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1. Introduction and summary of results.

Spitzer [10] has introduced Markov chains, whose space of "time parameters"
is an infinite tree T , and  whose state space is a  s e t  { —1, +1 }. H e investigates
Gibbs distributions on T  that a re  Markov chains o f such construction . Several
works [1], [4] and  [8 ] are m ade on Gibbs distributions on trees.

In  th e  present paper, we generalize Spitzer's results to th e  c a s e  when the
state space is a  c o m p a c t se t. If  th e  state space consists o f two points as in the
case of Spitzer, all Markov chains a re  reversible. S o , in  th a t c a s e , th e  "time
parameter" space T  need not be equipped with a  d irec tion . B u t, since Markov
chains may not be reversible in  our case, we m ust introduce a direction into T.
Thus, we consider Markov chains whose space o f "time parameters" is a n  in-
finite directed tree T, and whose state space is a compact measure space (X , 2 ,p ).

L et F (x , y )  be a  measurable function on Xx X, o f which we do not assume
th e  boundedness nor th e  symmetry F (x , y )= F (y , x ). A  M arkov chain o n  T,
whose transition  density we denote by p(x, y ) ,  is  a  Gibbs distribution o n  T
with th e  potential F, if  a n d  only if

p ( x ,  y ) = _ 2 ( s ,  n ) u ( x ) -
iu(y)sv(y)n-ie-F(.,,0

where u  and y are positive solutions of integral equations o f  t h e  Hammerstein
type

1u(x)=2(s, n){ xe-F(''')u(3/)v(Y)n-itt(dY),

v(x)=2(s, n) .Çx e- F ( ''' ' ) u(y)s - iv(y)n,u(dy).

Numbers s, n  and 2(s, n) will be defined in  th e  following sections. L e t  3 / (F )
be th e  se t o f Markov chains that are, at the  same time, Gibbs distributions with
the potential F .  Under summability conditions on F, all o r n o  chain in  .51(F) is
reversible. Roughly speaking, all chains in  .51(F) a re  reversible if  a n d  only if
F  is nearly symmetric. In  a  symmetric case, the transition density p(x, y )  has
th e  form ;

p(x, y)=2(s, n)u(x)-1u(y).+3-ie-r(x,
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where u is a positive solution of the integral equation ;

u ( x ) = 2 ( s ,  n )  x e - F
cx, o u (y )s+n-, y )

Existence of positive solutions of the integral equations is proved by applying
th e  theory o f cones in  a  Banach space.

Dobrushin and  Shlosman [3] proved that all Gibbs distributions in Z 2  whose
state space is th e  circle .S1 ,  are invariant under ro ta t io n  o f  th e  circle, if  th e
potential is o f  finite range, of C2 -class and rotation-invariant. We present an
example of chains in ,9i(F) that a re  not rotation-invariant although the  potential
F  is rotation-invariant and of C- -class.

Next, we consider a  potential 13F, where 13>0 is the reciprocal temparature.
We prove uniqueness of 3 ,013F) for sufficiently small 13. We present an  example
i n  which t h e  number o f chains in  .31(13F) is exactly calculated for sufficiently
large 13.

2 .  Potentials and Gibbs distributions.

L et X  be a com pact metric space. L e t g  be th e  topological Borel field of
X  a n d  le t  p  be a  measure o n  (X , g ) .  L et T  be th e  infinite directed tree, in
which s  branches emanate from every vertex  and  n branches flow  into every
v e r t e x .  Two vertices a b  i n  T  a r e  neighbours if  they a re  connected by a
branch, which we denote by a— b o r  b — a. If a branch connecting a and b ema-
nates from a, which is equivalent to that the  branch flows into b, we write a—g)
or a .  We remark s, n 1. F o r a  subset V of T , let ay . be the set of vertices
i n  Ve that a re  neighbours o f vertices in  V .  L et D =X T . F or (DE D an d  a  T,
le t  x a (a))=0).. F o r VCT, le t  x v (w) be the restriction co I v  o f  co o n  V , an d  le t
g v  be th e  a-algebra o f D generated by x v . g s 2  is th e  a-algebra generated by
the  cylinder sets.

A  potential is a  p a ir  g=-(F1, F2)  o f real-valued measurable functions F , and
F2,  where F , and F2 a r e  defined on X  and  on  Xx X , respectively. F o r  a  finite
subset V  o f  T  an d  fo r x , f 2 ,  put

liv (x )=1 -/F(x )= E F1(x .)-F E x2)
ae V a, bEV

+  E  F 2 (x .,  x 2 )+ E  F2 (x 2 , xa).
aEV,beav a EV,bEav

a■-b

T h e  family WO y is called Hamiltonian.

Definition. Two potentials g =( F 1, F2) a n d  g '-=(F , F 2 )  a r e  said to be
equivalent, which we denote by g  9 ' 1 , i f  HT7(x)—HIT (x) does not depend on x v
fo r every finite subset V .  We remark that it may depend o n  x a v .

Lemma 1. L et g=-(F,, F2)  be a potential and put
1 

F2(x , y )=F2(x , y )d- n ± s  IF,(x)d-F,(Y ù}  .
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then 9 .F P .  I f  F 2  is symmetric, F is also symmetric.

1
P ro o f. Put n x ,  y ) =  {P1(x)-FF1(Y )} . We haven-Fs

E xb)-F E  F ( x a ,  x b ) ±  E  Ft:(xi), X a )
a.bEV aeV .beav aEV,bEaV
a-•b a«-b

1 = E Fi(x a)+ E  {a GI/ ; a —  F i (x b)
aEV n±s tEav

Therefore, HP.FP(x)-1-1 1( x ) , , E # {a e V ; a —b} Fi(x b), which implies
n-r-s bEav

(0, F ).

In the following we always assume F1= 0 . W e identify a  potential (0, F)
with the function F.

Definition. 1 ) A  potential F  is said to be sym m etrizable if  there exists a
symmetric potential 1 ' with F Ê .  W e  ca ll F  a  symmetrization of F.

2 ) A  potential F  is said to be uniformly sy m m etrizable i f  there exists a
symmetrization Ê of F  such that

sup I F(x , y )— P(x , y)I <+00 .

We call F a uniform symmetrization of F.

Lemma 2. 1 )  A potential F  is symmetrizable if and only i f  there exists a
measurable function f  such that

F(x , y )— F(y , x )=f (x ) — f(Y )•

2 ) A potential F  is uniformly symmetrizable if and only i f  there exists a
bounded measurable function f  which satisfies the above equality.

P ro o f. Assume F(x , y )— F(y , x )-=f (x )— f (y ). We have

1 1F ( x ,  y ) = -
2  

IF(x , Y )+F(y , x )}  + —
2  

{ F(x , y )— F(y , x )}

1 1
= —

2  
{ F(x , y )+F(y , x )}  + -

2
if (x ) — .AY» •

1 s—nPut P(x , y )= -
2  

IF (x  , y )+F(y , x )}  + If (x )d- f (y )}  . Since2(n+s)

E If(x )— f ( x 0 1 +  E  If(x .)— f(x i,)}  +  E  {f(xb)—f(Xa)}
aEV,beav aEV,beaV

a->b a -.ba i - b

=(s— n) E f ( x 0 +  E C#{aEV; a —b)- —#1aEV; a —» blif(xb)
aEV beav

and since

E  If (x a)+f (x 01  +  E  { f ( x . ) + f ( x 0 1 +  E  If (x )± f (X a)}
a,bEV aEV,beav aEV, beav

a.-b
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=(s+12) f ( x . ) + #{aEV ; a—b} f(x b),
a V

we have

H f ;(x )-11 f (x )

= 1  E  [# {aEV;a<-14— #{aEV;a— b}2 b 6. 17

s—n {a E V ; a—b}]f(x b ) ,s+n

which implies F P .  If f  is bounded, from an  equality

F(x, y )— P(x, y )= .
 n +

1
 s  Inf(x)— sf(y)} ,

it follows sup1F(x, y)—P(x, y)1<c>0.
U

Conversely, a s su m e  F Ê , where P  is symmetric. L et ai —, a and
a —a (1 - j _ s ) .  By the equivalence of potentials, the difference Hra)(x) — Hfa}(x)
does not depend on x a , which we denote by 4(x„, 1, x a,, •••  x a n , x al, x ai, •-•  , X e ).
Fixing any x o E X , we take arbitrary x and y from X . Put xa=y, xa,=x, xa i =x0

and x e i  = x 0 (1 j _ s ) .  Put 4 ( x ) =4 ( x ,  x o , • , x o). We have

4 (x )=4 (x , x o , • • ,  x o)

-=11FŒI(x)-11fa)(x)

= ±2 IF (xa i , Xa) — P( X a , ,  X a »+ {F (X a , X a j ) — P (X a y  X a ,)}
i=1 1

= I F ( x ,  y)— P(x, y)1+(n-1){F(xo, y)— P(xo, y)} +s{F(y, x0)—P(Y, x0)1.

