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1 . Introduction.

In classifying algebraic curves in projective three space N oether [8 ] intro-
duced the  no tion  o f the  residual intersection (liaison). Two curves C,
k an algebraically closed field, are linked geometrically, i f  they h a v e  n o  com-
ponents i n  common a n d  C U C ' i s  a  complete intersection. In his paper [10]
Rao studied t h e  following graded S-m odule : M(C)--= (1) H l(P , 2 c (s)), where

3E2
S= k [X 0, •• • , X3]  and S c  denotes the ideal sheaf of C .  If C, C' are  linked, then
M(C) and M(C') are isomorphic up to duality and shifts in  g rad in g s. One of the
m ain results o f  our paper is to extend Rao's result to an  arbitrary Cohen-
Macaulay variety X O E P . That is, we define a  formal vector m (X ) which is
shown to be an invariant up to duality and shifts in gradings under the liaison,
compare 5.
Because most of our results are  valid for Gorenstein ideals instead o f  complete
intersection ideals, we consider Gorenstein liaison, compare 2.1 resp. 5.1 for the
exact definition. I n  th e  context o f lo ca l algebra two ideals a, b  of a local
Gorenstein ring  R  are linked geometrically if a , b are of pure height, have no
primary components in  common, and ant) is a  Gorenstein ideal. Now the ques-
tion is ,  what kind of properties of R i a  can be transformed into properties of
R ib .  Even in the case of liaison with respect to complete intersection ideals
most of our results are new. As a main point we define in 3. a certain complex
J ; ,  the truncated dualizing complex of R i a ,  which is shown to be an invariant
(up to a  s h if t  a n d  duality) under liaison, i. e. J ;  is up to a shift and duality
isomorphic to j 'a . As an application it follows that R i a  i s  a Cohen-Macaulay
ring (locally a Cohen-Macaulay ring, resp. a  Buchsbaum ring) if and only if the
corresponding property holds for R i b .  A s  another application of th is type  we
sh o w  in  4.1 that the Serre condition S r fo r  R i a  is equivalent to the  vanishing
of the local cohomology groups H (R ib )= 0  for dim R i b — r  i <  dim R i b .  In  th e
case a is linked to itself that leads to a Cohen-Macaulay criterion. For this and
related results compare 4. We conclude our considerations with some geometric
applications, compare 5. In particular, in 5.4 we extend Rao's invariant to an
arbitrary Cohen-Macaulay variety.
As a main technical tool to establish the relation between R i a  and  R ib  w e use
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t h e  theory of dua liz ing  com plexes. C om pare  Hartshorne [ 5 ] ,  chapter V  or
Sharp [1 5 ]  f o r  t h e  definitions and basic  results in  th is theory. Once more it
show s the usefulness of dua liz ing  com plexes in  attacking questions in local
algebra a n d  algebraic geom etry. F o r non-explained terminology see any text-
book about commutative algebra.
I wish to thank M. Brodmann, ETH Zürich, fo r stimulating discussions during
th e  preparation of the paper.

2. Liaison with respect to  Gorenstein ideals.

First o f all w e recall th e  definition of the liaison studied in  the  papers [1],
[9 ], [10 ] o f A rtin , N agata , P esk ine , S zp iro , and  R ao . F or our purposes here
w e extend  th e  n o tio n  a  little. W e consider liaison with respect to Gorenstein
ideals instead o f complete intersection id ea ls . L e t  R  denote a local d-dim en-
sional G orenstein ring w ith its unique maximal ideal nt and its residue field k.
A n  ideal cC R  is called a Gorenstein ideal, if  R /c  is  a Gorenstein ring.

Definition 2 . 1 .  Two ideals a , bcR  are  linked (algebraically) by a Gorenstein
ideal c o f height g , if

a) a  and  b  a re  ideals of pure  height g  with cc a n b ,  and
b) b/c HomR (R /a, R /c) and a/c HomR (R/b, R/c).

