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§ 1 ' .  Introduction

This paper is exactly a continuation of the former one, Part II, aiming to de-
termine

Cotor, (Z 3 , Z 3 )  with A =H*(X 8 ; Z3 ) f o r  X 8  e {E8 : 3} ,

where CotorA  (Z3 , Z 3 ) was shown to be isomorphic (as an algebra) to the coho-
mology H(W : d)= Ker d/Im d of the differential algebra W constructed in §2.

Our result is

Main Theorem. CotorA  (Z3 , Z 3 )  i s  com m utativ e and is generated (as an
algebra) by the following 29 elements:

a 4 , a 8 ,  a2 0 ,  X48, Z52, Z56, U56, X84, Z88, w88 , z92 , w 100 ,

z104 , x 1 0 8 ,  x 1 2 0 , w124 , w128 ,  w 1 3 6 , w140 , x144, w152, Y168;

a 9 ,  an ,  y2 5 , Y 2 6 , Y 5 7 , Y 6 1 ,  Y 6 2 ,

where the index indicates the degree.

The paper is organized a s  follows. (The section numbers follow those of
Part II to express that Part III is a continuation of Part II.)

In Section 7 some lemmas are proved for later use . In Section 8 we exhibit
the form of cocycles. Then in Section 9 we determine cocycles containing a 9  and
c 1 7 in W. In Section 10 we study necessary conditions for a cocycle to be trivial.
In Section 11 we determine cocycles with neither a 9  nor c1 ,  (but with a 2 1  and c4 1 ).
We show in Section 12 that CotorA  (Z3 , Z 3 ) is commutative and produce an addi-
tive basis. The last section is devoted to showing the relations used in Section 12.

§ 7 .  Some lemmas

We denote by P(n, m) an element of degree n with respect to a 9 and c1 7  and of
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degree m with respect to  a2 1  and e 4 1 , where n+m is called the total degree, n the
first degree and m the second degree. Then an element 0 of degree N  with respect
to elements of odd degree is a sum of elements of total degree N:

0 = P(N, 0)+ P(N —1, 1)+ • • • + P(0, N).

We define two operators d' and d" as follows:

(7.1.1) d' a9 09 A +c l A A  for any A in V,

d'a 9 =0,

d'a2 1 =0, d'c41 =0;

(7.1.2) dllA=a21021A+c4101A f or any A in V,

d"a 9 =0, d"c17 =0,

d"a21= ° ,d " C 4 1  =  ail ;

and extend them as a derivation:

d'(xy)=d'x • y+(-1)degx x.

d"(xy)=d"x • y +(-1)degx x• d"y.

W e see that d'P(n, m ) and d"P(n, m) are of type (n+1, m ) and (n, m+1)
respectively.

Lemma 7 .2 .  (1 ) d=d ' +d".

(2 ) d ' 2 = 0 , d " 2 = 0  a n d  d'd" = —d"d'.

Pro o f . ( 1 )  Clearly d=d' +d" holds for any element in  V. Suppose that it
holds for any element 0  of degree up to 1 with respect to elements of odd degree.
Then,

d(a90)= —a 9 d0= —a 9 d0—a 9 d"0

=d'(a 9 0)+d"(a 9 0),

d(c 1 7 0 )=4 0 — c 1 7 d0=ai0—c 1 7 d'O—c 1 7 d"0

=d'(c 1 7 0)+d"(c 1 7 0).

Thus the relation d=d' +d" holds for a9 0 and c1 7 0 and it holds similarly for a2 1 0
and c4 1 0 .  Therefore it holds for any element of degree 1+1.

( 2 )  Since d is a differential operator, we have

d2  --(d' +d") 2 =d' 2 +d'd"+d"d' + d" 2  =O.

For any element P(n, m), d' 2 P(n, m) is  of type (n +2, m), d" 2 P(n, m) is  of type
(n, m+2) and d'd"P(n, m) and d"d'P(n, m) are of type (n+1, in+ 1). Hence, for
reasons of type d2 P(n, m)= 0 gives rise to
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d'2 P(n , m )=0 , d" 2 P(n, m )=0, d'd"P(n, m )= — d"d'P(n, m ).

Since the relations d' 2 =d" 2 = 0 and d'd"= — d"d ' hold for any element P(n, m ) of
a single type, they hold for any element. q. e. d.

We see that d'P(n, m ) and d"P(n, in) are exactly the parts of types (n+ 1, m)

and (n, m  +1) respectively in dP(n, m).
For technical reasons, we shall extend a9 and 02 1  as follows:

(7.3.1) 9a21 = O , a9 c4 1

39(P+Q )= 139P+a9Q, 39(PQ)=a9P. Q+ P99Q

for any P and Q having neither a 9  nor c " , ( ô 0 9  and 09 c1 7  are not defined);

(7.3.2) a21a9=0, a21e17= 0 ,

8 21(P+Q)—a21P+4) 21Q • 
3
21(PQ)=-(321P•Q+P 321Q

for any P and Q having neither a 2 1  nor c4 1 ,  ra a.-21 21 and 82 1 c4 1  are not defined).

We have

Lemma 7 .4 .  (1) d 'P(0 , m )=(a 9 +c 1 7 09 )09 P(0, m),

d"P(n, 0 )=(a21+c41 0 21)0 21P(n , 0 ).

( 2 )  09 d"P(0, m)=d"0 9 P(0, m),

2 1
dT (n, 0)=d'0 2 1 P(n, 0).

Proo f . ( 1 )  Each term of P(0, m) is of the form x 1 x 2 •••x„,A, where xi is either
a2 1  or c4 1  and A c V. Recall that a 9  and c 1 7  commute with x i . T h u s ,

d'(x i x 2 . -x ,„A )=(-1)mx i x 2 .-x„,d' A
=(— 1)mx i x 2 .-x„,(a 9 a9 A +c„(3 0 )

= a 9 x i x 2 •••x,„09 A+c 1 7 x 1 x 2 •••x,„00

= a 9 09 (x 1 x 2 •••x„,A)+c i 7 ai(x 1 x 2 •••x„,A)

=(a 9 +c 1 7 09 )(39 (x 1 x 2 .•.x m A).

Thus the first formula d'P(0, m).---(a 9 +c 1 7 a0a 9 p(O, m) holds.
The other formula is proved similarly.

( 2 )  For A e V, we have
3
9d"A = 0 9(a 21 an A + c a i i A)

=a 2 i
a9 ,92 1 A + c a 9 aLA

=a2032099A+c41i1 39A

--d"a9A.
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Suppose that 09 d"P=d"e 9 P for any P of type (0, m—l). T h e n ,

09d
"
(a2 1P) = a9( —02id"P)=—a2,39d"P= —a 2 1 cra9 p

=d"(a2,a 9 P)--cra 9 (a 2 1 P)
3 9d" (C4113) = 8 9 (a i P — c4 i  d"P)= ai ia 9 P  C 4 1 0 9 d " P

=41 0 9P — c41a"a9P=a"(c41 0 9P)

= a"3 9(c41P) •

Therefore, 09 d"P=d"0 9 P holds for any P  of type (0, ni).
The other formula is shown similarly, q. e. d.

(In other words, 0 9  and d" commute whenever 09  is defined and  021 and d'
commute whenever 021 is defined.)

P u t  y 2 6  = [a 9 , co ]  a n d  v62 = [a il, c41]. C le a r ly ,  a9 , Y2 6,26, -21 a n d  y 6 2  a re
cocycles, and we have

d'y 2 6 =d"y 2 6 = 0  a n d  d'y 6 2 =d"y 6 2  =0.

N ota tion . Throughout th e  calculations, we shall p u t  n= 2k+ e (e= 0  o r  1)
and m=21 +ô (6 =0 or 1) for the letters n and tn.

The letters A , B, C and D will be used for elements o f V and the letters P, Q,
R, S and T will be used for elements of a single type. Thus Q(n, m) or R(n, In) or
others means some element of type (n , m ), bu t in  calculations the type is often
abbreviated and elements are written simply as Qi , R i  and so on.

In  the  following lemmas, we shall study a n  element P(n, m) which satisfies
certain conditions.

Comparing type, we see that an element P(n, m ) contains terms of the form

A 6 ( 419 +C17 8 9 Y .Y 6 2 0 2 1  C 4 l
a n r A  w i t h  A  n V.

We shall see that terms of the above form play essential roles in all the calculations.

Lemma 7 .5 . A n element of type (n , m ) can be written as

k+ e-1
P(n, m )= Y i6( 2 9+ ci7a9)'P( 0 , m ) +  E  »26c17Q1+ d'R (n —  m ) ,i=o

where Q .  is an element of type (n —2i —1, m).