Consequently,

F (x , y )= P (x , y ) — (n - 1) {F(x0, y) — P(xo, y)} — s{F(y, x0) — P (y , x 0 )}  +4(x ).

Exchanging x  and y, we have

F (y , x )= -P (x , y )— (n - 1) 1F(xo, x)—P(xo, x)}—s{F(x, x 0)—P(x, x0)1+21(Y)

from which follows an  equality

F(x, y )— F(y , x )= f(x )— f(y ),

where f (x )= 4 (x ) - F(n - - 1){F(x0, x) — ft(xo, x)} +s {F(x, x0)—P(x, xo)}.
If  sup IF(x, y) — P (x , y)1<+00, then 4 (x ) is bounded, therefore f  is also

X .  Y

bounded.

For a  finite subset V  of T ,  put tiv(dxv)= a1Ip (dx.).

Definition. A  potential F  is said to be adm issib le if  fo r any finite subset V
of T

2-7 (V , X cllv(x)Pv(dxv)<+00xv a. e. (par).



Spitzer's M ark ov  chains 45

Lemma 3. A  potential F  is adm issible, if

(A, 1) e•-•(n+s)F(s. Y ) ,u (dx )p (dy )<+00  ,

o r if

(A, 2) sup -t e - F(x. v),u(dy), p(d y )} < +œ ..

P ro o f. Admissiblity under (A, 1) is a direct consequence of 1) in the follow-

ing Lemma 3'. Under (A, 2) we have .Çe - H f ( x) pvuav(dxvuav) < 0 0  b y  2 )  in

Lemma 3', if  we put F a , b = F  for a— bE V U 3V  with {a, b} ( av, and if we put
Fa , b = 0  fo r a— bE av .

Lemma 3'. L et be given a family {F a b ; a - . b E T }  o f  functions Fa,b=Fa,b
(x , y ) .  F o r a  finite subset V  of  T , put

v (x )=  E  F a ,b (x . ,  xb)d- E  F a ,b (x . , E  F b ,a (x b , X a )a,bEV aEV,bEaV (LEV, bEaV
a-.1) a•-b

1 v (X ) =  E  F a ,b (x . ,  x b ) .
a, bET

1) I f  f o r each a— .bE T ,

(A, 1)' C a + s ) F  g x ,  y ) ,u ( d x ) p ( d y ) < + 0 0

then it holds e - '7 v ( x ) ti v (dx v )<--k co a. e. (par).

2) I f  f o r each a---q)e T ,

(A, 2)' sup -t e- Fa, b( z. ing(dy), .çe - Fa,b(u'x )p(dy )} <±oo ,

then it holds . e - f i v ( x) I-tv (dx v )<+00.

Proof is carried out by induction in V .
1 ) L et V be a  se t consisting of a single vertex a . Let a i —, a  (1 - i n) and

a;<— a (l j s). We have

a(X  a x a)+ A Fa,a:i (X a, X a 'j )

-1 (a1 ( . )
,te (d  x “) .= H  e - F a i , a (s a i , so 

H  e
-F a .  a 'j (x a ' X a j )1-1(dX a)

oi+s)Fai,a(xa1,sa)p(dxa)111 (a+s)F a, e i  ( x  x  j ) 11(d X a) y
/(n+s)

<+00 a. e. (tta(a))

We assume that the statement is true if  #1/. k .  Let #V =k  + 1 . Fix any ao E V



F,„ a0 (x )-=
1 lo g  6

,-(n+8)F., a  o(s, z
) p ( d z ) , if a ao ,n + s

1 log ( n + s ) F a o ,
a ( ` ' x ) (d Z ) if a—  a 0 ,,n + s

46 M . Miyamoto

an d  le t 170 =V \ . Put

F c',„b(x , y )-=Fa ,b (x , y ), if  otherwise.

I t  is  c le a r  th a t  5e-(71-1-8)Fet,b(x, l l )
p ( d x ) p ( d y ) < + 0 0 . W e have

1-7v(x) -=  E  Fa, a o (X a , X a d +  E  F.,,a(x a o ,  xa)acvouav aeVoUaV
a - •a0 a•-a0

+ E Fa',b(xa, x0)+ Fa',b(x 0)
a, beVo aE170,bEaV0Ma0
ct-■b

F 0 ,a (X 6 ,  X a ) .
aEV0,bEaV0Nla0)
a■-b

Denote th e  sum  o f  th e  first tw o term s and  the  sum  o f  th e  last th ree  term s by
1-7 1 (x )  a n d  b y  172(x ) ,  re sp e c tiv e ly . R e m a rk  th a t # la E  vovav; a —a ol
W e have by Holder's inequality

e•-•g ic ' ) p(dx a „) - -.= II e- F  a o Cx a. sad H  e -Fa„, acxao, xop(dxao)
acv ouav aevouav
a-■a0a • - a 0

n  f e -(n+s)Fa, ao ,a , xadp(dx a o ) ao(xa, xa) t t(dx a o )
aev ouav„ aEvouav
a-'a0a . - a 0

11/(n+s)

=exp  { —  E Eaevouav aEvouav
a->a0 a■-ao

O n the other hand,

1-7 2 ( x ) +  E  F t , a , ( x a ) +  E  Fcri o . a(xa)aevouav aevouava- a0

=174 0(x>+ E Ft,a 0(x a )-k  E  F o.a(xa),
t(liVvaoc  v ar:2 , ,

w here 1--/Ç70(x )  is  th e  Hamiltonian determined by {.F,0},  i.e.,

17çio(x) -=  E x b)+ E P7L,b(xa, X0)
a,beVo aEV0, bEaV oa -, 1)

+ E Fb,a(x t,, x a)
a e lro , bEaVo
a b

Therefore, w e have

e -1 -7 v ( x) tiv (dx v )-=e - g 2 ( x) ,ttvo (dx v o ) e - 1 1 1 ' ) /1(dxa o )

exp {— E  F , a o (xa )—  E a(xa0e-R70 vo(dxvo).
aEav acav
a , a0 a•-a0

T h e  last integral is finite a. e. (tt;-,, v o )  by  th e  assumption of induction.
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2 )  I f  #V=1, J ( x ) = O. C onsequently , , e -1 7v ( ' ) p y (d x j, )< 0 0  i s  trivial. We

assum e t h a t  t h e  sta tem ent is true if  #'17- k .  L et #V=k + 1 .  I t  is easy to see
th a t  th e re  e x is ts  ao E  V  s u c h  th a t  #(Vnaa 0)=- 0  o r  1. P u t  V o -=V \{a c } . If

4#(17 (3a0)=-0, —1-7 v(x).----17v0 ( x ) .  Therefore, by th e  assumption of induction.

1e-  n v (') p v (d x v )-=55e - r7v pv„(d xvo)p(dx a0)

, p(X)Çe - i i vo( x) p v 0 (dx v 0 ) <+00

I f  Vnaa 0
,-= (b ) an d  if , fo r example, ao

, b, then

1y(x)=Rv o(x)+Pa o,b(xao ,x0.
Therefore,

(xao. xott(dx a o)pv o (d x vo)e-1 7" ( x) pv (d x v )=-11e -1 7v0( x) - F ao, b

s u p  e,-Fao. b (X a o . x ) ii(dxa 0)1e -1 7V0( x ) P170(dXV0) < ± C° •

In  th e  following we consider only admissible potentials without mentioning.
Put

xav (xv )= 8 ( 17 , xav ) - i e- H T;( x)

w h ic h  is  a  probability  density  o n  (X", p v )• W e  c a l l  0, s a v  conditional Gibbs
density. W e rem ark  that 0, xav=0:xa, fo r all finite subset V  and for a. a. (pav)
xa v , if  and  only if

Definition ( [2 ] ,  [7 ] ) .  A  probability measure P  o n  (Q , .93(2) is  c a lle d  Gibbs
d istribu tion  with a  potential F, if  fo r  each finite subset V  o f  T , conditional pro-
bability distributionP( g v e) relative to  g3v c is absolutely continuous with respect
to  p v  and

d P (  g v c)F=gv, xavd pv

Let g (F ) be the set of G ibbs distributions w ith  th e  potential F.

3. Markov chains on the directed tree T.

L et p(x, y )  be  a positive transition density on  (X , .B, p) and let h(x) be the
invariant probability density o f  p(x, y ) .  Put

fi(x, y)-=h(y)p(y, x)h(x) - 1 ,

w hich is called reversed tran sition  density o f p.
L e t V  be a  connected finite subset of T .  Let us introduce a second direction

in  V . F ix  a n y  ao E V .  I f  a—b and there  ex ists a  chain a 0— a,— ••• —ai -

a—b, w e w rite  a ,—>b o r  b<—, a .  In  particular, a0
,— a i f  ao — a . W e rem ark that

i f  a —b eV , e ither a ,-+b o r  a 4—, b. Put

a. e. (P ).
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Pv (xv )=h (xad  H  P(x.., x2) H  1 3 (x ., 2)
a,bEV a. bEV
a—b

a.-b

Pv {we Q  x  v (0 ))E EPv(xv)tiv(d x v) f o r  E E g v .

