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§0. Introduction, notation and definitions

0.1° Introduction. In the case of the scalar operators of higher order, we know the
satisfactory results on the necessary and sufficient condition for & well-posedness
of the Cauchy problem, if the characteristic roots of those principal part are real
and of constant multiplicity. (See M. Yamaguti [24], S. Mizohata-Y. Ohya [17],
[18], H. Flaschka-G. Strang [5], and J. Chazarin [1], [2].)

On the other hand, in the case of the first order systems, we know the similar
results under some assumptions with respect to the structure of the eigen-spaces of
the principal symbols. Especially, when the multiplicities of the characteristic
roots are at most double and constant, we have the necessary and sufficient condition
for & well-posedness assuming that the dimensions of the null spaces of the principal
symbols are constant. (See V.M. Petkov [19], [20] and H. Yamahara [25].)
However, when the dimensions are not constant, the situation is fairly different from
the previous case, even if we suppose that the multiplicities of the characteristic
roots are constant. In this article, we shall try to make clear the complexity of the
problem for the case of systems.

Let us consider the following Cauchy problem in an open set Q in R"*!;

[(1) Pu=P,u+Bu=Du— ; AiD_u+ Bu=F,

(2) u(t,, x)=uyx),

where Ai(t, x) and B(t, x) are C®-matrices of order N and Ai(t, x) is real (1<i<n).
Throughout this paper, we are going to consider our problem under the following
assumption;;

Assumption 1. The characteristic roots T=A(t, x; &) of det P(t, x; 7, {)=0 are
real, at most double and of constant multiplicity.

We wished to give the necessary and sufficient condition for & well-posedness
under the above assumption, but, up to now, we have not yet succeeded it. How-
ever, we can easily see the necessity of the following condition (L).

(L) coP, PP, +(1/20)°P{P,, ©°P}l,=;,=0  in QxR"{0},

for the double characteristic roots, where ¢°P, is the cofactor matrix of P, and
P.=B—(1/2) 3 P{?, is the subprincipal symbol.
i=0

In this article, we shall consider the consequence of the condition (L), the
existence of “‘stably non-hyperbolic’’ operators with real characteristic roots and the
additional conditions to (L) for & well-posedness.

Here, we shall treat the case when the dimension n of x-space is 1. In the
section 1, we shall show that the condition (L) derives the smoothness of the eigen-
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vector along the characteristic curves. Moreover, we shall investigate when Y.
Demay’s sufficient condition can be satisfied. (See Y. Demay [3], [4].) In the
section 2, as an application of the results in the section 1, we establish a theorem on
the necessary condition for the weak hyperbolicity and obtain some examples of
“stably non-hyperbolic’’ operators with real characteristic roots. On the other
hand, in the section 3, we shall present some examples of the operators which satisfy
the condition (L) but for which the Cauchy problems are not & well-posed, and
we shall consider the additional conditions to (L) for the & well-posedness. There,
we shall restrict ourselves to the case where the eigen-vectors of the principal symbol
are piecewise smooth.

In the forthcoming paper [26],% in the sections 4 and 5, we shall generalize the
results in the sections 1 and 3 to the case of n=2. However, the results in these
sections will be a little more rough because there exist some difficulties proper to
the higher dimension case. Nevertheless, if the size N of the system is two, we can
avoid such difficulties. We shall announce the results in the case of N=2 in the
appendix 2. The sections 4 and 5 correspond to 1 and 3, respectively.

In the appendix I, we shall show the differences between the local & well-
posedness ““in the future’” and that *‘in the past’’, between the local & well-posedness
and the & well-posedness and between the & well-posedness and y(®) well-posedness.

H. Uryu obtained a similar result as Y. Demay’s without assuming that the
multiplicities of the characteristic roots are constant. (See H. Uryu [23].) On the
other hand, S. Tarama established a similar result as H. Yamahara’s not assuming
that the multiplicities of characteristic roots are constant but assuming that the
dimensions of the eigen-spaces are always one. (See S. Tarama [21].) S. Tarama
pointed out that the assumption on the dimensions of the eigen-spaces is rather
important than that on the multiplicities of the characteristics. Both of them are
concerned with the sufficiency. Moreover, many authors considered the problem
for the cases when the multiplicities of the characteristic roots are changeable.

0.2° Notation.?’ As usual, we shall use the following; N is the set of the natural
numbers. We denote the number of the elements of a set 4 by # A. K€ K’ means
that K is compact and K< K’. Here, K and K is the open kernel and the closure
of K. Qis an open set in R!xR! We set QF=Qn{t=t,}, Q.=Qn {1t}
and Q,=Qn {t=t,}. T*Q)=Q2xR" is the cotangent space of Q, regarding ¢ as
a parameter. T*@Q)\{0} means Qx(R"{0}). X=(t, x)=(xo, X)€Q, &=(1, &)

=(o, ) eRXR"=Cx R, £ =( 3 E)'.

[ij — — ]
at=~5—t~s ax,= ox, ° Dx=_\/_lan -Dx‘=_\/_lax¢ (lélén)

i

2) We shall use the straight numbers in order to name the sections in this paper and the forth-
coming one [26]. From now on, we only call the number of the section in order to indicate
the section in [26].

3) Since we shall use the notes and definitions given in this paper in [26], we give here the general
notation and definitions with respect to the dimension n of x-space.
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o(P)=P(x, £) means the symbol of the (pseudo-)differential operator P(x, D,), that
is, P(x, Dx)u—ge"(" »S P(x, Eyu(y)dydé, dE=(2n)"dé. P-Q is the product of P(x,

D,)and Q(x, D,) as the operators and sometimes we express P,---P; by H P;. o(P)
means the symbol of the homogeneous part of order k of P(x, D ) A is the
pseudo-differential operator with symbol || when [£[= 1. U(x, y, D)) =uy(x, y, D,)
means the Fourier integral operator with the phase function ¢(x, &) and the amplitude
function u(x, &), that is, U(x, y, Dy)f=Su(x, Eeitex- 0=y f(y)dydE. alg)(%, &)
=03Dha(%, &), ali)(%, &)=0.D,a(%, &), (0<i, k<n). {,} is the Poisson bracket,

. _ & (0a 0Ob _ da 0b _( Ou Ou _
that 1S, {a, b}'—,;)(—a—ﬁ_,_@_x, WE‘) Fu= —a—xl-,..., H>. Iulq"(_

> max|D*u|. |ull,g is the standard norm in H9((2), Sobolev space of order 4.
|la|Sq xeK

Let P, be the principal part of P=1D,— A,(t, x; D,)+ B(t, x), that is, P,=ID,
—A(t,x;D,), where A(t,x; D,)= i Ai(t, x)D,,. Let P,be the subprincipal symbol
i=1

of P, that is, P,=B(t, x)——%;ig) PY(x0, X3 Eo, ). Here, I is the identity
matrix of order N, A'(t, x) and B(t, x) are C* matrices of order N, and Ai(t, x)
are real (1=i<n). Let A4t x; {) be a characteristic root of det P,(t, x; 7, £)=0
(1ZjEs). Ana(t, X)= r?ax [A(t, x; &)|, where £ and j run over the unit sphere in

R" and 1Zj<s, respectively. Imm—sup Amax(t, X), Where (¢, x) runs over Q.
(t,
Let Rj(t, x; &) be rank P(t, x; A, x; C), $), (§+#0), and let us set L, x, &)
=P PP, + 2ll. P {Pp “Pp}li=1,4,x¢)» the so-called Levi matrix, where <P,
=!(4;;), 4;; being the (i, j)-cofactor of P(t, x; 1, &).
Finally, we set the Gevrey classes. Let y{*(Q) be the set of C®-functions

defined in Q whose derivatives satisfy the following:
YK: a compact set in Q, 3C: a positive constant such that sup |f®)(x)|<
xekK

Ch!#!(|e| 1)< for arbitrary a, where f(®)(x)= ( ) f(x).
We set yW(@=\ 0@, y®@= N #P@ and y(Q= Y 3@
(— y<">(§2)) () is called the inductive Gevrey class of order k and Y$(Q)
does the projective Gevrey class of order x, (1<k< ). (See V. Ya.Ivrii [8].) We
remark that y(®(Q)& £(Q).

0.3° Definitions
Let us consider the Cauchy problem (1)—(2):
(1) Pu=Du—A,(t, x; DJu+B(t, x)u=f(t, x),
(2) ult,, x)=u.(x),
where A,(t, x: D)= f: Al(t, x)D,,, Ai(t, x) and B(t, x) are C®-matrices of order
i=1

N, and Ai(t, x) are real (1<i<n).
In this paper, to make our view-point clear we adapt the following definitions
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which are slightly different from usual ones. Therefore, we define “our words’’,
here.

Definition 1. (& well-posedness.) The Cauchy problem (1)-(2) is & well-
posed® in Q, if, for each t, such that Q, # ¢, there exists the unique solution in
&(Q7) for each u (x) e £(Q,,) and each f(t, x) e £(Q}).

Remark. In this definition,  will be restricted to some special shapes for the
uniqueness. However, we shall omit the proposition on the shape of Q. (See the
theorems in the sections 3 and 5.)

Definition 2. (Hyperbolicity.) P is hyperbolic in Q, if the Cauchy problem
(1)=(2) is & well-posed in Q.

If P is hyperbolic in Q, we can see, by virtue of Banach’s closed graph theorem,
that “‘the loss of regularity’’ on each compact set is finite.

Definition 3. (Loss of regularity.) Let P be hyperbolic in Q and let K be an
arbitrary compact set in Q. The loss of regularity on K from ¢, is /, if the restriction

-1 . .

of the solution on K7, belongs at most to’ N &J(HP~'=J/(K,)) for arbitrary u,(x)
j=1

in H?,(Q,,) and f(¢, x)=0, (p»[+1). Moreover, the loss of regularity in Q is the

supremum of the loss of regularity on K from ¢, for arbitrary compact set K and
arbitrary t,.

(See also V. Ya. lIvrii-P. V. Petkov [10] and V. Ya. Ivrii [9].)
We also use weaker notion than the hyperbolicity.

Definition 4. (Local & well-posedness.) The Cauchy problem (1)-(2) is locally
& well-posed at (¢, x,) € Q, if there exists a neighbourhood w of (7., x,) such that
the Cauchy problem (1)~(2) has the unique solution in &(wj,) for each u,(x) e &(2,.)
and each f(t, x) e £(QF).

Definition 5. (Local hyperbolicity.) P is locally hyperbolic at (¢,, x.,) € 2 [in
Q], if the Cauchy problem (1)—(2) is locally & well-posed at (z,, x,) [at every point
in Q, respectively].

Remark. We shall present an operator which is locally hyperbolic in Q but is
not hyperbolic in  in the appendix 1.

Moreover, we introduce the notions on the stability of the local hyperbolicity
with respect to the lower order term.