P ro o f . Since a9  a n d  c 1 7  commute with a „  and c 4 1 ,  we pu t a9 's and c1 7 's
before a „ 's  and c4 I 's in each term of P (n , m ) .  Then using the substitutions

Y16a9c17Q=.14• +61Q — Y16a17(a9Q)

Ylf,aiQ = (Y16c170 + Y 16c17(d'Q)

we can rewrite P(n, m) as follows:
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k -1
Y i6(aV (0, m )+ P i a  m ) ) +  E A6c17Q1+ (d'-image)

i=o

= y 1
2̀ 6 (a9 + c 1 7 a9 )cP(0, m )+sy 116 c17 (P'(0 , m) - 09 P(0, m))

k -1
+ E  )4 6 c 1 7 Q i + (d'-image)

i =0

k+ e-1

=A6(a9+ci7 0 9)cP(0 ,  m )+  E  y l 6 c1 7 Q1 + (d'-image) ,
i=o

where the type of Qi is obvious and the last (d'-image) is d 'R (n -1 , m) for some
R(n —1, m).

Lemma 7 .6 .  If d'P(n, m ) is of the form

d'P(n, m )=3V(a 9 +c 1 7 a9 ) 1 - 8 Q(0, m) for som e Q(0, m ),

then P(n, in) is necessarily  of the form

P(n, in)=y 116 (a 9 +c, 7 09 )cP(0, m)+(d'-image).

P ro o f . Since an element P(n, m) can be written by Lemma 7.5 as

q. e. d.

k+e-1
P(n, m)=.146(a9+ c170 9)e P(0, m) + E  y l 6 c 1 7 Q1 + (d'-image) ,

i=o
we have

d'P(n, m )=( —  
1)',ViNa9+ c17 0 9) 1-e aV 1P(0 ,

k+e-1

+ E Y16(aiQ1— ci7dVi) •1=0

Thus in  order that d'P(n, m)=y'1 -
6Fe(a9 +c 1 7 09 )i - ci2(0, m) fo r  som e Q(0, m), i t  is

necessary that each Q . be 0 and hence

P(n, m ) = . 1 1 6 ( a 9 + c 1 7 8 9 ) C P ( 0 ,  m)+(d'-image).

q. e. d.

Similarly to Lemma 7.5, we have

Lemma 7 .7 .  An element of type (0, m) can be written as

i+s-1
P(0, m )= y t 2 ( a  + c  a 1 A +  E  y 2 c4 1 R • + d"S(0, m— 1)21 41 21, 6 -

j=0

where R i  is an element of type (0, m —2j —1).

Lemma 7 .8 .  Suppose that P of type (2k+ s, 21+6) is of the form

P=A 6(a9+c1709)' 1 9 (0 , 21+6 )+ (d ' - image).

Then in order that d"P be of the form

d"P=116(a9+c1709)V naz i +C41(320 1
- ' 13 +(d ' - image)
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for some B e V, it is necessary  that P be of the form

P=.116(a9+ci7a9) c { .42(a2I+c41 0 21)6 A +d"S( 0 , m— I)} +(d'-image).

Pro o f . The part P(0, 21+6) can be written by Lemma 7.7 as

P(0, 2/ + 6 ) =142.(azi c41 0 21)6A + Yh2c41R + d"S(0, 21+ 6 — I) ,f=o

where R . is of type (0, 21-2j+6—  1).
Thus we have

d "P=(-1 ) '+ 6 y 116 (a9 +  c  a c  a17 u2s.- 21 41 21. 1 - 6 4 1 -1E1 A

+ (— E  )1 6 (a 9 + c, 7 09 )cy 2 (ai i R ;  — c4 1 d"R ; ) + d"(d'-image)

which must be of the form

A 6 (a 9 +c 1 7 69 )cy (a 2 1 ±c 4 1 02 ,) 1 -6 B+(d'-image)

1+,5-1
for some B e  V . Then t h e  p a r t  E  A 6 (a 9 +c 1 7 09 )8y-42 (ai i R i —c4 i d"R ; )  must be

i=0
in the d'-image, for which it is necessary that each y 6 (a 9 +c 1 7 09 )8R ;  b e  in the
d'-image, since there is neither a ,  nor c 1 7  in  y L ai i R i . It follows that

1+6-1E  yil 6 (a9 + ci7a9)
c
Y42c4iRie d' - imagei=o

and P is of the required form:

P=116(c19+c17 0 9)e {312(a21+C41
q. e. d.

Lemma 7 .9 .  L e t U=316(a9+ci7a9) cc4IT w ith  T  of type (0, t) fo r  some t.
If  d'd"U =0, then d"U=dU.

Pro o f . The conclusion d"U =dU  holds provided d 'U  =O . And

d'U=(—  1)cyiV(a9+c1709) 1 - 'c410 1 T= 0

holds provided 4+ 1 T=0.

Now, recalling from (2) of Lemma 7.4 that d" and 39 commute (whenever 09  is
defined), we have

d 'd"U= — d"d'U

= —(— 1)E(_ 1 ) 1 '.11 -V(a9 + 17a9) 1 - Ed"(c414+ 1 T)

a2 1 )6A+d"S(0, m -1)}  +(d'-im age).

=311E(a 9 +c 1 7 09 )1 - e(ai 1 3V 1 T—c4 1 0V 1 d"T)

and the relation d'd"U =0 gives rise to OW T=0.
Thus, if d'd"U =0, then d'U = 0 and d"U =dU. q. e. d.
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Proposition 7 .1 0 .  If a n  elem ent P  of type (2k+ e, 21+ (5)  satisf ies the con-
ditions:

d'P =0,

d"P= y'1 6 (a 9 + ccra9)E.Yri5(a 21 + c4,(3201 - 6 D +(d'-image)

for some D e V, then P  is of the form

P =.1; 12`6(a9 + ci 7a9)'A2(a21 C4I 021)6A +(d ' -im a g e )+ (d - im a g e )  w ith  A e V.

P ro o f . By Lemma 7.6 the condition d'P = 0 gives rise to

P= 31 6 (a 9 C17a9) . po, 21+ (5)+(d'-image),

for which the condition for d"P gives rise to, by Lemma 7.8,

P=31 6 (a 9 +c vi (17 9, E ,, u2.azi +c41 0 21)6 B+

Now we write d"S(0, 21+ (5— 1) explicitly to study again the condition d'P =O.
By Lemma 7.7, S(0, 2/+ 6 —1) can be written as

I-1 .
5 (0, 21+ 6 — 1 ) =Yki 6 - 1 (azi + c41 ,3 20 1 - 6 C + E y 2 c4 1 T i + (d "-im age ),

where C E V and Ti  is of type (0, 2!— 2j+(5 — 2). Thus d"S(0, 21+ (5— 1) is expressed
as

d"S(0, 21+ 6 — 1)= (— 1 ) " A2(azi + c41 0 21) 6 a172 `) C + E Y•42d"(c4ITJ ).

And P can be written explicitly as

P = A 6 (a 9 + c v i  (a c )  {B + (-1)17a 9,E...2. 2 +1 41 21,6
i -6 (3 2 -2 6 c}

21

t-i
+ E y 12‘6(a9+c17 5 9YY42d"(c4iT;)+ ( d - image)

or, putting A = B + (-1 )J - 6 0iT25 C and U i =y 1
2c6 (a9 + c  0  c  T  we have17 9, E 41 - »

1--1
P=Y 162Y 12`6(a9+ c17 0 9) 6 (a21 +c41 0 2.1) 4 A+ ( - 1 ) c E r4 2 d"u si + (d '-im age) .

i=o

And the relation
1-1

d' P= A2c1 '( A6(a9+ e17a9) E (a21+ e41 321)6A)+ ( - 1 ) c E Y42d'd"Lli
J=0

=0

gives rise to d'd"U i =0 for each j, which yields d"U i =dU i  for each j  by Lemma 7.9
/-1 .

and hence E yLd"U i  E d-image.
.fro

We have shown that any P satisfying the conditions:

d"S(0, 2/ + ô —1)} + (d '-im age).
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d'P =0,

d"P= A c 6 ( a 9 + c 1 7 a 9 ) E A + 2 ' ( a 2 1 ± C 4 1 a 2 1 ) 1 - 6 D +  (d'-image)

is necessarily of the form

P=A 6(a9+ci7a9)A 2(a2t +c41 8 21)6A+(cr - image)+(d-image).

q. e. d.

§ 8 .  The form of cocycles

When 0  is an element of the form

0= P(n, m)+ P(n — 1, m+1)+P(n —2, m +2)+••• ,

we call P (n , m ) th e  top  te rm . In the following calculations any P  with the first
degree negative is understood to be O.