It is easy to see that p v  does not depend on  the  choice o f  th e  c e n t r e  ao a n d
that {P} is a consistent cylinder measure. By Kolmogorov's extension theorem,
{P }  extends to a  measure p on (Q , g312). We identify th e  measure p with its
transition density p (x , y).

Definition. A  measure p constructed above is called Spitzer's Markov chain
w ith a  potential F  i f  p E g (F ) .  Denote by n (F )  t h e  s e t  o f  Spitzer's Markov
chains with th e  potential F.

Theorem 1. A transition density p = p (x , y ) belongs to n (F ), if and only i f
p (x , y ) has the expression;

p(x, y )-2 (s , n )u (x ) - 1 u(y)sv(y) . - ie - F ( x, 2/)

where 2(s, n) is the Perron-Frobenius eigenvalue of the kernel e - F rx. 0  if  s=n=1 ,

and 2(s, n)=1 if otherwise, and u and v are positive measurable functions satisfying
•

u(x)=2(s, n).Çxe-F(x. v) u ( y )sv ( y ) i.n- y )

(*) v (x )= 2 (s ,  n ) i ,e - F uhx ) u(y)s - lv(y)np(dy),

.x. u(x)sv(x)n,u(dx)<+co

The invariant probability  density  h (x ) has the form ;

h (x )= cu (x ) 8v(x)n

where c  is a normaliz ing constant.

P ro o f . 1 0 .  Assume p (x , y)e.511(F ). Let a i — a ( l i n) and ai -- a (1.__j - s)
a s  before. Choose a  a s  th e  c e n t r e  o f  { a, a l , a2, ••• a . ,  a ,  a , ••• , a;} in the
definition of the direction We have

qa,sa a (x)---- E (a , x , a ) - 1  exp {— F(x a., x) — ± F(x, x a ,./ )}' 5=1

=Z (xaa.) - 1 h(x)fl 1)(x, x G..)1 P(x , xa ,i ) ,'  5=1

where Z(xac,)=511(x)111 P (x , x ..)A  P (x , x a » k t (d x ) .  P u t  U (x , y )=P (x , y )e (x• 'Y) .%:=1 % 
Then,

Z( xa,i)-112(x)H 15(x , xa i ) xei)
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=Z (xaa) - 1 171 h ( x , ) h ( x ) '1 71U(x a,, x )18-1 [1(x, xcei )2:=1. J=1

x exp F(x ai, x )— ± F(x , x a ,
j )} •J=1

Consequently, W-==h(x) l - n lniU (x a., x ) f IU (x , x .:,)  does not depend o n  x." 1=1

Fix x o  i n  X  and take arbitrary y  from X .  L e t  x =x0
x cei = x o o r  y  (1 j _ s ) .  P u t v=#{ .i; xej  = y } .  We have

T/17 =h(x )i - riU(x o , x)nU(x, y) 11/(x , x0)8 '

=h ( x)i-nu(xo, x)Th u (x , xo)dt u
u

(

(
x
x : x

y
0
)
) Y •

Letting v=0, we see that h(x)i - nU(x o , x )'U(x , x 0 )3 does not depend on x .  Next,
U (x  y)letting v=1, w e see that 

U (
d o e s  n o t  d e p e n d  o n  x , which we denote by
x,

,

 x o )
V ( y ) .  Putting U(x )=U(x , x o), we have U(x , y )=U(x )V (y ). Therefore, p(x , y)
=U( x )V( y )e '( '" )  and c1 _ h(x )' - nU(x) 3 V(x) 7" does not depend on X.

Case n =1 . Put

U(x )1, if

cli ( 7 - ' ) U(x) - 1 , if

From c1=U(x) 8 17(x), it follows that

ci u(x),
V (x)=c 1U(x) 3 =

cV- i" - ' ) u(x)s,
We have

s= 1 ,

•

if s= 1 ,

if s . 2 .

p(x , y )=U(x )V (y )e- F ( s ,  y )

{  
c1u(x)-1u(y)e-Fc.,y) , if s = 1 ,

U (X ) -
1 u ( y ) s  e — F ( x ,  y ) if ,s 2 .

The equality p(x , y )p(dy )=1

u(x) ,

implies that

ci e - F ( z. u(y)p(dy) ,

.e-Fcs,v)u(y)sp(dy),

if

if

s =1 ,

Since u(x)>O, c 1 is the Perron-Frobenius eigenvalue 2(1, 1) o f th e  kernel e- F  x  ,  y )

Thus we have
p(x , y )=2(s,l)u (x ) - 1 u(y)se - Fcs' 31)

u (x )=2 (s , 1 )e u(y)s p(d y) .

(1 . i . _ n )  and  le t
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P u t  v (x )=u(x ) - sh(x). T h e  equality h(x) 4 1 ( y ) p ( y ,  x ) p ( d y )  implies v (x )=

2(s, 1 )e - F (Y•x)u(y)g - 1 v (y )p (d y ). From  h d p = 1 , it follows 1./svddu = 1 .  Thus,

the  proof is completed in case n = 1 .
Case n 2 .  P ut u (x )= U (x ) - '  and v(x)= {U (x)97(x)}  1 /( n- 1 ) , i. e.,

U (x )= u (x ) 1 , V (x ) , u(x) 3 v(x)n - 1 .

Consequently, p(x , y )=-u(x ) - 1 u(y)sv(y) - le - F(x 'Y ). The equality p(x, y )p(dy )=1
means

u ( x ) =e - F(x•Y )u(y) 3 v(y) 7 1 - 1 p(dy ).

On the other hand,

c i =h(x )' - nU(x) 8 V(x) 3

={ h(x ) - 1 u(x )'v (x )1 3 - 1 ,

which means h(x )=c,u(x )sv (x )n with a constant c2 . T h e  e q t a l i t y  hc/1e=1 im-

p lie s  ilsvn d p < + (x ). From h(x )= .çh(y )p(y , x )p(dy ), it follows that

v (x )= 6 . - F( Y'x ) u(y) 3 - 1 v(y)np(dy).

The proof is completed in case n _ 2 .
2 ° .  Assume conversely that positive functions u  and v  satisfy (*). Put

p(x , y )=2(s, n)u(x ) - 1 14(y)3 v(y)n - 1 e - F (s'Y )

-1
h(x)=cu(x)sv(x)n w ith  c = (u s v n d ,u ) .

The reversed transition density 13(x, y).-=- h(y )p(y , x )h(x ) - 1  is equal to

f i(x , y )=2(s, n)v (x ) - 1 v(y)Thu(y) 3 - 1 e - F o ,

L et V  be a  connected finite subset of T  and fix a,, V  as the centre of vuav
in  the  definition of the direction We have

Pv uav (x npv )=h(x  a o ) I I  P ( x . ,  xb) H  13(x ., X 6)
a,bEvuav a ,b 1ruav
a■-b a■-■13

a4-b

=c2(s, 1)°1a -beV tjaV )Ê ( xvuav) - 1  e x p  1 —  E  F(x a,
ct,bETWaV
a->b

where we put

Ê(V , xv u av) - 1 =-u(x a dsv(x a o )Th H  1 7 4 (X  a ) - 1 U(X  bYV(X  On  - 1 1
a,tevuav
a-b

H Iv(xa) - 1 v(xb)u(xb)s —il •
a, bevuav
a-b
cc.-b

A s  usual, l e t  a i a  0 (1 n )  a n d  a;■—a 0R e m a r k  t h a t  aao=



Spitzer's Markov chains 51

{al, • • •  , a ,  a ; ,  • • •  a's} C V V a V .  We have

Ê(V , X vuavY 1 U ( X  a 0 )8 V(X a or  i l 1 {11 (X a 0 ) - 1 1 1 (X cci )VX

H {v(x a o ) - 1 v(x")nu(x")s - 1 H {u(x,,)-17,t(x5)3v(xb)-11
i=1 a, bEvuav , a*a 0

a-b
a ,b

X I I {1 )(X 0 -1V (X 2 )'U (X 2 ) - 1 1a, bEvuav, a *aa-b

,.Yv(x a ,.)n- 1 1II {v (xadnu (xa i ) 3 - 1 1.J=1 i=1

X ITf u ( x a ) 1 u(x2)'v (x2) - 1 1H { v ( x a ) - 1 v ( x 2 ) u ( x 0 s - 1 1  •a, beVUaV, a *a o a, bEvuav , a *a oa-■b a-b

Therefore, xvuav)-1 does not depend on x ao . Since 21-4'(V , xvuav) - 1  does not
depend on the choice of the centre a ae  V  of the direction it does not depend
on x v . Thus, we have Pvuav(xvuav)=(V, xav) - 1  exp {— E  F (x a x b )} ,  where

a, bey uav
A a 4b

( V  X a v )  depends only on xav . It is easy to see that the extension of the cylinder
measure {P v u a v }  belongs to L '(F ).  The proof of Theorem 1 is completed.