Definition 6. (Strong hyperbolicity.) P, is strongly hyperbolic at (z,, x,) [in
Q], if P,+B is locally hyperbolic at (t,, x,) [in Q, respectively] for every lower
order term B(t, x).

Definition 7. (Weak hyperbolicity.) P, is weakly hyperbolic at (¢, x,) [in 2],

4) We should say ‘“uniformly & well-posed”, but we omit the word “uniformly”.
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if there exist two lower order terms B(t, x) and B'(t, x) such that P,+ B is locally
hyperbolic at (t,, x,) [in Q, respectively] but P,+ B’ is not locally hyperbolic at
(t,, x,) [in Q, respectively].

For convenience sake, we introduce the following notion.

. Definition 8. (Stable non-hyperbolicity.) P, is stably non-hyperbolic at
(t,, x,) [in Q], if there exists no lower order term B(t, x) such that P,+ B be locally
hyperbolic at (., x,) [in Q, respectively].

Finally, we introduce two more notions on hypersurface and domain.

Definition 9. (Space-like hypersurface.) A hypersurface T defined by t=y(x)
€ C* is called space-like, if A,,,|Fy(x)|<1on T.

Definition 10. (Lense-shaped domain.) A domain w is lense-shaped if we can
find a constant ¢’ such that w is included in @} and {(t, x); |x — x| A0 1t =111,

' <t<1'} is included in  for arbitrary (!, x!) € w, where ,,,= sup An.,(t, X).
(t,x)ew

§1. Consideration of the condition (L)

1.1° Necessity of the condition (L)

As well known, if P is locally hyperbolic in , the characteristic roots of P,
must be real in Q. (P. D. Lax [14] and S. Mizohata [16].)

In this paper, we consider local hyperbolicity of P(t, x; D,, D,) under the
following assumption.

Assumption 1. Each characteristic root t=A4,(t, x; ) of det P,(t, x; 7, £)=0 is
real, of constant multiplicity and at most double.

Let ; be double for 1 < j<r and be simple for r+ 1< j<s (=N-r).

Since the necessity of the Levi condition in V. M. Petkov [19], [20] and in H.
Yamahara [25] is proved micro-locally, the proof remains true only under the
assumption 1.

Their conditions are equivalent to the following (L) at the points where R;
=rank P(t, x; A(t, x; &), )=N— 1.9

(L) Lj(t, X, é)EcoPprL'oPp_*_%CDPp{PP’ coPp}|t=},J(t,x;{)=09

on QxRM{0O}, (1Zj=vr).

The condition (L) makes sense only at the points where Rj(t, x, §)=N—1,
because at every points where Rj(t, x, £)=N—2, Li(t, x, £) vanishes automatically
(EED)

Proposition 1.1. (Necessity of the condition “L(t,)=0"".)

5) S. Tarama pointed out the equivalence of the condition (L) to H. Yamahara’s one in [25] at
the points where R,(t, x, §)=N—1, (1< j<r). (Unpublished.)
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Under the assumption 1, if P is locally hyperbolic at (t,, x.),
Lt,, x,, £)=0  for arbitrary ¢(eR" and 1Zj<r.

Corollary 1.2, (Necessity of the condition (L).)
Under the assumption 1, if P is locally hyperbolic in Q, the condition (L) must
be satisfied.

Under the assumption 1, if R;=constant, (L) is also the sufficient condition for
the hyperbolicity of P in Q. (See H. O. Kreiss [12], P. V. Petkov [19], [20] and
H. Yamahara [25].)

However, if R; is not constant, we need more precise consideration of the
operators which satisfy the condition (L). In the cases of n=1 and of n=2, the
situations are essentially different. From now on, in the sections 1, 2 and 3, we
consider the case of n=1, that is,

P(t, x; D,, D,)=D,— A'(t, x)D,+B(t, x), (x=x,).

Here, Ry, x, {) is not independent of &(#0). We write Rj(t, x) instead of
R, x, &).

1.2° Smoothness of the eigen-vectors

Let G/ be an arbitrary connected component of {(t, x)eQ; R;(t, x)=N—1},
(1=j<r). G/isopen. We can take the real unit eigen-vector &t, x) of A'(t, x)
belonging to 2; in C*(G/), but, in general, &z, x) cannot be extended in C*(GY).
However, for the operators which satisfy the condition (L), we have the following.

Theorem 1.3. (Smoothness of &,t, x) along the characteristic curves.)
In addition to the assumption 1, suppose that P(t, x; D,, D,) satisfies the

condition (L).

(i) If n(s) is a characteristic curve of Ajt, x) such that n(s)e G/ when 0<s<s'
and n(s') € 0GJ, (that is, n(s') is the first point along n(s) where Rj=N-2),
then, é(t, x) can be extended as a C®-real unit eigen-vector in w n G, where
w is a neighbourhood of n(s') in Q. (See the figure 1.)

7(0) 0G’

Figure 1.
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(i) When Rj=N—1 in w\0G’ (if necessary, shrinking w), we can take &(t, x) in
C®(w n GY) and &i(t, x) in C*(w N G) by (i). if lim &i(n(s))= lim &i(n(s)),
0 s—s’+0

s=s’—

J

X [éi(n(S)), s,
e{s)=

F(n(s), s

is infinitely differentiable at s=s'.
Moreover, if &;(t, x) and &(t, x) coincide on w N 0GY,

&(t, x), (t.x)ewn G/,
éi(t, x)=

et x), (1, x)emnGT,
is, in fact, infinitely differentiable on w n 0G/, that is, & (t, x) belongs to C*(w).

Proof. At first, we reduce P(t, x; D,, D,) to a family of the systems of size
2x2 and the scalar operators. We use ~ in order to express asymptotic
equivalences.

Lemma 1.4. (Emblocking operator.)

For arbitrary (t, x) in Q, there exists a neighbourhood 0 of (t, x) such that
P(t, x; D,, D,) has an “emblocking operator’” 2B(t, x; D,) which satisfies, in 0, the
following ;

(i) (L1 B(t, x; &)~ gow-ko, X)Ek,

where the right-hand side is a formal series.
(ii) (1.2) P(t, x; D,, D,)-4B(t, x; D,)=A(t, x; D,)-€(t, x; D,, D,), mod. S™>.

ﬁgl

(gz

(1.3) %@, x; D, D)=

0 gri-l

.
.
gs

where €i(t, x; 1, E)~€i(t, x: 1, &)+ 2’0 €I, (t, X)ET*, €I is of size 2x2 when
1<j<r, and is scalar when r+1Zj<s. €i(t, x; v, &)=11,— €Y (t, x) and
%1 (1, x) has the double eigen-value A(t, x) when 1< j<r, and ®i(t, x; 1, &)
=1—Aft, x)¢ when r+1=Z j<s. (I, is the unit matrix of order 2.)
Here, as B(t, x; D), we take a pseudo-differential operator which has the
asymptotic symbol given by the right-hand side of (1.1).
(iii) @i, x, 1, )+ €U(t, x) satisfies the condition (L) in 0, if and only if



Conditions for the hyperbolicity 55

P(t, x; 1, &) satisfies the condition Li(t, x)(=L(t, x, £)/£?¥2)=0in 0.
This lemma shall be proved for general dimension n as Lemma 4.6 in the sec-
tion 4.
From now on, we write I instead of I,.
Let us set €1, x; 1, E)=(1—2(t, )OI —EA[(t, x), that is, A,(t, x)=%7 (1, x)
— At 0l and A1, x)= ‘C’jg ;; 3;281 3) (I<j<r. Since At x) has the
double eigen-value 0, the followings are satisfied ;

[ alt, x)+d(t, x)=0, (at, x))*+b(t, x)ct, x)=0,
(1.4)
(Z.,-(t, x)?=0 and < ®i(t, x; 1, H=(t— At x)é)I+Zj(t, x)¢&.

The eigen-vector é(t, x) of A'(t, x) belonging to A(t, x) is given by &(t, x)-
2j-1 2J
&,(t, x) where &,(1, x) has the form {(0,..., 0, ¢;, 6, 0,..., 0) and &(t, x)="(e,, e;) is
the eigen-vector of Zj(t, x). At the points where b(t, x)#0, &, x) is given by
(b;, —ay), that is, /(1, —a;/b;) and at the points where c(t, x)#0, &(t, x) is given
by “(a;, c;), that is, (a;/c;, 1). Since |bj(t, x)|+|c;(t, x)|#0 in G/, at least one of
(1, —a;/b;) and “(a;/c;, 1) has the sense in G/. We shall consider the behaviors
of —aj(t, x)/b(t, x) and at, x)/c(t, x) near 3G/,
From now on, we omit the suffix j and write A(t, x) and B(t, x) instead of
/Tj(t, x) and €(t, x), respectively. Using x,=t, x; =x, ;=1 and &, =¢&, we calcu-
late the left-hand side of the condition (L) with respect to C,(t, x; t, &)+ Cy(t, x).

(L.5)
(Go=2E)I+8,4} B— 5 % {(Go=2DBI & A | (o= 2eT+£,4)

3 4G =D +E AL E (G0 =)D = AD} {(Eo— 2 )] +E A}

- igo {Co— A8 )i — (€1 A} {(Co—AE DT +(E; A D} 4o = 2,
=(AAoy—AAA 1, + ABA)EL.

Let us set a,=—gt—a(t, X), ax=7%—a(t, x) and so on, and let B(t, x) be
% (2 x)  Bo(t, x)
~VEIGEY D)
By virtue of (1.4), (1.5)=0 becomes
(1.6) (—a/b),—2A(—a[b),—B.(—a/b)*—(a,—.)(—a/b)+7,=0, when b#0,
(1.7) (afe),—Ma/c)—v.(alc)* — (6. —.)(ale)+ B, =0, when ¢ #0.

Let us put g= —a/b, h=ajc, x=Rea,, f=Re f,, y=Rey, and J=Red,.
Since —a/b and a/c are always real, we consider only real solutions of (1.6) and (1.7).
The real parts of (1.6) and (1.7) become
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(1.6") 9:—Ag.—Bg*>—(a—8)g+y=0,
.79 h,—Ah,—yh? — (8 —o)h + B =0.

(1.6") and (1.7") have the real solutions g= —al(t, x)/b(t, x) and h=a(t, x)/c(t, x)
when b(t, x)#0 and when c(t, x)#0, respectively. Regarding g and h as the un-
known functions, let us seek for the solutions of (1.6") and (1.7") which coincide with
—a(t, x)/b(t, x) when b(t, x)#0 and with a(t, x)/c(t, x) when c(t, x) #0, respectively,
in Gnd. (1.6') and (1.7') are the ordinary differential equations along the charac-
teristic curves of 0,— A(¢, x)0,.