Furthermore, a  and  b  a re  linked geometrically, if  a , b  a re  ideals of pure  height,
have no primary components in  common, a n d  a n b  is  a Gorenstein ideal.

I f  c  i s  a  complete intersection ideal, th e  Definition 2.1 coincides with the
usual definition, com pare [9], § 1 and § 2. Assum e two ideals a, bc R  a re  linked
geometrically, then they a re  linked . The converse is true under the  additional
assumption, that a  and  b  have no  primary components in  common, see Proposi-
tion 2.3. T h e  equivalence relation generated by th e  linkage is called "liaison".
Serre [16] showed that in  a  regular local ring a Gorenstein ideal of height two
is  a  complete in te rsec tion . Under this additional assumption our lia ison  coin-
cides with th e  usual one.
By identifying Hom R (R/a, R/c)=c : a/c we can write b) in 2.1 as

b= c : a  a n d  a = c : b

F o r ideals a , b c R  o f  p u re  height g  in  a  G orenstein ring R  o n e  o f  these rela-
tions is equivalent to th e  other.

Proposition 2 .2 .  L e t a C R  denote an  ideal o f  pure height g .  L e t  cc a  be a
Gorenstein ideal o f  height g .  T hen a  and c: a  are  link ed by  c.

P ro o f .  By passing to the G orenstein ring R /c w e reduce t h e  problem to
th e  following : L e t a  be a n  ideal o f height zero in a G orenstein ring R .  Then
a and  0 :  a  a re  linked. To th is end it is enough to  sh o w  th a t a  is reflexive,
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j. e. 0: (O: a )-= a . T h a t is  tru e  fo r aR p in  t h e  zero-dimensional Gorenstein ring
Rp, A s s R R /a , b ecau se  ev e ry  id ea l i n  Rp is  re f le x iv e . N o w  w e  have ac0 :
(O: a) and the inclusion

O: (O: a)/a cz,. R/a .

Since a  is  a n  ideal o f pure  height, we get

: (OR 1, :  aR p)=-aR p

for a ll pEAss R (0 : (O: a)/a). Hence 0: (O: a )= a , which proves our statement.

Let a, b R  denote tw o ideals linked by a  Gorenstein id e a l c  o f  h e ig h t g-
T hen  w e have  a  canonical isomorphism

HomR (R/a, R/c) - - 'HomR/Ç(R/a, R/c) resp.

HomR (R/b, R/c) , -- ---q-lomR / c(R/b, R/c) .

Because dim R/a=dim R/b=dim R/c and  R/c is  a  Gorenstein ring it follows that

HomR ,,(R/a, R/c) resp.

HomRi,(R/b, R/c)

is  th e  canonical (or dualizing) module of R i a  re sp . R IO . Com pare Herzog and
Kunz [ 7 1  W e abbrevia te  it by  K a resp . K i,. Furtherm ore there is a  canonical
isomorphism

Ka:----Extf?(R/a, R )  resp.

K b  Extf?(R/fi, R) .

So the liaison of tw o ideals is c lose ly  re la ted  to  properties o f  their canonical
modules.
A t th is  moment w e  w an t to  add  a  proposition  concerning th e  lia is o n  o f  two
ideals w ith no primary components in  common.

Proposition 2 .3 .  L e t  a, b  denote tw o ideals o f  R  linked by  a Gorenstein
ideal c. I f  a  and b have no primary components in  common, then

c= a n b ,

i. e. a  and b are  linked geometrically.

Pro o f . B y passing to th e  Gorenstein r in g  R/c i t  is  e n o u g h  to  sh o w  (0)=
a b. I n  view  o f th e  definition of the liaison we get

0 :  a = b  a n d  0: h = a .
It follows immediately

anb=0 : (a, b) .