We remark that the expression of p(x, y) in  Theorem 1 is not unique. If
u  and y satisfy (*), then also (2= -0 - 1 u  and D=c - 0 - 1 )y  satisfy (*) and determine
the same p(x, y ) as u  and v . In order to make the expression unique, we need

summability of u ' y '  and u ' - 'yn , which does not follow from i.tsyndi,/< +00.

Lemma 4 .  Put X(x, M) ,  E  X  ; F(x, y).11/11 and  X *(x , M )-=  G X  ; F(y, x)
We assume that there exist M and an integer k such that

1-0 1(xi , x2 , ••, xk ); p (X \A X (x i , M ))=0}>0 ,
(A, 3)

Pk i(x i, x2, ••• , xk); p (X \ A X * (x i , M ))=0}>0  .

I f  u  and y satisfy (*) in  Theorem 1, it holds that

. usv7 1 -1 dp<d -00  and us- 'vndtz<d-co

P ro o f. Since U (X )= j  e -F (x, v )u (y )3v(y )n-1  /I(d  y ) › .  e -M .Ç
X  (x , M )

U (Y ) s V (Y) n - 1 1-1 (d 31),

i=1
usvn - id e m E  u(x i ) <+0.0.

X (x M ) 

Theorem 1'. We assume that there exist M and an integer k such that (A, 3)
holds. A transition density p=p(x, y ) belongs to n(F), i f  an d  only i f  p(x, y)
has the expression:

p(x, y)=2(s, n)u(x) - 'u(y) 8v(y)n - 1 e- Fcx•Y) ,
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where u  and y  are positive measurable functions satisfying

u(x )=2(s, 11) e - F ( x  V ) U(Y) s

V(Y) 3 - 1 P(d Y )

v (x )=2 (s , n )e - F ( v ' s ) u(y) s - l v(Y) f l P(dY ),

5.u(x)'v(x)n - 1 ii(dx )=- 1u(x) 8 - 1 v(x)n ti(dx),

u (x ) (d x )=+(x ) ,t i(d x )=1  , i f  s=n =1  ,

2.c(x)sv(x)nt.t(dx)<+co

The expression is unique.

P ro o f. By Theorem 1, a transition density p ( x , y ) E a( F )  h as  th e  follow-
ing expression w ith a  and D satisfying (*)

p ( x ,  y )
,

_ _ 2 ( s ,  n ) û ( x )
- ifi(y) 8 0(y) - le - ycx , v)

-1 -
In case n =s =1 , functions u -=0 -a c i t t )  û  and y-A D d iti)

1

 D satisfy (*)', and in

c a s e  s + n > 2 ,  functions u=cn - 'a  a n d  v=c - ( 8 - 1 ) .0 w i t h  c={ (5a8-iond 1 1 )

(5 a s i r _ i d o-111/(s+n-2)
satisfy (*)'. In  both cases, u and v determine the same

P(x , y ) as a and D.
Next, assume that

p(x , y )=2(s, n)u(x ) -
 l u ( y ) s v ( y ) n - l e - F ( x ,  y )

_ , 2 ( s ,  n ) i - i ( x ) -
112(y ) s p u r- i e -p(x, ,

where u, v and ii ,15 satisfy (*)'. We have f i(x)u(x) - 1 =1:1(YYu(31) - n(Y ) n - l v(Y) - ( n - 1 ) ,
which implies u ( x ) = c ( x )  in  c a se  n=1, a n d  implies u(x )=ca(x ) and v (x )=
c - ( 8 - 1 ) / ( n - 1 ) D(x) in case n F ro m  2,cdtt=1"ild itt=1  in  case  s = n = 1 ,  o r  from

u sv n-i d tt ju s - iv n
c l k e  a n d  

7 :-1 .9 1 ).- Id p 4 - 1 8 - I p n a ' i u  in  case  sd-n >2, it follows that

c=1 . Therefore the expression is  unique.

In the following, we indentify a  transition  density p (x , y )E .N (F) w ith  a
pair (u, v) of positive solutions of (* ) '.  The set of pairs of positive solutions of
(*)' is denoted also by n (F ) .

Theorem 2. T he set .32(F) is not empty, either if

(A, 4) - F(x .Y )p(dy ) and e - F ( '' tt(dy) do not depend on x,

or if

(A, 5) sup cn+s)Fcx,y,p(dy), .e -(n+s)F(y, x) p (d y )). < + ,0
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s u p  e c.+3)(n+s-2)F(s. Y )/A dy) ,  . çe(n+ 8 )(n+S - 2 )F(Y. X)p(d y )} <  + C O

X

P ro o f .  W e assume (A, 4). P u t  ci=e-F(x, op(dy‘)  and c2 = e - F ( 1 ) p(dy).

From . e- F(x• p(dx),u(dy)=c i p (X )=c,p (X ), it follows c1 =c 2 . In  ca se  s=n=1,

u (x )=v (x )=p (X ) - 1  is  a positive solution of (* ) '.  In  c a se  s±n>2, u(x)=v(x)
=c1-11(n÷s-2) is a positive solution of (*)'.

In order to look for positive solutions of (*)' under th e  assumptions (A,5)
a n d  (A,6), we apply theory of cones in  a  Banach space. In case s=n=1, (*)/
is a  system o f  linear equations with positive kernels. Such  equations have
positive eigenfunctions, if  the  kernels are square-integrable ([6]), which follows
from (A ,5 ), Therefore, it is enough to investigate only a  c a s e  s + n > 2 .  We
first prove existence of positive solutions of (*)' under the  assumptions (A,5)
and sup F (x , y )<+0 0  instead of (A, 6).

X. y
L et L  be the set of pairs (u, v) of functions u and v such that

11(n+s) 11(n+)
1111 11—=-- 17.4 (X)I n + s  p(d X)} <4-00 a n d  11v1H.61v(x)1n+8 p(dx)}

If we put 1I(u, v)11=11u11+110 for (u, v)GL, (L, II•11) becomes a  Banach space.
Put for (u, v) E L

A i(u , v )(x )= e - F ( s •v ) u(yYY(Y) T h - 1 1-1 (dY),

A 2 (u , v )(x )= e u(y) 3 - 1 Y(Y) Th ft(dY)

A(u, v)=(Ai(u, v), A2(u, y )) .

Lemma 5. (Theorem 3.2 in Ch. 1 of Krasnosel'skii [5]). Under the assump-
tion (A, 1), A  is a completely continuous mapping from L  into L .

Put

Ki = { 11 (X)+ F ( x . l i ) a(Y)te(d Y) a(y) O, 1111 11‹ ±  0 0 1 ,

K 2= iv ( x )= e - F  '  x ) b(Y)tt(d Y) ; b(Y)>=0 , <

Let K  be the closure of K i  X.K12 . We remark that K  is a  cone in  L , i. e., K  is
closed and convex, tK c K  i f  t_ () a n d  (u, v), (—u, —7,.) K  implies (u, v)=0.
It is clear that A(K )C K .

Lemma 6. W e assume (A,5) and sup F (x ,  y )< + 0 0 . Then, there ex ists a
X .  y

positive constant c such that u(x)_cllu ll and v(x) clIvil for all (u , v )cK  and for
alm ost all x  X .

and

(A, 6)
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P ro o f. Let u ( x ) = e - F ( x ' u ) a ( Y ) 1 1 ( d 3 1 ) G K i .  W e  have

-supn,py .pcs,
a(Y)li(dY).

On the other hand, by Holder's inequality

n+s-1)/(n+s)
u(x)_(adt.tY

e - ( n + s ) F ( s ,  y )

a ( y ) t i ( d y )
} 1 . / ( n + s )

Therefore,

Ilu11- 85_(a d p) 71 + 8 - 1 Ç e _ (n+s)Fcs, y) a(y)p(d x)p(d Y)

. .
( .

( 2c1p)
r c - F s

S U y pe- (n+s)F(x . te(d X ) ,

Consequently,
-sup F(x ,

Y adp

s u p  e

- ( n + s ) F ( s ,  y )  te(dx)x,
-sup F(x , y ) }-1/ (n +s )

T hus, there  is a constant c>0 such  tha t u(x)cilu ll and v(x)_clIvII for (u, v)e
K i xK z . T ake  any  (u , v)EK. T here  ex ists a  sequence (u n , v70) K 1 xK 2 su c h
that ku ., v .) — (u, 011 - 0, i.e., a n d  Ilv. — M HO. W e can find a  sub-
sequence {n i }  s u c h  th a t  un i (x )---u (x ) and vi,i (x)— v(x) fo r alm ost all
Since and w e have u(x)>clIud and v(x)-cilvIl.