(1.6") g=Bg*+(@—38)g—7.
1.7 h=yh2+(5—a)h— B,

. . da(_da o . . .
where d is s \=a ) the derivative along the characteristic curve. Setting

M=(sup {lae(z, %), 182, %), |p(, x), |8(¢, x)|}, both (1.6”) and (1.7") are majorized
t,x)ed
by the following:

(1.8) HZ2M(1+H?).

Let us take 0, =Arctan2, 6,=Arctan 3, ¢,=(0,—0,)/4M, i=s"—¢, and n(s'—¢.)
=(#, X). Since n(s'—e,) is contained in G, one of |[—a(f, X)/b(i, X)] and
la(#, X)/c(i, X)| has the sense and is smaller than or equal to 1. For example, we
treat the case when |—a(?, X)/b(f, X)|<1. We can take a neighbourhood { of X,
such that |—a(f#, x)/b(%, x)|<2 for xe{. Let w in Theorem 1.3 be the intersection
of {(t, x); [t—1|<(6,—0,)/2M} and the set covered by the family of the characteris-
tic curves starting from {. The solution of (1.6") which satisfies the relation g(, x) =
—a(f, x)/b(%, x) on {f} x { exists at least in w and it is smaller than 3. Shrinking ¢,
if necessary, w contains the piece of 0G which is covered by the characteristic curves
starting from . g(t, x) belongs to C®(w) and coincide with —a(t, x)/b(t, x) in GNw
by the uniqueness of the solution of the Cauchy problem. (\/_l——F?)‘“(L g(t, x))

Figure 2.
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gives the eigen-vector of Ci(t, x) in Gnw. Thus the property (i) is proved.

From now on, we assume that R(t, x)=N—1 in @w\0G. By virtue of the prop-
erty (i), we can take the unit eigen-vectors é=(t, x)="(e7(t, x), e5(t, x)) and &*(t, x)
='(ef(t, x), ef(t, x)) in C°(wn G) and in C®(w n G°), respectively (shrinking w, if
necessary). Suppose that & (n(s"))=¢é*(n(s’)). By the above proof of (i), as
g<3 in Gnow, we have the estimate e7(f, x)=(,/10)"! on dGnw. Then, there
is a neighbourhood w,(cw) of n(s’) such that et(s, x)#0 in w, N G¢ because of

ef(n(s'))>10"12, Since the dimension of the eigen-space of Ci(t, x) is one in
w\0G, ef(t, x)[et(t, x) coincide with —a(t, x)/b(t, x) in w,NG and in o, nGe,
respectively. Therefore,

ez (t, x)fe7(t, x), in w,nG,

e3(t, x)/ef(t, x), in w,nG,

satisfies the equation (1.6”) in w, NG and in w, N G* respectively and it is contin-
uous at n(s’). This implies that g is the solution of (1.6”) on n(s) N w,, and then,
it is infinitely differentiable at s=s'.
Moreover, if é7(t, x)=2&*(t, x) on dG N w,, g satisfies the equation (1.6") except
0G and it is continuous on dG. This implies that g is the solution of (1.6') in w,,
and then, it belongs to C*(w,). On the other hand, if |a(7, X)/c(f, X)| <1, we have
the same consequence by the similar way. Thus the property (ii) is also proved.
Q.E.D.

Remark 1. Of course, near the first point n(s”) along n(s) where R;=N—2
(s"<0), we have the same results as (i) in Theorem 1.3 and this is already used in
order to state the property (ii).

Remark 2. Y. Demay [3], [4] gave a suﬂ‘iment condition for the hyperbolicity
under the assumption 1;

Let I,=Pyc°P, +37 {Pp, €P,} and [,=°°P,P.+—= 2 {¢°P,, P,}. There
(L") are two symbols of the pseudo-differential operators S; and S’ of order
N-—2 such that [,=P,S; and [,=S;P, modulo {t—A\t, x: &)} near

t=4,(t, x; &), (1= j<r). (Seealso K. Kajitani [11].)

Obviously, the condition (L') is stronger than (L) in some cases in algebraic
sense.

The condition (L') seems to be realized only for some special class of P,. For
example, if n=1, (L') can be satisfied only when R; is constant on each characteristic
curve. In fact, by virtue of Theorem 1.3, we have a “Jordan’s normalizer>’
J(t, x; D,) of Ci(t,x; D, D) such that JC/=JD/ and Di=I(D,—At, x)D,)+
(?) sf((t)’ x)) D,+--in (w N G/) x R\{0} (w being a neighbourhood of n(s)). On
the other hand, we can see the invariance of (L’) under the transformation NPN™!,
where o(N)(t, x; &) is an arbitrary regular matrix of degree zero. Then, if there
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exists S;, &;(t, x) must satisfy the equation of type %q:asi along the characteristic

curve n(s) starting from a point in G/ as far as n(s) stays in GJ. This implies that
&jln#0 if and only if g],0,#0, that is, n(s) never crosses 0G/. Especially, if all
of coefficients of P, depend only on t and R; is not constant for some j, the con-
dition (L") cannot be satisfied for any lower order term. (See Corollary 4.9 and the
remark of Corollary 4.2.)

Moreover, (L') is stronger than the necessary and sufficient condition even if
each R; is constant on every characteristic curve.

Example 1.
0 x(£24+x?)
P,=ID,— D,, xeR'.
0 0

Let B be <;g: ;; gg: ;‘;) For P, (L) is equivalent to y=0 when x#0. Then,

y must identically vanish because of the continuity of y(z, x). Conversely, y=0 is
sufficient for the (local) hyperbolicity of P, + B in R2.

However, there is no B(t, x) such that P, + B satisfies the condition (L").

On the other hand, (L) covers a typical case when R(t, x) changes. (See the
remark 3.)

Remark 3. ¢(1, x) is, in general, not smooth near dG/ which coincide a char-
acteristic curve. It is neither guranteed by Theorem (.3 nor necessary for the
weak hyperbolicity.

Example 2. Let us take real functions a(x), b(x) and c¢(x) which belong to
C*(R) and satisfy the relation a?(x)+ b(x)c(x)=0 on R.

a(x) b(x)
P,=ID,— ( ) D
c(x) —alx)

has some B(t, x) which satisfy (L'), (for example B(t, x)=0). Therefore, P, is weakly
hyperbolic in R? when |b(x)|+ |c(x)| £0.

However, the eigen-vector &(x), which is expressed by {a?(x)+ c2(x)}~/2*(a(x),
c(x)), or {a?(x)+b2(x)}~1/2t(b(x), —a(x)) when |b(x)|+|c(x)|#0, does not always
belong to C*(G).

For example, let a(x)=@(x) cos% sin %, b(x)= —(x) coszjlc- and c(x)=
o(x) sinZ%, where ¢(x) belongs to C*(R!), vanishes at the origin of infinite order

and does not vanish in R\{0}. Then Gis G, ={(t, x)| x=0} or G_={(t, x)| x<0},

but é(x)=’<cos%, sin %) belongs neither to C%G,) nor to C%(G_). Moreover,

on the operator P,, even if R=1 in R2\R,x {0} and é(x) belongs to C*(R?*\R
x {0}) n CO(R?), in general, we cannot take & in C*(R?). For example, let a(x)
=|x|p(x), b(x)=—@(x) and c(x)=x2¢p(x), where ¢(x) is the above one. Then
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é(x)=(1+x2)""/21(1, |x|) belongs to C®(R?2\Rx {0})n CO(R?) but does not belong
to C'(R?).

It is interesting to compare the example 2 and the examples 6 and 7 in the
section 2,

Remark 4. (1, x) is, in general, not smooth across G/ even if G/ does not
coincide with any characteristic curve. It is neither guaranteed by Theorem 1.3 nor
necessary for the weak hyperbolicity.

0 u(t, x)
Py=ID,— D,,

Example 3.

v(t, Xx) 0
>0, if >0,
where pu(t, x)
=0, if t<0
=0, if =0,
v(t, x)
>0, if t<0

Gt={t>0} and G ={t<0}. Let us take Q=R2 Since é=!(1,0) in G* and
€="0, 1) in G~, we cannot take é in C°(R?). However, for ¢, <0, we can uniquely
solve the Cauchy problem (1)-(2) step by step in [t,, 0] xR and [0, o) x R if
P =P, + B satisfies the condition (L), that is, P is hyperbolic in R? under the con-

dition (L). (Setting B(1, x)=(‘;g’ fc; g((t’ jc‘))) the condition (L) is equivalent

to “p(t, x)=0 when t<0 and y(#, x)=0 when t=0"".) Here, the loss of regularity
in R? is 2. More precisely, for t,=0, the loss from ¢_ is 1, but, for t,<0 and t>0,
the loss from ¢, is 2. (Even if t, <0, the loss from ¢, is 1 as far as t<0.)

1.3° Analyticity of the eigen-vectors

In spite of the remarks 3 and 4 of Theorem 1.3, in the case when A!(t, x) is
real analytic, the eigen-vector &,(t, x) behaves more simply.

Let us set Q) ={(1, x) e 2| Ri(t, x)=N—1} and Q] ={(t, x) e Q| R(t, x)=N -2}
(=Q\Qi). Qi is open and @/ is closed in Q.

Theorem 1.5. (Analyticity of the eigen-vectors.)
Suppose the real analyticity of A\(t, x) and the assumption 1. Then, for each
J, only one of the following arises, (1< j<r);
I Q=0
) QL=Q, that is, QI =0Qi.®
Moreover, in the second case, if P(t, x; D,, D,) satisfies the condition (L), we can
take the eigen-vector é(t, x) in the real analytic class in Q.

Remark. Theorem 1.5 does not remain true in the case of n=2.

6) @] is the closure of 27 in 2 and 92§ is the boundary of 27 in 2.
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Example 4.

XX, —x3} )
D,, xeR" (nx2).
X3 XX
Let Q@ be R*. Q,={x,=x,=0}. P, itself satisfies the condition (L). However,
é=(x?+x3)"12'(x,, x,) is not continuous on 9Q,, = Q..

Besides, P, is weakly hyperbolic, because P, + B satisfies the condition (L) for
some B(t, x), for example B=o(t, x)I. (See the remark 3 of Theorem 1.3. It is
interesting to compare this example and the example 5 in the section 2. See also
the appendix 2.)

Proof of Theorem 1.5. 1If AWt x) is real analytic, we have only one of the
cases I and 1I for each j (1< j<r), because Q! is the zero set of the real analytic
function Y (47 ,)%, where 4], is the (i, k)-cofactor of A!(t, x)—A(t, x)I and i and k
run over ll,kgi, k<N.

We shall prove the latter half of the theorem. We use the same notation which
appear in the proof of Theorem 1.3, omitting the suffix j. Let us set A(¢, x)=

@ (1, x)— it x)1=(‘c’g: j‘cg _”fl‘(’t’x}c)). at, x), b(r,x) and ot x) are also

real analytic and satisfy the condition (1.4):
(1.4) (a(t, x))*+b(t, x)c(t, x)=0.

