a torsion  f ree  coherent sheaf  o n  X , then (2 1 .- 2,.•.9- ) = (21 — ....29 -.9- *)

C o t= n * (T ) , =n * (F )).
C )  If  X is a manifold of dimension r and g" is locally f ree, then (-Fr — Y r . ' )

=(rk.F)-(c 1 (2 1 )•••c1 (2 ,))• [X ], where c1 (2 i)  is  the f irst Chern class of 2  and
[X ] is the fundamental class of X.

Another intersection number theory which satisfies the above properties co-
incides with the asymptotical theory defined here.

1 1 .3 . We have an analogue of the numerical characterization of ampleness.

Statement. L et X  be a com pact complex space and 2  an  invertible sheaf
on X . T h e n  2  is  am ple if  and only  if  for any  r-dimensional irreducible subspace
W of X , 21W is associated to a Cartier divisor and (2 • r e W)>0.

The proof is the same as those of Kleiman in the algebraic case ([1 1 ]). We
need the following criterion of ampleness of Grauert [6]:

"L et X  be a com pact complex space (which may not be necessarily  reduced)
and _V an invertible sheaf  on X . If  for any  irreducible subset W of  X of positive
dimension, there exist an integer k>1 and a non-zero section o f  2 k I W which does
vanish at some point, then  2  is  ample".

The hypothesis that 2 I W is associated to a Cartier divisor is needed in the
proof, to conclude that 2I W is a subsheaf in the sheaf of meromorphic sections on
W (see [17], Ch. II, § 4, for informations on Cartier divisors). If X is a Moigezon
space, this hypothesis is verified for any invertible sheaf (Moigezon). In any case,
G. Fischer ([3]) is able to prove the Nakai criterion on Mogezon manifolds.

11.4. Now a few words about the case when we deal with sheaves of ideals.
We restrict ourselves to the case where we have an invertible sheaf and an ideal,
that is to the situation of the theorem. For r> dim  F, the coefficient in P(n, n)
=x(.9"02"15"(.9- 0 2 ^ )) (for n »0 ) of nr divided by r ! is  an  integer and  we
denote it by er (F)= e r (.9" ; 5 ,  2 ): the r-multiplicity of .9" with respect t o  f  and
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Y .  If X is compact, and if 0— > ,F '--g"— .F"-0 is an exact sequence, then e,.(g )
= e ,.(,) - Fer ( F ") (r> dim .F ) ,  as it follows from the theorem. It would be inter-
esting to get rid of the hypothesis of compactness; in  the algebraic case we are
always able to reduced to the compact case [12].

We also mentioned the following fact (cf. [12 ] for the algebraic case and F =the
structure sheaf): if X is compact and Y  and ./ Y  are generated by global sections,
then we have

dim H°(X, (5 . 09")1.1"(g - 0 - 9")) — e r ( " ) . :14 =0(nr-1 ), r =  dim F.
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