Lemma 7 .  (Rothe [9], Krasnosel'skii [5]) Let A=(A i , A 2 )  be a completely
continuous mapping from a cone K L  in to  itse lf. Assume inf A i (u, v)II >0(.,.)EKii.i1=11.11=1
and inf 011 > 0 .  Then there exists (uo , vo)EK such that IIudI=Ilvoll=1

(u,x)EK
Rull=11P11=1

( u  v o ) _ (  N U R ) ,  Vo)A 2 ( 1 , 1 0 ,  V o )  

11
111(UO, 'VO) II Il A 2 ( 11 0, Vo)11

P ro o f. F ix  any  (ao, NEK w ith  Cso 0 and £ 0. P u t

v)= Ai(u, v)+(1—  l u • IlvDûo,

242(u, v)=A 2(u, v)d- (1- 11uIl•Ilv11)00

Let R- = {(u, v)EK ; llull 1 , 110  1.}, which is bounded, closed and convex. Our
assumption implies in f  II -241(u, v)II>0 and inf v)II >0. Put again

cu,toek (u,v)eic

A i (U, v)A T , ( u ,  y )  B i (u, v)= , B2 (u,
011 11;42(u, 011

B=(13 1, B 2)  is  a  completely continuous mapping from R. in to  R. B y  Schauder's
fixed point theorem , there exists (u o , vo)EÊ" s u c h  th a t  (u o, vo)=B(u o, vo), i.e.,

and
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Â i (u o , vo) u o — and vo=
11;41(uo, Vo)II 11;42(uo, v)11

and A2(u0, vo)=Ao(uo, vo).

Proof o f Theorem 2  under the assumptions (A ,5 ) and sup F (x , y )< + 0 0 . By
Lemma 6 , we see that fo r  (u , v )E K

x, y

A i ( u ,  V)(x) Mu IV "P(dY),_>_ sc  + n -i

A 2 ( u ,

Hence, inf 011>0 a n d  inf OM > 0 .  By Lemma 7, there exists(..v)EK (u.v)EKilu[i=101=1 lull=11v11=1
(u p , V O E K  w ith  uo(=

240=11-A1(11o, v0)11 - 1 , 41(24, vo)

vo=11112 (u o , vo)11 - 1 A2(u0, vo) .

Positivity o f  u o a n d  vo follows from (u o ,  vo ) GK.
O n the other hand, we have

g c  p = u 0(x ) 8 - 1 v0 (x)n u o (x)p(d x)

=11-4 1(no, vo)il j u o (x ) s - l vo(x)nAl(uo, v o )(x )p (dx)

=101(no, vo)I l u o ( x ) s - l vo(x)ne - F ( x, Y )
uo(Y) s v o (Y ) - 1 P(d x )p (d Y )

. ugv 7,1d,u=11A2(u o , vo)II l u o ( Y ) 8 - 1 vo(Y)ne - F(Y 'x'uo(x) 8 v0(x)n - Ip (dx )p (dy ).

Integrals above a re  finite, since

.14,v1,',dp. Ou'oi+sdp)ol(n+3)
n/(n+s)

( v Iol+sd
)

p <+00 .

Consequently, ilA i (u o , v0)II =11A2(u0, v0)11. Put

i.i8-1v'jdp 
\ n-1 1/Cn+s-2)

{U (X )=- 11A1( 11 0, V0)11 - 1   1 1 0 ( X )  ,
7.ig V7P- i dp /

0-1dte s-111/(n+s-2)

V ( X ) =  1lA2(UO, v 0)11- 1  VO(X) •
.1ig - 1 7)70'd p

It is easy to see that (u , v) is a positive solution of (*)'.

Proof o f Theorem 2  under the assumptions (A ,5 )  and (A, 6). L et Fk(x, y )=
min {F (x , y), k }  fo r  k = 1 , 2 , • • •  .  L et (u k , y 0 ) be a positive solution of (*)' with

A- 2(u°, vo) Since u0 =  vo II =1, Ai(u 0, vo)= Nuo, vo)

-=1 satisfying
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the potential F k .  We have

Lemma 8. Under the assumptions (A, 5) and (A, 6), there exist positive con-
stants e 1 an d  c2 such that c u  k (x ), v  k (x ) c2 fo r a ll k  and almost all x E X

Proof. Remark that

su p  .6 e - cn+s)Fk p (d  y ) , e -(n+s)F k x)p (dy )}. <  + „
k ,

sup { e (n+8)(n+s-2)Fk
k, 11)11(c1 Y), e

(n+s)(n+s-2)Fk (y, s) (te“LY)}<+ 0 9

The proof of Lemma 8 is essentially the same as that of Lemma 12.

Since us  and v s  are  bounded, we can extract a subsequence {k }  such that
u k i , V k p  ul i v;4- 1  and uWv 7k'i  a re  weakly convergent in L 2  a s  j—, 00. P ut u=
w-lim u ki ,  v=w-lim v k i , and û = w -lim uf,j v i

- '. Remark c i u (x ) ,  v (x ) c ,  for
almost all x E X .  Take an arbitrary bounded measurable function f  on X .  We
have

.A X ) 11 j ( x ) P ( d  x)-1  f ( x )e -F  ic x , Y )74 ki(Y Y V k j(Y ) n - 1 X ) p ( d  y )

= . f (X )e - F(x' 11)11 k ; OW v k i (Y r - 1 1-1 (dx)p(d Y )

f (x) k Y) —e x v)) u k i(y)sv k i(y r p (d x ) it(d  y )  .

Since g (y )-=f (x )e - F ( y , v) p(d x) is a  bounded function of y, the first term of the

right-hand side converges to

g(y)f ,i(y)tt(d y)= . f (x )e - F(x' u)igy)Ii(d x)p(d y) .

As for the second term, we have

f ( x ) f e -Fk J CS, Y) e -F(x , y)} u  k l y y v k i y  n-ip(d x) du(dy)

p(d x)tt(d y) .f k i cx y)_ e ' v)}

The right-hand side converges to 0 as j— , 00, since 0___e - F kj—e - F < e - ki. There-
fore, we have

f (x)u(x)tt (d x )= f(x)u k i (x)p(d x)

= .ççf(x)e - F (x 3') ii(y)p(d x)p(d y) ,

from which it follows

u (x )= e x' Y )ît(y)p(dy) a. e. x.
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Therefore,

u ki (x )— u(x)= .çe - F ki ( x. "u k,(y) s yk,(y) n - l ii(dy) j e - F ( x ' Y ) rt(Y )ti(d

ie - Fk i ( s ,Y ) _ e - F(x, y)} u  k i (y )su k l y r - i t t (d y )

+1e -  F "  v )  1u k i (Y) s v  k  "Y r — Ce(y)} p(dy)

The first integral converges to 0 as j  co for a ll x .  The second integral also
converges to  0, because e - F  ( x  I n  belongs to L(.+8) L 2= L t as a  function of y
by the assumption (A, 5). Consequently, lim u k4(x)-= u(x) for alm ost all x. By

the same argument, w e have lim v k .(x )=v (x ) . Letting j  co in

U k i (X )= . e - F  k  j ( s  ' Y )  U k i(Y ) S V k i ( Y r  -  1 P(d Y ) 1{

V k  i(X )=6 .-F k  „(Y, x)U k i(Y ) s - 1 7 ,  k i(Y )
Th
 te(d 31 ) ,

we conclude by Lebesgue's convergence theorem that

u(x )=-. e - F( x. v)u(y)sv(y)n - lp(dy ),{

v  ( x ) =  e ' s) u (y )s-i v (y ). p (d y ) .

4 .  Reversibility of Markov chains.

W e say that p =p (x , y ) is  reversible i f  p=1), w hich m eans h(x)p(x , y )-=
h (y )p (y , x ) . We prove the following

Theorem 3 .  1 )  I f  there ex ists a  reversible chain in  n (F ),  the potential F
is symmetrizable.

2 )  L et F  be a symmetric potential. A ssum e (A, 3) in  Lemma 4 and assume

(A, 5) sun (  +S ) F( X , y ) 12(d y  ) <  co
X

Then, all chains in  a (F ) are  reversible.

Pro o f . 1 ) Let p be a  reversible chain in ,9 1 (F). By Theorem 1, w e have
p(x , y)=2(s, n)u(x) - 1 u (y )sv (y ) 'e - F ( ''Y ) and h(x)=cu(x)v(x)n . From h(x)P(x, y)
=h (y )p (y , x ) , it fo llow s  v (x )u (x )_1e -F(x, v )_ v (y )u (y )-i e -F( y . x), which means
F(x, y)— F(y , x )= log v(x)u(x) 1 —log v(y)u(y) 1 .  By Lemma 2, F is symmetrizable.

