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Introduction

Let G be a  locally compact unimodular group, and {5, Tx } a  topologically
irreducible representation of G on a complete locally convex topological vector space
5 . If there exists a compact subgroup K  of G and an equivalence class 6 of irre-
ducible representations of K  such that {5, Tx} contains 6 finitely many times, then
{5, Tx } is called — n ic e " . Let h  be the normalized trace of 6 and du the normalized

Haar measure on K , and put 5(3) = E(S)5 where E(6)= f  T ( u ) d u .  If the multi-

plicity of 6 in {5, Tx } is p, then the function

0,(x) = trace [E(6)Tx ]

on G is called a  spherical function of type 6 of height p. Two topologically irre-
ducible nice representations {5, Tx } and {5', T }  of G are called spherical-function-
equivalent (or SF-equivalent) if there exists a common spherical function correspond-
ing to both representations. In fact, this is an equivalence relation (see Theorem 3).
If G is  a  connected unimodular Lie group and  if {5, Tx }, {5 ', TO are K-finite
Banach representations for a compact analytic subgroup K , then they are SF-
equivalent if and only if infinitesimally equivalent (Theorem 13 in [4]).

Let {5, Tx } be a topologically irreducible nice representation of G on a Banach
space 5 .  Put p(x)=11Tx d and denote by dx a  Haar measure on G .  Then the set
L (G) of all functions f  on G satisfying

11f11,= G
lf (x )Ip(x )dx < + oo

is an algebra with the convolution product. By the assumption, there exists a com-
pact subgroup K  and an equivalence class 6  of irreducible representations of K
such that 0 <dim $ (6 )< +o o . For a non-zero vector a e $(6), put

$ ,={ T f a; f eL p (G)}

where Tx f (x )d x . This is a G-invariant dense subspace of 5, and independent
G
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of the choice of such K, 5, and a (cf. Lemma 4 in [2]).
Assume that G=S • K, S n K=  {1}, where S is a closed subgroup and K  a com-

pact subgroup of G, and that the decomposition x = su (s e S, u c K ) is continuous.
Let {5, Tx } be a topologically irreducible nice representation of G on a Banach space
5 which contains an equivalence class of irreducible representations of K  finitely
many times. Then our main theorem consists of two assertions. The first is that
there exists a  topologically irreducible representation A of S  on a Banach space
such that {.5, Tx } is SF-equivalent to a constituent of the induced representation of
G from A . The other is that one of such representations A of S is obtained as
follows ; we take a non-trivial maximal La (S)-invariant subspace ,Y(' of 45 p  with
p(x)=I1Tx 11 (the existence of such .)4iP will be proved in this paper), and introduce a
suitable topology into 5p /or with respect to which it becomes a Banach space. Since
it is proved that i s  S-invariant, we obtain the naturally defined representation of
S on 5,/.Y('. This representation is one of those we want.

§ 1 .  Representations of the algebra L° (a) corresponding to those of G

Let G be a locally compact unimodular group, K  a compact subgroup of G,
and k the set of all equivalence classes of irreducible representations of K .  Let .5
be an element of k with degree d .  Fix an irreducible unitary matricial representation
D(u) of K  belonging to (5, and denote by d ( u )  its (i, j)-matrix element. Put au )
-= d • trace D (u ) . We shall denote by L(G) the algebra of all continuous functions on
G with compact supports, and, for every function f  e L(G), define

f ° (x) f(ux u - 1) du , f *L (x ) f(xu-1)273(u)du,

T i* f (X )  = f ( u - 1 x)L(u) du ,

where du is the normalized Haar measure on K .  We shall regard the algebra L(G)
to be endowed with the usual inductive topology generated by Banach spaces L c (G)
of all continuous functions with supports in compact subsets Cc G with supremum
norm . Then the sets L°(G)= {f° ; f e L(G)}, L(5)={)-(73 * f* L ; f L (G )} , and 0 (5)
=L°(G) n L((5) are closed subalgebras of L(G).

Let 5 be a  complete locally convex topological vector space, and {5, Tx } a
representation of G on 5 . The operators

E((5) =  1( 7' ( u ) d u  and E .( ô )  =  d .ri c Tu d i i (u)du,

where i, j=1,..., d, are continuous and satisfy

E(5)= EN (5) , E i i ((5)Ek i (5) — 5 i k E "((5)

denoting by SA  the Kronecker's delta. Put

5(6 )=E( 6 )5 ,  5 (ô)= Eu(6 )5 (i= 1 ,••• , d) •
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Then $0) is invariant under the operators Ta (u n K) and Tr  =1 Tx  f (x)dx (f e 1,((5))
G

where dx  is a  Haar measure on G .  For simplicity, we say that 5((5) is K-invariant
and L((5)-invariant. The subspaces i(6) are L'((5)-invariant and the representations
Tr I 5 i((5) of the algebra L '(6) are mutually equivalent since E ( ô ) T 1 = Tf E i i (S) for
all f  e L'((5). Therefore the representation T1  ( 6 )  of L'((5) is equivalent to the direct
sum of d copies of a certain representation U(f).