Now the condition dO =0 is equivalent to

(8.1) d'P(n, m )=0,

d"P(n— i, m + i)+ d 'P (n — i-1 , m + i+ 1 )= 0  f o r  i = 0 ,1 ,...,n ,

which we express as a diagram

P(n, m ) P(n— 1, m+ 1) P(n— 2, m+ 2) •••

d \ d " d'
\d" 1 d ' \ I d "

0 sum 0 sum 0

From now o n , in  any  diagram , an arrow /  will always mean d ' a n d  \  will
mean d".

Note that cll. =0 does not necessarily imply that d'O=d".1)=0.
If the top term of a cocycle has a d'-image part, i.e., if P(n, m)= P(n, m) --E d'Q,

then

P(n, m)+ P(n —1, m+1)+P(n —2, m+2)+••-

=P(n, m)+ cIQ+(P(n-1, m +1)— d"Q)+P(n —2, m + 2 )+ --

----P (n, m )+  P(n — 1, +  1)+P(n-2, m+2)+••• +dQ.

Thus we obtain an equivalent cocycle when we omit the d'-image part from the top
term P(n, m).

We shall determine cocycles such that the top term has no d'-image part.
Now by (8.1) the top term P(n, m ) of a cocycle must satisfy the conditions

(8.2) d'P(n, m )= 0  a n d  d"P(n, m)E d'-image.

Then by Propositon 7.10, P(n, m ) is necessarily of the form
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(8.3) P(n, m )=y 'i 6 (a 9 +c, 7 09 )Ey 2 (a 2 , +c 4 ,0 2 1 )6 A +(d'-im age)+(d-im age).

Determination of cocycles is divided into the following four cases:

Case 1. g = 1 ;
Case 2. g= 0, k 0 0 ;
Case 3. g= k =0, 1 5=1:
Case 4. g =  k =0, 1 5 =0 , l O.

We first determine cocycles (with a, and c " )  in Cases 1 and 2. We show that
(8.2) for ii > 0 is (not only necessary but) sufficient for the top term o f a  cocycle.
Then we find some necessary conditions for a trivial cocycle and show  that the
cocycles found in Cases 1 and 2 are non-trivial and linearly independent, and that
they are also linearly independent of non-trivial cocycles found in Cases 3 and 4.

§9. Cocycles with elements of odd degree-1

(iii) Cocycles with (19 , c 1 7 , a ,„  e 4 1

In this section, the first degree n of P(n, m) is not O.
In order to omit further d'-image parts from P(n, m), we need the following

Lemma 9.1. Let P(n, in) be of the form

P(n, In)=A 6 (a9  4- c i  7 a9 ) A 2 (a 2
 - 1- C410 21)6B

with Be V. Then it is in the d'-im age if  and only  if  B E8 - 8 41page.

P ro o f . if P(n, in) is in the d'-image, the term A 6 (a9 +c, 1 7 09 Y B must be in the
d '-im age . Let Q be such that d'Q =.116(a9+cl,a9)es. Then Q is of type (2k+ E — 1,
0) and, by Lemma 7.6, is necessarily of the form

Q= y (a 9 + c „ a ,) ' - C+(d'-image) for some C e V.

Since d'Q is expressed as

cl'Q =(-1 ) ' - cy1
2‘,(a 9 +c, 7 09 )cai - cC,

the element B must be in the arc-image.
Conversely, if B = D for some D, then we see that

P(n, in)=d1( - 1 )1 - e Ag-& -1 (a9+e,,a9) 1 - VL2(a2.1+ca21) 6 13}.

Thus P(n, in) is in the d'-image if and only if Be 8 -image.q .  e .  d.

We can separate further (but not all the) d'-image part from P(n, m ) in  (8.3),
by omitting the 3 -image part from A .  Thus we shall study P(n, m ) of the follow-
ing form, which will be denoted simply by P in this section:

(9.2) P = y'i 6 (a9 + c v i (a  - I-  c A17 .2 .  2 1 -41 - 21,6--
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with A having no 0 -image part.
We shall determine cocycles in Cases 1 and 2 by using some of the results in

Part I.
Excluding a4 , we note tha t the 09 -structure of Z 3 [a 8 , a20, b16

,  6
40

,
 d 2 8

,
 e 3 6 ,

e4 8 ]  is the same as the 0-structure of Z 3 [a 4 , a 8 , a 2 0 , 1,1 2 , b 1 6, d 2 8 ,  e3 6 ]  in the case
of X 7  e {E 7 : 3}, which is shown in the diagram below:

b12 e3 6

—a4 d2, b 1 6

a8

The 0-kernel has been completely determined for X , .  We have only to interchange
a4  and b 1 2  in  X , with b "  and e "  in X , respectively, and we obtain the 09 -kernel
of X 8 . (Recall that a4  of X , is excluded.)

Interpretation of (3.12.1)—(3.12.3) of Part I yields:

(9.3.1) An element of the 09 -kernel is in the 04-image if and only  if it has no term
of the form

aoci8xs,08Xt144, b4 0 4 8 X10 8 Xt1 4 4 , 4 8 ,X s108X t144

Or a  P(_8_ 48 —  b16b40)48X108X44

(9.3.2) An element of the 0 9 -kernel is in the 09 -im age but not in the 04-image if
it is a sum of

a8 4 8 x10 8 xt,.4 4 , b4 c,x,i4 8 x10 8 x; 4 4  a n d  0i-image;

(9.3.3) An element of the 09 -kernel is not in the 09 -im age if it is a sum of

4. 8 x10 8 x4 4 , (a8 e4 8  b 16 b4 0 ).41.8 x1,0 8 x4 4  and  0 9 -image.

Henceforth we exclude a4 ,  x ,"  and x, 4 4 , since they are immobile with respect
to the 09 -02 1 -structure and hence in d'-d"-diagrams.
Case 1. g= 1 : P=A6(a9 -1- c170 9)).1,2(a21 +calazi)

b
A  w ith  A  having no 09 -image

part.
Now, the condition d'P =0 gives rise to 09 A=0 or 00=0.

( 1 )
 

If 09 A =0, the 09 -kernel A with no 09 -image part is, by (9.3.3), of the form

A = E cc14 8 + E /31 (a8 e4 8 — bi ,b4 0 )4 8
 w i t h  cCi, i E Z 3 .

For A = 4 8 , P= yha 9 A 2 a1,4 8 is a cocycle by itself.
For A=a 8 e4 8 — b i d ) " ,  recall that

Z.56 = a8 e4 8 —b 1 6 b4 0 +a 2 0 3 6 + 4 8 = A + e ( —  6 6 ) •

The element 316 a9 A 2 al 1 z5 6  is a cocycle and it can be rewritten as
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.))116a9A2a31A+ d'(Y6.31 2al1 39( - 66))

=.346a9A2al1A —  d"(A6A2ai1a9( —  66))+ d(A6A2td1a9( - 66)).

Put 0 1 + 6 = a9 al 1 (a0 4 8 — b1 6 b4 0 )— d"(a1 1 09 (— 6 6 )). Then y 6 y 2 451
, ,  is a cocycle

for A=a 8 e4 8 —b 1 6 b4 0  a n d , since it is equivalent to  A 6 a9 A 2 a/1 z6 6 ,  we obtain
actually no new cocycle.

Finally, for A = E ocix4.8 + E fii(a8 c4 8 — bi 6 b4 o )4 8 , we have a cocycle

=./16.)42(E aia9a1148+ Picki+648) fo r  6=0, I .

(2 )  Let 09 A 00  and 4 4 = 0 .  As we consider A  with no 09 -image part, the 09-
kernel of the form 09 A has no 0a-image p art. By (9.3.2), 09 A is of the form

(39 A— E y ia8 x48 + E 6i b4 0 4, 8 w i t h  yi , 6 i E Z3,

for which we may choose A.= —  v b xf., i- 16 E61e48x134. In fact, for A  and A' with
09 A =0 9 A', we have P and P' the difference of which is A 6 a9 A 2 (a 21 ± C41 8 2 0 6 (A  —  A')
and 09 (A — A')=0. This is the case studied in (1).

For A = b1 6  (and 09 A = — a,), we have a cocycle

0 =P = Y 11.6.42(a9b 16 — c17a8)al1.

We put

Y28 =a 9 171 6 —c1 7 a8

and 0 =Y'2c6A2Y25 a/ 1 is a cocycle for A= b 1 6 .
For A e (and 0 A=  4 8  (and _  9  _  =  —  b 4 0 ), we study the cases (5=0 and (5 = 1  separately.
First, let 6=0: P = A 6 312 (a 9 +c 1 ,09 )e4 8 . Then

d"P = Y i6A 2(a9+ ci70 9)(an+caia2i)d28

= — cr016A2(azi -F- C41°21)e36)
with

d"(A6 A 2 (a 2 1 +c41a21)e3 6)= 0 ,

which is expressed as

Y'16.342(a21+ c40321)e36

N
0 sum 0

Therefore, we have a cocycle

0 =P + .116.112(azi+ c41a21)e36
_ k y yt,2 (a 9 e4 , — c i 7 b4 0  + an . e3 6  — C41 b 6) •
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We put

Y57 = Cl9e48 
— c,7 1:740+a,le36 — cAiibi6

and 0 =  y h A 2 y 5 7  is a cocycle for A=e 4 8  and (5=0.
Now let 5 = 1 .  Then,

P=.116A2(a9+c17 0 9)(a21 +c41 0 21)e48

=1161121a9 + cl7 0 9/azie4.8 — Cr(A6Y62C41e36)•

Thus omitting the d'-image part from P, we rechoose

P Yi6A2(a 9 + 17 8 9)6121 e48 = — A6Y62a21(a9 + c1 7 a9 )e4 8 .