2 )  Let p=(u , v ) E n ( F ) .  Put K (x , y )=e - F ( x.Y ) u(y)s - lv(y)n - i. We have, by
Theorem 1',

u(x )=2(s, n )lf (x , y )u(y )tt(dy ),
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v(x)-=2(s, y)v(Y)tt(dY) •

Since sup u(x)< + co  a n d  sup v(x)< + co  a s  w ill b e  sh o w n  i n  t h e  following

Lemma 9, w e have

K(x, y) 2 p(dx)p(dy)

-11u111( s - - 1 ) 11.011( ' - ' ) e- ' ( x  Y) i,t(d x)p(d y)

- 1 ) v m- 1

) (d x){,e-• ( n + s ) F  ( s  11) p(d y )}. 2 1  ( n +
 p ayn +8 -2)1 Cn +

-1) / (n+s) < œ- 1 ) 11011( n  - 1 )  {SUn (n+ S)F CX tt (d y )
1 2 1  ( n + s )  

p(X )2(n+s

T h e  kernel K(x, y ) being square-integrable, positive  eigenfunctions i n  L ,  are
unique up  to  a m ultiple of constants [ 6 ] .  Consequently, there is a constant ci

such that u(x)=c i v (x ) .  From the  equality .çu d p=vd p=1  in  c a s e  s = n = 1 ,  or

fro m  7,/3 vn- 1 d,u= V 1 vndp in case s+n >2, it follows c1 =1, i.e., u =v. Therefore

we have p(x, y)-=2(s, n)u(x) - 1 u(y)s+n - 1 -e- Fcx Y) and h (x )=cu (x ) 2 , which implies
h(x)p(x, y)=h(y)p(y, x).

C o ro llary . Assume that a symmetric potential F  satisf ies (A, 3 ) and (A, 5).
Then, a transition density  p=p (x , y )  belongs to ,92(F), if and only if p (x , y )
has the expression:

p(x, y)-=2(s, n ) u (x )- 1 u ( y ) T h + 8 - l e - F ( x , y )

where u  is a positive measurable function satisfying

u(x)=2(s, y )  u ( y ) ' r  t  - 1  t i ( d  y ) ,

(**) u(x ),a(d x) =1, i f  s = n = 1 ,

' 12(x)'+np(dx)<-1-00 .

The invariant probability  density  h(x) has the form:

h(x)-=-cu(x)s+n

where c  is a normaliz ing constant. The expression is unique.

Lemma 9. W e assume (A,3) and (A ,5 ) . Then, sup u(x)< +co  and sup v(x)
< +00 fo r  each (u, v) 92(F).

Pro o f . P u t a = u 2 vn- 1 d p = u 8 - 1 vndtt<+00. We have by Holder's inequality
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u(x) -= ‘re - F( x. Y ) u(y ) s v(y) n - 1 ,u(dy)

<0.(n+8-1)1(n+s){e-c.+8)Fcx.y)u(y)sv(y) ',u(dy) 
1

1/(n+s)

Consequently,

u ' d i
y, u (y )8v (y ) . - i p (d x ) (d y )

<crn+s sup  e - ( n+s) F ( x•v)du(dy)< +co .

By the same argument, w e have

2)8 4 •ndi.x50- " s sup . e- ( n+s) '<u'x ) p (dy )<+00

We have, by Holder's inequality again,
11/ (n+s) 8 8 .6* }(m-1)/(n+s)

u(x) {5e - ( n+s) F( s'Inp(dy) u(y)n+sp(dy) v(y) 'p ( d y )

{sup 1
11(n+s) ( çu n + s d r i ) s/Cn+.00 yn-1) (n+

.çe - ( n+s) F ( x. Y) p(dy) vn+sdp

As for reversibility of chains in a (F )  w ith  a  symmetrizable potential F,
we have the following

Theorem 3'. W e assume (A, 3) and

(A, 5) sup tçe - ( n+') F ( s. 71 ) p(d y), .e. - ( 11 +3 )F(Y. x ) p(dy)} < +00

(A, 6)' s u p  e
(n+3)(n+8-2) , F(z, 

u ) p ( d y ) ,  e
(n+s)(n+s-2) , F(y,.y)

p ( d  y ) <  +  
c o

where (n + s )(n + s -2 )'-=  max {(n s)(n+s —2), 11. Then the following three state-
ments are equivalent to each other.

1) A potential F  is uniform ly  symmetrizable.
2) There exists a  reversible chain in  3i(F).
3 )  A ll chains .51(F) a r e  reversible.

To prove this, we need the followihg

Lemma 1 0 .  W e assume (A, 3) and

(A, 6)" sup -{ eF (s. Y ) p (d y ), 1eF ( Y x) p(d y)} < .

Then, inf u(x)>0 and inf v (x )> 0  f o r  each (u , v )E ,T (F ).

Pro o f . We have by Holder's inequality
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( u 8v n)(n+s-1)/(2n+s)d p < i1 e -F(x, y ) u ( y ) s v ( y )T h-i p ( d y ) 

y
/(2n+s)

filg -10 d  tt
)8 1 (2 n +s i

X (
ç

o F ( X , tOtt (d y ) }n/(2n+s )

31(2.+8)

x

<u(x)nic2n+s)(u ) .! s u p p (d
s-lundp

eF(.r, y) .y ) } .n/(2rz+s)

from which follows inf u(x)>0.

Proof of Theorem 3 '.  2 )* 1 ) .  Let (u ,  v )E n (F ) .  By the proof of Theorem 3,
F(x, y )— F(y , x)=log v(x )u (x ) - ' —log v(y)u(y) - '. By Lemmas 9 and 10, the func-
tion log v(x)u(x) 1 is bounded, hence, F  is uniformly symmetrizable by Lemma 2.

1) 3). Let F  be a  uniformly symmetrizable potential which satisfies (A, 3)
and (A, 5). Then, the uniform symmetrization P  of F  also satisfies (A, 3) and
(A, 5). Therefore, by Theorem 3, all chains in ,92(F)=-512(P) are reversible.

3) 2) is trivial, since -9,1(F)# sh by Theorem 2.

We present an example in which .52(F) contains infinitely many chains. Let
X be the unit circle S ' which we identify with the interval [0, 1), and let p  be
the Lebesgue measure on S 1 . Let s+ n =3. Let a o , a l  and a, be positive num-
b ers . Put, for k =0, 1, 2,

rk—  2
 a k

:7= - 2

and put

u (x )= .a i k l e " i k x0-2

=a 0 +2a, cas 27rx +2a, cos 47rx

F ( x ) = i r r 2 tk x
0= - 2

= 2' 0+ 271 cos 27rx+212 cos 47x .

1
It is clear b y  the definition of r k th at  u (x )= \ T (x —  y)u(y) 2 d y .  I f  1, —47. 2 >0,.20

then min F (x )= F (x )  c02 272 --,=r0-2n.+2r2, since F(x)-=4r 2 (cos 27rx+ ) 2 +7.047. 2
!r —2, 2 . We can see4r,

aT- 6a0a2---84
ri-4rz= 2(ao+a2)(aid- 2a0a2)

ala2(a0+2a2)+44a8 - kaN - 2(a2a2 — aD 
T (ag+2a;.±2aVao-ka2)(0.±2cloa2)

Let a l >8a2(a0+ a2), a 0,a, and let a, and a, be sufficiently small in comparison
with a o . Then, functions u and r are positive.

Put
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F(x , y )=— log f (x — y ),

u ”(x)= u(a+ x) (a e[0 , 1)) ,

then u'a s (0  a < l) are positive solutions of (**) in  Corollary to Theorem 3, that
are distinguished from each other.

Dobrushin and Shlosman [3] show that all Gibbs distributions in Z 2 w ith
th e  state space S 1 ,  whose potential is of finite range, of C-class and invariant
under rotation of 5 1 ,  a r e  also  rotation-invariant. O n the contrary, Spitzer's
Markov chains determined by u a  a r e  not rotation-invariant. But, .21(F) con-
tains also a rotation-invariant chain, which is determined by a constant solution

ii-=0 T ( x ) d x )  of (**).

5. Uniqueness o f  Markov chains at high temparature.

In  the  following we consider potentials with th e  form pF, where 3 > 0  is
the reciprocal temparature. We prove

Theorem 4. Assume (A, 3), as in Lemma 4, and assume

(A, 7)p  fe lF (x .101p (d y ) , e IF x)11.1(d y ) }  <  0 0

I f  P is sufficiently small, then 3r1(p " )  consists of a unique M ark ov  chain.

Pro o f . If  p is sufficiently small, the  potential p F satisfies (A, 5) and (A, 6).
Therefore .511(j3F)*Ø by Theorem 2. In case s=n =1 , (* ) ' in  Theorem 1' takes
the form

u (x )=2 e . P"(s, 11) 11 ( y )  p ( d y )

( x )=2 e -  P F  'Y • x ) v(y)tt(d Y )

u(x )te(dx )=1v (x )p(dx )=1,

u(x)v(x)12(d x)<+ 00 .

A s is shown in  Lemma 8, solutions u and y of (*)' are bounded from above if

p< —

1 
since (A, 5) is satisfied by F. S in c e  th e  kernel e- PF( s. 11) is square-2 ' 1integrable if  p< —

2  '  
the  normalized positive solutions of the Perron-Frobenius

equation (*)' are unique ([6]).
To prove in case s+n >2, we need several lemmas.

Lemma 11. Assume (A, 7). Put

1e±PF(Y . x),a(dy)—p(X)pF(x, y )  t i (d t e (x )cl(P)= sup
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Then, we have lim c 1( 18)=0.

P ro o f. By Holder's inequality, we have

y) (dy )‹ .6 e ±Fcx, (d y )y )

{sup 9 p(X) 1 -  .