Theorem 1. Let G  be a  locally  com pact unim odular group, K  a compact
subgroup of G, and (5 an element of k .  If a representation { 5, Tx }  of G is topo-
logically  irreducible, then the corresponding representation U(f ) of the algebra
L'((5) is also topologically irreducible.

P ro o f . Let W be a  L'((5)-invariant subspace of $ ,(ô), then the subspace V=
d

E i ,(5)W is L°0(5)-invariant. And for all u e K , we have

T „V = C) „Eii(6)W  = ciii(u)E ii( 6 ) Wi=1 i=t J=1

=  E i i (6)W  =V ,
i=1

i.e., V is also K-invariant. Therefore V is L((5)-invariant (Lemma 14 in [2 ] ) .  This
means .17 = {0} o r  V=5(6) since the representation T1 15((5) of the algebra L((5) is
topologically irreducible (Lemma 2 in [2 ] ) .  Then it follows that

W= {0} o r  W= E i , V= 5 10)

respectively. Thus the theorem is proved. Q. E. D.

Lemma 1. Let { 5, Tx }  and {5', T x'}  be tw o representations o f G .  If the
corresponding representations U(f) and U '(f ) of the algebra 0 (5 ) are equivalent,
then the representations T T I 50) and $'((5) of the algebra L((5) are also equiva-
lent.

P ro o f . From the assumption it follows that there exists a  linear isomorphism
4) of 5((5) onto $ '((5) such that

OTf  = T'f (/), (/)E i1 (S )=E i (6)0

for any f n L '(6) and i, j=1 ,..., d. F o r  every u e K , we have

0 - 1 TLO =E(6 ) (V i r.4 )= E1i((5)0- 1 T =0 - 1 ( ri  Ei1((5) TDi=1 i=1

0- 1  ( dif(u)E i(S))4)-= d ( u ) E ( ô )i=i

E(S)T u .

Namely T u ck =- 4;•Tu for all u e K  on 50). Thus (/;17'1 = T r O for all f n L(6) (Lemma
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14 in [2]). Q .E.D .

Theorem 2 .  L et G  be a  locally  com pact unimodular group, K  a com pact
subgroup of G, and (5 an element of k .  Let {5, Tx }, {5', T"x l  be two topologically
irreducible representations of  G which contain (5, and  U(f ), U '(f ) corresponding
topologically  irreducible representations of L'((5) respectiv ely . T hen U is equiva-
lent to U' if  and only  if  there exists a linear m apping 0 of 5  into 5' which satisfies
the following conditions;

(a) 0 is defined on a G-invariant dense subspace 9(0 ) of 5 , and injective,
(b) T'x t/J=0T x  on g(t11) f or all x e G,
(c) E(y )9(0)c 9(0) f or every y E k, and E'(y)tli =tg(y ),
(d) eI g(0) n  ((5) can be ex tended to a  bijective an d  bicontinuous linear

mapping of  5(6) onto 5 '((5).

P ro o f . Assume th a t U is equivalent to U '.  Then, by Lemma 1, there exists
a bijective and bicontinuous linear mapping 0 o f  ((5) onto 5'(6) satisfying 0Tr

-T'f 0 for any fE L((5). Fix a non-zero vector a, E 5(ô) and put

9(i1/)={T1 a0 ; fe L(G)} .

For arbitrary f , g e L(G), we have

E'((5)T"g T'1a'0=T'5- - 7,-,0(ao)=4)( 7 .
26 , . f . -i-

6
-ao)=0 E ( 6 ) Tg Tfao

where d0 =0(a 0 ). This means that Tf a, =0 implies T 'a  O. Therefore w e m ay
define a  linear mapping 0 of 9(0 ) to  5' by O(Tf a , ) = T ;a .  The injectivity o f 0
follows from the above equality. Now it is clear that 0 satisfies the conditions (a),
(b), and (c ).  To prove that i/J satisfies the condition (d), we have only to show

0 I2100 n 5(ô)=0 I g(t/f) n 5(5), but this is easy.
Conversely, we assume that a  linear mapping 0 satisfies the above four con-

d itio n s . B y  the condition (c), we obtain 21 (0) n 5(6)=E(6)9(0) and  therefore
21(0  n 5(ô)  is  dense in 5 (6 ). Denote by 0 a bijective and bicontinuous linear
mapping of 5(6) onto 5'(6) which is an extension of the mapping 0 I 21(0) n 5(6).
Since E'((5)71E'((5)( =(PE((5)T„E((5) fo r a ll x e G and 4  is continuous, w e obtain
,E1((5)T'f E'((5)(P = 0E(6)T1 E(S) for all fe L (G), i.e., 7714 = (PTf  fo r all f  e L((5). Now
it is clear that U is equivalent to U' by Lemma I. Q .  E .  D .

Definition. A  representation {5, Tx}  o f G  is called "nice" if  there exists a
pair (K, (5) of a compact subgroup K  of G and (5e k  which satisfies 0<dim 5(5)
< +  cc.

