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Introduction

In the Hilbert space T = T(R) of square integrable real differentials on a Riemann
surface R , let T h  (resp. Fh e ) be the subspace of F  which consists of harmonic (resp.
exact harmonic) differentials. The orthogonal complement of F t  in F h is denoted
by T h o . The space of harmonic measure F h m  is defined as follows: co e T h „, if and
only if for every E> 0 and every compact set E there exist a canonical region G (DE)
and a harmonic function wG  which is constant on each boundary component of G
such that 11co — dwG  ljG  < E .  The subspace T h „, is the orthogonal complement of the
space Ft s ,  in  T h ,  where F„„ consists o f harmonic semiexact differentials. The
subspace r h o n F e  clearly includes Th in ,  and Fli , n The = F m  for finite bordered Rie-
mann surfaces, but R. Accola showed an example of Riemann surface of infinite
genus for which the equality does not hold.

Now for HP-functions u  and y we denote by u n y (resp. u v  y) the greatest
harmonic minorant (resp. the least harmonic majorant) of u  and v. A subspace

c r h e  forms a  vector lattice if du and dy e T x  imply d(u A y) and d(u y y) e F .
We say that a subspace T x c Th e  has a lattice property if df e T x  implies d (f A c) e T x

for every real constant c. The space Th e  forms the vector lattice, hence it has a
lattice property. It is pointed out in [4] that the space r h , n  has the lattice property.

Here we shall show that T h o  n T h e  has also the lattice property. Some related
subjects shall be investigated.

1. We shall show first that T i m , forms the vector lattice. This implies that T h ,,, has
the lattice property.

Proposition 1. Let u and y be harmonic functions such that du and dv belong
to F„„,. T hen  d (u  A y) and d(u y  y) belong to rh o ,.

P ro o f . It is sufficient to show d(u A y) e F m . Let {R„} be a canonical regular
exhaustion of R .  For a given E > 0, there exists an R„, such that lIcluil R _R „,<E and
ildvIIE-E„,<c. Further, there exist an integer N  (>m ) and harmonic functions u„
and V„ in R o  (n> N ) such that u„ and v„ are constant on each boundary component
of R o , Ild(u R „ <  8 , and W( ) — yn )11R n  <E . We have a continuous extension
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(resp. b„) of u n (resp. yn) which is constant on each component of R— Rn . Then

licku R < 2 e ,  a n d  d(v — R < 2e.

If u # v , a closed set {p E R; u(p)= v(p)} consists of analytic a r c s .  We denote A,
lp  a R ; u(p)— v(p)<r}, B,.= 1p a R; — r <u(p)—  v(p)} a n d  G, n Br . W e can
take r> 0 such that Ildu < e and !Idyll < e. Then, for n>N,

lidt1.11G,.< 3 e, 
a n d I l d . 0„IIG,< 3 e.

There exists an integer N' (>N) such that for n> N'

iu n — ul<r/ 4 and I v n — yl<r/4 o n  R„„

because u n and V„ converge respectively to u and y in the sense of Dirichlet norm on
a region which contains kn . Since u„< v„ on A  n Rn , and U,,> V,, on B n R„„
it follows that

d min O n , PO—a min (u,

Ildun— dulIA-rhnR,„+ Ildvn — dvila-ri2nRm+ IldOnlicru(R-Rm)

+ ..du 1„Gr u (R — R .)+"  G r U (R — R,„) + 1 dVI G u (R _ R )

<18e.

Hence we can take sequences {û n } and {On }  such that

lim d min (0„, On ) — d min (u , y)11= 0.
H - 003

Let wi ,„ be a harmonic function on Ri (i> n) such that wi ,n = min (On , On ) on aR, and
0 i ,„ be a continuous extension of wi ,„ which is constant on each component of R— R i .
Since wi ,,,- 0 ; ,„ (j>  i) is a Dirichlet potential in Ri , we have

II d(wi,n — 0 i,n) II dwi,n1I — IdWj ,n I j .

It follows that {wi ,„} converges to  a harmonic function w„ in R and dw„ belongs to
F in n . W e can  show that min l û  .P W  a=  n where g n  i s  a D irichlet potential
(cf. [3 ] ) .  Hence we have

—I Wn d@ A y) II II  d min (On , On ) — d min (u, v) I.

It follows that d(u A y)e r i,„„ q. e. d.

2. Next we show the lattice property of the space T ho n F he .

Proposition 2. L e t  f  be a  harm onic function in  R  such that d f  a
 T h o

 n F ho .

Then f o r  every real constant c , d(f A c )  belongs to T ,  fl Fn e .

P ro o f . W e m ay assume c = 0. L e t  Gr =  {p R ; f (p )>  r} , fo r rea l r. Take
r < 0 and set
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'1 on Go

hr = (I 0 on R—G,

1—flr on G,— Go .

For g E HBD (bounded harmonic Dirichlet function) g„ =gh, is a bounded Dirichlet
function. By the orthogonal decomposition:

=  o„-j- r ek (cf. [2]),

0 = (df, d 4 )= (d f,  d g ') ,

=(df, dg*) 0 0 +(df, dg * )G,_G0 -1 . - (df, d(f g)
*
)o,-Go •

We have

d(fg)*)Gr -Gol
a f  a(fg)

 ±
. 0 (fg)  )dxciy1a x  ay ax

‹ f f (  af  O g  a f  ag  
\ a x  ay a y  Ox )

r ÇÇ af  )2 + (  a f   )2 + (  ag  + ( 13g  2

— 2 ))G,-G o t\ ax / / \  a x  /  \ /)  
)
dxdy

— — r
2 {Ildf GO+Ildglik-Go } •

It follows that

urn
r—■0

1 1— (df, d(fg)*)G,_Go {II df 111,-oo +ildg II6,-o o } =0.

