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§ 1 .  Introduction

Let p  be a prime, G a compact, 1-connected, simple Lie group and {G: pl the
set { X : compact, associative H-space such  tha t H*(X; Z p )  as Hopf
algebras over si p l.

The present paper is the second in a series studying the cohomology H*(BX ; Z p )
of the classifying space of X E {G: pl using the Eilenberg-Moore spectral sequence:

E2.i4.' C o to rA  (Z p , Z 1,) w ith  A = H*(X ; Z p )

and E H*(BX; Zd.

Let E 8  be the compact, simple, 1-connected, exceptional Lie group of rank 8.
The purpose of the paper is to determine Cotor, (Z 3 , Z3 )  with A =H*(X 8 ; Z 3 )  for
X 8  E  {E 8 : 3}.

The paper is organized as follows:
In Section 2, we construct an acyclic injective resolution of Z 3  over H*(X 8 ; Z 3 )

by making use of the twisted tensor product. CotorA  (Z 3 , Z 3 ) with A = H*(X 8 ; Z 3 )
is shown to be isomorphic as an algebra to H(W: d)=Ker d/Im d ,  where W is a
differential algebra constructed in Section 2. In Section 3 we introduce two oper-
ators 09 and 02 1 in a polynomial subalgebra V o f W . We determine cocycles in V
using these operators in §§4 and 5. Then in §6 we study som e relations among
the cocycles obtained in §§4 and 5. These relations will be used in Part III, where
the calculation of Cotor, (Z 3 , Z3 )  will be completed and the following will be
shown :

M ain Theorem . Cotor, (Z 3 , Z 3 )  is com m utativ e a n d  is generated (as an
algebra) by the following 29 elements:

4:18 , a 2 0 , X48, Z52, Z56, U56, X84, Z88, W 88, Z92, w100 ,  z1 0 4 ,  x1 08 ,  X120, w 124 ,

w128 ,  w136 ,  w140 ,  x144 ,  w152 ,  V 168 ; a9, a21, Y25 ,  Y26 ,  Y57 ,  Y61 ,  Y62 ,

where the index indicates the degree.
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The references of the paper are as listed in Part I.

§2. An injective resolution of Z 3  over H*(X 8 ; Z 3 )

L et X , E {E, : 3}. F irs t  w e  re c a ll f ro m  [7 ]  the  H opf algebra structure of
H*(X 8 ; Z 3 ):

(2.1) 11*(X8; Z3)=Z3Ex8 ,  x20]1(43 ,  x30)

® A (X 3 , X 7 , X 1 5 , X 1 9 , X27, X35, X39, x 4 7 ),

where deg x i = i;
The coalgebra structure is given by

(2.2) , x1=0 f o r  i  =3, 7, 8, 19, 20,

. X15 = X8 OX7,

' X39 = X200X19 ,

, X 2 7  =  X 8  O X 1 9  X 2 0 0 X 7 ,

/ix3 5 • 2 0  - - -  1 5  x 2 0 X 8  O X '7 ,

= X8 O X39 + X20 O X 2 7  +x 2 0 x8 Ox i 9  - x30 Qx7 ,

w h e re  is  the reduced diagonal map induced from the m ultiplication on X 8 .

N otation. A =H*(X 8 ; Z 3 ) and A =1- 1*(X 8 ; Z 3 ).

We shall construct an injective resolution of Z 3  over A using the same construc-
tion as that in § 3 of [8].

Let L be a graded Z 3 -submodule of A  generated by

{X3 , X7, X8 , X19, X20, .4 40 , X15, X39, X27, X35, x 4 7 } .

Let 0 : A -g , be the projection and e: L-->A the injection such  that e.0 = 1 A . W e
name the set of corresponding elements under the suspension s as

(2.3) sL={ a4, 0 8 , a 9 , a 2 0 , a n , C17, e41, b16, b40, d 2 8 , e 3 6 , e4 8 }

Define 0 : A -sL  b y  = s0 0  and ?: sL-4261 by coS- 1. Let T(sL) be the free tensor
algebra over sL with the natural product Consider the two sided ideal I of T(sL)
generated by Tm (tfro(000)00)(Ker 0), where 0 is the diagonal m ap of A .  Put tifi
=T (sL )II, that is,

W=Z 3 {a4 , a 8 , a 9 , a 2 0 , a n , e17, e41 , b16, b40 , d " ,  e3 6 , e4 8 }

and I  is generated by

(2.4) [a, /3] f or all pairs (cc, 15) of generators of T(sL) except

(a 9 , b 1 6 ), (a 9 , d 2 8 ), ( a 9 , e 3 6 ), ( a ,  e " ) ,  ( a n , b4 0 ), (a n , d28),
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(a n , e3 6 ), (a,,, e4 8 ), ( a 9 , (a21, c41),

[a 9 , b 1 6 ]+c 1 7 a8 , [an , bad  + C41a20 ,

[a 9 , d28]±C 17a201 [a n , d28] +

[a9 , e3 6 ]-+-c 1 7 d2 8 , [a21, e3 6 ]+ c 4 1 b1 6 ,

[a 9 , e 4 8 ]± C 1 7 b 40 , [a n , e48]+C41 6128,

where [a, fl] =a13-(- 1)*fla with * =deg a • deg /3.

N o t e .  W contains the polynomial algebra

V =Z 3 [a 4 , a8 , a 2 0 , b 1 6 , b4 0 , d2 8 , e3 6 , e4 8 ] •

We define a map

d= -t11.(000).00e: T(sL)

and extend it naturally over T(sL) as a derivation. Since d(I)c I  holds, d induces
a map W-*W, which is also denoted by d by abuse of notation. It is easy to check
that clocl= 0 and so W is a differential algebra over Z 3 .  By the relation

(1.0 +04006).0=0

we can construct the twisted tensor product W=A® W w ith respect t o  0 [14].
Namely, W is an A-comodule with the differential operator

d = lod -F (100 (10000001 ).

More explicitly, the differential operators d and d are given by

(2.5) d(x101)=10ai+1 f o r  i= 3, 7, 8, 19, 20,

2!(4 0 0 =  1 0 c 1 7  - x,(Da 9 ,

d(xi 0 C)1)= 0e 4 1
 - x200a21,

2!(x1 8 01)=10b 16 +x 8 C)a 8 ,

2!(x3901)=10b40 -Fx200a20,

2!(x27 01)=101 2 8 +x 8 0a 2 0 -1-x20 0a 8 ,

d(x 3 8 01) ,---. 1®e 3 6  +x 8 0d 2 8  - .4 0 a 2 0  + x2 0 0 b i 6  +x 2 0 x8 (Da8 ,

'd(x4 7 01 )=  1 O e" + x 8 0 b 4 ,, + x, o 0d 2 , ---4 0 0a 8 +x 2 0 x8 0a 2 0 ;

(2.6) dai=0 f o r  i =4, 8, 9, 20, 21,

dc i 7 =4 ,

dc4 i = ai l ,

db 1 6  = -a9a8,
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db 4 o = - a  a-2 1 -2 0 ,

dd 2 8 =  - a 9 a 2 0 - a 2 1 a 8 ,

de 3 6 = - a 9 d 2 8 + e 1 7 a 2 0 - a 2 1 b 1 6 ,

(leas =  - a 9 b4 0 - a 2 1 d2 8 +e 4 1 a8 .