Therefore , a n b = (0 )  i f  a n d  o n ly  if (a, b) contains a non-zero d iv iso r . T h is  is
true, because height(a, b) 1 by our additional assumption o n  th e  primary com-
ponents. E l
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Example. Let cC R := k [IX 1 ,••• , X,I ] denote th e  ideal generated by the
Pfaffians of the following skew symmetric matrix

0 X, 0 0 X,

(

— X , 0 X ,  X,
0 —Xs 0  X,
0 —X, —Xs 0

— X , 0 0  —X,

0
0
X,
0 ) •

It follows c=(X s Xs ,  X a s , X1X6-F-X2X4, Xas, X a s), and c is  a  Gorenstein ideal
o f  height 3  i n  R ,  see [3 ], Theorem 2 .1 . We have the following primary de-
composition

c=(x „ x 2, x2)n (x 1, x 2 , X 6) - (X2, 2(2, X 6 ) - ( X3 , X „  X1X2+x 2x0.
For instance,

a=(X„ X 2 ,  X , )  and

b=(X„ X„ X3)11(X2, X5, X6)n(X3, X„ X asd - X2X4)

are linked by C.

It seems to be a  natural question to ask whether it is possible to define a
liaison with respect to a Cohen-Macaulay ideal. Compare Artin and Nagata [1]
for some results in  this direction. But it is not clear which kind o f  properties
a r e  preserved under this "lia ison". The Cohen-Macaulayness is no longer an
invariant. Put R := k [ l  • • •  ,  X 41]. Then the ideals a=(X i , X2)n(X3, X ,) and
b=-(X2 , X3)  are linked to the Cohen-Macaulay ideal a n b .  But R ib  is  a  Cohen-
Macaulay ring, while R i a  is not a Cohen-Macaulay ring.

3. On an invariant of the liaison.

In the sequel le t R  denote a local d-dimensional Gorenstein ring . L et a c R
be an  ideal of pure height g .  Let ER  be the minimal injective resolution o f R
over itself, i. e.

Ei ER(RIP),
PESpec R, dim R IP = d - i

where ER (R I P )  denotes the injective hull o f R IP a s  R-module. We define a
complex

/=-HomR(R/a, E h).

It follows by well-known arguments that

ER /,(Rip) .
PESpec R/a, dim R/P=d -i

Therefore, we get / = 0  fo r  i < g  a n d  i > d .  In  fa c t , th e  complex Pa is  the
dualizing complex of R i a ,  compare Hartshorne [5 ] ,  Chapter V , o r  Sharp [15].
N ote th at in  th e  derived category .T; is isomorphic to RH om R (R / a , R ). The
first non-vanishing cohomology module of .1.;  is
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Hg(/:,)=Extft (R/a, Ka ,

the canonical m odule  o f R ia . F ac to ring  ou t i t  in I  w e  g e t  a  short exact
sequence of complexes

0 —> K a [— g] --> I; - -> J; 0

where Ka [— g] denotes K a viewed a s  a  complex a n d  shifted g  places to  the
r igh t. The complex j ;  is the  truncated dualizing com plex. We have

Illz(I,;) f o r  i * g

0 f o r  i =g .

B y the  L ocal Duality Theorem, [5 ] , V , Theorem 6.2, w e  g e t  th e  following
canonical isomorphisms

HomR(H i (J), E)212 l a )  , g,

where E  denotes the injective hull of the residue field k .  Furthermore, we call
a homomorphism 111*—>N* of two complexes of R-modules a quasi-isomorphism,
if  so induces isomorphisms on the cohomology modules. In the next we make
u s e  o f  th e  theory o f  derived functors and derived categories in  the  sense of
[5], Chapter I.

Theorem 3 .1 .  L et a, b be two ideals o f  R  linked by a  Gorenstein ideal c of
height g .  Then there ex ists a  canonical isomorphism

R HomR( R)

in the derived category o f  R, i .  e. up to a shif t and dauality  the  truncated dual-
iz ing com plex  is an invariant under the liaison.

Pro o f . By virtue of 2. we have the following isomorphisms

/f a - -2HomR (R/a, R/c) b/c

Therefore, we get the canonical short exact sequence

0 - ->K ,— >R 1 c — > R lb — >0 .