The right-hand side converges to p(X ) as 13 - .0 .  By Holder's inequality again,
w e have

iv (x)2 = .1 e ±(p12)Fcx.y>e<pi2,F(s,y) p (d y )}.2

‹ .6 6,±pF(., y )  p (dy )}.6 e 7pF(x, y )  p (d y )}

p(dy)}{stlp "p (d y )r  p (X ) 1 -  .

Consequently,

e ±i9F(x, y)p ( cl y ) { st.xip .çe lF (X. Y) Itt( d y ) }  Ap( X) 1+j9

the right-hand side of which converges to p(X ) as 13-.0.

Lemma 1 2 . A ssume (A ,3 ) and (A ,7 ) .  Put

c 2 ( 1 8 ) =  (...o)sa(PF){11u— P(X) - " ( n + s - 2 ) 11., p(X)-11( ')1 1 -1

c ( ia)_ (u,v)sx.tpF){11us-ivn-i_ rt(X) - 1 11., 112,18 0 - 2 —  p(X) - 1 11., 11118 - 2 0— p(X) - 1 11.1

Then, we have lim c2(1(3)=1im c(j9)=0.p-o p-o

P ro o f. Take any (u, v)E..5i2( 13 F ).  Put a 4 i s v ' d t t = u s - 'v ndp.

1 0

.  . 1,e+ndp, .1)'+nd tc5o.s+n { p(X )d - ci(P(s+n))).

In fact, w e have

U(X) 4 2 -  1 9 F ( X .  Y ) u (y ) s v(Y ) 7 1 - 1  tt(d Y)

< 0 .(s+n-1)1(s+n)I1 e - pcs+n)F(x, y, u (y )sv (y )n -i (d y ) 11/(n+s)

Therefore,
7 .ts+ndp .o .s+n-15e-13(8 +n)F (x, u) u ( y )s v ( y , n - l p ,

) vlx)p(dy)

_.<0.s+n supe - Pcs+n)F ( x, V )  p(dx)

0'8 + n  {p(X )- c i ( 18(s+n))1 .
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2 ° .  P u t  c 2 0 ) - -  { p ( x ) - P c , ( 1 9 ( s + n ) ) 1
( 8 + n - 1 ) 1 ( 3 + 7 e )

 {P(X) - Fc4(13(s+n)(s+n - 2 ))1
1 /

" " )

p (X ) .  Then, we have u(x), v(x)>_ {i(X )+c3()}  -11(8+12-2) an d  gm c3(13)=- 0.
s+ n —1To show this, p u t p i=
s + n

p ,- - - ( s+n )(s+ n — 1), p3=s - 1 p2, an d  A i ='
(n-1) - 'N .  Remark that N '= 1 an d  pild-N 1 =(s+n) - 1 . We have1=1

u=fusvn d p

< + - PF ( X •Y)u(y) 8v (y ) 7 1 - l it(dy)} 1 /1) 1{S' e ( PP2/P4)F (X ■r)p(dy) 11/p2

x ( u s + n d t ty P a ( . 7,8, - n d p )
11134

< U(X) 1 / P 1 it t (X )+ C 1 ( 13
:

2 )1 1 / P 2 a " ± n ) ( P V  + P V  {P (X )+C1(1 3 (S + n »} P 3•

Hence,

u(x)>=ip(X)-P ci( 1 3 1' 2 »  P l i  P 2  { tl(X)+ C 1(19 (S + -P" " + n )

Pi 
ii i (x)+ c 3 ( 48 )} -1 / (3 -1 -n -2 )

3 °. P u t  c4(A)= p (X) —  p(X ) - n - 2 )  {P(X)+C3(13 )} - (72+8
- 3) {p(X)—c 3 (48)1

2 (3 +n- 2 ) .

Then, we have 6, = .fu 8vn- 1 d  p=u 'vnd  p5 .{p (X ) — c4(p)} -
1 / ( s + n -

2 )  and Fr c 4(13)=0.

In fact, we have by 2°,
IP(X)±c3(13)} -

( s + n - 3 ) 1 2 ( s + n - 2 ) <u(x)812-ivcon-i)12
Therefore,

{
1i

(X ) + c3 (73)} -(s+72-3)/2(8+72-2) u ( x ) <  f u ( x )8v ( x )n-111/2

f te (X ) + c3 (p)} -(8+n-3)/2(8+n-2) .Çu d i r 5 1 ( u 8v n-1)1/2d tt

_.<_o-112 p(X) 112

On the other hand by Lemma 11,

ucitt= e- AF( x'll)u(y) 8v(y) 3 - 1 ,u(dx)p(dy)

f1e(X) — c1(i3)} a
hence,

ft e (x )+ 6.3(3)} -(3+.-3)120+,2) f p (x ) _ c i (13)} 0.... 0 .112t i (x)112

Thus, we have
a _ p(X){p(X)-1-c3()}"+n - 3 ) 1 "+n - 2 )  Itt(x) — ci(P)} - 2

=  ftt (X ) —  4(43 ) }  -
1 1 ( 8 + n - 2 )

-(81-rz-1)1(s+n-2) tri(X)+ ciO(S+ n))14 ° . W e  have u(x), v(x). {p(X )— c 4 (f3)}
In fact, we have by Lemma 11, 1° and 3°,
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U ( X ) = PF(x , ?I) u (y )s v (y ) n  t t (d y )

t t ( d  y ) }11Cn+s) u s + .  d os 1 Cn+ (5 y n - 1 C s + n )
v." - nclatt

{P(X)-Fc1(P(s+n))1 us+n - 1

Iti(X)- -Pc1(13(s+n))11(X) — c4(P)} - " " - 1 ) 1 " + n - 2 )  •

The assertions in  Lemma 12 follow from 2° and 4°.

Lemma 13. 1 )  Put

vi ; u 2 , v2; x)-=74vr 1 —  lu ivr+sur i v rw i+ (n — l)ufvli 'w21

1?,(x)-=-R 2 (u i , v1 ; u2, y2; luf-'v ±(s-1)ut'vri'wl-Fnul-ivrw21

where w1 -=u2—u1 and w2 =v 2 —v1, Then, there exists a constant c>0 suchlthat

11R111- , R21 c•c2(p)•max(11u2 — u111., 11Y2 — Y111.)

for all 0<19 - 1 and for all (u i , v1)  and (u2, v2)E8r2(13F).
2 ) There exists a function c,(P) with Urn c 5 (13)=0 such that

(u 2 — u1 )di2J ( v 2 — vi)dp 5c2(43)max(11u2 — u111.,

for all (u 1 , v2 ) and (u 2 , y 2) E82( 43F).

Pro o f . 1) The assertion is  clear, since

R1=(u1-kw1) 3 (v1-Fw2)' —  fufvli - i ±suf 1 vrw1d - (n — l)ufvl 2 w21

= s n

k
a n d  since suP111U11-, (u, v)E3,i( 16F), 0< 13<.11<d-oo a n d  14111., 14211.5_
2(.2(13) by Lemma 12.

2 ) We have

iti(X) - 1 (wi — w2)dp

=1[s { (X ) ' — Ili - 1 y r 1} w i-F(n — 1) {P(X) - 1  — ufvr - 2 1 w 2 ]c

+ [( s - 1 ) {w1- 2 vi — w 1-1- n — p(X) - 1 1 w2 ]cf

{(s-1)uf - - 2 vliw1-Fnurvi'w2}]dtt.

T h e  first integral in  th e  right-hand side is bounded in  th e  absolute value by

{s ft(X) - 1 — u  12)i - 1 11..11w (n — 1)11 P(X) - 1 —  u -211= W211.0} P(X)
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which is not less than (s+n —1)c(P)p(X)max(Ilw 11w2l1.0 by Lemma 12. The
second integral is also bounded in the absolute value by (s+n —1)c(i3)p(X)max
(11wi(., w211.). The third integral is equal to

{(u P )r - - — u 1 v 1 1 - 1 —  R 2)} c 1 ti= (R 2 — Ri )d  ,

s in c e  itst v 't ' - ic/f..e=- u si - i v liz d i t  (i=1, 2). The absolute value of the right-hand side

is not less than al R111-+IIR211-)t-t(X)- 2 p(X)• c • c2(P) max 11w211-). Therefore,
we have

[ . (mi — w2) d p {(s+n - 1)c(15) - H c • c2(P)} 1i(X) max (11will., 11w211.).