Let {5, TO be a  topologically irreducible nice representation of G .  Then we
can find a pair (K, (5) which satisfies 0<dim 5(ô)< + co. Now we take an arbitrary
non-zero vector a e 5(6) and put

5 0 = {Tf a; fe L(G)} .

This is a G-invariant dense subspace of 5, and an important fact is that 5 0  is inde-
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pendent of the choice of such (K , (5) and a (cf. Lemma 4 in  [2 ]).  The following
theorem, which is the same as Theorem 9 in [4], is a corollary to Theorem 2.

Theorem 3 .  L e t G  be  a locally  com pact unim odular group, and { g), Tx },
r x }  tw o topologically  irreducible nice representations of  G. L et 50, 5:50  be

the corresponding subspaces of  5, SY  as  abov e . T hen  the follow ing conditions
are equivalent.

(i) For a pair (K , (5) of a com pact subgroup K  of  G and 6 e IZ  satisfying
0<dim 5(S)< + c o ,  t h e  corresponding tw o irreducible representations U(f ),
U '(f ) of the algebra L°(6) are equivalent.

(ii) For every pair (K, (5) of a compact subgroup K  of G and (5 c R satisfying
0<dim 5((5)< +, the corresponding tw o irreducible representations U(f), U'(f )
of the algebra 06) are equiv alent.

(iii) T here ex ists a bijectiv e linear m apping & If  of  5, onto 5,5,; satisfying
tfrTx = T x' f or all X E G and tliE(6)=E(6)tli for all pairs (K, 6).

Definition. Two topologically irreducible nice representations {5, Tx}  and
{5', T }  are called spherical-function-equivalent (or SF-equivalent) if the conditions
in Theorem 3 are satisfied.

Let U(a) be a  representation of an algebra A  on a topological vector space 5.
lf there exists a closed invariant subspace 2' of 5, then the representation U(a) I ..99
on is called a subrepresentation of U(a).

Theorem 4. L et G  be a  locally  com pact unim odular group, K  a com pact
subgroup of G .  Let Tx} be a representation of  G on a complete locally convex
topological vector space g). A ssume {5, Tx }  contains 0 e R", and denote by  U(f )
the corresponding representation of  the algebra L °(6). If  we can find a  topologi-
cally  irreducible subrepresentation U 0 ( f )  o f  U ( f ) , then there ex ist closed G-
invariant subspaces .e  .re2 of  satisf y ing the follow ing conditions;

(a) <re, E(6).Ye2 = {0} ,
(b) the naturally  def ined representation T O f  G on i s  t o p o l o g i c a l l y

irreducible, an d  th e  corresponding topologically  irreducible representation of
the algebra L '((5) is equivalent to U o (f ).

Remark. The author does not know whether .Yea,/,1°2  is com plete  or not.
But the integrals f T x f(x )dx  (f  E L(G)) and f  t„) -6(u)du converge in <Ye1 /.Ye2 , and

G
therefore we can make the same arguments as in the case of representations on com-
plete topological vector spaces.

Proof  of  Theorem 4. By the assumption, there exists a  closed 145)-invariant
subspace 2 ,  o f 5 1(0)=E 1 ,(0)5 such that the  representation Tr I Y i  o f  L'((5) is
equivalent to Uo ( f ) .  Then the closed subspace 2 ' = 21+ E21(0 ) 2 1+ ••• + E d 1 (

6
)
2  1,

where d  is the degree of 6, is L°(0)-invariant an d  K-invariant, and therefore L(0)-
invarian t. For every a e 2, put 29

a  = {Tf a; f a  L((5)}. Since Y a is invariant under
En (6), we have
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LP a = E i l (6). p+ • • • + Ed d (6)Y  p .

Clearly E „(6 )2 'p = „ n n 51(6)=2 . 1 a n d  E i i (6 )9„ is  L'(.5)-invariant,
thus E i = - 2 '  o r  = { 0 } . O n the other hand, we have E ii(6

)E11( 6) Y  a
=

r  a . Therefore we obtain 2 p = 2 . o r  = 101, and th is m eans that 2 ' is
topologically irreducible under T1 I (f E L(6 )).

Now the closed subspace

e 1 = n {T f a; fe L (G)}
,̀; °çC;'

is G-invariant, and E(6).Yf , = . . r .  Denote by A°, the maximal G-invariant subspace
of .) f ,  satisfying Wm °  = {0}. Then these subspaces ,Yei ,  d r ,  satisfy the con-
ditions (a) and (b). Q. E. D.

§2 . Irreducible Banach representations of G=S K

Let G be a locally compact unimodular group, and K  a compact subgroup of
G .  We assume that there exists a closed subgroup S  of G such that all x G G are
uniquely and continuously decomposed into the products x =s u  where s e S  and
u e K .  Let du(s) be a left Haar measure on S and du the normalized Haar measure
on K , then dx= du(s)du (x=su) is a Haar measure on G.