Then, as in the case of (5=0, we obtain a cocycle

(1) =  — 116A2a21,v57 fo r  A  =e 4 8  a n d  (5=  I .

Finally, for A= E E bi e4 8 4 8 , we have a cocycle

=.06.Y21E YiY25a 3148+E( 1 ) Mia3i1'57481 f o r  (5=0, 1.

Summing up Case 1, we have studied P  of the form (9.2) for e= 1 by studying
A  with no a9 -image part such that e iA = 0  (including the case 3 9 A = 0 ) .  W e  have
seen that A  satisfying these conditions is of the form

Ea i 4 8 + E E E (5i e4 8 x11.8

and that for any such A  there is a cocycle with top term P  having no d'-image part:

(9.4) k /4 ) 2k+1,2/+S = Y26Y62 ocia9a21'•48 L -■  Pist'1+6"48

+ E Yiy25 , 21141.8+ E 1 ) 6 6 i(131.1'57x i481 •

N o w  i f  a n  elem ent P(2k+1, in )  satisfies (8 .2 ), t h e n  i t  i s  o f  t h e  form
P+(d'-image)+(d-image).

Thus,

(9 .5 ) If  P(2k +1, m) satisfies (8.2), there is a cocycle with top term  P(2k+1, ni).

Case 2. E =0, k00: P  yhy 2 (a2 i + c4 1 a2 i )6 A w ith A  having n o  aa-image part.
The condition d 'P=0  gives rise to a 9 A =0.
By (9.3.2) and (9.3.3) we have

A = E ai x4.8 +  fli (a8 e4 8  —b, 6 b4.0 )4 8 + E y i (28 4 8 + E b i b,0 44 8 ,

where ai , yi , e Z3.

For A = E atixi 8 + E yi a8 4 8 , P is a cocycle by itself.



Cohomology of classifying spaces III 363

For A = a8 e4 8 — bi 6 b4 0 , we consider a cocycle with z5 6 :

Y i  16Y62alizs6=i 1 d'(A6-1(a9+ c17 09 )y 1524 6 6 )

= YZ6YL2cdiA —  d"(.116- 1 (c19 +  i7a9)YL2a1 tei6)

+  d(yV(a9+c17a9)A2a1ei6)•

Thus putting

03 + 6= y2 6 a1,(a0 4 8 —b i 6 b4 0 ) —d"((a 9 +c, 7 09 )4 ,6 6 ),

we have a c o c y c le  y tA 2 4 3 + ,  for A= a s e4 8 — 1/ 1 b6  4 0 .  Since this is equivalent to
Y6A2al1Z56, we obtain actually no new cocycle.

For A = b4 0 , we study the cases (5=0 and 6=1 separately.
First, let 6=0, then P =A 6 A 2 b4 o . We have

d"P= — Y126Y62a21a20= — y2k 6 A 2 (a 2 i - l- c41 8 20a20

=d '(AV  A 2 (a 9 +c 1 7 09 )(a 2 1 -Ec4 i ta l e  1-

with

d"(Y`16 'YL2(a9 + C1 7 a9 ) (0 21 + c41 (321)e36) = ° ,

which is expressed as

0 sum 0 0

Putting

= Y26b40 —(a 9  + c,76 9)(a21+C41(321)e36,

the cocycle 0= A V A 2 0 5  is a cocycle for A = b4 ,  and 6=0.
However, the cocycle 0 5  can be rewritten as

0 5 =a 9 c1 7 b4 0 +c i 7 a9 b4 0 —a9 a2 0 3 6 +a 9 c, i bi 6 +c i ,a 2 ,4 2 8 — c"c 4 ,a 8

=a 9 ( —a 9 e4 8 +c 1 7 1;14 0 —a 2 1 e3 6 +c 4 1 1)1 6 )+ (aie 4 8 +c 1 7 a 9 b4 0 +c 1 7 a 2 1 d2 8 —c1 7 c4 I a 8 )

= —a 9 y5 7 +d(c 1 7 e4 8 ).

Therefore, the cocycle 0 is equivalent to —A-
6

1A 2 a 9 y 5 7  an d  hence we obtain no
new cocycle.

Now, let 6=1, then P=0: 14 (a,< 6 ,.2 . 2 1 -h40 — c4 ,a20), which is a co cyc le . We put

Y61 = anbao — calazo.

Thus, for

A = E E fi i (a0 4 8  — bi 6 b4 0 ) X4.8 E y i a8  x4.8  + E 6 ib40.48
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with fii , y 1, 6, of Z 3 ,  we have cocycles

(9.6.1) 4)2k,21= E ai.06yL248+ E fl1y`246- 1 A24934.8

+ E y1y6y2a8.48+ E 6oVyL205-4,8

and

(9.6.2) 02k,2/+1= E 1 1Y6Yt2a2148+ fi Y14 _1/i _2a21(194xis

+ E Y1vi6Y2a21a848+ E Y

k 1 ,
6 1 2 0 '6 2 : 6 1 . -.48

for 6=0 and 6=1, respectively.
Summing up Case 2, we have studied P  of the form (9.2) for e=0 but k0 0 by

studying 0 9 -kernel A with no ai-image part. F o r  any such A, we have obtained a
cocycle of the form 0 2 k ,2 / + 6 • That is, for P  with no d'-image part, there exists a
cocycle and since any element P(2k, in) with k  0 satisfying (8.2) is of the form

P + (d '-im age)+ (d -im age),

we have

(9 .7 ) If an element P(2k, m ) (k50) satisf ies (8.2), there ex ists a c o c y c l e  w ith top
term P(2k, m).

§10. Necessary conditions for a cocycle to be trivial

For ease of calculation, we consider a cocycle 0, for a while, with top term of
type (n, m+1)=(2k+e, 21+6+1):

0=P(n, m+1)+P(n — 1, m+2)+••.,

or, in short,

0 - -P 0 +P_ 1 +••• (P =P(n— i, m +i+1)).

Suppose that 0= dT for som e W . Then W is of degree n + m  and, in general,
of the form

T=Q(n+ h, —h)+ Q(n + h-1, m — h +0+ •••+Q(n, m)+••• ,

or, in short,

=Q h +Q h -  1 + • • • + Qo + • • • (Q.;  = Q ( n  +.1, in— j)).

The relation ,r1W =0 gives rise to

d'Q h = 0, d"Q h +d'Q h _ i  =0 ,..., d"Q1+dV0= 0 , d " 120+ dV -1= 1 ) 0,•••,

which are expressed as



Cohomology of classifying spaces III 365;\  z z ...\ \O / Q - \1 zQh-1

0 sum 0 sum 0 sum 0 sum P, sum P_,

If h .1 ,  then the top term Qh must satisfy

d'Q h = 0  a n d  d"Qh e d'-image,

which is the condition (8.2) and, by (9.5) and (9.7) there exists a  cocycle q) =Q h -l-
Oh-1+ •• • with top term Qh . Then

W = (Qh-i Oh-i) +

=d(kli — ),

since dq) = 0 .  Therefore, if a cocycle is cl7' for some W, we can take W with top
term Q0 :

w=120+$2-1+•••

with the conditions d'Q o  =0 and d"Q0+d' 42 -  =Po.
Now, suppose that Po = P has no d'-image p a r t .  Then Q0 =Q  is such that

d'Q= 0  a n d  d"Q= P.

Moreover, Q has no d'-image p a r t . F o r , if  Q =0 +d'R , then P=d"Q=d"O + d"d'R
=d"O + d'(— d"R).