In the second case, (b(t, x))2+(c(t, x))?#0 in 0 except the analytic set Q,. Then,
—af(t, x)/b(t, x) is meromorphic. Near the determinate pole of —a(t, x)/b(t, x),
a(t, x)/c(t, x)(=[—a(t, x)/b(t, x)]™") is holomorphic. Therefore, if we show that
—a(t, x)/b(t, x) has not the indeterminate poles, at least one of —a(t, x)/b(t, x) and
a(t, x)/c(t, x) has the sense everywhere.

We shall show the absence of the indeterminate pole by the reduction to
absurdity.

Suppose that —a(t, x)/b(t, x) has the indeterminate poles. Since the dimension
of (¢, x)-space is two, the indeterminate poles are the isolated points. Let (¢, x')
be one of them and n(s) be the characteristic curve which pass (', x’). We take
a positive number ¢, (<(0,—0,)/4M, see the proof of Theorem 1.3.) sufficiently
small such that n(t' —e&,) (=(%, X)) is not an indeterminate pole and {t=7} is not con-

Figure 3.
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tained in Q,(=0Q,). Then one of |—a(f, X)/b(#, X)| and |a(f, X)/c(}, X)| has the
sense and is smaller than or equal to 1 by the relation [ —a(t, x)/b(t, x)][a(t, x)/
ct,x)]=1. (If (3 X) is on Q,, that is, a(f, X)=b(1, X)=c(#, X)=0, we use —a(f, x)/
b(t, X)=lim —a(f, x)/b(i, x) or a(i, X)[c(, X)=lim a(i, x)/c(i, x). At least one of
them is J:ie)::ided because {t=1} traverses 0Q, xar:d (i, x) is not an indeterminate
pole.)

First we consider the case where |—a(f, X)/b(i, X)|=1. —a(i, x)/b(i, x) is
holomorphic near X as the function with one value x. By virtue of the proof of
Theorem 1.3, the C*-solution” g of

(1.6") 9, —Ag—PBg*—(a—08)g+y=0,

exists in a neighbourhood w of (7, X) which contains (¢, x’). (See the figure 3.)
Since g coincides with —af(t, x)/b(t, x) in Q, N w, (t', x') can not be an indeterminate
pole. (It is a removable pole.)

In the case |a(7, X)/c(f, X)| <1, we also has the solution h of

(1.7") h,—Ah,—yh*—(6—a)h+ =0,

in a neighbourhood w which contains (¢, x") and this implies that (¢, x’) is not an
indeterminate pole of a(t, x)/c(t, x). (It is a removable pole or a determinate pole
of —af(t, x)/b(t, x).)

In either case, (1, x’) must not be an indeterminate pole of —a(t, x)/b(t, x).
This is contrary to the hypothesis.

Since at least one of —af(t, x)/b(t, x) and a(t, x)/c(t, x) has the sense at every
point in 8, we have the local expression of é&(t, x);

ét, x)=(a?+b2)"12(b, —a) or =(a?+c?)"?*(a,c).

We can continue them in 0 because they are real and normalized, the dimension of
the eigen-space is one on Q,, and @, is dense in Q. (The normal real eigen-vector is
2J-1
v
unique except the product of (—1).) Let us set &;=%,¢;, where &;=(0,...,0, ¢,
2j

e, 0,...,0) and é='(e, e;). Since &] is the real eigen-vector of A'(t, x) belonging
to Aft, x), é,(t, x) is given by |&7|7'&} in 0. Once again, we continue &, x) in Q
by the same way as the above. Q.E.D.

§2. Stably non-hyperbolic operators

In this section, we apply Theorem 1.3 to the necessity for the weak hyper-
bolicity. By virtue of Corollary 1.2 and Theorem 1.3 or Theorem 1.5, we have the
following;

Theorem 2.1. (Necessity of the smoothness of the eigen-vectors.)
Under the assumption 1, suppose that P, is weakly hyperbolic in Q. Then,

7) In general, a, B, y and d are not holomorphic but only infinitely differentiable.
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some of Ry(t, x) are not identically N—2 (1< j<r). Next, when Rjt, x)#N—2
(that is, Qi # &), we can take the unit real eigen-vector é;(t, x) which satisfies the
properties (i) and (ii) in Theorem 1.3 (or the property in Theorem 1.5 when the
coefficients of P, are all real analytic).

By virtue of this theorem, we are in a position to show several examples of
stably non-hyperbolic operators.

Example 5.2 The following Pj is stably non-hyperbolic in any neighbourhood

of the origin.
x -
Ps=1ID,— D,.

x? —iIx

Here, 4 is 0 and Q,, is R?\{0}, but (1, x)=(r>+x2)~1/2'(1, x) does not belong to C°
in any neighbourhood of the origin. This is contrary to Theorem 2.1. (See also
Theorem 1.5.)

More precisely, Ps is stably non-hyperbolic at the origin. This was shown by
H. Yamahara through the direct proof. (Unpublished.) In this case, for Ps+ B,
there is an open set @’ in any neighbourhood of the origin such that ' n {t=0}#¢
and

. coPs{Ps, ©°Ps}|.—0#0 on o'

(%) = PsPPs+5;

Therefore, the local uniqueness of the Cauchy problem (1)-(2) in ' with the initial
line {t=0} is guaranteed by the similar way as in W. Matsumoto [15]. Then, the
local hyperbolicity at the origin implies the local hyperbolicity at (0, x,)ew’. How-
ever, this is contrary to (*) by Proposition 1.1.

Even if all coefficients depend only on t, we have the following example.

Example 6. The following P; is stably non-hyperbolic in any neighbourhood
of (0, x,) for each x, e R.
|

ST 2 L
cos—-sin cos? -

P6=1Dt—(p(t) Dx’

., 1 L. 1
2 L — COS —-sin —
sin? - cos - sin -

where @(f) belongs to C®(R!), vanishes at the origin of infinite order and does not
vanish in R\{0}. Here, 4 is 0 and Q,={0} x R. However, é(t)='<cos tl’ sin 71)
does not belong to C%(wy) for any neighbourhood w of (0, x,). This is contrary to

Theorem 2.1. (See the property (i) in Theorem 1.3.)
In this case, it is difficult to show the stable non-hyperbolicity at (0, x,). How-

8) The examples S and 6 were presented in W. Matsumoto [15] concerning the local uniqueness
in the Cauchy problem.
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ever, if we require a little stronger uniqueness property of the solution in the definition
of the local & well-posedness like V. M. Petkov [19], [20], we can see it easily.

P and P¢ are stably non-hyperbolic even if we take Q=R2}(={(t, x)e R?|
t=0}) or =R2~. On the other hand, the following P, is weakly hyperbolic in R3*
and in RZ~ but it is stably non-hyperbolic in any neighbourhood of (0, x,), for
each x, e R

Example 7.

gl —1
P7=1D1_(P(1) Dx>
=

where ¢(t) is that in the example 6.

Here, A=0 and Q,={0}xR. é=(1+12)"1/2¢(1, |t]) does not belong to C'(w)
no matter how it belongs to C®(R2\{0} x R) n C°(R?), where w is an arbitrary
neighbourhood of (0, x,) and x, is an arbitrary point in R. This is contrary to
Theorem 2.1. (See the property (ii) in Theorem 1.3.)

] a(t, x) 0
In this case, P7+( l a(t, x)

point on {t=0}). Here, a(t, x) is an arbitrary element in C*°(R?). Therefore, P,
is weakly hyperbolic at each point (0, x,) but it is stably non-hyperbolic in any
neighbourhood of (0, x.).

) is hyperbolic in R2*, (especially, at each

In the examples 5, 6 and 7, P; has no lower order term such that P;+ B satisfy
the condition (L), (i=4, 5 and 6). However, there is another sort of stably non-
hyperbolic operators which have some lower order terms by which the condition (L)
is satisfied.

Example 8.
0 u(, x)
Py=1ID,~ D,,

v(t, x) 0

>0, on [(—00, 0)U(U (azi+1, a2))]x R,
where pu(t, x) i=1

=0, otherwise

0
>0, on U (ay, az-)xR
v(t, x) i=1

=0, otherwise.

Here, {a;} is a decreasing sequence, it converges to 0 and a, =co0. The characteristic
root 4 of Pg is 0 and always double, and Q;=\ {a;} x RU {0} x R.

Let B(t, x) be ;‘8: ig gg: ;;) The condition (L) is equivalent to

“y(¢, x)=0 on suppu and pS(t, x)=0 on suppv’’.
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We shall consider the stable non-hyperbolicity of this example in detail in the next
section.
It is remarkable that e ir®(Pg+ B)[ féei*?]=0(l) under the condition (L),

where é is the eigen-vector of A= (3 8), ¢ is an arbitrary real phase function and
S is an arbitrary scalar element in C®(Q). (See V. M. Petkov [20].) The reason
why Py is stably non-hyperbolic differs from those of P, P, and P,. The condition
(L) is also necessary for the local hyperbolicity in the Gevrey class y<*>, where
k>2.9 Here, we seek the unique solution in &(w}) corresponding to the data
u,(x) in y>(w,.) and the right-hand side f(z, x) in y*>w). (See the definitions
4 and 5.) Therefore, Ps, Ps and P, are also stably non-hyperbolic in the class
¥, (k>2). On the other hand, Pg+ B is hyperbolic in the class y¢®) under the
condition (L).1® We can prove this by the similar way as in the next section.

§3. On the sufficient conditions for the hyperbolicity

In this section, we show that we need some additional conditions to (L) for the
hyperbolicity in  through the examples if the coefficients of P, belong only to
C®(£2). Moreover, we establish two theorems for the hyperbolicity under some
additional conditions which refuse such examples.

Under the assumption 1, the operator P is reduced to a family of the systems of
size 2x 2 and the scalar operators. The simplest hyperbolic operator of size 2 x 2
is the following:

Mty x) et x) alt, x) P, x)
(3.1) P,,+B=1D,—< )Dx+< )

0 AL, x) (& x) O, x)

where (¢, x)=0 or (¢, x)=0 in Q.11
The former condition &(, x)=0 is equivalent to rank P,|,-;=0, and the latter
one y(t, x)=0 is guaranteed by both of rank P |,-;=1 on a dense set in Q and the
condition (L) because the condition (L) is equivalent to &(t, x)y(t, x)=0.
Corresponding to the above, we introduce the following hypothesis.
(H.1) For each j, (1= j=<r), only one of the followings arises:

D) Q=0QI(={(t, x) e Q|R(t, x)=N-2}),
1) Q=0 (=the closure of {(t, x)e Q| R(1, x)=N—1}).

9) This is provable by the modified method of S. Mizohata [16], using V. Ya. lvril’s idea [8].
Here, we assume that the coefficients of P belong to y¢+</2, However, this assumption
will be relaxed. In the forthcoming paper, the precise proof will be given.