In the following, we shall denote by {5, Tx }  a  fixed topologically irreducible
representation of G on a Banach space 5 .  We assume dim 5(6)=pd for a fixed
equivalence class (5 e k, where d  is the degree of 6 and p a natural number. If we
denote by p(x) the operator norm of Tx , then p(x) is a  semi-norm on G (cf. [1]).
Let L (G ) be the algebra of all measurable functions f  on G which satisfy

11f11,=1G
1f(x)Ip(x)dx< + co.

Then L p (G)*)Ta  and L ;(6)= { f °; f  e  L (G )*}  are closed subalgebras of L p (G).
On the other hand, we shall denote by Ap  the space of all d x d-matrix valued

measurable functions F on S which satisfy

11F11p= d. M ax 1 I f  i i (s)lp(s)d tt(s)< + co ,
j 5 d  s

where f ( s )  are (1, j)-matrix elements of F(s) . A ,, is  a  Banach algebra with the
convolution product

F*G (s)=sF(t)G (t- 's)dp(t) .

Fix an irreducible unitary matricial representation D(u) of K  belonging to 6, and de-
fine a transformation

( f )(s)= K D (u)f (su -l)du
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of 1 ,(G )* ; into A . T h i s  is continuous, bijective, and lin e a r . The inverse trans-
formation is also continuous, and given by

0 - 1 (F) (x) = d • trace [F(s)D(u)]

w h e re  x  s u . For every element F = 0(f) e A u  we put F° =01.(f°). Then F — > F° is
a  continuous projection, and we easily have an equality

0(f *g°)= •P(f )4.0(g°)= 0(f)*0(g)°

Therefore A i°, =- {F° ; F a A,,} i s  a  closed subalgebra of A ,  a n d  isomorphic to the
Banach algebra L;(5).

Put

p --={f e L;(5); T 1 -0} ,

then this is a  regular closed two-sided ideal in L;(6), and an element e E L;(3 ) is a
right identity modulo p if and only if T e  I $(c) is the identity operator on  .5(6). A
non-trivial subspace V of 5(5) is called K-irreducible if V is invariant and irreducible
under Tu (u E K ) .  For a K-irreducible subspace V of 5(5), we put

a, = {f E L;(5); Tf  I V=0} .

Lemma 2. The m apping V—+a, o f  the  se t o f  all  K-irreducible subspaces of
b(S) to the set of all m ax im al lef t ideals in 1,;(6) containing p  is bijective.

P ro o f . Let V be a K-irreducible subspace o f  (6), and a  a  left ideal in L (ô )
s u c h  th a t  a ,  a .  T h e n  E T I.V is invariant under all operators Tf  (f e L'u (S)) and

J  ea
Tu (u  e K ) .  Therefore E Tf  V is invariant under all operators Tf . (f a L p (G)*)-C,)

f  ea
by Lemma 11 in  [1 ] , a n d  this means 5(5)-= E Tf  v. Since dim 5(0= pd, there

f  ea
exist p functions fpe a such that

5(5)= T f .,Ve• • • e T1  V (direct sum).

Thus every vector a e b(6) is uniquely written in  the  form  a= Tf i ai + ••• T f p ap

where a 1 ,..., ap  e V. Since the  linear transformation a—>ai o n  V commutes with
all operators T. (u e K), we have a1 =.11a for some Ai e C, i.e.,

a =0. 1 7'f  i +  •  •  •  +  ApTj .  dao

Therefore, for every function f a L A O , we can find a function g a a such that Tf a=
Tg a for all a e V. This means L g° (5)= a. N ow  w e have proved that a,, which clearly
contains p, is a maximal left ideal in 1,(6).

Conversely let a be a maximal left ideal in  L 5 )  containing p. S u p p o se  a c4 a,
for every K-irreducible subspace V o f  5 0 5 ) . Take an  arbitrarily chosen non-zero
vector a  5 ( 5 ) .  Then there exist u 1 ,..., u,. e K  a n d  A1 ,..., t r 2  such  tha t b=

A.T a is a non-zero vector in a K-irreducible subspace V of $ ( t) . B y  o u r  a s-
sumption, at least one function fe  a satisfies T1 V0 {0}, or equivalently, dim  T1  V=
dim V= d .  For such a function fa a, we have Tf b  O. On the other hand, we put
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f *sg (x)=f (xu - 1 )= f(u - 1 x)= 80. f (x)

fo r all fa n and  u E K .  L et A  be th e  algebra generated by {f *au ; f e a, u e K}.
Then above consideration shows that {Tf a; f e A l  { 0 } . T h is  subspace {Tf a;
fa Al is 4° (6)- and K-invariant, and therefore ;C6*Lp (G)497-

r invariant. Consequently
{Tf a; f  a Al =5 ( 6 ) .  Namely, f—). Tf  5 (6 )  is a p-dimensional irreducible represen-
tation o f  A .  By the  Burnside's theorem, we can find a  function g e A satisfying
Tg  I 5(.5)= 1. If we take f ,,..., a and u K  such that g fetegi, then

= 7;15(ö) = T g  .15( 6 ) = iT f 1S(5 )
i= 1

where are certain constants. Thus we have Th I 5(6) -= 1 for h = i f i c a,
i=1

and it follows that f*h —fa p o for all f e  L 6 ) .  This is  a contradiction since
a  L p°(6). Therefore we have proved that there exists a K-irreducible subspace V
o f  (6) satisfying a = a,.