The argument required to find the form of such Q is parallel to that for the top
term of a cocycle. Recall that Q is of type (n, m) and P of type (n, m + 1). Thus
P is of the form

,7 0 9 )E A + 2 6 (a 2 ,+ c 4 ia 2 1 )1 -6 A .P =.116(a9+c

The condition d'Q =0 gives rise to, by Lemma 7.6,

Q= y 6 (a9 +c 1 7 a9 )EQ(0, 2/ + (5)+(d'-image),

where the d'-image may be omitted. By Lemma 7.8 the condition

d"Q=P=3, 116 (a o +c 1 7 00 )8AV(a 2 1 +c 4 1 02 1 ) 1 - 6 A

gives rise to

Q = y 12`6(a9+c1709) 8 1A 2 (a 2 ,+ c4 ,a 2 ,)o c+ d "S (0 , 21+.5-1)}  +(d'-image),

where the d'-image m ay be om itted. For such Q, exactly as in the proof of Propo-
sition 7.10, the condition d'Q= 0 again gives rise to

Q=3,116 (ao +c v i  (a C B17a 9, E,  .2 .  2 1  +  41a 21, a -

(d'-image) +(d-image) for s o m e  B e V.
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Omitting the d'-image and the d-image from Q, Q must be of the form

Q = A 6(a9  c17 8 9) 4Y 6 2 0 2 1  c 4 1 °2 1 ) 6 1 3 •

Now to return to our original convention, we change the second degree of P as
P(n, m):

P=A609+c17a9M2(a21+c41a21)3A

with no  d'-image p a r t .  Then as we have shown, if d'Q=0 and d"Q=P for such
P, Q must be of the form

Q= A609 + ci7e9YA +2 ' 1(a2i -f- c41.5 21) 1 - 6 B.

Finally, we study the conditions for B .  The condition d"Q=P can be written
as

( - 1 ) '± - 6 .)16(a9+ci7.39)A2(a21+c4102iYaiVB

=.116(a9 + c17a9)E.4.2(a21+ c41 0 21)6 A,

which gives rise to A = ( - 1 )E - MiT 6 B .  The condition

d'Q=(—  1 ) sy lf6Er (a,+ci7(39) 1 -E YVZ6 - 1 (azt +c41 0 20
1 - 6 4 + 1 B

= 0

gives rise to W 1 B=0.
• Thus we have

Proposition 10.1. Let 0 be a cocycle with top term

P=A6(a9+c
1 7
a

9 ) E
. ,
V

„ 2
( 11

2 1  + C 4 1
0 21)6 A  having no d'-image part.

Then, if  0 is triv ial, A  has some B such that ai7 6 B-=A and 04+'B=0.

For the cocycle 0 2 k +  1 ,21+3,

A = E ai xi8 + E fl i (a8 e4 8 -1) 1 6 b4 0 ) 4 8 + E y i b, 6 4 8 + E bi e4 8 4 8

with oci , /3i , yi , St e Z 3 ,  for which we see by direct calculation that there is no B  with
aiVB=A and 0 0 3 =0 . Thus the top term of 02k+ 1, 21+3 does not satisfy the neces-
sary conditions for a trivial cocycle.

Similarly, for the cocycle 1 , 21 , 21+b,

A = E ai4 8 + E fi i (a8 e4 8 —b1 6 b4 0 )xL3 + E y i a ,4 8 + E aib4 ,4 8

for which there is no B with 3i-i 6B= A and 9 B = 0 . T h u s  the top term of 02k ± 1 . 2/+ 6

does not satisfy the necessary conditions for a trivial cocycle.
Note that we have only to consider a  sum of cocycles of the same total degree,

when we check the non-triviality of a  sum of cocycles. We consider an arbitrary
sum (within the same total degree) of the cocycles in  the 0 2 1 + " 1 „ 's  and cocycles
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that will be found in Cases 3 and 4. If the top term of the sum is of first degree
positive, then it is the top term of one of the 02k + e , 2/1_6' S, which does not satisfy the
necessary conditions for a trivial cocycle.

Therefore, the following cocycles are non-trivial and linearly independent and
they are linearly independent of non-trivial cocycles containing neither a9 nor c1 7 :

(10.2.1) (Cocycles in 02k+1 , 21)

.1/12 6 Y L 2 a 9 4 8 , /16Y 2(1)1.48 (which is equivalent to y 6 y 2 a9 z 5 6 ),

Y ll6YL2Y2548, YhYL2Y57x48

(10.2.2)
 

(Those in 0
2 k 4 -1  ,2 / +  1  )

Y'16A2a9a2i x .85 YhYL24)248 (which is equivalent to y 6 y 2 a9 a2 1 z5 6 ),

Y I2‘6Y Y 25a2148 ; Y  116 Y 62a2 1 Y 574 8  ;

(10.2.3) (Those in 02k , 2 ,)

Y 116Y L2489 Y 62034.8 (which is equivalent to y 6 yL2 z 5 6 ),

YhA2asxis, 26 , 6 2 4 5 x 8  (which is equivalent to — YWYL2a9Y57);

(10.2.4) (Those in 02k
, 2 1 + 1 )

YhY 6 2 a 2 1 4 8 ,  Y 116- 1 .3 2 a 2 4 x 1. 8 (which is equivalent to y 6 y 2a2 1 z 5 6 ),

Y'16.142a2tas4s, Y 126Y62Y61X48.

§11. Cocycles with elements of odd degree-II

(iv) Cocycles with a „  and c „  but without a 9  or c „

In this section we shall study cocycles with top term P (0 , m ). Since P(0, m)
has neither a9 nor c1 7 , d"P(0, m) cannot be in the d'-image and the condition (8.2)
for n=0 reads

d 'P(0 , m )=0 a n d  d"P(0, m)=0

and (8.3) reads P(0, m )=P+(d-image) w ith  P=A 2 (a2 1  +c 4 1 02 1 ) 6A .  Thus we
determine cocycles P of the above form.

Case 3 .  k =e=0 , 6 = 1 : P=YL2(a21 +c41 0 21)A.
The condition d' P = d"P = 0 gives rise to

9 A =0 a n d  02 1 A  or1 A =0.

( 1 )  If 3 9 A=0 and 3 2 1 A=0, A  is  a  cocycle and P=A 2 a2 1 A  is  a  cocycle. By
Proposition 10.1 the cocycle P  is trivial provided there exists B  such that 02 1 B= A
and a 9 B = 0, which is expressed as
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A0

(Recall that an oblique line /  means 0 9  and an oblique line \  means 021 .)

If A  is nice, there exists such a  B , and P  is trivial. Thus we have to study
non-nice cocycles A.

/

A
(nice)

If A 7,1 A ', then A— A' being nice, the difference

P— P' =A2a2 1 A—A2a21k=.112a2 1 ( A  A')

is trivial. Thus we can choose one of two nicely-related monomials A and A'.
• By (6.2.1)—(6.2.3) we have diagrams

—b4 0 A B H —F

/ \ / \ / \ / \ / \
0 a20 0 z88 0 Z52 0 W100 0 W136

Thus P = A 2 a 2 1 A  is trivial for A a  monomial of the  form  (7), (8), (9), (13), (14),
(16), (18), (19) and (20) in Proposition 6.6.

On the other hand, there is no B for any sum of cocycles of the form (1), (2), (3),
(4), (5), (6), (10), (11), (12), (15) and (17) and hence any sum of the following are
non-trivial:

1 v h,

62•4 21.".849

Y La2 14204'4 0),

Y2a21a84i.8x44 (i 00),

Y!5.2anz 5644,

YLaziz 564204 00 ),

Y 2.tizixi8x 18"4 (i 0)

y La 2 i a8 .4 4 ,

A 2 a 2 1 a 8 4 2 0 .4 4  ( j0  0)

y 1
6 2 a 2 1 z 5 6 4 8 4 4  (i 0)

Y 2a2.1w8848 ,4 4 ,

Y Lan w 12442o44.

(2) 13 9 A =0, 5 2 1 A 0 0  and  3 1 A = 0: P = A 2 ( a 2 1 4 - e 4 1 0 2 1 ) A .
 N o w ,

 a 2 1 A
 i s  a  co-

cycle, for which it is sufficient to choose one A . In fact, for A and A' with a9 A' =
9 A=0 and a 2 1 A' = 2 1 A, the difference between the P's is
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P' — P=3 ' 162(4221 C41a21) A)—Y L2a21(A' — A)

with 09 (A ' — A )= 0 2i(A / — A)= 0 , which is the case studied in (1).
If 0 2 1 A- 0 1 C for some C  with 09 C =0, then P= y 41L2 (a 2 i + C  °21)A = d(A 2C)

is trivial by choosing A = 32 1 C .  In particular, if the cocycle 02 1 A. is nice, there exists
C for a suitable choice of A, and P  is trivial.

If two cocycles 02 1 A  and 02 1 A ' are nicely-related, then we have a diagram:

/ \

821A -021A '
(nice)

Let B  and C be as in the diagram above: 8 2 1 c =B , 0 2 1 B = a2 ,A— 02 1 A' and 09 B =
89 C=0. T h e n

P —  = .q2(a 21 + c4i )0 21.A — Y162(a21 + C41
0

2 1 )A
'

=A2(a21 +c41 3 20B+.42a21(A — A' —B)

=d (A 2 C)+ A 2 a2 1 (A— A' —B)

with 09 (A — A' — B)= 0 and 02 1 (A — A' — B)= O. T h u s  the difference is equivalent to
a cocycle studied in (l). Hence we may choose one of two nicely-related cocycles
02 1 A  and 02 1 A '.