Proof of Theorem 4 in case s+n >2. Take arbitrary (u1, y1) an d  (u2, u2)E

a ( 13F). Put w1= u2—u1 and w 2 —v2 —v1 . From  u (x )= e - P F
 <x 11) u  i ( y )S v  i ( y r -1 u (d y )

(i=1, 2), it follows that

W i(X)=. PF (X • V) fs u 1(y) V1(Y) -1W  1(Y)+(n — 1)U 1(Y) V1(Y) n - 2 W 2(Y)± Ri(y)} p(dY)

=(s+n— l) du(X) -1 . wid,a4-(n—l)p(X) - 1 (w2— wi)dti

+ ste(X) j ( e - PF ( s. Y) -1)wi(y)ti(dy)+(n - 1),u(X) j ( e - AF , s , v ) - 1)w2(Y)P(dy)

++-,sF(s. y) l u i (y )s-iv i (y ) 1—,00-11 w 2 ( y ) p (d y )

. F( x, y ) { u i (y )sv i (y ) 2 -1 .1 (X)-11 w 2 (y )p (d y )

± çe - P F ( X ' r ) R1(Y)11 (d Y)

We have

(w2—w1)clf.t c5 (p) max Mw2W (by Lemma 13),

P F  ( X  1 1 )  fit 1(Y) 8  - 1 1 ) 1(Yr PaYll W 100 P(d 3) )

-5 { Pa»  C 1( )1 1111- 1 — p(X) - 1 11- •Itw1M-

Iii(X)+c,(P)} c(i3)max(11 will., II w211- )

Y ) Ri(y)P(dy) fti(X)+c1(P)}11R1ll-

- {p(X)±ci(13)} c .6'2(13) max (Mw w2II.,)

A s fo r . (e - PF-1)w i d,te, w e have

(by Lemma 11)

(by Lemma 12),

(by Lemma 11)

(by Lemma 13).
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te -
P F ( ' ' )

-
11 w i(y)tt(d y)

_.6(e -PFcx, 1)2p(dy)}1120wldtty2

1/2
-5 .1 1 W 1 1 1 ..P (X )1 / 2 { e -2 ,9 F (x , y )  2e

- i9F(x,
Y)+1),u(dy)1 .

The last integral converges to  0 uniformly in  x as 3 —.0 by L em m a 11. Con-

sequently, w 1(x).----(s+ n -1 )p (X )1 w 1 dp+R 3(x ), w h e re  IIR311.-c6(13)max(Ilw1ll.,

11w211.) w ith  lim c6(P)=0. Hence, we have
P-0

1
s+ n -2

5w i d g  
s + n

P ( X2 2

+

s+n -1
s + n - 2  +1)c6(P)max(Ilwill,

B y the same argument as above, we have

n —1
11u)211--( s4-n-2 +1)c6(P)max(Ilwill., 11w211-),

from which it follows

Iltv211.)5.( 
sstn n - -1 2

+ 1 ) c 6 ( p ) m a x (Ilw1ll, 11w211.).

I f  p is  so  sm all tha t ( s+n-1
+ - 2

 +1)c6(P)<1, t h e n  max(14111., 11w211.0)=- 0, whichs n
means and v1=v2.

6. The number of Markov chains at low temparature. An example.

W e present an example, in  w hich the number of chains in n (p F ) is exactly
calculated for sufficiently large S . L e t  X be  a  finite se t  a n d  l e t  p,==--,u({i})>0
for a ll iE X . We prove

Theorem 5. L et F be a symmetric potential on X satisfying

(A, 8)
1 IF(i,i)—F(j,j)1n+ s-1

f o r  all jE X . Then, the number of  chains in  31( 13F) is equal to 24'x-1 for
sufficiently large 13, i f  n+s>2.
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Pro o f . We look for positive solutions of

(44) u e-pF(imul+n-ipi
'EX

For simplicity we p u t p = s n If  we put

f e -Prv, i)p i l 1/(p-1) u

the  equation (**) is transformed into

x i= sx f+ a i ix y ( iG X ),

where a i i =p1RP - "tty"(P - 1 )  exp j ) — F ( j ,  j )  1 (F (j, j)— F (i,
P- 1

Under th e  assumption (A, 8), w e have fim a i i = 0 .  Therefore, Theorem 5 is a
P --corollary to th e  following

Lemma 14. The number of  non-triv ial solutions of  the equation

E  ao lx ; IP

is equal to 2N -1 , i f  p>1 and positive coefficients ci i i ( l i# j N ) are sufficiently
small.

Pro o f . P ut, for x= (x i , x2, •••, xiv) and

Fi (x, E a x j (1.<„i5=N),
f*i

J (x , a)-=det ( (x  a)ax ; '
where

aF, 
a>=pai i 1x11P-1-3i j +P(1 -5 i i )ai i l X j1 P - 1  .

a X j

10. T h e  number of  non-triv ial solutions of  (***) is  no t le ss than  2N -1 ,  if
are  sufficiently small.
In  fac t, le t . i= lX  x2,• Z , T ) # 0  w ith  Xi = 0  o r  1 . W e h a v e  Fi Ck, 0)=0

aFi(1 - .i. N )  a n d  J(.t, 0)*0, since 0)=pX i-1  a n d  aF i ( o)=oox i a x ;
Consequently, there exist a constant A  a n d  a n  RN-valued continuous function
P=P(a) defined fo r a with a I I = r m a x a 1 A , s u c h  th a t

f '(o)
Fi (P(a), a )= 0  fo r  a  with MO .

Since P ( a ) 0  i f  a  is sufficiently sm all, it is a non-trivial solution of (***).
Remark that i f  .i*.t", f l ( a ) * P ( a )  f o r  sufficiently small a. T h e  number of
non-trivial solution of (***) is not less than #{.i ; X- #0, X i =0 o r  1 =
2N-1.

67
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2 ° .  If a is sufficiently small, then J(x, a)#0 for any solution x=(x i , x2, ••• , x N)
of  (***).

In fact, from x i — I x i  I P E  a o  I it follows From 0 I xi I P

= E X j 1 P - ai1--(N-1)1Iall, it fo llow s that x i  i s  close to  0  o r  1  i f  dad is
aFi  a ) =1  pxr 1 - 1 1  

1
sm all. Therefore, (x for sufficiently small a . On the

ax i 2
other hand, for i#  j

aFi  

axi

Hence, Jr(r , a )# 0  i f  a  is sufficiently small.
3 ° .  Let a be sufficiently small and let x=(x i , x2, ••• , x N) be a solution of (***).

There exist continuous functions fi(t), f2(t), ••• , fN(t) defined on [0, 1 1 such that

f i (1)= x i

f i(0= f i(t)I P a  01 f J(t)I P

j i

In  fac t, pu t Pi(x ; t )=  x  —  x + ta1I x JIP (1 N )  a n d  le t  A o  b e  the
i i

infimun o f  A  such  that there  ex ists a  continuous function
.fAr(t)) on [A , 1 ] such that

f(1 )=x ,

(f (t); t)= 0A .

Put j (x ,  0 = d e t (x, .  Since j ( x ,  1)#0 b y  2°, such a function f(t)
ox, j ,Nr

exists in  a  neighbourhood o f  1. Therefore, A 0 <1.
Suppose A o _>_0. Then there  exists a  sequence A „\A 0 a n d  continuous func-

tions f n ( t )  on  [A ., 1 ] such that

f ( 1 ) = x

P 2 .(f(7 1 ) ( t ) ;  t)=0

Since jr(f ( n)(t) ;  0 # 0  by  2°, uniqueness of implicit functions implies f(n)(t)-=f 
(

l
)
(t)

fo r m >n  and Put

f ( t )= fn ( t ) fo r A n _ t_- _1  (n =1 , 2, •••) •

T h e  function f (t ) satisfies

f(1)---x ,

Pi(f(t); 0=-0 A 0 < t1 ).

R em ark that every com ponent  f ( t )  o f  f ( t )  satisfies 0_/
.
1(t)._ 1. L e t  tn\Ao.

There exists a  subsequence {t„,} such  tha t  f ( t 0 ) converges as co. Put
y= lim  f ( t , ) .  W e have

Pi(li ; A 0)= 0 (1 ,

f (t)=(f1(t), f2(t), •••
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hence, 1 ( 1 1 ;
 A 0)# 0 b y  2 ° .  There exists a unique function  f ( t )  i n  some neigh-

bourhood (A 0 —e, A o + e ) of A o such  tha t

,(Ao)=Y

'PA O ; 0 = 0 A0—a<t<A0+s).

By uniqueness of implicit functions, we have f (t )= f (t )  for tE(A o , A 0 -F ).  There-
fore, A 0—e is  n o t  le s s  th a n  t h e  infimum o f  A  s u c h  th a t  th e re  e x is ts  a  con-
tinuous function f (t ) on [A, 1 ] w ith  f(1 )= x  and P 1(f (t ):0 = 0
w hich w e have denoted by A o. This is  a contradiction. Hence A o <0.

4 ° .  L e t a be sufficiently small. There is a one-to-one correspondence between
non-trivial solutions x  o f  (*** ) and -- - —1, —2, i ) # 0  w ith  i = 0  or 1.

In fact, let x  be a non-trivial solution of (* * * ) . T here  is  a continuous func-
tion f (t ) on [0 ,1 ]  such that

f(1)=x ,

ft(t)=1.fi(t)i'd -  E ta0ilfi(01P

Since fi(0)= IMO) I P, w e have f 0(0)=0 or 1 .  If f(0)=0, then f(t)=0  for all 0 - t . 1
by uniqueness of implict functions.
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