At last, we show that the mapping V--a v  is  injective. L e t  V and  V ' be two
distinct K-irreducible subspaces o f  5 ( 6 ) .  Since V n V' = {0},  there exists a  linear
operator L on 5(5) such that LT,  = Tg L, (u a K), LV = V, and LV' = {0}. A function
fa 4 (6 )  which satisfies Tf  5(6)— L belongs to a y , but does not to a y . Therefore

Q. E. D.

Since our topologically irreducible representation {5, Tx } contains 6 p times,
the irreducible representation U(f ) of the algebra L'(5) corresponding to {5, Tx }
in the sense of § 1 is p-dimensional. If we denote by U  U (x ) the spherical matrix
function of degree p of type O defined from {5, Tx } (see [3]), then we have

U( f ) =5 G U(x)f(x)dx (f  E L° (5))

up to equivalence. The right hand side converges for fa  L ;(6), therefore we can
extend U(f) to a representation of L ;(6 ) . We shall denote this by the same notation
U ( f ) .  On the other hand, for every K-irreducible subspace V of 5(0, we have a
naturally defined irreducible representation of 1,;(5) on L;(6)/av . It is easily seen
that this representation is equivalent to U(f).

For every K-irreducible subspace V of 5(6), we put

9ty = 0 (4 )

Since 0  maps L ;(6) isomorphically onto A;, 94v  is  a  closed regular maximal left
ideal in A.;, and an element 0(e), where e is a function in L;(6) satisfying T  I 5(6)
=1, is a right identity modulo 9i v . Moreover

9J1v = {F a Ap ; (G*F)° e 9Iv  fo r all G e A p l

is a closed regular left ideal in A p , a n d  is a right identity modulo 931v .

Definition. Let V be a K-irreducible subspace o f  5 ( 6 ) .  We shall denote by
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{eV,..., er,} a base of V with respect to which the operators Tu I V are represented by
our fixed unitary matricies D(u).

Lemma 3 .  Let V  be a K -irreducible subspace o f  5 (6 ) . Fo r ev ery  F=0(f )e
A p (f e L (G )*) w hose (i, j)-m atrix  coefficient is denoted by fu , we have

d
T f = E T i i i e (1=1 ,..., d)

where T1, ,
= 1s Tsfii(s)clu(s).

P ro o f . Denoting by do (u) the (a, /3)-matrix coefficient of D(u), we have

f (su)=d•trace [F(s)D (u)]= d fp„(s)d„ (u).

Therefore

T r er T s T„ f (su)er d u(s)du
Sx K

d
= d  E TsT,111„(s)do(u)erdp(s)du

ei,fl=1 SxK

d d
= d  E  E Tsfpc,(s)d,,p(u)dii(u)eydp(s)du

ac,fl=1. j=1 Jsxx

d
= E T f Q. E. D.

Corollary. L et f  be a function in L p (G)*K  and pu t F=0(f )e  A p . I f  we de-
note by E i i the  dx  d-m atrix  w hose (i, i)-m atrix  coefficient is 1 and the others are
0, then the functions f i = 0 - 1 (E i ,F) E Lp (G)*)- 5 satisf y  f=f ,+••• +f d and

Tf,er , T f e r ,  T f t e :  = 0  ( i  A •

Lemma 4 .  L et V  be a K -irreducible subspace of ..(45 ), and  F=0(f ) an  ele-
ment in A p where f ELp (G )*L . Then F e 911v  if  and only  if  T1 V={0}.

Pro o f . We shall denote by  L a (S) the algebra of all functions 0 on S  satisfying
10(s)Ip(s)dy(s)< + co. Let Eup be the d x d-matrix whose (a, /3)-matrix coefficient

is  1 and the others are 0. For every 0 E 4,(S ) and Ec o ,  the d x d-matrix valued
function 0E0 , whose (a, #)-coefficient is 0 and the others are 0, belongs to A .  I f
we denote by f i ;  the (i, j)-matrix coefficient of F =P ( f )  and by g  the (m, n)-matrix
coefficient of G=(0E 0 )*F, then  g„,„=6,„„(Of p „) where , 6,„„ i s  the Kronecker's
d e lta . Putting g =0 - i(G) and using Lemma 3,

T g o er =1T u T ,,T„-Ler du

d
= E T ud„, ; (u- ') T

g
 ev du

m=1 K
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d    d
=- T„di„,(u) [ E T „ er,]du

m1 ) K n=1

 d
=  T u d i a (u)[ E T o T f e n d u

n=1

=  T„d ic,(u)[T o T f e:]du.

Therefore we have

F e altv     [(4)E0)*F]° 9-tv for all a, /3 e {1,..., d }  and e Lp (S),

CO- i (OEfl*F)] °  e n v f o r  all a, 13E {1,..., d}

and E 1,(S) ,

Tu dia (u) [To Tf elUdu = 0 for all i, a, f3e{1,..., d}

a n d  0 G ,

0 G Lp (S),

seS ,

u G K  a n d  s E S,

< > E(6)T,T f V= {0} for all x  e G,

<   T f V= {0} . Q. E. D.