For any sum D of non-nice monomials in Proposition 6.6 (whether it is of the
form 02 1 A  or not), we see by direct calculation that there is no C  satisfying
and 5 9 C = 0. T hus any  cocycle found in the following determination is non-trivial.

Of the monomials in Proposition 6.6, all but z 3 6 4 2 0  ((12) w ith h = 0) are of
the form 02 1 A.

Of the non-nice generators, a 8 , x 4 8 , x 8 4 , w and W88 1 2 4  are of the form 02 1 A
but with 09 A  00 and so is any sum of monomials of the form (12) with h 0, (1), (2),
(3), (4), (5), (6), (10), (11), (15) and (17). Hence, P = yt, 2 (a 2 1 A + c 4 ,0 2 ,A ) are not
cocycles for any such sum 02 1 A.

The other non-nice generators, namely, a 2 0 , z ,,, z 5 2 , w 1 0 0  and w1 3 6 ,  form the
following diagram (cf. (6.2.1)— (6.2.3)):

None

b40 x120 A x84

Oa 2 0 z88 Z52
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None

—Fn o n  z e r o H

0 W136 w100

and we have non-trivial cocycles

Y61  =  a21b40  C 41a20 ,

P93 =a21B+c41z52, P129 =a21 4 - 1 - c4izss,

P 141 
= a n n . +

 C41 W
100 , P 1 7 7  =  — a21F+c41w136.

However we have

P 9 3  dE—a9x84, P129 = de —a9 x 1 2 0 ,

P 141 = 4 - 1 1 20e i 6 e 4 8 + 1 3 4 0 d 2 8 6 6  d i 8 e 3 6 e 4 8 ) + 3 , 5 7 . X 8 4 ,

P 177 =  a21F ±C41W 136 = d(— bio ei 8 )-1-y5 7 x 1 2 0 •

Thus, they are equivalent to a decomposable cocycle and we obtain no new indecom-
posable cocycle. (y 6 1  was already found in Case 2.)

For 02 1 /1 any sum of monomials of the form (7), (8), (9), (13), (14), (16), (18),
(19) and (20), we have a sum of the following non-trivial and linearly independent
cocycles:

(11.2) --YL2Y61-44, — A2Y61xi8x's14 (i0 0 ), — YL2Y6142044(./0 0 ),

yL2 P9 3 4,8 4 4  (which is equivalent to —A 2 a9 4 8 x4 1 ),

Y 6 2 P 1 2 9 X 1 2 0
.44 (which is equivalent to —yt 2 a9 x1V.4 4 ),

Y i 2 p 1 4 i X 1 8 X 8
h

4  (which is equivalent to yL2 y 5 7 x,ft8 4,."),

Y 6 2 P 1 7 7 4 . 2 0
4 4  (which is equivalent to yL2 y 5 7 x-1

1
-
2Y,x44 ),

— Y 62Y 61w 8848445 Y I 2Y6114)124x12044.

Cocycles in (11.1) and (11.2) are all the non-trivial cocycles in Case 3 and they
are linearly independent.

Case 4 .  e=k=0 , 3=0 , 100 : P=A 2 A.
In this case, A must be a  cocycle. By Proposition 10.1 P  is trivial provided

there exists C such that 031 C= A  and 09 C = 0 .  In particular, P is trivial for a nice
cocycle A.

For two non-nice cocycles A and A' such that A  A', the difference yLA — yLA'
--3/2 (A —A') is trivial and yLA and A 6 A ' are equivalent cocycles. Thus we may
choose one of two nicely-related cocycles A  and A'.

As we have checked in Case 3, there is no C  for any sum D of monomials in
Proposition 6.6, and thus
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(11.3 ) T he A 2 A's f or all m onom ials A  in Proposition 6.6 are non-triv ial and
linearly independent.

More explicitly, (11.3) is stated as:

(11.3)' The following are non-triv ial and linearly independent:

Y62449 Y 6 2 x i4 8 x8 4  (i 0 )9  
y 2 4 2 0 4 4  (./ ° )

" I vh
62..89'9'849 y 2 a8 x4.8 xg4  (i 00) ,

Y t2a8xi2044  0  0 ), y  2 a2 0 4 4 ,

YL2a2048414 (i 0 ), _2a20xii2044 (../ 0 0 )9

YI52Z56 4 14, A 2Z5648 X144 ( i0 0 ) ,

YL2z56xj12014 (./ s0), yL 2 z5 2 4 8 x44 ,

YL2z8842044, yk2 w8 8 4 8 x44 , YL2wioo48-449

Y 6 1'1244204149 Lw 13642o-44,

y L 2 z5 6 z 5 2 8 4 , y  2 z 5 6 z8 8 xj, 2 0 44 4 4.

§ 1 2 .  Structure of H(W : d)

We have shown

Proposition 1 2 .1 .  H(W : d) is generated (as an algebra) by  the 22 elements in
Proposition 5.7 and by the following 7 elements: a9 , a2 1 , Y 26  Y629 Y259 Y61 and .Y57.

Recall that

y26= [a9 ,_a9, c17], y62= [a 2 1 , c 4 1 ] ,

y25=a9b16—C1708, Y61 =  a21b40 — caia2o,

y57 =a 9 e4 8 —c 1 7 b4 0 +a 2 1 e3 6 —c4 1 b1 6 •

Proposition 12.2. M onom ials i n  t h e  2 2  cocycles in  Pro p o sitio n  5.7,
y'2‘ 6 4 A 2 a11 4x1 0 8 xt1 4 4  a n d  cocycles of the form  0  afl.x10 8 x 4 4  w ith  0  an  element
in  (10.2.1) — (10.2.4) and (11.1) — (11.3)form an additive basis of H(W : d).

Proposition 1 2 .3 . H(W: d) is commutative.

P ro o f . Since the cocycles in  V (including a4 , x 1 0 8  an d  x 1 4 4 )  satisfy 09 A =

a2 1 A=0, they commute with a9 , a 2 1 , e 1 7  and e41, and hence with a9 , a 2 1 , y26, Y629

Y25' y61 and y57.

We have that



a i = d c " ,  a 9 y 2 5 =  - v  a - I- d ( c  la .126 8 • 16,

a
9Y6 1 = Y 6 2 a 8 + d ( -  a n e4 8  +c 4 i d2 5 ), ai l  =dc 4 i ,
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[a 9 , an ] 0,

[a 9 , y 2 5 ]  = d ( - c i .712, 6 ), [a21, Y25]= 0 ,

[a 9 , Y61] = 0, [a21, Y61]= ck -  C41b40),

[a9, Y57]= ck - C17e48), [a21, Y  s7]=c1( -  C41e36),

[a 9 , Y26 ] 
=

d(Ci7), [a21, Y26]= 0 ,

[a 9 , Y62 ] = 0, [a21, Y62]=Aci1),

[Y25, Y61]- 0 ,

[Y25, Y57] = A - ci-ibi6e48), [Y61, Y57] =d( -  C41b40e36)

[Y25 , Y 2 6 ]=  
d ( q 7 b 1 6 ) ,

[Y61, Y26 ] = (:),

[Y25, Y62 ] = ° , [Y 6 1 , Y 6 2 ] 
=

d (C ilb40 ),

[Y57 , Y 2 6 ] =  d(C17e48)

EY 5 7,
 Y 6 2 ]  =  Ac41e36),

[Y26, Y62]= 0 •

Thus commutativity holds in H (T : d). q. e. d.

Proposition 12 .4 . The generators in H( - -  :  d) satisf y  the following equiva-
lences:

(12.5)
right

a9 a
2 1 Y25 Y61 Y57

a
9

a
2 1

Y25

Y61

Y57

0 remains -Y26a8 -Y62a8 remains
0 -Y26a20 -Y62a20 remains

0 a
9
a

2 1
Z

5 6 Y26Z56
0 Y62Z56

O

where the table reads, fo r exam ple: a9 y 2 5  is equiv alent to v- ., 2 6 a 8,••• , Y 6 1 Y 5 7  is
equivalent y 6 2 z 5 6 .

(12.6) a9 a2 1 3,5 7  is equiv alent to v  v26., 61 - Y62Y25.