Note that Ric is a G orenstein ring. Thus we have the canonical isomorphism

R/c- R Hom R (R lc , R )[g ],

because the dualizing complex of R ic is up to a  s h i f t  isomorphic to the ring
itself. Using this and the canonical map

R HomR (R/a, R) R Hom R (R I c, R)

induced by the epimorphism R/c— *R/a w e  g e t  t h e  following commutative
diagram of complexes with exact rows :



490 Peter Schenzel

0 ----> g] — > R  Hom R (R Ic, R ) --> R Ib[— g]

s ça .

0 — > — > R  HomR(R/a, R) J; - - >  0

where ço' is defined in  an  obvious manner. By applying th e  dualizing functor
R Hom R (- , R ) w e get the following commutative diagram with exact rows :

0 R HomR (R/6, R )[g ] - -> Ric — > R Hom R (K a , R )[g ] --> 0

1°.

0 R HomR( J 0 ,  R) — > RAI — > R Hom R (K Q, R )[g] — > 0,

where 0 '=R  HomR(so", R ) .  Now we shall show that 0 induces a  quasi-isomor-
phism between J [ g ]  and R Hom R ( .g ,  R ) .  To this end we consider the induced
homomorphisms on the cohomology modules. W e get the commutative diagram
with exact rows

0 Extf?(R R )  — >  Ric — >E x t( iç a , R ) --> ExtV(R/b, R ) --> 0

1
0 —> Ext1( R )  - - >  R i a  - - >  E xt(K a , R ) --> Ext),( R) - - >  0

and isomorphisms for i> 1

Ext (K„, R) Extri+J(R/b, R)

ExtV(K ,, R) 2  E x t j r (  R ).

Using Extf? (R/b, R)--Kb - a/c we see that

Extlz( J ;, R )--E xtr(R /6 , R )  and

E xt(P ,, R )= 0.

Therefore, 0* induces the desired quasi-isomorphism. 0

In  th e  c a se  o f  th e  lia iso n  w ith  respect to  a  complete intersection ideal
Theorem 3.1 is contained implicitely in  [13], compare also [2], Theorem 1.

Remark 3 .2 .  Let COE/1 be a  curve, i. e. an  equidimensional subvariety of
/ 1  o f  codimension two which is a  generic complete intersection. In his paper
[10] Rao studied the  following graded k [X 0 , •-• , X3]-module

M(C)= 2 1 P ( P 3k, 9- c(s))

where g o denotes the  ideal sheaf of C . Let C , C ' be tw o curves linked by a
complete intersection, then Rao [ 1 0 ] ,  2.2 showed that M (C') is up to duality and
a sh ift in  grading isomorphic to M (C ). In fact, our Theorem 3.1 show s Rao's
result. Furtherm ore, in  5 . w e shall define a  corresponding invariant for an
arbitrary Cohen-Macaulay variety XcIN.
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U sing  3 .1  w e shall p rove that the liaison preserves certain  properties of
linked ideals. L et aC R  denote a n  ideal o f  p u r e  height. Then  R i a  is  c a lled
locally a C ohen-M acaulay ring (outside m), if  (R/a), is  a Cohen-Macaulay ring
for a ll prim e ideals pE Spec R/a \ {m} . F o r  exam p le , b y  [11 ], S atz  4 , th is  is
equivalent to t h e  finite length of the local cohomology modules 11!(121a),
<dim R i a .  Buchsbaum rings form a  particular class o f locally Cohen-Macaulay
rings. T he concept of Buchsbaum rings was studied by Stilckrad and  Vogel in
[17] and  the  literature quoted there. Denote by eo (x ; A ) th e  multiplicity o f  a
local noetherian r in g  A  with respect to a system o f parameters x= {x 1 , •-• , x.} ,
n=dim A ,  Then A  is said to be a  Buchsbaum r in g , if  th e  difference

L A (AIxA)—e 0 (x ; A)

is  an  invarian t of A  not depending on the system o f parameters. In particular,
a Cohen-M acaulay ring i s  a  Buchsbaum ring . C om pare  the  Example fo r non-
Cohen-Macaulay Buchsbaum rings.