For every d x d-matrix M and every element F G Ap , we put (M F)(s)=M x  F(s)
where the right hand side is the product of two matrices M  and F(s) . M F is ob-
viously an element in A .

L em m a 5. Let V  be a K -irreducible subspace o f  (6 ) , an d  9il a  lef t ideal in
A i , such  that 9J1D9Ny  a n d  th at M9)1 c9j1 f o r ev ery  dx d-m atrix  M .  T hen the
subspace { T r a; f e L p (G)*L , 0(f)E971}  of  5, where ac V —  {0}, is independent of
the choice of nonzero vector a c V.

P ro o f . Let a, b e V  and a 0 0 , b  0 0 . We can find a continuous function 4u)
on K  such that =  and that

Tu(u)bdu= a.

For every function f  e L p (G)*L  satisfying 0(f ) e gt, we see f  e Lp(G)*L and

0 ( f * O (s )= K D (u)f * (su - ')du

D(u)f (su - lv - 1 )(v )dudv

< for allE(6)To Tf V= {0}

< E(S) Tf  v= {0}> for all

< for allE(S)TT,Tf V=> {0}

KxK
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D(v - iu)f(su - ' ) (v)dudv
Kx K

= 1 D 1 )  ( V ) d .V 1 0 ( f ) ( s )  e 901

by our assumption on M . S in c e  Tf a = T f b, we clearly have {Tf a; feL p (G )*L,
0 (f) e c {Tf b ; fe  L ( G ) * ,  ( f )  E Q. E. D.

Definition. For a K-irreducible subspace of 5(6) and a left ideal 911 in A,,
such that 931 911,, and that M911c931 for every dx d-matrix M, we put

5v(9)1)= {Tfa f e Lp(G)*L, o(f) e 9)1)

where a e V, a  O.

Since our representation {5, Tx } is topologically irreducible and nice, we can
define the subspace 50 of 5 as in § 1 .  But {5, Tx } is a Banach representation, so
let's define another subspace 5 p  of 5 which is a natural extension of 5 0 , i.e., taking
a non-zero vector a in 5(3), we put

5p = {Tf a; fEL p (G)} .

As in the case of 5 0 , this subspace 5,, is independent of K, 6, and a. Namely, if
a pair (K ', 6') of a compact subgroup K ' and 6' e satisfies 0<dim 5(5')< + a),
then, for every nonzero vector a' e 5(6'), w e have 5 p = {T f a '; feL p (G )} .  Our
subspace 5 1,(911) in the above definition is a  subspace of a n d  Lp (S)-invariant,
i.e., invariant under all operators To =  7 s 4)(s)d /As) for 4  e L p (S).

Lemma 6 .  L et V be a K-irreducible subspace of 5(6), and .)r a L p (S)-invari-
ant subspace of  5,,. Then there exists a  lef t ideal 911 in  A,, such that 91.1 9111,,,
M9j1c 901for all dxd-matrices M, and that or --5vmo.

Pro o f . Put 912= IF e Ap ; Tf V for f = 0 - 1 (F ) } .  Let F  be any element of
911, and denote by g i ;  e L p (S ) the (i, j)-matrix coefficient of an arbitrary element
Ge A,,. T h e  function 0 - 1  (G*F) is given as follows;

h(su)= • trace [G*F(s)D(u)]

= •trace [g i f *(E i f F )(s )D (u )]

d
=  E  g u *0 - 1(E0 F )(su )

i , J =1

where Et; is the d x d-matrix whose (i, j)-matrix coefficient is 1 and the others are 0.
Choose a continuous function on K such  tha t i.; , 1, 3c- =  and that 1  D(u - ') i  •
(u)du =E i f , then we have Ei f F= 0(f * i f ) and

To-i(Ei,F)a---Tf(Tua)e Tfij ( a  e V)
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i.e., Eu F e 931 (1 j _.ç .d ) .  From this, we know two facts; the one is that M93Ic 932
for all d x d-matrices M and the other is that To e ,Y ( for all a e V, namely, G*F e 931.
Therefore 9.11 is a left ideal in Ap . The inclusion 931D9Jtv  is  c le a r . At last let's
prove =5,4932). Let ey} be, as was already defined, a base of V with
respect to which the operator T. I V is represented by the matrix D (u). For every
vector a e c  5p = Tf e jlt  f  e Lp ( G)*)-F3 } , there exists a function f e L p (G)*367, such
that Tf e r =a. From Corollary to Lemma 3, we may assume Tf e r  0 (i=2,..., d)
without loss of generality. Then Tf  V c .)C or, by definition, 0(f) e 9J11. Therefore
a = T f er e (931). Thus we obtain c b v (931). Since 15v (931)c Y (' is  clear, we
have proved the equality .3f =&(931). Q. E. D.