Pro o f . The equivalences in (12.5) and (12.6) are shown directly as follows:

left

a21Y25 =  - Y 2 6 a 2 0  d( -  a 9 e 3 6  ± C 1 7 d 2 8 ) ,

a 2 iY 6 i=  -Y 6 2 a 2 0  + d (C 4 1 b 4 0 ) ,  yi 5 =d(c 1 7 bi 6 ),
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Y25Y61 = a 9 a n z 5 6  + d( — a9 (d 2 8 e4 8  +b4oe36)+Ci7(a20e48 —  b40d28)),

y 2 5 y 5 7  =  y 2 6 Z 5 6  d( —  a 9 6 6  —C i 7 d 2 8 e3 6  c 1 7 b 1 6 e4 8 ) ,

Y 6 1 Y 5 7  Y 6 2 z 5 6  (51( — a21e8 — C41d28e48 C41b40e36)

yi 7 =d(c,,ei s -Fc4 ,6 6 ),

a9a2iy57=Y26Y61 Y62Y25 +d(—a9c,,,e36+a21c17e4„3+c27c42/128).

q. e. d.

Note that by (12.5) and (12.6) any cocycle is equivalent to a cocycle each term
of which has at most one of a 9 , a 2 1 , v v V5

,
25

,
 6 1

,
 5 7 ,  a 9 a 2 1 , a 9 y 5 7  and a 2 1 y 5 7 •

We have also the following equivalences, a  proof of which will be given in
§13, since it is rather tedious.

Proposition 1 2 .7 .  The products a9 A, a 2 1 24, y2 5 A, y 6 1 A, y 5 7 A, y 2 6 A  and y 6 2 A

are triv ial for a nice cocycle A . F o r a non-nice cocycle A e V, we have the follow-
ing equivalences:

(12.8)

right
left a8 a20 256 X48 x120 Z

a9 0 0 0

a21 —a9a20 0 0 0

Y25 0 0 0 a9a20x48 a9a20x84

Y61 0 0 0 —a9a20x84 —a9 a2 0 x 1 2 0

Y57 —a9z86 — a21z56 —Y25x84
—

Y61
x

48

— Y25x120
—Y61x84

Y26 —Y62x84 —a9 a2  i x4 8 —a9 a21  X8 4

Y62 —Y26x84 a9a2 i  x8 4 a9 a21 x 1 20

a9 a21 0 0 0 0
a9 y 8 7 0 —a9a2 i z5 6 0 0 0
a2 0, 8 7 —a9 a21 z8 6 0 0 0 0

right
left w88 w100 w124 w136

a9 0 —Y25x84
—

Y61
x

48

0 —Y25x120
—Y61x84

a21 —Y25x84
—

Y61
x

48

0 —Y25x120
—Y6 l

x
84

0

Y25 —a0256X48 a21256X48 —a0256X84 a21Z58X84

Y61 a9z86x84 —a21 z56x84 a9z88x1 2 0 —a21 z8 8 x, 2 0

Y57 0 0 0 0

Y26 a9y87X48 —a20,57X48 a9y57X84 —a21Y57x84
Y62 —a9y87x84 a2 IY57x84 —a9Y57x1 20 a21Y57x120
a9 a2  i 0 0 0 0
a9 y8 7 0 0 0 0

a21Y57 0 0 0 0
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(The last three lines are added for convenience of calculations.)

The table reads similarly as the table (12.5).
Propositions 12.1 (generators), 12.3 (commutativity) and the relations in Propo-

sitions 12.4 and  12.7 are  sufficient to know the structure of H(W : d ) .  (The suf-
ficiency of Propositions 12.4 and 12.7 will be assured later.) We have an additive
basis in Proposition 12.2, although the set of elements is not so convenient (for
instance, the conjugation between cocycles in Proposition 5.7 and  between a ,  and
azi, y 2 5  and y 6 1 , y 2 6

 and y 6 2  are not observable). So we would rather have another
additive b a s is . This is done by taking  ç J i  in  Proposition 12.2 to  be an  element in
the following:

(12.9.1) k 1 v h
.7 267 62-'.84, Yi6Y2asx44,

Y 116.142a944,

Y hYL.a2144,

YZ6A2Z564141

YZ6Y2,a9 2. 56.441

Y26Y2Y 25x8
h

YZ6Y t2a9a2 t

YhA2a9Y 5 7 4 4 1

k„
. - .
I v h

.7 26.7 62 21'-56-'•841

Y'16142Y61474, A6.4.2Y5744,

Y'16Y t 2a9a2izs644,

Y '16Y LaziY 5744.

YhA2a2ox44,

Y hYt2a9a2ox44,

(12.9.2) (In the following,

Y '164844,

A6z564844,

yha 9 z 5 6 4 8 4 4 ,

Y 110254844,

joo)

yhasx4.8x44, Y '10204844,

Yha94844, Yha9a2ox4.844,

.7 26..21/.48..14 ,k v i v h Y 126a21
2 .5 6 4 8 4 4 ,

Y 11061484'4, YZ6Y5748X44,

y ha 9 a2 1 4 8 .4 4 , y 2 Aa9 an z 5 6 4 8 4 4 ,

Yha9Y 57484'4, Y haz 1Y 574844.

(12.9.3) (In the following, j0  0)

I J is
62'.120•'.84 , 2 a 8 4 2 0 4 4 1 A 2 a2 0 4 2 0 4 4 ,

Y.̀ 52z56x-f2ox114, yLa9x1120xL, y  2 a9 a2 0 4 2 0 .4 4 ,

yt 2 a9 z 5 6 ,4 2 0 .4 4 , y t 2 a2 1 4 2 0 4 4 , A 2 a2 ,z 5 6 4 2 0 .4 4 ,

Y 2542°44, Y 2.Y61.42.ox iga, Y 2J/ 5742044,

y t 2 a9 a2 1 4 2 0 .4 4 , y  2 a9 a2 ,z 5 6 4 2 0 .4 4 ,

y  2 a9 y 5 7 4 2 0 4 2
4 , y t y 5 7 4 2 0 4 4 .

We shall call Set I  the set of elements in (10.2.1)—(10.2.4) and (11.1)—(11.3),
and Set l i th e  set of elements in (12.9.1)—(12.9.3). Then
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Lemma 1 2 .1 0 .  The two sets, Set I  and S et II, are equivalent in the sense that
one is expressible as the other and the elements are  linearly  independent in each
set.

P ro o f . W e can  m ake Set II by eliminating products which are trivial by
Propositions 12.4 and 12.7.

We can easily check using equivalences in Propositions 12.4 and 12.7 that each
element in Set I is equivalent to a unique element which is a  sum of monomials in
Set II and conversely that each element in Set II is uniquely equivalent to a sum of
monomials in Set I. Since Set I is linearly independent, so is Set II. Therefore,
the two sets of elements are equivalent in the sense stated. q. e. d.

N ote tha t w e have assured that Propositions 12.4 a n d  12.7 contain all the
equivalences necessary to determine the structure of H(W : d).

Proposition 12.2'. M onom ials i n  t h e  2 2  cocycles in  Pro p o s itio n  5.7,
.1164A2aila r4xiosx144 and the cocycles of the form 0.ar4 x10 8 x4 4  w ith 0 an element
in (12.9.1)— (12.9.3) form  an additive basis of H(W : d).

§ 1 3 .  A proof of Proposition 12.7

In this section, the letters A,..., N and A ,..., N are as in the diagrams (6.2.1)—,

(6.2.3).

(1 )  Products with y5 7 .
If we have a diagram of the form

U X

S T Y

P Q R Z

0 0 W 0 0

we have

d(Qe3 6  + Re4 8  + Td2 8  + 5b 1 6  + Yb4 0  + Uo 8  + Xa2o)=- Y57 W+ Y25P+Y61Z-
Thus, we have

3,57 (nice cocycle) e d-image,

Y57z52 +Y25x84 +Y6lx48 e d-image,

Y57z88 ±Y25X120 + Y 6 1 X 8 4  e d-image.

On the other hand, by direct calculation we have
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Y 5 7 Z 5 2  —  a 9wi00

••••=d( — a,d286.6— a20b,,e36+a 8 b, 6 e3 6 e4 8 +b, 6 di 8 e3 6 —bi 6 d2 8 e4 8 ),

whence

a9W 100 ±Y25x84 +Y61X48 E d- image.

Its conjugate yields

a21 w 124 +Y25X120+Y61X84 E d-image.

By direct calculation we have

Y57(28 ± a9 z5 6 =d(b 1 6 e4 8 —d2 8 e3 6 ),

Y 5 7 a 2 0  a21z56 =  d(b40e36 —d28e48),

y5 7 Z 5 6  =d ( — b40ei6 —  d2 8 e3 6 e4 8 —b 1 6 4. 8 ),

Y57W88 = d(a20b16e36 — a8 d2 8 6 6 — a8 b1 6 ei 6 e4 8

—bi 6 b4 0 6 6 —bi 6 d2 8 e3 6 e4 8 -14 6 ei 8 ),

Y57w100 = d(— a8 b4 0 e36  a 8 d2 8 ei 6 e4 8  a 2 0 bi 6 ei 6 e4 8  a 8 b, 6 e3 6 ei,

b16 b4 0 d 2 8 e i6  b16di8e36e48 M 6d28ei8 ) ,

Y57w124=A — dzob16ezis a 2 0 d 2 8
e36eig a 8 b4 0 3 6 ei s  a 2 0 b4 0 4 6 e4 8

— b16b40d28e48 b40 (1 38e36e48 - 1 :i0 d 2 8 6 6 ) ,

Y 5 7 W 1 3 6
=d(a 8 b4 0 4 8 —a2 0 d2 8 4 8 —a2 0 174 0 e3 6 e 8

b 0 d2 8 e3 6 e4 8  —140 6 6 ).