Now we define weights in W = A® W as follows:

( 2 .7 )  A  :  x 3 , x 7 , X 8 ,  X 1 9 ,  X 2 0 , 2X8, ‘,2 X i s ,  X 3 9 ,  X 2 7 ,  X 3 5, x 4 7

S L :  a 4 , a 8 , a 9 , a 2 0 , a 21 , Ci7, C 4 1 , b 1 6 , b 4 0 ,  d 2 8 , e 3 6 , e4 8

weight : 0 0 I 0 1 2 2 2 2 2 9 9

The weight of a monomial is the sum of the weights of each element.
Define a filtration

(2.8) Fr={ x  I weight x .

Put Eo W= Then it is easy to see that

E0 W A (x3 , x7 , X 1 9 , X 1 5 , X 3 9 , X 2 7 , X 3 5 , X 4 7 )

OZ3[a4 ,  a 8 , a 2 0 , /7 1 6 ,  b " , d 2 8 , e 3 6 , e 4 8 ]

0C(Q0c8))0C(Q(x20)) ,

where C(Q(x i)) is the cobar construction of Z 3 [ x j / ( 4 )  (i =8, 2 0 ) .  The differential
formulae (2.5) and (2.6) imply that E0 W is acyclic, and hence W is acyclic.

Theorem 2.9. W  is an injective resolution of Z3 over A = H*(X 8 ; Z 3 ).

By the definition of Cotor we have

Corollary 2 .1 0 .  H(W : d)= Ker dilm clf. Cotor, (Z 3 , Z 3 ).

§ 3 .  Some formulae

We define operators a„ and 0 2 1  by

(3.1) x :  a 4 a s

89 x :  0 0 0 - a 80  - a n

821x: 0 0 0 0 a-  2 0 a8

a n d  ex ten d  th em  o v e r V=Z 3 [a 4 , a 8 , a 2 0 , b 1 6 , b 4 0 , a2 8 , e36, e48] so
satisfy

(3.2) i(P + Q)= P +  ai Q  an d  a i (PQ)= 0 ; 13  Q + PO N

f or any  polynom ials P and Q in V  ( j = 9 ,  21).

b16 b40 (128 e3, e4 8

- a n  - No

- b 1 6  - d 2 8

that they
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Then we have

Lemma 3 .3 .  For any  polynom ial P in  V, we have

(1) 0 4 P=0 , 03 1 P = 0  and 0 9 82 1 P= 2 1 9 P;

(2) [a 9 , P]=c 1 7 09 P  a n d  [a 2 1 , P] = c41 0 2 1P ;

( 3 )  dP =a 9 09 P + c + a 2 ,0,

Pro o f . (By induction.)
(1) Suppose that aiP=O  holds for any polynomial of degree up to 1. Then

for a monomial xP of degree /+ 1, we have

aa(xP)--aix • P+ x0iP=0.

Thus N P =0 holds for any polynomial of degree 1+1. Similarly, aLp =O.
Now, suppose that a9 82 1 p=a2 1 a9 p holds for any polynomial of degree up to /.

Then for a monomial xP of degree 1+1, we have

09021(xP)==a9(21x.P+x021P)

= (39821X • P  021X • 09P + 09X • a21P + X 09 a21P

=a2ta9x • P +a9x • anP + anx • a9P + xana9P

= a n a 9 (xP ).

Thus the relation 0 9 02 1 P----02 1 09 P  holds for any polynomial of degree / + 1.
(2) Suppose that [a 9 , P]=c 1 7 09 P holds for any polynomial of degree up to /.

Then for a monomial xP of degree 1+1, we have

[a 9 , x P]=[a 9 , x ]P+x [a 9 , P]=c 1 7 09 x • P+xc i 7 ,09 P=c 1 7 09 (xP).

Thus the relation [a9 , P]=c 1 7 89 P holds for any polynomial of degree / + 1.
The relation [a 2 1 , 11 = c41321P is proved similarly.
( 3 )  Suppose that the differential formula holds for any polynomial P of degree

up to 1. Then for a monomial xP of degree / + 1, we have

d(xP)=-dx • P+xdP

=(a 9 (99 x + c 1 7 a ix + a 2 1 a 2 1 x+ c 4 0 1 x)P

+x(a9 0 9P+c,7 0 iP+a21 0 2,1P+c4iaiiP)

=(a9,0 9x+c,7 0 ax+a2, 8 2 1 x + c a iix )P

+(a 9 x—c 1 7 a9 x)139 P+c 1 7 A P

+(a2,x —
c4,a2ix)0 21P+c4ixaiiP

= a 9 09 (xP)+c 1 7 0a(xP)+a 2 1 a 2 1 (xP)+c 4 1 Di 1 (xP).

Thus the differential formula holds for any polynomial of degree 1+1. q. e. d.
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Lemma 3 .4 .  Let P be non-triv ial in V . Then P is a non-triv ial cocycle if  and
only a9P=0211)=0.

P ro o f . I f  P  is  a  cocycle, d P = 0 . Then by th e  differential formula (3 ) of
Lemma 3.3, we have 09 P=0 and 02 1 P=0.

Conversely, if a 9 P = a 2 1 P = 0 , then OaP =0i i P =0, hence we have dP=0 by the
differential formula (3) of Lemma 3.3. Since P  contains neither a ,  nor a 2 1 ,  it is
not in the d-image, hence it is a  non-trivial cocycle. q .  e .  d .

We shall make much use of diagrams, in  which an oblique line /  means 0,
and an oblique line \  means 0 2 1 .  The generators o f  V form the  following dia-
grams:

a4 e48 e36

o
/

bao— d 2 8 b 1 6

O a20 a8

0 0 0

Observe that the diagram on the right is symmetric.

Definition. We call two polynomials in  V conjugate if one is obtained from
the other by interchanging a 8 and a 2 0 , 131 6 and b4 0 , and, e3 6  and e4 8 .

Then the role of 0 , and 021 are interchanged.

N otation. P = the conjugate of P.

We see, in particular, that P is a cocycle if and only if its conjugate P is.
We shall find cocycles in the following steps:
(0 ) cocycles in Z 3 [ a 4 ] ,

( i ) those in Z 3 [a 8 ,  a 2 0 , 171 6 , b 4 0 , d 2 8 ] ,
(ii) those in Z 3 [a 8 , a 2 0 , b1 6 , b40, d28, e3 6 , e4 8 ] ,
(iii) those with a9 , c 1 7 , a 2 1 , c4 1 ,
( iv )  those with a 2 1  and c4 1  bu t without a, or c 1 7 .

(The first two steps are  done in  §4 , ( ii)  in  § 5 and the  last two steps will be in
§9  and § 11 of Part III.)