Lemma 7 .  L et V be a K-irreducible subspace of 6(c5). The mapping 931—or
= (9 A )  is a bijection of  the set of  all left ideals 99 (1 in A i, which satisfy 931D932„
and M931 c 931 for all dx d-matrices M onto the set of  all L p (S)-invariant subspace
X ' of f),,.

Pro o f . We have only to prove the injectivity. Let 932, and 9)72 be distinct
left ideals in A,, which satisfy the above conditions. We may assume that there
exists an element F e 932, such that F 1.112 . Since F = EliF + ••• +Ed d F, one of the
d  terms of the right hand side, say E 1 1 F, does not belong to 9)12. We put f,
0 - 1 (E 1 1 F ) .  Suppose b v (9311) =55v (9312 ), then Tf i er E b v (9)11) has another expression
of the form Tf i el' =Td e r with a  suitable function g e 0- 1 (9312 ). Since E„G e a:112
where G =0(g), the function 9 1 =0 - i(E,,G) satisfies T9 1 a=T 1 1 a  for every a eV
by Corollary to Lemma 3. Therefore, by Lemma 4, we obtain E„F— E,,G e 931v

c312 . This means El i F e 9312 , but this is a contradiction. Q. E. D.

Since 932v , where V is a K-irreducible subspace of 5(6), is a regular left ideal in
the Banach algebra A,,, a maximal left ideal 932 in Ap  which contains 931v  is closed in
Ap . Therefore M931 c 932 for every d x d-matrix M, and 931 is invariant under left
translations es  (s e S ) where (e,F)(t)=F(s - it). Now we naturally define the left
multiplication by d x d-matrix and the left translations es  on the quotient space
A,,/93l which is a Banach space with the usual norm. Put

H i = E,,(A p I9J2) ( i = 1 , . . . ,  d)

where E11 denotes, as before, the d x d-matrix whose (i, i)-matrix coefficient is 1 and
the others are 0. We shall denote by ni(s) the left translation by an element s e S
on the Banach space 111,  then {H,, ir,(s)} are mutually equivalent topologically
irreducible representations of S.

On the other hand, for a maximal left ideal 951 in A,, which contains 931v , ir =-
5, (931) is a maximal La (S)-invariant subspace of by Lemma 7. Since 931 is invari-
ant under es  (s E S), the subspace is  o b v io u s ly  S-invariant, i.e., Ts Af. c ,Y(' for all
s e S .  Thus the operator Ts naturally induces a linear operator, which is denoted
by A(s), on the vector space Sjp 1,,1' . A (s)  is a representation of S on the vector space
5 pr in a purely algebraic sense.
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Lemma 8 .  L et 9:11 be a  m ax im al lef t ideal in A ,, w hich contains 931,. The
representations ici(s) and A(s) of S, which are defined for 9311 as above, are algebrai-
cally  equiv alent. I n  other w ords, there ex ists a  linear bijection I .  o f  H i onto

where X ' = fh,(931), such that I i orri(s)=A(s)ol i for s e S.

P ro o f . For Fe Ai, we define I(E ,,F)=T f ,er where f  = 0 - 1 (E ,F ) . If  Ei ,F e 93/,
then Tr ,er E  v (9J1) by the definition of 5 y (931). Conversely, if Th er e 5,(971), then
Tf ,a e $„(931) fo r a ll a a V by Corollary to Lemma 3 . Therefore Ei ,F=0 (f i)e 931
by Lemma 7 . These facts mean that 1 induces naturally a linear bijection I  of H i

onto 5p/5v (93l). The equality / i oni(s)= A(s)ol' i is clear. Q. E. D.

Let A ' be  a non-trivial maximal La (S)-invariant subspace o f bp .  F o r  a  K-
irreducible subspace V of 5(3), there exists a maximal left ideal 931 in A,, which con-
tains 931,, such that Ye = b y (931) (Lemma 7 ).  For this maximal left ideal WI, we can
define topologically irreducible representations {H i , rri (s)}  o f  S  a s  a b o v e . I f  we
introduce a structure of Banach space into 5p/X' with respect to which the linear
bijection o f  H i o n to  5 p /AP is  an isomorphism, then we obtain a  topologically
irreducible representation A(s) of S on the Banach space 5d.ye.

§ 3. Main theorem

Let G= S  K  be the same locally compact group as in § 2 . Let {H, A(s)} be a
topologically irreducible representation of S on a Banach space H .  We shall denote
by 5A the Banach space of all H-valued continuous functions on K  with a norm
111 111 = sup 11(u)1, where 11 • 11, is the norm in  H .  For every pair (x, y) E Gx G,
we define K(x, y) E K and o-(x, y) e S by

xy= K(x, y)a(x, y) .

With this notations, we define a  bounded linear operator T xA on 5A for every x e G
by

(TR)(u)= A (a(x - 1 , u) - 1 )(k (x - 1 , u)) (u e K).