C oro llary 3 .3 . L et a, b denote two ideals o f  R  linked by  a  Gorenstein ideal
c o f  height g.

a) I f  R i a  is locally  a Cohen-Macaulay ring, then Rib is locally a Cohen-Macaulay
ring.
b) I f  Ric( is a  Buchsbaum rin g , then RIG is a  Buchsbaum r i n g .  I n  both cases
there are  canonical isomorphisms

1-1(R/b):--:Hom R (H ri(R /a), E ),

f o r i=1, ••• , n-1 , where n=dim R/a=dim Rib.

Pro o f . First o f all w e shall sh o w  a ) . By th e  above rem ark it is enough
to prove t h e  statement o n  t h e  canonical isomorphisms. Because by Maths
duality the  finite length o f  .fif,l(R/b), i= 1, - • , n-1, follows by th e  finite length
o f I n i '(R la) , i=1 , • • •  , n -1 . By 3.1 we have

Homn(A, Hom(J, R ), E )[0 .

In  the  derived category R  is up to a  sh if t  o f  d  places to the  left isomorphic to
t h e  (normalized) dualizing complex o f  R .  Hence, the Local Duality Theorem
yields

HomR(i;, E)--='R E,(I;)Cd+g] .

By our assum ption J is a  complex whose cohomology m o d u le s  a re  o f  finite
length. Therefore, R rn ,(J;)-:- J ; in  th e  derived category. By using t h e  isomor-
phisms

HomR(IP(A), , g ,

the assertion follows.
To prove b) we recall that  R ia  i s  a  Buchsbaum r in g  if  a n d  o n ly  i f  P ,  is

quasi-isomorphic to a  complex o f  k-vector spaces, compare [13 ] o r  [14 ], Theo-
rem 2.3. Because this property o f  a  complex is preserved under t h e  dualizing
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functor, b) follows by view o f 3 .1 . D

In particular, we recover the result of Peskine and Szpiro [9], Proposition
1.3, th at the Gorenstein liaison preserves the Cohen-Macaulayness of linked
ideals. In the case of liaison with respect to complete intersection ideals (3.3),
b )  was proved in [13], compare also [2], Theorem 1. Furthermore, the paper
[2 ] contains results concerning the classification of curves C c/1 fo r  which
Rao's invariant M(C) i s  a  finite dimensional k-vector space, i. e. those curves
which are projectively Buchsbaum.

Example. Let C denote the following rational curve

C-=Proj(k[s", s2.-It2n+1, n— in P .

L e t  V c /1  be the complete intersection defined by the equations

X 0 X 3 —X 1X 2 = 0  a n d  X 0 XP—XinX 8 =0 .

Let D  denote the union of the two skew lines

X o = X,.= 0  a n d  X 2 -= X3 =0

Then it follows V.—CUD, i. e. C  and D  are  linked by the  complete intersection
V .  N ow  it is  easy  to  see  th at D  is a projectively Buchsbaum curve. So, it
follows that th e  v e rtex  o f  th e  a ff in e  cone over C  is  a  non-Cohen-Macaulay
Buchsbaum ring.

4. On the vanishing of local cohomology.

A s it was shown in 3.3 Gorenstein liaison preserves the Cohen-Macaulayness.
In the sequel we shall generalize it to the vanishing of certain local cohomology
modules. To this we recall the condition S 7 , r 1  an  integer. L e t a c R  denote
a n  ideal in  th e  d-dimensional Gorenstein ring R .  The local ring RAI satisfies

if
depth(R/a)0>_min(r, dim(R/a)„)

for all prime ideals p of R .  It is easily seen that  R i a  satisfies S , if  a n d  only
if the  ideal a  is of pure height.