§4. Cocycles without elements of odd degree-I

(0) Cocycles in Z 3 [a 4 ]

Clearly a 4  is a cocycle, and it is the only indecomposable one in Z 3 [a4 ].
We see by (3.1) tha t a 4  is independent from the other generators in  V under

the operators 39  and 0 2 1 .  Therefore Steps (i) and (ii) are done independently from
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Step (0).

(i)
 

Cocycles in Z 3 [a 8 , a 2 0 , b 1 6 , b4 0 , d 2 0 ]

Clearly, the elements a 8 and a 2 0  are cocycles.
An element of degree 1 with respect to b 1 6 , b40 and d2 8  is of the form

P=A b 1 6 +Bb 4 0 +Cd 2 8  w i t h  A, B, CEZ 3 [a8, azo]

By Lemma 3.4, P is a cocycle if and only if

a9 p - - a 8 A—a 2 0 C = 0  a n d  a n P =  — a20B—a8C=0.

Then we have a cocycle

u 56 —a,a20d28•

A cocycle of degree 2 with respect to b 1 6 , b 4 0  and d 2 8  is of the form

P=A bf 6 +Bb 240 + Cdi 8 —Db 1 6 b4 0  +Eb 4 0 d„ +Fb 1 6 d 2 8 ,

where the coefficients F are in Z 3 [a 8 , a 2 0 ]. The conditions

a9 P = (A a8 — Fa20)b16+(pa8
—Ea20)b40+(Ca20 — Fa8)6128

= 0,

a 2 1 P
=(Ba 2 0 —Ea 8 )b4 0 +(Da 2 0 —Fa 8 )b 1 6 +(Ca 8 —Ea2 0 )d2 8 =0

give rise to

Aa 8 —Fa 2 0 = 0 ,  Da8 —Ea2 0 =0, C a20 — Fa8= 0 ,

Ban — Ea 8 =0 , D a 2 0 —Fa8 = 0 ,  Ca 8 --Ea 2 0 =0.

Then we have a decomposable cocycle

P=a 4
2'-o bi 6 +atbi 0 +aiai 0 di 8 —aiai 0 b, 6 b4 0 +4 a 2 0 b4 0 d2 8 +a 8 a30 b1 6 d2 8 =14 6 •

A cocycle of degree 3 with respect to 1,1 6 , Li"  and d2 8 is of the form

P=A bh+B bi o +Cdi 8 +Dbi 6 b4 0 +Eb i 6 bi o

+Fbi 6 d2 8 +Gb i 6 cli 8 +Hbi o d2 8 +Ib 4 o di 8 .

Then 09 P = 0  gives rise to

09 A = a 9 B - 0 9 C = 0  a n d  D =F=G =I=0

and 02 1 P = 0  gives rise to

a21A—a2113=a21c=o a n d  E =H =I=G =0 .

Therefore P=A N 6 +B bi 0 +Cd3 8 ,  where A, B  and C are cocycles by Lemma 3.4.
Thus x4 8 = b i 6 , x120=bi0 and x 8 4 .---cli8 a r e  a ll the indecomposable cocycles of
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degree 3.
It is not hard to see that there is no indecomposable cocycle of degree greater

than 3. Hence
(4.1) The following are  all the indecomposable cocycles in  Z 3 [(28 , a 2 0 , b 1 6 , b4 0 ,
d28]:

a8 , a n , U56 = al o b t 6 + 4 6 4 0 —a 8 a2 0 d2 8 , .X48 = b?6, X 1 2 0  =  b 0 ,  X 8 4 = 4 8 .

The following diagrams will be of use in the next step:

— 1, 16b40+ dis

a20d28 +a8b4 0a 2 0 b 1 6 + a 8 d 2 8

(4.2.1)

— am/46 —a 8 b 16 d2 8 — a 8 bi o —a2 0 b4.0 d2 8

/ \ /
4 4 2 8 4 1 , 1 6 4,1)40 4 '0 2 8

(4.2.2) (4.2.3)

/)16 040 f1d28 qd28+V;i40 016+ U28

(4.2.5) (4.2.6) (4.2.7)

where we put

(4.3) —azobi6b4o—a8b,6b40d28+a206,648+a8d38,

ri= —a8 b1 6 bi o —a2 0 b1 6 b4 0 d2 8  -1-a8 b4 0 di 8 a 2 0 4 8 ,

A= —14 6 bi o —bi 6 b4 o di, — bt6dis,

it = —bi 6 bi.0 —b 1 6 bi 0 d38 —b4 0 4 8 ,

v =bi 6 b24.0 (12 8 +b i 6 b4 , 4 8 + 4 8 .

Note t h a t  =#  and A= f t .

§5 . C ocycles without elements of odd degree-II

(ii) C o c y c le s  in Z ,[a ,, a209 b16, frt.), d213, e 3 6 ,  e 4 8 ]

( i i - 1 )  A cocycle of degree 1 with respect to  e3 6  a n d  e4 8  i s  of the form P=Ae36
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+Be 4 8 +C, where A , B , C  Z3[4;18, a2 0 , b 1 6 , b 4 0 ,  (1 2 8 ].  Then the relations

a9p= (39A. e3 6  + 09 B • e4 8 —Ad2 8 —Bb4 0 +a 9 c = 0,

021P=a21A • e36+ 0 2,B• e4s — Abis — Bd28+ 0 21C= 0

give rise to

(5.1) 00= 0 0 B=0, a21A=a21B=0,

a9 c =A d 2 8 +B b 4 0 , a21c— A b16+Bd286

So by (4.1) A  and B are cocycles in Z 3 [a 8 , a2 0 , u5 6 , x4 8 , x 1 2 0 , x 8 4 ]  and C  must
satisfy the following diagram:

/ \
Ad 2 8 + Bb4 0 Ab16+Bd28

Lemma 5.2. The following are  all the indecomposable cocycles of  degree 1
with respect to e3 6  and e 4 8 :

Z56
=

 a20e36+a8e48  —(b 1 6 b4 0  — d38 ),

z 5 , = aie 3 6  — (a2 0 bh -I- a8 b1 6 d2 8 )

Z 8 8 =  ai,e 4 8 —(a8 bi0 + a2 0 /24 0 C12 8 )

Z92 =/156e36
-
1
-

,

Z104
= U56e48

-
i
-
n.

(For later use we choose z0 2  and z 1 4 0  with the terms a8 di 8  and a2 0 4 8 respectively
so that they are in the aiai r imag e.)

P ro o f . First, we shall find cocycles P with A 00 by seeking B and C satisfying
Ad2 8 =0 0 C—Bb4 0  and  Ab 1 6 =3 2 1

c—Bd 2 8 . It is sufficient to choose one such P
for a cocycle A , since the difference of two cocycles with the same term Ae3 6  is  a
cocycle with A =0.