Then {$ A, T } is a representation of G.
Let 3 be an equivalence class of irreducible representations of K .  As in § 1,

we choose an irreducible unitary matricial representation D(u) of K  belonging to 6,
and denote by du (u) its (i, j)-matrix coefficient. Put

EA (6 ) =  K T ! x ,(u )d u , Elif (6) = d K  T id i f (u)du (1 <i, j<d)

where d is the degree of 6. By the arguments in § 1, mutually equivalent d represen-
tations of the algebra L'(6) are defined on subspaces

li 1(6)= Eliti (6)6n = g(u)= d f ;af e  H} (1. d) .
P=1

Denote by ei  a  d-dimensional column vector whose j-th component is 1 and the
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others are 0, then the mapping P defined by

d d
P( E  d u a; ) — E e i 0 a ;.J=1 ;=-1

d
is a linear isomorphism of 5i1(6) onto C d 0 H . If we adopt E I a j  a s  a  norm of

d
E ei oa i , then Cd OH is a Banach space and P gives an isomorphism of the Banach
space 5i'(5) onto the Banach space Cd OH.

For every function f  e L '(6) we obtain

( T d a)(u) =1 G  d u))A (c(x-1, u) - 1 )a f (x )dx

=1 d. u))A (5(x-1, u) - 1 )a f (vxv - 1 )dxdo
GxK

d. i (v • K(x - 1 , u))A (u(x - 1 , triu) - ')a f (x )dx do
GxK

=1
d • Jul) •K(x - 1 ,

GxK
v -1)-9a f (x )dx du

d  
= E di i (u)[5 d„; (v•K(x - i, v- 1 ))A(0(x - ', v- 1 ) - 1 )a f (x )dx do l.

n=1 GxK

Therefore we have

Po(TI.Ibit(6)).P - 1 (e i (Da)

d
E e Øn [1 d (v•K(x - 1 , v - 1 ))A (o- (x - 1 , v - 1 ) - 1 )a f (x )dx dv i

n=1 Gx K

GI (  n=1 n j
E  d •(v•K(x - 1 , v - 1 ))e n )()A (o . (x - I , tri) - ')a dol=5 f (x )dx .

Now put

W A (x )=5 W A (v x -1v -1)dv

where 0 A (x)=D(u)®A(s 1) with x =us, then it follows that

Po(T .IISM OW P - 1  = WA ( f) = W A (X )f(X )dx

for f e L'(6).
Let {$, Tx } be a  topologically irreducible representation of G  on a Banach

space 5  which contains 6 p times (0<p< + co), i.e., dim 5(5)= p d . As is proved
in §2 , there exists a maximal La (S)-invariant subspace w h i c h  i s  S-invariant at
the same time, of $5 p where p(x) = II Tx II , and we introduce the Banach space structure
into H =5 p 1S ' defined in the last paragraph of § 2. A(s) denotes the topologically
irreducible representation of S  naturally defined on H .  For this representation

d
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{H, A(s)} we consider the induced representation {5A, T11 of G .  Let U 0 ( f )  be a
p-dimensional irreducible representation of the algebra L'(6) which is equivalent to
T1 15 i(S) on 5,(ö), then this is naturally extended to a representation of the algebra
4 (6 ) , denoted by the same notation Uo ( f ) .  In [5] it is proved that there exists a
p-dimensional subspace of CdOH which is invariant for a ll W A (f)(fe L ;(5))
such that U 0 ( f )  is equivalent to WA(f)I Y .  Of course the representation L'(3)3f—>
WA(f)I Y of the algebra L'(6) is irreducible and equivalent to Uo ( f ) .  On the other
hand, WA(f) is equivalent to the representation T115M ) of the algebra L'(5),
therefore U 0 ( f )  is equivalent to  a subrepresentation of T/115M).  N o w ,  by
Theorem 4, we can find closed G-invariant subspaces or , ,  i e 2 of 5/i satisfying the
following conditions;

(a) .Yta A °2, EA (6)it"2 = {O},

(b) the naturally defined representation of G on the Banach space .Ye 1/A°2

is topologically irreducible, and SF-equivalent to {5, Tx }.
Therefore we have proved the following main theorem.

Theorem 5. Let G be a locally  compact unim odular group w ith a continuous
decomposition G=SK, where S  is a  closed subgroup and K  a com pact subgroup
o f  G  such that S n K = { 1 } . L e t {5, Tx }  b e  a  topologically  i ir r ed u cb le  repre-
sentation o f  G  o n  a B anach  space 5 w hich contains (5 e k f initely  many times.
Then,

(I) there ex ists a  topologically  irreducible representation A(s) o f  S  on a
Banach space with the following property; for the induced representation {5A, T}
of G, there exist closed G-invariant subspaces i e  1 , <Ye, of 5A such that

(a) Ye, D EA(6)it2 = {0} ,

(b) the naturally  defined representation 'r of  G on the Banach space Y
is topologically  irreducible, and SF-equivalent to {5, 77, } .

( I I )  One of  topologically  irreducible representations A(s) of  S  which satisfy
(I)  is algebraically  equiv alent to the  naturally  def ined representation o f  S  on
5,1dr, where p(x)= IITA and it" is a non-triv ial m axim al La (S)-invariant subspace
of 5.
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