10) S. Tarama also showed this in much more general class. His proof is very different from
ours. (See S. Tarama [29].) Here, we assume that all coefficients of P belong to 7). The
solution u, in fact, belong to 7). A remark on the hyperbolicity in class y ) and in more
wide classes will be announced in the forthcoming paper. (See [27] and [28].)

11) This is seen by the similar way as the proofs of V. M. Petkov [19], [20] and of H. Yamahara
[25]. H. Yamahara assumed that, for all j, R,(t, x)=N—1 or N—2 in £, but we can relax
“for all j to “for each j”, (1< j<r).
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In the case I, the highest two terms of €J(¢, x; D,, D,) in Lemma 1.4 has auto-
matically the form (3.1) where &(t, x)=0. However, in the case II, in general, we
cannot transform €/(t, x; D,, D,) smoothly to the form (3.1). (See the remarks 3
and 4 of Theorem 1.3.) Therefore, we introduce one more hypothesis:

(H.2) In the case II, &4, x) is taken in C*(€).

Obviously, if P satisfies the hypotheses (H.1) and (H.2) P is hyperbolic, because
P is transformed to the systems of type (3.1) with é=0 or y=0 and the scalar oper-
ators. (See Corollary 4.9.)

3.1° The case with real analytic coefficients
If all of the coefficients of P, are real analytic, the hypotheses (H.1) and (H.2)
are satisfied by virtue of Theorem 1.5. Therefore, we have the following theorem.

Theorem 3.1. (Hyperbolicity in the case with real analytic coefficients.)

Suppose that the assumption 1 is satisfied and that all coefficients of P, are
real analytic and bounded in Q. Then, P=P,+B is hyperbolic in Q under the
condition (L).

Here, if the case 1 arises for every j, the loss of regularity in Q is O, and if the
case Il arises for at least one of j, the loss is 1 in Q (1< j<r).

Remark. For the local hyperbolicity in Q, we need not the boundedness of the
coefficients of P, in Q.

3.2° The case with C*-coefficients

In the case where the coefficients of P, belong only to C*({), the situation is
much more complicated. Here, we restrict ourselves to the cases where &,t, x) can
be extended on each G/ in C®-class, and we use only the modified Petkov’s and
Yamahara's techniques. (We do not use Demay’s idea.) For such restriction, we
introduce the following new assumption. (See the remark 3 of Theorem 1.3.)

Assumption 2. The boundary of each connected component of QJ lies on a
family of some disjoint space-like curves {T{}, (1< j<r), in general as a subset.

Remark 1. The determination of such curves is not unique.

Remark 2. If all of coefficients of P, depend only on ¢, the assumption 2 is
automatically satisfied.

{T{}, divides Q into a family of open connected subdomains {Q}}, and a closed
set 2/, where R(t, x) is constant on each Q] and where X'2\U T} and /=4,
(1£j=r). (See the figure 4.) ’

Remark 3. Rj(t, x) is free on 24, that is, Rj(t, x) is changeable only on ZJ.
Of course, R(t, x) need not change on ZJ. Under the assumption 2, ¢, x) can be
extended on each ST,{ in C%®-class by virtue of Theorem 1.3, but neither the hy-
pothesis (H.1) nor (H.2) is, in general, satisfied. When one of the hypotheses
(H.1) and (H.2) fails, P(t, x; D,, D,) may not be hyperbolic in Q even if the condition
(L) is satisfied. We shall show this by the examples in the paragraphs 3.3° and
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T
e
T
T

Figure 4.
3.4°. However, if we add the following assumption, P is hyperbolic under the
condition (L).

Assumption 3. {T{}, in the assumption 2 does not accumulate on arbitrary
compact set K in Q for each j, that is,
(4) There exists a positive constant dg such that

dist(T{nK, TinK)=6g, if k#l, (1Zj<r).
Remark. Under the assumption 3, £/ =\UT].
1

Theorem 3.2. (Hyperbolicity in the case with C*-coefficients.)

Suppose the assumptions 1, 2, 3 and boundedness of the coefficients of P,.
Then, under the condition (L), P is hyperbolic in Q. Here, the loss of regularity
on K from 1 is at most max #{Q[|Q{nK},#6¢, R(t, x)=N—1 on Q}}, where K
is lense-shaped. !

Remark 1. For the local hyperbolicity in Q, we need not the boundedness of
the coefficients of P, in Q.

Remark 2. The loss of regularity in @ may be infinite, in general.
Example 9.
0 u x)
Py=1ID,— D,
v(t, x) 0
>0, t+a2i<x<t+a2i+l’ (igo)’

where pu(t, x)
=0, otherwise,

>0, t+a,_<x<t+ay, (=1,
(1, x)
=0, otherwise.
L1
Here, ag=—o0 and a;= > R
k=1
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Obviously, the characteristic root A is 0 and double, and Q={x=t+a;}},

={T};. Py+ B is hyperbolic in R? under the condition (L) by virtue of the above
theorem. The loss of regularity on [0, €] x [x,, a,] is |,=max { Js ﬁT'i“n%'l_
---+L.<£} —n+1. (x, is an arbitrary point less than a,. See the proof of Propo-

sition 3.8. Then, the loss of regularity in [0, ¢] X R is infinite because sup /,= o

Theorem 3.2 will be proved in the section 5 as Theorem 5.3 for general dimen-
sion. lIts proof is long. However, if T{ are expressed by {aj} x R for all I and j,
since we can uniquely solve the Cauchy problem on each ([a;, a;,]xR)nQ, we
can obtain the solution (1) and (2) in Qf, solving the Cauchy problem step by step
on QfnQ;, Q nQ; ... and Qf nQ;, where Ul {aj}={a,<---<a,} and
G,y S1,<8,83,<tSd,s . "

This shows the conclusion of Theorem 3.2.

3.3° The case where the hypothesis (H.1) fails
In this paragraph, we present an example in which the hypothesis (H.1) fails.

d 0 ut.x)\ 5
Po=Zr=\o o Jox°

Example 10.

>0, on (a4, d) xR, (i21),
where pu(t, x)
=0, otherwise,

{a;} decreases strictly and converges to 0 as i tends to infinity. Here, for convenience
sake, we set a; =00 and a, <.
Let Q be R2. Here A=0, T;={a;} xR, T, —{O}XR Q=(a;+,, a) xR, Q,

=(—00,0)xR, Q —U(a2l+1’a2')XR and Q= U[azu asi-1] xR U (=00, 0]
x R. (See the figure 5) Then Q,#Q and Q,#Q, that is, the hypothesis (H.1)

t

1
777777777777, &

LT

77777 //////////7‘01"
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fails. However, the hypothesis (H.2) is satisfied because we can take &(t, x)=*(1, 0)
in Q.

Setting B(t, x)= — ;g: i; gg: 3) the condition (L) is equivalent to the
following:

(L) y=0 on Q,.

Obviously, for t,>0, the Cauchy problem (1)-(2) is uniquely solvable in [¢,, o) xR
under the condition (L) solving step by step in [t,, a,] X R, [a;, a;-;]1xR,..., and
[a,, 0)xR. (a,is the least element in {a;} greater than ¢,.) On the other hand,
for t,<0, (1)-(2) is also uniquely solvable in [t,, 0] x R under the condition (L).
Therefore, we need consider only the case when ¢, =0.

Let wus set ¢t x)=exp {—S; oft, x)dt}, Y(t, x)=exp {—S; (z, x)dt},
v=(¢(t(’) x) v (2 x)) u(t, x) and vo(x)=<¢(t6’ x) W t?, x)) u,(x), then the

Cauchy problem for P;,+ B is transformed to the following:

L 0 f 0 B
(P10+B)v=—gt—v—( )—é%;v—(~ O>v=f,
Y

(3.2) 0 0

U(lo, JC) = UQ(JC),

t
where i=pply1", B={p+a{ 6w, nactolyl, T=wiel* and 7=(§ D).
Let us set
(3.3) M yi-1(a2i-15 A2i5 x)=(b£{'c—l(x))j,k=1,2
-1+ % S"“"E@k, x)dskg“‘ B(s_y, x)dsk-l--.ﬂ" B(sy, x)ds,,

where B(t, x)=<?.(2 x) 5(t’0x)) , and let us set d(x)= # {i=2; b3}_,(x)#0}. Here,

2i-1
Y(sl, x)dsl

a
az

b3t .=

+Sa“_' S“ SS’ F(s3, X)B(s2, X)F(s1, X)dsydsydsy+ -

azi azi Jazi
G2i-1 (S2k+1 (S2k s2 ~

+S S S S F(Saks 10 X)B(S210 %)+ +F(51, X)ds 155 -+ dS 2444
azxi azi azi axi

+ e

We set R,=max {|f(t, x)|, |7(t, x)|}, where (¢, x) runs over [0, a,] x K.
(t,x)

Proposition 3.3. (Hyperbolicity of P,,+B.)

The necessary and sufficient condition for the hyperbolicity of P=P,+B in
R? [the local hyperbolicity of P near (0, x,), x, being arbitrary point in R] is the
condition (L,) and the following (M,).
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(M,) For arbitrary compact set K in R,,
dKESug d(x) < .
Here, if P is hyperbolic, the propagation speed is O and the loss of regularity

on RxK from 0 is at most dy+1. (More precisely, for example, if a,<
(/2/R,)-e~ /DR the loss on Rx K from 0 is exactly dg+1.)

Since the proof of the sufficiency suggests the necessity of the condition (M),
first, we show the sufficiency.

Proof of sufficiency. (1. solvability.)

Under the conditions (L,) and (M,), we solve (3.2) from t,=s>0 to a, with the
data v,(x) and the right-hand side 0 and then we make s tend to 0. From now on,
we omit ~ of i, §, 7 and f.

Let us set
(B4, My y(ty, t)=M i1ty 145 %)

Sk

=1+ % S B(se, x)dskS B(s-1, x)dsk-1-~-§“ B(sy, x)ds,
k=1 Jt; ty ty

=I14+By_4(t3, 115 %), (auSt;<t=ay-4),
and
(B.4), Aty t) =MoLy, ty; X, O)
0 S" w5 [ 1 S" B(z, x)dz
— t —— t
= 1 ax
0 0 0 1
=14+ 45t 15 X, 0,), (a+1St1<t=ay).
when a;,  <t,=s<t<Za, the solution of (3.2) is given by
3.5) v(t, x)=4 (1, s)v,.

Therefore, the solution of (3.2) for 0<a,,,<t,=s<a,<a,, <t=a, is given by
the following:

(3.6) v(t, x)=E(t, s)v,=E(t, s; x, 0.)v,(x)
q-1
=V4p(t, ap+ 1) [ I—.[ V[i(ai’ (2 1)]/q(aq9 S)Uc.
i=p+1

Here, we establish a lemma on dg. Let us set d(x) = # {igZI(%)kbg}_l(x);éo
for some k;O}, and 3K=su’1? d(x).