Note tha t the elements X48.= b16, X 1 2 0 = 4 0  a n d  x8 4 =d3 8 a r e  'immobile' in
seeking B and C, that is to  say: when A = A54 8 4 2 0 4 4 + A " with i, j and k  non-
negative integers, there exist B and C satisfying Ad2 8 =0 0 C—Bb4 0  and Ab 1 6 =0 2 1 C
— B d 2 8  if and only i f  there exist B ' and C ' satisfying A'd 2 8 =a 9 c— B'b 4 0  and
A'bis= 0 21C -  B'd2 8 ,  and then  B=B54 8 x{ 2 0 4 4  a n d  C=C 'xi 8 4 2 0 x 4 .  In par-
ticular, there is no cocycle P for A =4 8 xii 2 0 4 4 + A " for any cocycle A " . Thus we
have only to study those A  as in Z 3 [a 8 , a2 0 ,

For A=u 5 6 , we have with B=0 as in  (4.2.4) and hence we obtain an
indecomposable cocycle

Z 9 2 = U 5 6 e 3 6 + •
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For A = a 8 , Ad 2 8  = a8 d2 8  = 09 ( 
— b i o d 2 8 ) — a 2 o b i o

 cannot be of the form 39 c
—Bb4 0 . And we also see that there exist no B or C for A = a 8 + A ' for any A'.

For A =ai, we have C= — azobio — a,b16d28 with B=0 as in (4.2.2) and hence
we obtain an indecomposable cocycle

Z52 = aie 3 6 —(a2 0 bi 6 +a 8 b1 6 d2 8 )•

For A  =a 2 o , we have B= a 8 and C = — bi 6 b4 0 +di 8 as in (4.2.1) and hence we
obtain a cocycle

z5 6 —  a 2 0 e 3 6  ase48 - 016b40 dis)•

The element z 5 6  is indecomposable, since there is no cocycle P  with A = azo
and B=O.

We have shown that for A= u 56 A' + a i A " + a 2 o A '  w e  have a cocycle P  with
the term Ae 3 6  and  that P=z 9 2 A'+z 5 2 A"+z 5 6 A'". Therefore, the elements z 9 2 ,
z5 2  and z 5 6  are all the indecomposable cocycles with A 00.

For A=0 we now find cocycles of the form P=B e 4 8 +C  for cocycles B  in
Z3 [a 8 , a 2 0 , u 5 6 ], since the elements x„, x 1 2 0  and x 8 4  are again immobile in seeking
C.

Note that it suffices to choose one P with the term B e", since the difference of
two such P's is a cocycle with A= B = O.

For B =u 5 6 , we have the conjugate of z 9 2 :

Z104 = 1 4 56e48 + 11,

which is indecomposable.
For B =a 8 , there is no cocycle P, since otherwise its conjugate P would be a

cocycle w ith A  a 2 0  and B =0, but the existence of such a cocycle is already denied.
For B = ai, a 2 0 , a 8 a 2 0  or * 2 0 , there is no cocycle of the form Be4 8 + C.
For B = ai, we have a decomposable cocycle P=aiz 56 — a 2 ,z 5 2 = age4 8 + C.
For B =ai 0 , we have the conjugate cocycle of z 5 2 :

Z 8 8 = 4 0 4 8  — (a8 bi 0 + a2 0 b4 0 d2 8 ),

which is indecomposable, since there is no cocycle with the term an e „.
Thus for B =u 5 6 B '+aiB "+ai 0 B " we have a cocycle P  of the form Be4 8 +C,

and we see that the elements z 1 0 4  and z 8 8  are all the indecomposable cocycles with
A = O.

We have shown that the elements z 5 6 , z 5 2 , z 8 8 , z 9 2  and Z104 are all the indecom-
posable cocycles of degree 1 with respect to e 3 6  and e 4 8 . q. e. d.

( i i - 2 )  A cocycle of degree 2 with respect to e 3 6  and e 4 8  is of the form

P=A 6 6 —Be3 6 e4.8 +Cei 8 —De3 6 —Ee„—F

with A , B, C, D, E and F in Z3 [a 8 , a 2 0 , b 1 6 , b4 0 , d2 8 ]. The relations

89 p=0 9 A•6 6 —a9 B•e3 6 e4 8 +0 9 c• e8 +(A428 -1-Bb40 —  a9D )6.38
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(B d 2 8  C b 4 0  0 9 -P e4 8  + (p d 2 8  + E b 4 0  00 F)

=o ,

a21P=a21A • 6i 6 — B • e3 6 e4 8 + 02 ,C • ei,+(A b, 6 +Bd 2 8  —021 02iMe36

(B d 1 6  C d 2 8  3
2 1 E )e 4 8  (Db 16 ±Ed28 — ay in

= 0

give rise to

(5.3) 3 9 A _ 3 9 B _ 3 9 c -0 , a 2 1 A.--(3 2 1 B _ a 2 1 c = 0 ,

89D=Ad28+Bb40, 321D=Ab16+Bd28,

a9 E = B d2 8 + 0 4 0 , a21E — B b16 C d 2 8 ,

39F=Dd28+Eb40, 8 21F =Dbi6+Ed28.

Thus A , B and C are cocycles in Z3[a8, a20, a56, x485 x120, x84] and D, E and
F form the following diagrams:

D

/ \
A d2 8 +B b 4 0 A b 1 6 + B d 2 8

/ \
Bd2 8  + Cb4 0 B b 1 6  + Cd2 8

/ \
Dd 2 8  + E124 0  D b 1 6 + Ed 2 8

Lemma 5.4. The elements w88, W
136, W100 , W124, W128, W152 and w1 4 0  a re  all

the indecomposable cocycles of  degree 2 w ith respect to  e3 6  an d  e 4 8 ,  where the
coefficients of w i 's are as follows:

A B D

W88

W
1 3 6

wioo a8 a2 , 2a s 0

W124 0 2
a20 a8 a2 0

W128 U56 0 0
W152 0 0 U56

W140 0 U56 0

—a2obi6
—a s bi 6 d2 8

0

0

—a8 b240

—a2obaod28
— a2obi.6
—a8 bi 6 d2 8

—a2obt6b4o
a20di8

o

bi6b40
L22  412

16 28

b16b40
— 12  42

bi6b4od28

—11 164138

b 16biod28
- baodis

IL

—a8 b i 6 b4 0

+a 8 4 8

—a8 bi0

— a2ob4od28

o

P ro o f . The elements x4 8 , x 1 2 0  and x 8 4  are immobile with respect to the de-
termination of cocycles P .  Thus we have only to study cocycles A , B  and C in
Z 3 [a 8 , a 2 0 , u5 6 ]•
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Note the number of a 8 's and a n 's in each term of A , B, C, D, E and F .  The
elements D and E have one more a, or a n  in each term than F .  The elements A,
B and C have one more than D and E .  Therefore, A , B and C must have at least
one ai, a 8 a 2 0  o r 4 0 in each  te rm . (The cocycle u 5 6  has ai, a 8 a 2 0  and ai o .)

The determination of cocycles is divided into three ca se s : (1) A00; (2) A=0
and COO; (3) A=C=0 and BOO.
(1) Now, let AO O. It is sufficient to find, if any, one cocycle P for a cocycle A,
since the difference of two cocycles with the same term Aei 6 is a cocycle with A=0.