Theorem 4 . 1 .  L et a, h d enote id ea ls in  the Gorenstein rin g  R  l in k ed  b y  a
Gorenstein id ea l cE R  o f  h e igh t g . Fo r an  in t e g e r  r 1 the fo l lo w in g  conditions
are equ iva len t:

(i) R i a  sa tis fies S r ,  and
(ii) I-A(R Ib)=0 f o r dim R/b— r<i<dim  Rib.

P r o o f .  In [12] we gave a characterization of the condition S r  for the ring
R ia  (a  is of pure height) in  terms o f  th e  vanishing of the local cohomology
groups H (K ,) of the  canonical module K .  In fact, by [12], (2.2), the condition
( i ) is equivalent to
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(iii) The canonical map
HA (K„) --> HomR (R/a, E)

is bijective (resp. surjective for r=1) and

H (K 0)=O  f o r n — r+1 <i<n  ,

where n =dim R/a=dim R/b.

To prove our assertion it is enough to establish a  re la tion  between the local
cohomology groups o f  R/b a n d  K n . T h is  is done in  4.2, and  our Theorem
follows. D

Lemma 4 .2 .  L e t a , h , c cR  denote ideals as  before. T h en  th e re  ex is t a
canonical exact sequence

0 - -> I-1 (K0) -->Hom R (R la, E) — > 0

and canonical isomorphisms

1--Pr 1 (RIb)_=H,(K n) f o r  i< n

where n =dim R/a =dim R/b.

P ro o f. A s we have seen in  the  proof of 3.1 there exist a  canonical exact
sequence

0 R/a Extf?(K,, R) — > Exq -"(R/b, R) — > 0

and canonical isomorphisms

ExtV(K o , Extpi+i(R/b, R)

for all The statement now follows from the Local Duality Theorem for
the Gorenstein ring R .  D

By using 3.1 we can prove 4.1 more directly with a spectral sequence argu-
ment as it was done in a m ore general setting in  [ 1 2 ] .  So, 4.1 can be viewed
a s  a  consequence o f  our liaison invariant. Furthermore, Theorem 4.1 yields
another proof of the fact, th at the  lia ison  preserves th e  Cohen-Macaulayness.
F o r  a n  ideal a c R  of pure height g  which is linked to itself by a  Gorenstein
ideal c, i.e . a= c: a , we get a Cohen-Macaulay criterion. To this end we recall
the condition C  on Ria introduced by Hartshorne and Ogus [6], Definition 1.7.
We say that R/a satisfies C, if

1depth(R/a) min(dim(R/a),„ —
2  

(dim(R/a)„+1))

for all prime ideals p o f R .  This is equivalent to saying that  R i a  satisfies S 2 ,
and that whenever dim(Ria) 3, then

1depth(R/a) p — (d im (R ia )+ 1 ).— 2
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Thus, a C ohen-M acaulay ring satisfies the condition C .  It implies S , but
not S .

P ro p o sitio n  4 .3 . L e t a C R  b e  an  id eal w h ich  is  lin k ed  to  itse lf . Assume
Ria satisf ies condition C. Then R i a  i s  a  Cohen-Macaulay ring.

P ro o f .  We make an  ind u c tio n  on  th e  d im en sio n  o f R i a .  I f  dim R/a - 1,
Ria  i s  a Cohen-Macaulay ring by C .  So suppose dim R i a  2. Because C  is  a
local property, the local rings (R /a) p f o r  4.1*m are Cohen-Macaulay rings by the
induction hypothesis, i. e. R ia  is locally a C ohen-M acaulay ring. B y v irtu e  of
3.3 we get

1-P,(R la)=Hom R(1--R-1(R /a), E), 71 =dim R ia ,

1f o r  i= 1 , • • ,  n - 1 .  Now depth R/ci.>_min(n, —
2  

(n+1)), i.e .  H (R ia )= O  fo r i * n .

Thus, R i a  i s  a Cohen-M acaulay ring. 0

Next we want to show an application of the liaison concerning the openess
of the S,. locus in the Zariski topology. For a local noetherian ring R ia  w e  put

S r (R1a)-= ip w Spec R I(R la), satisfies S r } ,
r -.1 a n  integer.