Lemma 3.4. If the compact set K has not the isolated points, we have the
following :
dx=ax.
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Proof. Show that dg=>dy. Since d(x) is upper semi-continuous, there is a
point x, € K such that d(x,)=/. (I=dyx when dy<co and | is an arbitrary large

number when diy=00.) By the assumption, we can take i(1),..., i(/) such that

ki
(25)" b3y 15 %0 (kip 20 On the other hand, if (-Z-)"b3L,(x) 0

(k=0), there is a neighbourhood U,;_, of x, where b3%!_,(x)#0 except at {x.}.
Since x, is not an isolated point, K’=Kn(_fi\ Usijy- \{x,} is not empty and
b3ljy-1(x)#0 in K'. This shows that d,(ga’;.’ On the other hand, obviously
dy<dg. Therefore, we obtain the equality dg=dj. Q.E.D.

From now on, we assume that K has not an isolated point. Let D=1{2i—1
(6x) b3l_,(x)+0, for some k=0, :>2} be {i(1)<i(2)<---<i(l)}, (IZdg). Since
A(t, x) is of type (0 0) and 0% (t, s) is upper triangle for i¢D and «=0,

M B, B, Mi=0 (n,¢D, 1=k<m). Then, by (3.4),, (3.4), and (3.6), the so-
lution v(t, x) is expressed as the following;

(3.7) o(t, x)=E(t, s)v,

_{1+ Z 2 '@u Jxk+ Z Z Z gll Q*M}g**.@”‘

=1 iy<--<ig =0 i1<-<ig J

t2 X X BB Baw Banntl j, By Byt

k=0 iy<-<ix j1<Jj2

+3 S Y By My M

k=0 i1 <-<ig j1<<jm

g,kjl?

Jm’

= {I+E0(t’ S)+E1(t, S)+ +Em(t9 S)}Uoﬂ

where a,,,<s<a,<a,,,<t<a, r=|:l;_i]—[%], m=#([p+1,q9q—-11nD)+1

Zdg+1, i, is odd and j, is even. In the above formula, i,..., i, and i, run under
the restriction of {iy,..., it} N (jm jus 1) ND#¢ in Eft,s) (I122), and %; and 4
express &;,=2(a;, a;+,) and A ;=4 j(a;, a;,,) when p<i, j<q, B,=B,(t, ap;),
My=ML, Qpiy), B,=B (0, 5) and A ;=4 (a,, 3)

Now, let us establish a lemma on the estimates of #; and .# . Here, £(t,s)
«A(t, s) means that each component of A7(t, s) majorizes the corresponding one of
(1, s) as a differential operator. Let R be the maximum of the absolute values of
the derivatives of u(t, x), f(t, s) and y(t, x) of order up to 2N +dg+1 on [0, a,] x K.

Lemma 3.5.

R'2(t—s5)2/2 R'(t—5) «
5,2

(3.8) 02%B;(t, s)y<exp [R'(t—s)] (
R (t—ys) R'2(t—s)2/2

for 0=SasN.
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. 11\,
(3.9) 0208 B (t, s)<al( D R'¥)exp [R'(t—s)] bZO ob,
= 11 )0=
if 1£0=N and 0SB=ZN.

(3.10)  02#(a;, a;.,)<exp [R'(a;—a;44)]

<R,2(ai_ai+l)2/2 R'(a;—a;4y) ) «
X
0 R'%(a;—a;41)?/2

a
x*

for O0Za<N, if i¢D.

0 1 atl
G.11) 6:./}(t,s)<<2R’(t—s)< )iag, for 0<a<N.
0 0 )0

0 11\,
(B.12) bt s)<<2°‘“R’< )i'ag, for 12a<N and 0<B<N.
O 0 b=0

1 1 \p+n
(3.13)  020%E,(t, s)< C,(dg, p, h, N)( > > o,  for 0<a, BSN.
1 1 b=0

Here, R"=2"R and Cy(dg, p, h, N) tends to O when p tends to infinity (that is, t
tends to 0).

Proof. The (1, 1)-component b!1(t, s) of #(t, s) is given by
o« t Sk T,
@19 % B 0ds, (" o6as, 0de, (" Blsser, s

Sk-1 T2 S
< s, w7 Bss, s, [ ot 0.
Then, 02b!1(t, s) is majorized by the following as a differential operator;

o k a
(3.15) 03b1 (@ 5) < £ h+ DR USDE S g

« Z (2N R)2k (t(ZI:))' * nioa

12(4 — a
« _‘L(izﬂ exp [R'(t1-)] ¥ 2.
Moreover, for 1<a<N and 0SSN,
(@16)  oratBl sy« 5 Ckr1pRa E s CEDNEL (8 ),
=1 7 )]

(j runs from 1 to min {2k, a}.)
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{R'(t—s)}2FJ
=Tz k=!8

M=

a .
«al 3 RV o

0
(-1 B

«al(Y RNexp[R(—s)] X 8.
j=1 b=0

Since the other components of & (t, x) are majorized by the same way, we can see
(3.8) and (3.9). If i¢D, the (2, 1)-component 02b2!(a;, a;,,)=0%b?'(a;, a;+,) of
02%(a;, a;4,) vanishes. This shows (3.10).

(3.11) and (3.12) are easily seen.

Now, we show the estimate (3.13). If all of i; do not belong to D, the following
is obtained by (3.10);

G.17) 3211 Bi(as, aye )< (k+ 2R exp [R'(a;, — ;4 1)]
=1

. k]
X ].—I (ail - aix+ 1)
=1 0 2

-k

) io 0s, (i,¢D,1=1,..., k).

Here, we have used 0<a;<a, =<1 (i22).
Moreover, if i, do not belong to D except i,, we have the following estimate;

k
(3.18) 0% II-I Bi(a;, a;,41)<2(k+1)*R'% exp [R'(a;, — a, +1)]
=1

11y,
x 11 (ai,-a,.,,,,)( ) 3 3 (heDand D, [=2..... k).
=1 1 1 a=

By (3.18), we see the following:
3.19) 2B, (ay,, a; +1) M), aj41) B iy Qi1 1)
«(k+2)*227kR"2k+1exp [R'(a;, — G, +1)]
x(aj—aj+1)ﬁ(ai,—ai,+,)( o )“}3‘ o,
i=1 0 1 /a0
(i;jeDand ij¢D, I1=2,..., k).
(3.7), (3.8), (3.18) and (3.19) bring us
(3.20) OB My e My My, By,
«22m(k+h+1)*R'2k*h exp [R'(a;, — a;,+1)]

h k 1 1 ath
X }:[1 (aj,—aj;,+1) ’=l_[l (a,—ay,+1) | ‘?::0 oa,

because {ij,..., i} contains at most m—1 elements of D: {ny,..., ny}, &, a,41)

m+1
and #(a,, s) may not be triangle even if p and g do not belong to D, (i })
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=2 ( 1) and we regard the left-hand side of (3.20) as 0[(&;,---) (%, ") "
(#,.-)%#,]. By the inequality:

k
(3.21) . > . I (a;,—a+1)
pSii<—<irsql=1
=3 (a,—=a;+1) 2 (@, —ap,41) Z (a5, —ai+1)
iiZp i22ig+1 ikZik-1+1
k-1
< Il a
i=p

we have the following by virtue of (3.20), (3.21), m<dx+1 and a,<1;

h— r h
(3.22)  B2E,(, s)<<22<d'<“>ek'<2~R’)"p+.£1,,1aakZ: (2¥R'H)* ﬁ (203:)

i=p

[ pP+k—1 ath
«C(dg)(a,Ry)" kg& R} ill a; (Y 09),

where C(dg)=22(dx+eR’ R =2NR' R,=2NR'?, 6=1if h=0and 6=0if h21.
Let us take p, such that a, R, §%— and p,>p. Then,

pP+k—1
R TI a;<

o i=p

Po—P—1
ZapRZ k2=:0 (apRZ)k» (5=l),

Ms

Po—P p+k—1 Po—1 0 1 k
(3.23) SR at R a3 (3)
K=o i=p i=p k=1

k

Po—P
2 k;) (@,R,)*, (6=0).
Therefore, (3.22) is majorized as the following:

ath
C(dg, h, N)(a,R;) Z‘o 03, (h=0),
(3.24) 02E,(t, s)<
ath
C(dKr h’ N)(apRZ)h ZO aga (hg 1) .

Obviously, the right-hand side of (3.24) tends to O when a, tends to O (that is, ¢
tends to 0).

For 020%E,(t, s) (x=1), we can see (3.13) by the similar way as the above esti-
mate, using (3.10), (3.12), and the relations

65[(67‘.@,(!, ap+ 1))Eh(ap+ 1s S)], if p is Odd’

(3.25)  RPEt, 5)= o
(0 (1, aps )EWaysy, 5)], if p is even.

Q.E.D.

Since E(t, s)=I1+ Z E,(t, s) and m<dg+2, Lemma 3.5 implies that E(, s)
converges to an element of ¢([0, a,]; #) as s tends to 0, where .Z is the space of
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the bounded operators on &(K). We set E(t, O)—hm E(t, s). Then, E(t, 0)
—hm E(t, a,) is of order at most dy+1 and E(0, 0)=1/ because C (dg, p, h, 0) tends

to 0 in (3.13) as p tends to infinity (that is, t tends to 0). Moreover, if a,=<
(\/’-2/7)6"‘"/2 hii_, in (3.3) is positive by virtue of (3.8), (j=1,2). Thus, each
My My MMy M, has the true order | for ng Do ={2i— 123 b3} (x)#0},
(1=k=j) and even i. This implies that E(t, 0) has the true order dy+1 for suf-
ficiently large t at some point x, in K where d(x,)=dy, that is, the loss of regularity
is exactly dg+1 on Rx K from 0.
The solution of (3.2) is expressed by the following:

o(t, x)=E(1, 1,5 x, v, (x)+g E(1, 53 x, 8,) f(s, x)ds, (05t <tLa,).

Q.E.D.

Proof of sufficiency. (2. Finite propagation speed.)

In order to see that the propagation speed is 0, we only need show that the
backward Cauchy problem for P*=(P,,+ B)* on [0, a,] xR is solvable and that
the backward propagation speed is zero. (See, for example, H. Kumano-go [13].)
Under the condition (L,), obviously, P* has zero backward propagation speed in
(0, a,] xR, that is, on [0, a,]xR. On the other hand, the backward solvability
on [0, a,] x R can be seen by the same way as the proof of the forward solvability
under the conditions (L,;) and (M) with respect to the backward direction. (We
exchange a,;_, and a,; each other in the condition (M,).) Therefore, we only
need show the following lemma.

Lemma 3.6. (Invariance of the conditions (L,) and (M,) under the *-trans-
formation.)