For A=u 5 6 , we have and F=.1. with B =C =E=0 as in (4.2.4) and in
(4.2.5), and hence we obtain an indecomposable cocycle

w 1 2 8 —  U 5 6 6 6

For A = ai with B=C=0, we have a cocycle

W 88 =  4 6 6 +(a 2 0 bi 6 + a8 b i 6 d2 8 )e3 6  — (M6 b4 0  — bi6 di 8 ) ,

which is indecomposable, since there is no cocycle beginning with a 8 e3 6 .

For A = a s a n  with B=ai, we have a cocycle

w  =  a 8 a 2 0 6 6 — aie3 6 e4 8  + (a8 b1 6 b4 0  — a8 4 8 )e3 6

+(a20bi6 + as bi6d2s)eas —(bi6b40d28 b16c138),

which is also indecomposable, since there is neither a cocycle with A=a 8 a2 0  and
B=0 nor one beginning with a 8 e3 6 .

For A = ai, with B=a 8 a2 0  and C= ai, we have a decomposable cocycle P = zi 6

= 4 0 6 6 — a,a n e3 6 e4 , + aiei, +(some other terms). It is easily seen that there is
no cocycle P with A=  a 0 and B=0 or C=0.

We have shown that for a cocycle A  which has at least one u 5 6 , a i, a s a n  or
ai o in  each term, there exists a  corresponding cocycle P, which is decomposable
except for w 1 2 8 , 14,8 8  and w 1 0 0 .
(2) Now consider the case A=0 and COO. It is sufficient to find one P with A=0
for a cocycle C, since the difference of two such P's is a cocycle with A = C=0.

Now, taking conjugate of w 1 2 8 and w,,, we obtain two indecomposable cocycles
with A=B=0:

w 1 5 2 — u5 6 ei 8- rie4 8 —

W 136 =  ahei, + + an b4 0 d2 8 )e4 8  — 0 1 6 / 4 .0  —  b io d i8 )  •

We also have the conjugate of w 1 0 0 , a cocycle for C=a 8 a2 0  with B=ai o :

W 1 2 4 =  ai o e3 6 e4 8 + a,a 2 o eq8 +(a,bio  -F a 2 0
1,

4 0 d 2 8 1
\

e36

+ ( a 2 0 b 1 6 b 4 0  a20di0e48 — (b16bi0d28 — b4odis),

which is indecomposable as is 14,100.
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There is no cocycle for C=a 8 a2 0  with B =0.
For C =a,  there  is no cocycle P with A=0, since otherwise its conjugate P

would be a cocycle with A= a i ,  and C=0, the existence of which is already denied.
For C= ag, we have a cocycle a 8 4 6 —a2 0 w1 0 0  with B= 0 .
We see that, if C has one u 5 6 , ag, a8 a2 0  or ai, in each term, the corresponding

cocycle P exists and is decomposable except for w 1 5 2 , W136 and W124.

( 3 )  Finally, consider the case A= C =0 and BOO.
For B =u 5 6 , we have an indecomposable cocycle

— W 1 4 0 =  — U56e36e48 - 11e36 —  e 4.8 — v.

For B= a, a 8 a2 0  or al, there  is no cocycle P with A =C = O.
For B= ag, we have P= a  W8 100 —  a20W88, and for B=a3 0 , we have P= a  w- 20  124

— a8W136.

For B =aia 2 0  or a8 ai 0 , there is no cocycle with A =C=0.
For B=agai 0 , we have a decomposable cocycle —z52z88.
Thus, for those B which have at least one u 5 6 , ag, ago  or 4 4 3 in each term there

exists a corresponding cocycle with A.= C = 0 .  Then we see that w1 4 0  is the only in-
decomposable cocycle with A = C = O.

W e have shown that w88, W136 ,  W 100 ,  W 124 ,  W 1 2 8 , W 1 5 2  and W140 are all the
indecomposable cocycles of degree 2 with respect to e3 6  and e4 8 . q. e. d.

( i i - 3 )  Clearly x 1 0 8 =e3 6 and x 1 4 4 = d 8 are indecomposable cocycles. The other
cocycle of degree 3 with respect to e3 6  and e 4 8  is of the form

P=A ei 6 e4 8  +Be 3 6 e48 +Ceg 6 —De3 6 e4 8 + E 4 3 —Fe3 6 —Ge4 8 —H

with coefficients A,..., H in Z 3 [a 8 , a 2 0 , b 1 6 , b", d 2 8 ]. Then the relations

(39 P = 09 A • e 6 e4 8  + (39 B • e3 6 e,i8 +(a 9 C—Ab 4 0 )6 6

—(39 D —Ad2 g  — B d 4 0 )e 3 6 e 4 8 + 0 9 E — B d 2 8 )4 3

(09 F— Cd2 8  D b 4 0 )e3 6  —(09 G Dd 2 8 ---Eb4 0 )e4 8

—09 H — Fd2 8 —Gb4 0 )

=0,

0 21P — anA• eg e6  4 8 ± °2 1 B . e3 6 4 ,+ (a n c—Ad2 8 )6 6

— ( 21D — A b16 — Bd28 )e36e48+ (,32 1E — Bb16)e318

— (a 2iF Cb16 — D d 2 8 )e 3 6 — (a 2 1 G — D b  — Ed2 8 )e 48
—(3

21H Fb16—Gd28)

=0

give rise to
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(5.5) a9A=a9B=0, 321A=a21B=0,

a9 c _ A b 4 o , a21C-- --Ad28,

a9 D=Ad 2 8 +Bb 4 0 , 0 211 ) =A b16+B d28,

a9E=Bd28, a21E=B bi6,

a9F=Cd28+Db409 a21F=cb16+Dd28,

a9 G=Da 2 8 +Eb 4 0 , a2 1 G=Db 1 6 +Ed 2 8 ,

a9 H=Fd 2 8 +Gb 4 0 , 92 1 H=Fb 1 6 +Gd 2 8 .

Thus, A  and B  are cocycles in Z s [a s , a 2 0 , U 5 6 , x4 8 , x1 2 0 , X 8 4 ] and C ,..., H
satisfy the following diagrams:

D

/ \
Ab40 Ad2 8 Ad 2 8 + Bb4.0 A b16 + Bd28

B d 2 8B b i 6 Cd 2 8 + Db 4 0  C d16+ D d28

G H

,/
D d28+ ENO Db16+Ed28 Fd28± Gb40 Fb16+Gd28

Put

V 1 6 8
=  a s ai o ei 6 e4 8  a i a 2 0 e3 6 ei g  — a s (a sa20b40d28)e i6

+a s a 2 0 (b i 6 b4 0 —d38 )e3 6 e4 8 —a2 0 (a 2 o bi 6 +a s b1 6 d2 s )ei s

— a 8(b 1 6 bio d2 8  — b4 0 di 8)e3 6  — a2 0 (bi 6 174 0 d2 s  — b  6 d3s )e4 8

—(bi 6 bi o di 8 b 1 6 b4 0 d18 + d h ).