Since lim (df, dg*) G r _ G o = 0, we have (df, dg*) o 0 = 0 from (1), hence (df, dg*)R _ G o
r—o0

= 0 ,  because (df, dg*)= 0. By the orthogonal decomposition r e = F he +Fe°, we have

(d(f A 0), dg*)= (d min (f, 0), dg*)=(df, dg*)R _ G 0 =0.

Since every harmonic Dirichlet function h is approximated by HBD-functions in
the sense of Dirichlet norm, we have (d(f A 0), dh*)= O. It fo llow s that d(f A 0)
e r ho and get the conclusion, q. e. d.

3 . Let X = Fx + Fe° (rx  r„)  and for compact set F on R , X F= {co e X ; w = 0 on  F}.
Then X and X F are closed subspaces of F .  We denote by XF the orthogonal com-
plement of XF in X and by coxF --coF the orthogonal projection of co e X to XF.

Lemma 1. (Yamaguchi [4 ] )  L e t  f x r h e h a ve  th e  lattice property  and
e Tx + f o o . L e t  W F be the Dirichlet function such that dWF =cof (cf. [3 ]).  I f

W' <c on F, then WF <c on R.

dxdy
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P roo f. W e have a representation WF = W+ Wo , where dWe T x  a n d  Wo i s  a
Dirichlet potential. There exists a Green potential P such that I W0 1 < P (cf. [ 3 ]).
We see that

min (W+ Wo , c)= min (W, c — Wo ) + Wo  < min (W, c +P )+  Wo ,

min (W+ Wo , c)> min (W—P, c)= min (W, c + P)— P.

Hence we get Royden's decomposition: min ( WF, c)= WA  c+P o ,  where P o i s  a
Dirichlet potential. By the assumption we have d min ( WF, c)c X  and min (WF, c)
=W F on F .  Therefore d (min ( WF, c)—WF)e XF, and

d min ( WF , c) 2 = Id (min ( WF, c)— W911 2  +11dW F 112  _ 110:1 WF 112 .

On the other hand, clearly, IA min (WF  011 1Id W'M. I t  fo llo w s th a t min ( WF, c)
=W F and WF < c on R, q. e. d.

L et Fix  (resp. IIE e o '

 F R '  )  b e  the orthogonal projection from  T  to  T x  (c T h)
(resp. T e o , T:0). We assume that co E r is supported in interior of F .  For Tx c Th e

Wx  denotes a harmonic function such that d Wx = rix (co), and Wo denotes a Dirichlet
potential such that d Wo =- neo(w)-

Proposition 3. L et r x cT h e  have the lattice property. Then Wx  an d  Wxi n he
are bounded, where Tx .i. is the orthogonal complement of T x  in  T h .

P roo f. By the assumption

11.(0 ))+  neo(w)= — 11.1 (0 )) —  Freko(w) o n  R

It follows that for any CT e X F

(1. -  x ( w )  rleo(W), CT) = alx(w) + [ I d a ) ) ,  ( OR - F

=(—  rixi(W ) —  wo (w), 0-)._,=(—rixicco— mocco, 0)=0.

Hence we have (1[1x (co)+1Jeo(w)LF =11,(co)+ F L (W). Now we m ay assume that Wo

is bounded on F .  I f  Wo is unbounded on F, we consider co' = d(Wx + WO) for co,
where W= W0 on R—F, and WO = min (Wo , max WO on F .  By Lemma 1 we know

F
that Wx +1470  is bounded. Since Th e and {0} have the lattice property, Whe  + Wo and
Wo a re  bounded. B y the fact Uhl n he(w) = rine(w) nx(0)), we know that Wx± n he
is bounded, q. e. d.

R em ark . L et vvx  a n d  Wy b e  b o u n d e d . I f  Tx 1T y ,  then  W„± y  is bounded.
If Tx c r y , then Wx ±ny is bounded. By these operations we can find subspaces T x

such that Wx  is bounded.

Let p  and g  be two distinct points on R  and  Up ,  (resp. V p ,g )  be  a  harmonic
function such that dUp , q e T (resp. a im  E Tx ±),

(du,U ( p ) —  U ( q ) for a n y  dU E T„,
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(resp. (d V, dVp ,q)=  V(p)— V(q) for any d Ve fx .L n T O .  We can construct a differ-
ential co ET such that co has compact support and ( d u ,  c o )  U(p)— U(q) for any
harmonic Dirichlet function U .  Therefore we have

Corollary 1. If  T x  has the lattice property , then U  and V p , are  bounded.
Let HX-1- = {U; d U n .r).± n T h e ) and HBX 1 = f t le f IX I ;  U  is bounded). Since

the points p and q can be chosen arbitrarily, we have the following.

Corollary 2 .  If  T x  has the lattice property , H B X I is dense in H X ± .  In other
words, by  the usual notations for null classes of  R iemann surfaces, OH , x 1 =0- nx-•

Particularly we can take r h „, and Fh o n Th e  for F .  L e t  K D = {U ; dU e Tkm n
T h e } ,  K D '= {U ; dU E (rh o n rhe)-'- n Fhe}, KBD—IU KD; U is bounded), and KBD'
={U  e KD'; U  is bounded}.

Corollary 3. OKBD—OKD a n d  OKBD,=°KD'•
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