We fill in the table the line of y 5 7  and the boxes a d9w100 a n  a21w 124' The mo-
nomials y 5 7 x4 8 , y 5 7 x 1 2 0  and y 5 7 x8 4  remain as they are.

( 2 )  Products with a2 1 .
If we have a diagram of the form below, then d Y =a Z +a 9 R +c„W .- 21

Y

0 0

Thus we have

a2 1 . (nice cocycle)E d-image, a2 1 a8 +a 9 a2 0 =d(— d 2 8 ),

a21a20=4 - 1 , 4 0 ,  a21z52 = d B ,  a2148=d-ii,
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a21W88 —  a 9 W 1 0 0  d (  G), a21w100=dH,

a21W 124 a9W 136 
= dG ,a 2 1 w 1  36 

= d( — F)•

Therefore we see that

a 2 1 .(nice), a 2 1 (22 0 , a 2 1 z 5 2 , a 2 1 z8 8 , a 2 1 w1 0 0  and a 2 1 w1 3 6  are trivial;

az ias is equivalent to and will be replaced by —a9 a 2 0 ;

a21W 88 is equivalent to a ,w , , ,  which has been shown in ( l)  to be

equivalent to —y2 5 x 8 4 — y6 ,x 4 8 ;

a21W124 has been shown to be equivalent to — y25x
1 2 0  Y 6 1 X 8 4 ,

The line of a 2 1 in  the tab le is thus filled. The monomials a 2 1 z 5 6 , a 2 1 x 4 8 ,

azixizo and a 2 1 x 8 4  remain as they are.

(3) Products with a,.
Taking conjugates, we have that

a , .(nice), a 9 a 8 , a 9 z 5 2 , a9 z 8 8 , a 9 w8 8  and a 9 w1 2 4  are trivial;

a9w100 is equivalent to —y2 5 x 8 4 —y6 1 x 4 8 ;

a9W136 is equivalent to — Y25X120 Y61X84•

The line of a, in the table is filled except a 9 a 2 0 , a 9 z 5 6 , a 9 x 4 8 , a ,x , 20 and a 9 x 8 4 .

(4) Products with y 2 5 •
If we have a diagram of the form below,

Y

0 0

then d(a 8 Y +b, 6 R)= y 2 5  W+ a n a8 Z .  And, since d(d 2 8 )= 
— a , a 2 0 — a n a s ,

 w e  have
d(a, Y+ b i 6 R + d 2 8 Z)— y25 W— a,a 2 0 Z .  Thus we have

Y25 (nice cocycle) e d-image,

y25Z52 — a 9 a 2 0 x 4 8  e d-image,

y25Z88 — a 9 a 2 0 x 8 4  e d-image.

By direct calculation we have

y 2 5 a 8  = d (b id  ,

Y25a20 = —  b16d28+ ase36),
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y2 5 Z 5 6 = d (a5 e1 6
—

b?[6e48
-
1
-

b16d2,3e36),

y 2 5 W 8 8 + a 9 Z 5 6 X 4 8 = 4 0 1 6 F ),

Y25w 100— C /21Z56X 48=d (a8 I+  b 16 G) •

We have also

y2541
,
124

-
1
-

C19Z56X84=A
—

b 1 6 H )d
-

a9w140 e d-image,

Y25W136
—

a21Z56X84
=

d (
— a 8 J —

b16
6

)
—

a21W140 Ed - image ,

since w1 4 0  is a nice cocycle.
The line of y25  in the table is filled except y25X48, y25X120 and y25X84.

(5) Products with y 6 1 •
Taking conjugate and using the equivalence of a9 a2 0  and —a2 ,a 5 , we have the

following products in the d-image:

y 6 1
 . (n ic e ), y6 1 ,Z 5 2 + a 9 a 2 0 x 9 4 , y6 1 Z 8 8 + a 9 a 2 0 x 1 2 0 ,

Y61a8
,
 Y 6 1 a 2 0

,
 Y 6 1 z 5 6

,

Y 6 1 W 8 8 — a 9 z  X5 6  8 4 , Y 6 1 w 1 0 0 ±a 2 1 Z 5 6 X 8 4
,

Y61W124 a9z56x—
1 2 0 ,  Y 6 1 w 1 3 6 ± a 2 1 Z 5 6 x 1 2 0 '

The line of y 6 1  is filled except for y 6 1 x 4 8 ,  v  x'6 1  1 2 0  and Y61X84
,

(6) Products with Y26 and y62 •
The product y 6 2 A  for a nice cocycle A has been shown to be trivial in Case 4

of § 1 1 .  Taking conjugate, we see that y 2 6 A is also trivial.
The products —a 9 y 2 5 ,  — a21y25 , — a93

,
61 and —a 2 1 y 6 1  are equivalent by (12.5)

to y 2 6 a5 ,  v  a,2 6  2 0
,
 Y 6 2 a 8  and Y62a20 respectively. The latter (with Y26 and Y62) will

be used in the following.
We have that

y62Z52 — a9 a2 1 x 8 4 =d ( — a21E — c41B ),

y62Z88
—

a 9 a 2 1 x 1 2 0 = d (
---

a 2 IC
— c 4 ,A ) ,

Y 6 2 w 8 8 + a 9 (a 2 1 H + c 4 1 w 1 0 0 )= -d (a 2 1  I +c 4 , G),

Y62w Imo —  a21(a21li+c41w100)=4 — c411/) 5

Y6214'124+a9(
— a21F+C41wi36)=4 — a211 — c416 ) ,

Y62w136
—

a21(
—

a21
F-1- c41

w
136)

=
4

c
41 n •

1 41.Recall that a2  H  c  w i o o = P 1 4 1 = Y 5 7 x 8 4 +  (d-image) and —a 2 I F +c41 W 1 3 6 = P 1 7 7

= Y 5 7 X 1 2 0  + (d - im a g e ) .  Therefore, replacing P141 and P 1 7 7  by the right hand sides,
we have



Cohomology of classifying spaces III 379

y 6 2 Z 5 2  a9 a2 1 x8 4 , Y 6 2 Z 8 8  
a 9 a 2 1 x

120, Y62W 88  a9Y57X 84 ,

Y62W 100 a21Y57X84 , Y 6 2 W 1 2 4  a 9 Y 5 7 X 1 2 0 , Y 6 2 W 1 3 6  a 2 1 Y 5 7 X 120

in the d-image.
Taking conjugate, we have the following in the d-image:

y 2 6 Z 5 2  a9 a2 , x4 8 , Y 2 6 Z 8 8  a9 a2 i x8 4 , Y 2 6 w 8 8  a9Y 57 X 4 8 ,

Y 2 6 W 1 0 0  a2 1Y57X48 , Y 2 6 w 1 2 4  a 9 y 5 ,7 X 8 4 , Y 2 6 w 1 3 6  a 2 1 Y 5 7 X 8 4 ,

We have some more relations. If we have a diagram below,

U X

S T Y
/ \ / \ / \

P Q R Z
/ \ / \ / \ / \

0 0 E 4T O O

then

d((a21+c41a21)X ) 4 1  2 1 , —-=, (a 9  C i 7 a 9 ) ( a 2 i  C  01T 62Z,v

d((a 9 +c 1 7 09 )U)= — Y  26P +(.a2i+C41a21)(a9 cl7a9)T,

from which v
2 6 P+Y 6 2

Z---d(—(a 9 +c 1 7 89 )U—(a 2 1 +
•  C 4 1

320)0. Thus the following
are in the d-image:

Y 2 6 Z 8 8  Y 6 2 Z 5 2 ,Y 2 6 w 1 2 4  Y 6 2 W 8 8 , Y 2 6 w 1 3 6  Y 6 2w 1 0 0 ,

Y26X 120  Y62X 84 , Y 2 6 x 8 4  Y 6 2 X 4 8 *

The first three relations are not used, since each term in them may be replaced by
another cocycle. The monomials y 2 6 x 1 20 and y62X48 may be replaced by — y62X84

and — y2 6 x 8 4  respectively by the last two relations.
The lines of y2 6  and y6 2  are thus filled, q. e. d.
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