Lemma 5.6. The element v 1 6 8  is  the only  indecoinposable cocycle of  degree 3
with respect to e3 6 and e4 8  other than X 1 0 8 = e 3 6  and X 1 4 4 = 4 .8 .

Pro o f . The elements x4 8 , x 1 2 0  and x 8 4  are again immobile in all the determi-
nation of cocycles P, so we have only to study A  and B  in Z s [a s , a 2 0 , u 5 6 ]. This
time A  and B  must have at least one ag, aga 2 0 , a s al o  or a3 0 in each term.

Firstly, suppose A 0 0 .
For A=a 8 u5 6  with B =0 , we have

P=Z56W128 — a2011 56e36

= a 8 u 8 6 ei 6 e4 , +(some other terms).
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For A  a  u=  2 0  5 6  with B = a o 5 6 , we have

P=z56w140=a20u5666e48+(some other terms),

but there is no P  with B =0.
For A =ui 6 with B = 0 , we have

341

P=Z104W128 = u 6 e i6 e 4 8  +(some other terms).

For A = a30  with B=0, we have

P= — z56w124+atia204.8

—  3  2—a2 0 3 6 e4 8 +(some other terms).

For A =ai with B = 0 , we have

P = z 5 6 w8 8 —aia 2 0 ei 6

_  3  2—a8 e3 6 e4 8 +(some other terms).

For A = a8 ai o , we have a cocycle

1)168 =a 8 ai 0 ei 6 e4 8 -1-aia 2 0 e3 6 4 8 —a8 (a 8 b,i0 + a  in d• -  20- 40 28 1-06

+a 8 a2 0 (1) 1 6 1)4 0  —  8 )e 3 6 e 4 8 —  a2 0 (a2 0 M6 + a8 bi 6 c/2 8 )4 8

—a8 (b i 6 bi o d2 8 — b4 0 4 8)e3 6 — a2 0 (bi 6 b 4 ,4 2 8  — b 1. 6 40e 4 8

—(12i6 bi0 cli8 + b1 6 b4 0 dt, - P d 8)

which is indecomposable, since there is no P  with A-=a8 ai 0 and B =0.
For A = aia 2 0 , there is no cocycle P.
For A= aiai 0  with B = 0 , we have

P=Z88W88 =  aiai 0 ei 6 e4 8 +(some other terms).

Thus, if A is a cocycle with at least one a8 u5 6 , a2 0 u5 6 , ui 6 , ai, a8 a30 o r al 0 in
each term, there is a cocycle P  beginning with the term  Aei 6 e4 8 , which is decom-
posable except for 01 6 8 .

Now consider the case A =0.
We obtain cocycles with the term Be3 6 e48 from those with Aei 6 e4 8  by taking

conjugate. In fact, for each of B=a20u56, ui6, ag, ai 0  a n d  aiai o ,  w e have a
decomposable cocycle P  with A =0.

For B = a 8 u5 6 , there is no cocycle P with A=0, since otherwise there would be a
cocycle with A =a„u 5 6  and B =0.

For B = a iu 5 6 , we have a cocycle

P=Z 5 2 W1 5 2  =  aie3 6 ei 8 +(some other terms).

For B = a ia , o , there is no cocycle with A = 0 , since otherwise its difference with
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v1 6 8  would be a cocycle with A= a 8 a i ,  and B =0, the existence of which is already
denied.

For B =a 8 ai 0 , there is no cocycle P.
Thus for those B which have at least one a2 0 u5 6 , 4 6 , ai, a 0 , a ia i o  or 4148 6  in

each term we have a cocycle P with A =0, all of which are decomposable. This
completes the proof that v1 6 8  is  the only indecomposable cocycle other than x 1 0 8

and x 1 4 4  of degree 3 with respect to e3 6  and e 4 8 . q. e. d.

( i i -4 ) A cocycle of degree 4 with respect to e3 6  and e4 8 is  the sum of 6 6 • (cocycle
of degree 1), e 8 • (cocycle of degree 1) and a cocycle P of the form

P= —Iehei 8 + Aei 6 e4 8 +Be 3 6 d 8 +Cei 6

—De 3 6 e4 8 +Eei 8 —Fe3 6  — Ge48 — H•

So we have only to study cocycles P of the above form.
Now, 09 P=0  and a2 1 p=0 give rise to relations similar to (5.5):

(5.5)' a9 i= o , a,,I=o (which are not in (5.5)),

a9A=1b40, a21 , 4=m28 (instead of a9 A= 021A = 0),

89B=Id28, a21.13-1b16 (instead of 09 B= a 2 i B = 0 ) ,

the rest of (5.5).

Now, the cocycle I  must have a t least one 4/28 6 , a 8 a 2 0 u 8 6 , ai 0 u 5 6 , u 6  o r
ahaL (i + j =4) in each term . Conversely, if I  is such a cocycle, we have a cocycle
P with the term —/ei 6 ei 8 , since we have P for each I  in the following:

, 2 ,
"8..56 'W88W152

a8 a2 0 8 6 w t o o w 1 5 2 - 1 - u 5 6 z 5 2 e l s

,2
W128W136

,2 W 128  152

,4 , 2 ,  7  o 32

W 8 8 W 1 2 4  * 8 8 6 6

wioow124+a8a20(z88ei6+z824.8)

—'woow136 - - a i o z 8 2 4 8

,4 , 2  7  o 32 W124

wioo

aia 2 0

,2 ,2
"8..20

a8 a30

It is easy to see that there is no indecomposable cocycle of degree greater than 4.
Thus we have obtained
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Proposition 5.7. The follow ing 22 elements are all  the indecomposable co-
cycles without elements of odd degree:

a 4 , a 5 , a2 0 , U 5 6 = q 0 b 1 6 + a ib 4 0
— a8a20d28,

X48
=17

.6 , X 1 2 0 =  b40 , X 8 4
=

 C138, X 1 0 8
=  ei6, X144

=  eis,

z56
—

b16b40+d i

z5 2 =aie 3 6 + ••• , Z88= ai 0 e4 8 +.•.,

z9 2 =145 6 e3 6 + Z104 = U 5 6 e 4 8 + 1 1 1

W 8 8 = a ie3 6 + •• -
, W 1 3 6 = a i0 e ,i8 + • • • ,

w1 0 0 =a 8 a 2 0 e3

2

6 —a8

2 e3 6 e4 5 +•••,

W 1 2 4 =  —
a ioe 36e48+a5a20ei5+ •••,

W 1 2 8 =u 5 6 e3 6 + "•, W 1 5 2 = U564.8± ••• ,

W140 =U56e36e48±—,

V 1 6 8 =a8 ah e i6 e4 8 +a ia2 03 6 e4 8

§ 6 .  Nice elements and nice-relations

Definition. W e call a  cocycle nice if i t  is  in the aaai r im age . (W e call it
non - nice otherwise.)