P ro p o sitio n  4 .4 . L et a c R  denote an ideal of  pure height g . For an  integer
r_ . 2  w e have

r - 1
S r (R/a)=Supp R/a \  U S upp  E x tr '(R /b , R ),=1

w here bC R  is an ideal link ed to a  by  a Gorenstein ideal of  height g.

P ro o f .  First we consider the case

r-1
Supp ExtPi(R/b, R )=0 .

That means Ext (R/f), R)=-0, i=1, ••• , r - 1 .  B y  v ir tu e  o f  th e  L o c a l Duality
Theorem f o r  R  a n d  by v irtue of 4.1 this is equivalent to S r (R/a)=Supp  Ria.
T h e  remaining case follows th e  same way by a  localization argument.

5. A  geometric application.

Next we shall consider liaison among projective varieties in  P ,  n 3 , k  an
algebraically closed field. W e ca ll a  p ro jec tiv e  v arie ty  Z  C P p ro je c tiv e ly
Cohen-Macaulay (resp. Gorenstein), if the homogeneous coordinate r in g  R (Z )=
S l l z  i s  a Cohen-Macaulay (resp. Gorenstein) ring, where S =k [X o , •-• , X n ]  and
/ z  deno tes t h e  homogeneous defining ideal o f  Z  in  S .  B y g'z  we denote the
ideal sheaf o f Z.
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Definition 5 .1 .  Two varieties X, Y C PI,' a r e  linked (algebraically) by a
projectively Gorenstein variety Z P I :  of codimension g, if

a )  X, Y are of pure codimension g  with Z D X U Y , and
h )  g y /Tz ----"Homo„.(0x, Oz) and 2 x / g z  =- HOM0,(0Y, Oz)

Furthermore, X, Y  are linked geometrically, i f  X, Y  are of pure codim ension
g , h a v e  n o  components i n  common, and XUY = Z  scheme theoretically, i. e.
T X () T Y

=
 T Z .

Now we shall prove a global analogue of Theorem 4.1. Moreover, it is
possible to translate other results of 4. into a  geometric context. B ut we shall
restrict ourselves to 5.2 which seems to be the most important and most typical
result.

Proposition 5 .2 .  Let X, Y c P  be projectiv e v arieties link ed by  a  projec-
tively  Gorenstein v arie ty  Z c P 7

ki  o f  codimension g . F o r  a n  integer r_>_1 the
following statements are equivalent:

(i) X  satisfies the condition S r ,  i .e . depth Oz , s  _>_min(r, dim Oz , x ) for x E  X, and
(ii) there is an integer t such that

Hi(Y  , Oy ( s ) )=0  fo r all I  s l > t  and max(0, dim Y —r)< i< dim Y.

Pro o f . First we want to show that E x trp '(Oz , Op)=0, 0<i<r, is equivalent
to condition ( i ). L e t  x  e  P ,  then

extg±;( 0 y ,o p ) x - E x trp i
s (0y,s,Op,  ) =0 ,  0 <i<r ,

is equivalent to S r  f o r  Oz ,  by virtue of the Local Duality Theorem and 4.1.
But this holds for a ll x E P , so it proves our statement. Let a, bCS denote the
defining ideals o f X, Y  r e s p . Then we have

extni(O z , Op) . - -. E xtr '(S /b , S )'.

That is, ( i) is equivalent to the  finite length of ExtV i(S/a, S ) ,  0 <i<r,  a s  a
graded S-module. B y  the Local Duality Theorem it is equivalent to the finite
length of H(S 1b), dim S/b—r <i< dim Sib, a s  a  graded S-module. There exist
a  canonical exact sequence of graded S-modules

0 ---> S/b ---> Eez  H ° ( Y , O y(S )) H (S 10) --> 0

and canonical isomorphisms of graded S-modules

sez 
W(Y, Oz (s))=- 1--P 1(S/b) ,

Because b  i s  a n  ideal of pure height, H (S /b )= 0  and 1-1(S 16) is a module of
finite length. This proves the  equivalence of ( i ) and (ii).