P* satisfies the conditions (L;) and (M) with respect to the backward direc-
tion, if and only if P satisfies the conditions (L,) and (M,).

Proof. With respect to the condition (L,), the invariance under the *-trans-
formation is easily seen. Now, we consider the condition (M;). “b3l ,(x)=0"
means that the fundamental matrix E(t, a,;) of the ordinary differential equation

dt ——u+Bu=0 (E(ay;, ay;)=1) is upper triangle at t=a,;_,. Then, (E(ay;_,, a3))!
is also upper triangle. By the way, E(t, a,;)(E(a,;—,, a5;))”" is the fundamental
matrix of —‘14t—u+Bu=0 (E(ay;—y, ay;—1) =1I) and, obviously, it is upper triangle

at t=a,;. This implies the following.

(3.26)

B 0= i ds, +
azi-i

azi S2K+1 S2k 52 .
+S g S S P(S2k+ 15 X)B(S2hs X) - ¥(S1s X)ds - -dspdsypy +
ai-1

a2i-1Jaz2i-1J/7a2i-1

=0.
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The converse is also easily seen.
On the other hand, P* is expressed by the following:

_ 0 0N, (O -7 [ .
P*—]@,—<“ O> 0, <#x_/? 0 ), (a means the complex conjugate of a).

Since (2 8> is lower triangle, now, we need consider the (I, 2)-element of the

backward fundamental matrix on [a,;, a,;— ;] x R, where u=0. Then, we set

bi = [ (s b+

LR P S S R e

Jazi-a azi=t
{=¥(sy. X)}dsyrdsydsype g+

and d*(x)=#{i=2|bi?",(x)#0}.

By virtue of the above consideration, b} (x)= —b217,=0 if and only if
b3l_,(x)=0. This implies that d(x)=d*(x). Therefore, the following condition
(MP):

(M¥) For arbitrary compact set K in R,,
d¥ =sup d*(x) < o0,

xeK

holds good if and only if the condition (M) is satisfied. Q.E.D.

Proof of necessity.

Since the necessity of the condition (L,) is already shown, we now show that
P=P,,+B is not locally hyperbolic at some point (0, x,) under the condition (L),
supposing that the condition (M,) fails.

Let dy=o00, for some compact K. We can find a sequence {x,} such that
d(x))=1 and which converges to x,. We lead the contradiction, assuming that P
is locally hyperbolic at (0, x,).

In the first place, we establish an apriori estimate of the solution of (3.2) for
t,=0.

Lemma 3.7. (Apriori estimate.)

If P is locally hyperbolic at (0, x,), there exist a positive integer N, a positive
constant C and a compact set S,=[0, ¢,] % [x,—&., X, +¢&,] contained in w, such
that

(3.27) lo(t, X)lo,s, < C{10(0, X)|y,5,+ | fat, Xzt

This lemma easily follows through Banach’s closed graph theorem.

Let us take p, which satisfies a,, R<1 and set ¢=min {¢,, a,,}. We set S
=[0, e] x [x,—¢, x,+¢&] and fix | such that x,e(x,—¢, x,+¢) and #D(x)=N+2
where D(x)={2i—1|a,;- <S¢ and b3l_|(x;; ay;—, a5;)#0} ={i(l), i(2),...}. Set p
=i(l)—1and g=i(N)+1. Both p and q are even.

From now on, we consider the solution of the following equation:
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{FIO(tQ x; ata ax)+§(t9 x)}v(t’ x; €)=0a aq+1 étéap,

(3.28)
ott, x5 &) =ni (|

t ﬂ(T3 x)drﬁ 1>eix{’ Oétéaq+ 1
-, =t
where ()€ C=([0, a,)) n0={g 0LIZHZIEI (1=(a,01- a0/, (D)

0, 0=t=<a 4, +e,
€ C®([x,—¢, x,+¢]) and {(x)=1. Let us set

'0’ (Oétéaq+2 and aq+1§t§ap),

(P 1o+§)'1(‘)5(x)'(g B(z, x)dx, l)e"‘é‘

t
ag+1

B(z, x)dx, 1)e-'x¢

t

329 fex={ =noex(|

Gg+1

—n(®s )| (5 x)dz(0, e,

t
aq

\ (ag+25t=ag, ).

Then, the following estimate holds;
(3.30) £t x; Oly,a=0(").

f(t, x; &) belongs to C*(@) because supp #'(t) and supp n(t) are respectively con-
tained in [a,4,+¢;, a4+ —€,] and in [a,,,+¢,, a,], and because y(t, x) vanishes
on t=a,, of infinite order.

On the other hand, v(t, x) is expressed by

(3°31) D(t’ x; 6)=E(t’ aq+l)‘(0’ C(x))eix§9 aq+l §t§ap,

especially, near t=a,, ,,

C(x)t(gt Bdts 1>eix§, aq+1—81§t§aq+1,

ag+1

t

(3.32) = C(x)'(iéS “pd1+g Bdz, 1>e"“‘f

t
aq aq+1

t

(|

udr, O)e""f, a,+1St=a,

ag+1

Then, o(t, x; &) is connected smoothly across t=a,, ,, because u(t, x) vanishes on
t=a,, of infinite order.

Now, let us consider the behaviour of v(a,, x;; &) with respect to &.  E(a,, ag41;
x, 0,) is of order N+ 1 and oy (E(a,, a4, X;, 8,)) is expressed by the following:

(3'33) ON+ I(E(apa aq+la X1 ax))
= Z jjl)ji(l)"'/_lil""li(Z)""l}‘z"'ji(k)'"Vz}'k""’li(N)‘l}p

_.Jhqun-n
(mod. order N),
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7

where i(k) e D(x)), (1 <k<N), j, is even (1<I< N —1), /}=S"’ u(z, x)dt<8 (1)) X

and .-- expresses the product of .#(a;, a;.; x) for odd igb(x,). Let us set

A (a;, @415 X)=(b¥(x))41=1,2 for odd i and mj(x)=gaj u(t, x)dt for even j.
aj+1

Then, we have

0 bg(l,‘)
(3.34) Ul(Ji(k)"'/}“')= ( 0 )m,,(l:-[ b},’)(n b%zz)f,
o) 1 i2

where i; and i, run over i(k) —2<i,;<j—1 and j+1<i,<i(k+1)+2 respectively,
because .#} is of type (8 8) and .#,; is upper triangle when i is odd and is not

contained in D(x;). Therefore,

(3.35) JN+1(E(ap’ Agi1s Xps Ox))

N=1 0 1
=mym iy, kl;-[l (b3 ; mj(li_ll b%f)(l;l b33)] ( o o )5"*‘,

where i,, i, and j run over i(k)+2<i;<j—1, j+1Zi,<i(k+1)—2 and i(k)+1
<j<i(k+1)—1, respectively. Here, the right-hand side of (3.35) is not zero
because m;>0 by virtue of u(t, x)>0 in (a;4,, a;) and because bk*>1—|bkk|=

1 —(a‘,R)Z/Zg—ZL by (3.8) and by the choice of a, and because b?},,#0. Therefore,
we obtain the following;
(3.36) [o(ay, x)|=1E(ap, ag+1; X1 0x)'(0, {(x)e*%)|

S ENTL, for sufficiently large ¢,

where ¢, >0.
(3.30) and (3.36) are contrary to Lemma 3.7. Q.E.D.

3.4° The case where the hypothesis (H.2) fails
Secondly, we present an example for which the hypothesis (H.2) is not satisfied.
It is the example 8 presented in the section 2.

0 0 ”(t, x) ) 0
Py=I——— -,
8 ot ( y(t, x) 0 0x

Example 8.

[+ <}
>0, in U (@241 a2)XR,
where pu(t, x) =1

=0, otherwise,

>0, in G (ay, azi-1)XRU(—0, O)xXR,
v(t, X) =1

=0, otherwise,

and {a;} is the same one in the example 9.
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Remark that pv=0 and then /.=0 is the double root of det Pg(t, x; 4, 1)=0.
Let Q be R2. Here, T;={a;} xR, T,={0} xR, Q;=(a;,,, a;) xR, Q,=(—0, 0)xR
and Q,=R2?\\U T.. Then, Q_=R?2, that is, the hypothesis (H.1) is satisfied. How-
i=0

U pu—
ever, &(t, x) is extended on each Q; as the following:

(1, 0) on  supp ,
é(t, x)=

(0, 1) on suppyv,

then, the hypothesis (H.2) fails.
The condition (L) is equivalent to the following:

y=0,  on suppy,
(L,)

p=0, on suppv.

In this case, similarly as in the example 10, the Cauchy problem of Pg+ B is
uniquely solvable in [t,, ) xR for t,>0 and in [¢,, 0] xR for t,<0 under the
condition (L,). However, for arbitrary lower order term B(t, x) such that Pg+ B
satisfies the condition (L,), Pg+ B is not locally hyperbolic at (0, x,). (x, is an
arbitrary point in R.)

Proposition 3.8. (Stable non-hyperbolicity of Pg.)
Pg is stably non-hyperbolic near (0, x,), where x, is an arbitrary point in R.

Proof. To see the above proposition, we only need to show that Pg+B
is not locally hyperbolic at (0, x,) under the condition (L,). Let B(t, x) be

alt, x)  f(e, x)> ot .
(y(t, ) ot %)) The Cauchy problem for Pg+ B is transformed to the fol

lowing by the similar way as in the reduction with respect to P,o+ B;

_ L 0 ) P (V] y
Pv=(Pg+B)v= v—( )-5?0—< >v=j,
(3.37) (] ; 7 0

v(t,, x)=v,(x).

SE

Here, since supp ji, supp ¥, supp f and supp 7 are invariant under this transfor-
mation, the condition (L,) is also invariant.

We set mft, s; x)=S’ f(z, x)dt, byt s; x)=S' B(r, x)dt, A\, s;x, 0,)=
((0) m;(t,os; x))gﬂ AL, s x)=(' bit. O x)), M1, 51 x, 0,) =M1, 53 X, 0)+

0
A1, s; x) for a;, <s<t=a; when i is even, and my1, s. x)=St ¥(t, x)dz, b(t, s; x)
(- . _ 0 0 o LN 1 0
_Ssy(r, xX)dzt, A, s; X, ax)_(mi(t’ 51 x) O)ﬁx, AL, s x)"<b,-(t, 50 x) J>.

ML, sy x, 0)=AMN1, 53 x, 0,)+ AL, s; x) for a;,; Ss<t<a; when iis odd. For
a,41St,=5<a,Sa,,<t=a, the fundamental matrix E(t, s)=E(t, s; x, 0,) of the
Cauchy problem (3.37) is given by

q-1
(3'38) E(t’ S)="¢p(t’ ap+ 1) i=1;!¢-1 /i(ais A+ 1)/‘1(0‘1, S) .
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The order of E(t, s) is ¢q—p+1, and moreover, o,_,,(E(t, 5)) has the following
form:

0 1
a q
(3.39) o, pi1(E(ay, aye )= 11 AN ay, a;v )= 11 m{a, ai+l)< 0 0 )éq_pﬂ,
i=p i=p

if p and ¢ are even. Since myda;, a;4,)>0, g—p+1 is the true order and this is
independent of the choice of B(t, x) and x. Therefore, it is shown by the same way
as the proof of the necessity in Proposition 3.3 that Pg+ B is not locally hyperbolic
at (0, x,). Q.E.D.