Of the generators in Proposition 5.7 the following elements are nice:

(6.1) U56= a p i0 2 8 e3 6 e4 8 ),

Z92= api 1(1) 1 6 e3 6 ei 8 ),

Z104 = M 1 (b 4 0 6 6 e 4 8 )

A2a2 ( b  e 2 2
W152 = '-'9 21k 40 36e 48) ,

102 2 2
W128 = '-'

X
9 21k

( b 
16'

D
1 6 '

,
48/

W140 =  a9a21(d28e6ei8),

= Nail( — diseisei8);

and the remainder are not.
We see that

(6.1)' a4 , z5 6 , x 1 0 5  and x 1 4 4  are in neither the a9- nor the 02 1 - image.

The other non-nice generators are related in the following diagrams:
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(6.2.1) e48 e36

— b40 — d28— b1 6

O 
\ \ \

oa20 as

(6.2.2) ( M ) (N ) (N ) (M )

— b40ei8 dzseis — d2 s ei 6 — 6 16 6 6

C D E E D C

X120 X84 A X48

(6.2.3) b16ei6e48

—I —JK J I

—F—  G —H H G F

0 W136 W124 0 W100— w 8 8 0

where — a  e3 e2 0  o 6  4 8  a8 e3 6 ei s + b4odzsei6 —  b l 6 d 2 8
ei8, a n d  A ,..., J  a r e  easily

obtained by mere calculations of the a 9 -  and the a2 1 - imag e. (A,..., J are the con-
jugates of A,..., J respectively.)

We use the letters M, N , M  and IV as above for simplicity.

Observe that an element of the form

(nice cocycle)• (any cocycle)

is nice. But sometime it happens that products of non-nice generators are nice.

Definition. Two cocycles A and B are called n icely-related if A —B is nice and
denoted by A—B.

We shall show in the following three lemmas that the products in the following
table are nice and that products that have the same circled number are nicely-related.

We exclude the elements 0 4 ,  x 1 0 8 and x 14 4 , since they are 'immobile' in a9 -a2 1 -
diagrams, that is, they are re la ted  to  n o  elements by a9-a21 -diag rams and their
products with other cocycles make no essential difference to diagrams.



(6.3)
a

8 a20 Z56 x
4 8

x
1 2 0

X
8 4

Z
5 2
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Z
8 8

W
8 8

W
100

W

1 2 4
W

1 3 6

X4 8

X
1 2 0

X 84
Z5 2

Z 88
W

8 8

100
W

1 2 4
W

1 3 6

a8n i c e nice nice nice nice nice 0  n i c e 0

a20 nice nice nice nice CD nice 0 n i c e
z

5 6
nice CD nice nice nice nice

0 0
0

0 CD
nice nice nice nice nice nice

nice nice nice nice nice
nice nice nice nice

nice nice nice
nice nice

nice

Lemma 6.4. All the products in the above table denoted "nice" are nice.

P ro o f .  The following are checked by direct calculation:

a8 z5 6 = a p i i (ei 6 e4.8 )

(1202:56— a p i i (e36 4 8) ,

=aga i1 (e i6e i8 ),

Z56W88 = a ia il (b is e i6 e 4 8  a2oei6) ,

z56wio = aiaii(b16d2seheis + as e36 4 ),

Z56W124 = aiai1(1740d2866ei8 + a 2 ei 6 ei 8 ) ,

Z 5 6  1 3 6  = -F a 8)  .

Now, in general, when we have two diagrams

U U'

S s '
/  \ /  \T T'

/  \  /  \ /  \  /  \P Q R P' Q' R'

o
/  \

o o
/  \ /  \  /  \ /  \

o
/  \

o0 0 o

we have aaai,(uu )=  PR' +QQ' +RP'.
Thus we have the following 88 1 -image:

— e 3 6 e4 8 D e 3 6 D e 3 6 —  / e 3 6 i e 3 6 e 8 D e "

a 20 2 T
9 21

2a8 a 8 a 2 0 a 8 Z 5 2 a8Z88 a 8 w8 8 a8w124 a20 a20Z52
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D e48 Je48 — le "  D 2D D — D I DJ

a20Z88 azowloo a20w136 Z32,Z88 Z52W88 Z52W100

D J —Dl
 

D2 — D I  DJ 1.11 - D I  P

Z52W124 Z52W136  Z 8 Z 8 8 W 8 8  2 88W 100 Z88W 124 Z88W 136 W i8

IJ— I f . 12 —J1 .12 'J .12

W 8 8 W 1 0 0  W 8 8 W 1 2 4  W i0 0 1V100W136 W i 2 4 W 124W 136 W i36

W e h ave  w88w
1 3 6  W 1 0 0 W 1 2 4  

=  a i a l i ( H )  a n d  OVi 1 (K 2) w=  lo o w 1 2 4 . Thus
W 8 8 W 1 3 6  = a ga ii(ii —K2). So we have shown all the required products to be nice.

q. e. d.

Using the same diagrams as in the above proof, we have also

( 6 . 4 . 1 )  a 8w100 — a20W88 = 1.(Je36)

(6.4.2) a8w136 — a20w124=aiai1(
- 1 - e36) ,

whence a 8 w 1 0 0  — "20W 88 and a8w
1 3 6  

, , ,
a 2 0 W 1 2 4 *

N N
It may be checked by direct calculation that

(6 .4 .3 ) a8 w 0 8  and a 8 w 1 3 6  a re  non-nice, hence so a re their conjugates a 2 0 8 8w  and

a20W124*

Lemma 6 .5 .  We have the following nice-relations, and each term  is non-nice:

a8W 100'w  a20W 88 W 56Z52 , ( 2 ) a8W 136 a20W 124 Z56Z88 ,

( 3 )  X 4 8 X 1 2 0  xa. (4) Z88X48 '"."Z32X84, (5 )  Z52X120 Z88X84 ,

( 6 ) w124X48
—' w88X84, ( 7 )  W 136X48 W 100 X 845

 (8) w 
8 8 -  X 120 "'N  W124X84 ,

(9 ) w100x120—W136X84.

Pro o f . ( 1 )  We have a 8 w 1 0 0 + a 2 0 W8 8  Z 5 6 Z 5 2  =  O. S in c e  C120W88 = a s w io o -

aia i i (Je 3 6 ) by (6.4.1), we have Z 3 6 Z 3 2 = a 8 w 1 0 0 + 0 i0 i1 (J e 3 6 ), which shows that

a8W 100""' a20W 88 Z56Z52*

( 2 )  a 8 W 1 3 6  a 2 0 W 1 2 4  Z 5 6 Z 8 8  is shown similarly by using the equality a  W8 136

+a20W 124  +Z56Z88  =0  and (6.4.2).

Now in general, if we have two diagrams
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U X U' X '

S T Y S' T' Y '
/  \  /  \ /  \  /  \

/  \  /  \  /  \ /  \  /  \  /  \
P Q R Z P' Q' R' Z '

/  \  /  \  /  \  /  \  /  \  /  \  /  \  /  \
0 0 TV 0 0 0 0 w ' 0 0

we have 8 1(U X')= PZ' ±QR' +RQ' —TW' —WT', and thus

NOL(UX' — X U')= PZ' —ZP'.