A s a  Corollary it follows that the Gorenstein liaison preserves th e  Cohen-
Macaulayness of linked varieties.
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Corollary 5 .3 .  Let X , Y , Z E PIki  as before. Suppose X  is a  Cohen-Macaulay
v ariety . T hen w e get the following conditions:

a) Y  is a Cohen-Macaulay variety, and
b) there are  canonical isomorphisms

I -P(P, gy (s))= (P ,  x ( e s ) ) "  , s Z ,

f o r 0 <i<r, r=dim X=dim Y , where V  denotes the k-vector space dual. Further-
m o re , e  is  th e  integer def ined by  w z =- 0 z (e) for the projectively  Gorenstein
variety  Z .

Pro o f . T he  asse rtion  a ) follows immediately from 5.2. For the second
part we remark that

[I-P(S I H i ( P ,  x (s)) , sE Z ,

for 0 < i < r .  Here [M ]3 denotes the s-th graded piece o f a  graded S-module M.
By the  proof of 5.2 we see that X  is a Cohen-Macaulay variety if  a n d  only if
S /a  is locally a  Cohen-Macaulay r in g . So the isomorphisms follow by a  graded
version of 3.3. D

In particular, if Z  is a  complete intersection defined by forms F1 =0, •-• , F,

= 0, we get e =  d 1 — n-1 , where d i =deg • • •  ,  g.i=1
Let XcP1,' denote a Cohen-Macaulay variety. It follows that all the graded

S-modules
H V g x ):= Tz H i (P , g x ( s ) ) ,  0<i<dim

are modules of finite length.

Definition 5 .4 .  For a Cohen-Macaulay variety X c P lki we define the formal
vector

n ( x ) = ( 1 4 ( T x ) ,  , x))

r=dim X .  Furthermore, 9)1v(X) denotes the following formal vector

9 r(X )=(1 4 - 1 (g. x)v  , , H (g x ) v ) ,

where V  is  the k-vector space dual. For two pure r-dimensional Cohen-Macaulay
varieties X , Y E N  we say that 932(X) and M Y ) are isomorphic up to a  sh ift
in  degree e  if

I4 (g H ( g y )(e) , 1 <i <r ,

as graded S-modules, i.e . 9)1(X)=9J1(Y)(e).

In the case of a curve CEP?, th e  formal vector 931(C) coincides with the
graded S-module M(C) of Rao [10], 2.2. Next we want to extend Rao's result
to an  arbitrary Cohen-Macaulay variety.

Proposition 5 .5 .  Let X , Y E P  b e  projective Cohen-Macaulay varieties linked
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by a projectively Gorenstein v ariety  Z CPL I. T hen w e have

3JI(Y)-- 9i1v(X)(—e).

for a certain integer e. Furtherm ore, fo r  any formal vector 93 11=- (111 , •-• , H r - 1 )

o f  graded S -m odules H 1,  0 < i < r ,  o f  f inite length there ex ists an irreducible
integral Cohen-Macaulay variety X CPV -1 , r= d im  X, such that 71 (X )931  up to a
shift in gradings.

Pro o f . T h e  first part of the Proposition is proved in  5 .3 .  By Theorem A
o f  E v a n s  a n d  Griffith [ 4 ]  th ere  ex ists  a  homogeneous p rim e  ideal p c S =
k [X o , ••• , X T+1] such that

1-P,(S1p) H 1 , 0 < i< r .

Now we define X =V ( p ) c 1 ) ;» .  Then it follows that 9 Jt(X )-9 )1  up to a  sh ift in
g r a d in g s . D

D oes 9J define a  u n iq u e  lia iso n  c la ss  i n  p + 1 ?  M o r e  generally, for an
arbitrary projective variety X c P ,7  the  truncated dualiz ing complex J o' x  i s  u p
to duality an invariant under liaison.
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