The examples 8 and 10 suggest that we need introduce some additional condi-
tions to (L) for the hyperbolicity when the principal part has the coefficients in C*.
They must be very complicated because the roles of the components in the lower
order term are different each other. For example, in the example 8, if we relax the
requirement on u and v as the following:

supp = yl(azi+1’ a)xR and supp v=[._\J1(a2ia az_;)U(—o0, 0)]xR,

Pg; may not be stably non-hyperbolic and we can obtain the necessary and sufficient
condition for the hyperbolicity of Pg+ B but it is very complicated.

Appendices

§ A.1. Differences between some notions on the hyperbolicity
In this section, we show the differences between some notions on the hyperbo-
licity through some examples.

A.1.1° Forward and backward local hyperbolicities

For the present, in order to speak precisely, we add the word “forward’’ to the
terminologies defined in the definitions 4, 5, 6, 7 and 8. (For example, “forward
locally hyperbolic’’.) We say that the Cauchy problem (1)—~(2) is backward locally
& well-posed at (t,, x,) if we have the unique solution u(t, x) in &(wj,) for arbitrary
u.(x) in £(2,,) and arbitrary f(t, x) in &(Q;.), where w is a neighbourhood of (t,, x.).
Moreover, we say that P is backward locally hyperbolic in Q, if the Cauchy problem
(1)-(2) for P is backward locally & well-posed at every point in 2. We show that
the forward local hyperbolicity in Q does not imply the backward local hyperbolicity
in Q.

We consider the operator Pg. For convenience sake, we change the variable
tto —1t.

Example A.
0 u(z, x)
P,=ID,— D,,

v(t, x) 0
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>0, in \U(ay;, a3:4,)xRU (0, 0)xR,
where u(t, x)[ y
=0, otherwise,

>0, in \/(azi-1,azi)XR’

v(t, x)[

=0, otherwise.

Here, {a;} is a strictly increasing sequence and it converges to 0. We regard a,
as — 0.

Proposition A.1. P, + B is forward locally hyperbolic in Q under the con-
dition (L) but P, is backward stably nonhyperbolic in Q, if Qn {t=0}+# .

Proof. The former is obviously seen because, for each (t,, x,) in R2, there
exists a neighbourhood w such that R(¢, x)=rank (g ’6)=1 in of\w,,.
The latter is proved in Proposition 3.8. Q.E.D.

A.1.2° Hyperbolicity and local hyperbolicity
From now on, we omit the word “forward’’ again. Now, we show that the
local solvability at every point does not imply the semi-global solvability.

Proposition A.2, P,+ B is locally hyperbolic in Q under the condition (L)
but it is not hyperbolic in Q for any lower order term B if Qn {t=0}# ¢.

Proof. The former is the result in Proposition A.1 and the latter is provable
by the same way as the proof of Proposition 3.8. Q.E.D.

A.1.3° &-hyperbolicity and 7(*)-hyperbolicity

Many authors set y¢®)=¢ when they treated y*) well-posedness. However, in
this article, we set y(®) = \2/1 ™. Obviously, y(® & &.

In order to make cl::—ar the word, we use the terminology “&-hyperbolic’’ in
stead of *“‘hyperbolic’’ in the definition 2. We say that the Cauchy problem (1)—+2)
is y* well-posed in Q, if we have the unique solution u(t, x) in &(Q;}) for arbitrary
u,(x) in y™)(Q,,) and arbitrary f(¢, x) in y*)(Q}) and for every t,. We say that P is
y*)-hyperbolic in €, if the Cauchy problem for P is y®) well-posed in Q. Therefore,
if P is &-hyperbolic, it is also y{*)-hyperbolic. However, the converse is not true.

Proposition A.3. Py is &-stably non-hyperbolic in Q, if Qn{t=0}#¢.
However, P=Pg+ B is y(®)-hyperbolic under the condition (L) if the coefficients of
P belong to y(®)(2), where the solution u(t, x) also belongs to y(®)(Q7}).

Proof. The former is given in Proposition 3.8 and the latter is provable by the
same way as the proof of Proposition 3.3. (See also S. Tarama [29].)
Q.E.D.

In the forthcoming paper, we shall discuss the best possible space of functions
where the Cauchy problem (1)~(2) is well-posed under the condition (L). (See [27]
and [28].)



Conditions for the hyperbolicity 81

§A.2. Formulation in case of N=2

The assumptions 1 and 2 restrict the number n of the dimension of x-space
related to the order N of the system. Especially, in case of N=2, n must be 1.
However, in such case, we can have the similar results as Theorem 1.3, 1.5, 3.1, and
3.2 for arbitrary n under the following formulation.

Assumption 1.A. The equation det P (t, x; 7, £)=0 has a double root A(t, x; &).

Mt x; &) is automatically real because the coefficients of P, are all real. More-

over, it has the form Z Ai(t,x)¢;. Let us set A¥(t,x)—Ai(t, x)[ = (‘Czig’ ;g 3ig’ ’3 s
i\& i\ls

then a;, b;, ¢; and d, satlsfy the following:
(A.1) dft, x)= —ayt, x), (aft, x))>+b(t, x)ci(t, x)=0.

Under the assumption 1.A, Proposition 1.1 and Corollary 1.2 are also valid.

Put R(t, x)= i (Ibi(t, %) +eit, x)|) When i Ibt., x,)|#0, P, is expressed by
ID,— Z Ai(t, x)D,,— (‘cl((: ;C)) —a(t x:)) Z by(t, x)D,, in a neighbourhood w of
(t,, x ) where a(t, x) and &(t, x) belong to C°°(w) and when Z leits, x,)|#0, P, is

expressed by ID,— Z Ai(t, x)D,,— (a . x) b g i;) z ¢(t, x)D,, in a neigh-

bourhood ' of (to, x) where d’(t, x) and 5(1 x) belong to C®(w"). These are
derived from the assumption 1.A and the fact that C[¢,,..., £,]1is a unique factor-
ization ring. Therefore, we can take the real unit eigen-vector é(¢, x) on the region
where R#0. Here, & is independent of £, Let G be an arbitrary connected compo-
nent of {(t, x)e Q; R(t, x)#0}. We have the following theorem corresponding to
Theorem 1.3.

Theorem 2.1.A. (Smoothness of (¢, x) along the bicharacteristic curves.)
In addition to the assumption 1.A, suppose that the condition (L) is satisfied.

Then,

(i) If n(s) is a bicharacteristic curve belonging to A(t, x; &) such that n(s)
€ Gx R"\{0} when 0<s<s' and n(s’) € 0G x R"\{O}, then &(t, x) can be extended
as the real unit eigen-vector on w N G in C®-class, where w is a neighbourhood
of {n(s); 0=<s=<s'} in Q.

(i) When R#0 in w\0G (if necessary, shrinking w) we can take & (t, x) in
C*(wn G) and & (t, x) in C®(wn G by (i), If limoé‘(n(s))= lim+0é+(n(s)),

s—*s’— s—s’

[é—(n(s)), (<59,
e, 6z,

is infinitely differentiable at s=s’.
Moreover, if & (t, x) and &*(t, x) coincide on w N dG,

[ é(t, x), (t, x)ewngG,
ét, x)= .
&, x) (@ x)eonGe,
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is, in reality, infinitely differentiable on w n 0G, that is, &, x) belongs to C®(w).
By Theorem 2.1.A and Corollary 1.2, we have the following theorem on the
necessary condition for the weak hyperbolicity.

Theorem 2.2.A. (Necessity of the smoothness of &, x).)

Suppose the assumption 1.A. If P, is weakly hyperbolic in Q, we can take
the unit eigen-vector &(t, x) which satisfies the properties (i) and (ii) in Theorem
2.1.A.

In order to obtain a similar result as Theorem 1.5, we need some additional
assumptions besides the assumption 1.A. (See the example 4.)

Theorem 2.3.A. (Analiticity of &(t, x).)
Suppose the assumption 1.A and that the coefficients of P, are all real analytic.
Then, only one of the following two cases arises;
(n R=0in Q.
(I) R0 in Q except an analytic set. Here, if the zero set of R(t, x) does not
contain the projection of any bicharacteristic curve to Q and the condition (L)
is satisfied, we can take &(t, x) in the real analytic class on Q.

Remark. In the situation under the assumption 1.A, the bicharacteristic
curves are independent of £, then the projection of them to Q is a family of curves.
Under the additional assumption in the case II, the projection of the bicharacteristic
curves may cross or contact the zero set of R(t, x).

Theorem 2.3.A brings us the following theorem.

Theorem 2.4.A. ((Local) hyperbolicity in the case with real analytic coefficients.)

Under the assumption 1.A, suppose that all coefficients of P, are real analytic
and that the zero set of R(t, x) does not contain the projection of any bicharacteristic
curve to Q when R(t, x)#0. Then, the condition (L) is necessary and sufficient for
the (local) hyperbolicity of P in Q.

Here, the loss of regularity in Q is O in the case I and is 1 in the case II.

Remark. Of course, for the hyperbolicity, we assume the boundedness of the
coefficients of P, in Q.

For the case with C*®-coefficients, we introduce an assumption corresponding
to the assumption 2.

Assumption 2.A. The boundary of each connected component of the non-zero
set of R(t, x) lies on some disjoint space-like hypersurfaces {T;}, in general as a
subset.

{T}} divides Q into a family of the open connected subdomains {@,} and a
closed set X, where R(t, x)=0 or =1 on each @, Z2\U T,and ¥ =¢.
1

Theorem 2.5.A. ((Local) hyperbolicity in the case with C*-coefficients.)
Under the assumptions 1.A, 2.A and 3, P is (locally) hyperbolic in Q, if and
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only if the condition (L) holds good in Q.
Here, the loss of regularity on K from t, is at most #{Q,; QN K:#¢ and
R(t, x)#0 on Q,}.

Remark 1. Of course, for the hyperbolicity, we assume the boundedness of the
coefficients of P,

Remark 2. Under the assumptions in Theorem 2.5.A, there are a*(t, x), b (t, x)
mdﬂ@ﬂinC%@)wthtﬂgﬂu—gﬁ@xwg—ﬂmﬂéyﬂnﬂ

W x) b, x)

e %) —at(e %) and A =0 or #

—cft, x))D,, on Q,, where AX(, x)=(
0 on &,.

The theorems in this section are provable by the same ways as the proofs in
the sections 1 and 5.
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