So we have

(3) x 4 8 x 1 2 0 —xi 4 = a i (mm — NN),

(4) z8 8 x4 8 — Z 5 2 X 8 4  = N a i iC E M  EN),

(5) Z52X120 X84Z88 = adaii(Em—EN)5
•

(6) W124X48 X84W88 = KM + N J),

(7) W136X48 W100X84 = im — KN),

(8) W88X120 W124X84 = Nail( — M + Kr\-r) 9

(9 ) w100x120 —
 W136X84 = °Pi 1 (K M  

4- IN) •
Observe that z 5 6 z 5 2  and z 5 6 z 8 8  in  (1) and (2) are non-nice, since their nicely-

related cocycles are non-nice by (6.4.3). That the terms in (3),..., (9) are non-nice
may be checked by direct calculation, q. e. d.

Definition. Cocycles A 1 ,..., A„ are called nicely-independent if  any sum of
them does not belong to the NOL-image.

Proposition 6.6. The following monomials in cocycles are non-nice:

(1) 4 4 , ( 2 )  )4 8 4 4  ( i 00), ( 3 )  4 2 0 4 4  (j0 0 ), (4 ) a8 4 4 ,

(5) a 8 4 8 4 4  ( i 00), (6) a 8 4 2 0 4 4  ( j0 0 ), (7) a20449

(8) a2 0 x! 8 x 4  (iOO), (9) a20x12044 (j0  0 ), (10) z 5 6 4 4 ,

(11) z 5 6 4 , 4 4  ( i0 0 ), (12) z 5 6 4 2 A 4  ( j0 0 ), (13) z 5 2 x 8 xg4 ,

(14) z-88 120X0.4, (15) w8 8 4 8 4 4 , (16) w100x 148449

(18) w136420449 ( 19 )  a 8 W 1 0 0 4 8 X 4 4  a 2 0 W 8 8 4 8 4 4  Z 5 6 Z 5 2 4 8 4 4 ,

(20) a  w h hy

84  a20W 124 y84- 8 1 3 6 "1 2 0 " '''120.".
h^•••• Z56Z88X120X84,

where i, j and h are non-negative integers.
The monomials of the form

(*) (any  m onom ial in the proposition). ar4x108xi44

( 1 7 ) w124420449
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(r, s, and t are non-negative integers)
are nicely-independent and any non-nice monomial is nicely-related to one of them.

P ro o f . It may be shown directly that the monomials in the proposition are
non-nice. In the calculations we also see that they are nicely-independent, since we
see that no sum of any monomials in the proposition is nice. It follows that mono-
mials of the form (*) are non-nice and that they are nicely-independent.

Now, we show that any non-nice monomial without a 4 ,  x , „  or x 1 4 4  is nicely-
related to  a  monomial in  the  proposition . Then any non-nice monomial with
ar;t x10 8 x1 4 4  is nicely-related to one of the form (*). So we p u t aside the elements
a4 , x 1 0 8  and x , "  until the end of the proof.

Of two monomials which are nicely-related, we shall always choose the one with
the least number of x „  and the least number of x 1 2 0 .

By (3) of Lemma 6.5 we have

i f h

xt,t2 i
.4.-

8
-ixia.2 .1

if

if

i =j,

i >j,

(..rfi(ixt,t2 1 if i <j,

and so we choose the right hand sides, which are of the form

(1 )  4 4 , (2 )  x 1 1 .8 4 4  (i 0), ( 3 )  x -12044 ( j 0  0).

And using this nice-relation, we see that any monomial is nicely-related to one
having not both x „  and x120•

A non-nice monomial has at most one z k or w1 (k = 52, 88; I= 88, 100, 124, 136),
since z k z i e , wi wt , and zk w, (k , k ' =52, 88; I, 1'=88, 100, 124, 136) are nice.

By (4)—(9) of Lemma 6.5 we have, for i 0 and j0  0,

Z88X48 X114 Z52X48 X 8 4

Z 524 2 0 4 ' 4 Z88X12-P X ig , t 1

1V 124X 4844 W 88X4-8 1 X184-1

W 136X48X 18' 4 W100Xi4-81 X*13241

W  884204314 W 1 2 4 X i l i d  X L " ,

y h v.1-1,h+1
W 100-120-84 " 'W 1 3 6 '.1 2 0 '.8 4  •

We take the right hand sides, which are of the form (13)— (18). If i= 0 or j= 0 ,
the terms in the left hand sides are also of the form (13)—(18).

We study non-nice monomials of the form a 8 A .  By (6.3), we see that A  may
contain w ,,, ,  W

136 , X 4 8 5  X 1 2 0  and x 8 4 ,  and, as we have noted, it may have at most
one w1 0 0  and 

W 1 3 6 .  
We have non-nice monomials
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(4) a 8 4 4 , ( 5 )  a 8 4. 8 .4,4  (i 0) , (6 )  a 8 .4 2 0 .44 ( j  0)

(19) a8w10048434'''•••, (20) a8w 1 3 6  .2 0 -0 4 " . 4 • • •  •

T he monomial a8 w1 0 0  . 4  i s  o f  th e  form (19) a n d  th e  monomial a 8 w  x -!1 0 0  .2 0  .4

(i00) is nicely-related to a8wi26427(141 1 in  (20 ). Similarly, a8 w xLx1 3 6  0 4  is in  (20)
and a8 w1 3 6 4 8 4 4  (i 0) is nicely-related to a8 w1 0 0  ;8

14 -41-1 in  (19) .

Therefore, any non-nice monomial of the form a 8 A  is nicely-related to one of
(4), (5), (6), (19) and (20).

Similarly, any non-nice monomial of the  form a2 0 A is nicely-related to one of
(7), (8), (9), (19) and (20).

Finally, we study non-nice monomials of the form z5 6 A .  By (6.3) A  may con-
tain z 5 2 , z8 8 , x 4 8 , x 1 2 0  and x8 4 , and it may contain at most one z5 2  o r  z8 8 .

We have non-nice monomials

(10) z 5 6 x44 , (1 1 ) z 5 6 4 4.8 4 4  ( i0  0) , (1 2 ) z 5 6 x12 0 4 4  ( j  0),

(19) •••••••• z5 6 z 5 2 4 8 4 4 , (20) ••• —z 5 6 z8 8 4 2 0 .4 4 •

Here (19) includes z5 6 z5 2 4 4 , and a monomial z5 6 z5 2 ( j 0 0) is nicely-related
to  z 5 6 z8 8 x xfai in  (20 ). Similarly, (20) includes z 5 6 z8 8 4 4 , a n d  a  monomial
z5 6 z8 8 4 8 x44  is nicely-related to z 5 6 z5 2 .xiiixfa 1 in  (19 ). Thus any non-nice mono-
mial with z5 6  is nicely-related to one of (10), (11), (12), (19) and (20).

We have shown that any non-nice monomial without a4 , x 1 0 8  o r  x 1 4 4  is nicely-
related to a  monomial in  the proposition, and then any non-nice monomial with
axi08xi44 is nicely-related to one of (*). q .  e .  d.
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