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B y th e  theorem of Jacobson-Bourbaki correspondence, th e  following pro-
position is obvious.

If  K  is an  extension f ield of  f inite degree over a f ield k , then all subrings of
H om ,(K , K ) which contain K  (=K  • id K ) are simple.

In this short paper, we show that this proposition remains true even if we remove
the finiteness condition for extension K lk  and replace Homk (K , K ) with 9 (K /k ) ,
where g(K 1k ) denotes the derivation algebra of K  over k. That is, we prove the
following proposition.

Let K  be an arbitrary  f ield extension of  af ield k , and 9(K 1k ) be its derivation
algebra. T hen each ,subring of g(K 1k ) containing K  must be simple.

If K  is purely inseparable over k , this is a generalization of the above, for in the
case of finite purely inseparable extension K lk , we have 9 (K 1 k )=H o m k (K , K ).
(Nakai-Kosaki-Ishibashi [2]).

As an application of this property, we shall give an  another rapid proof of a
part of our theorem of preveous paper [ 3 ] .  That is, we shall show that the above
proposition yields at once the following result.

I f  K  is  a f ield ex tension of  a .f ie ld  k  such that g(K 1k )=H om k (K , K ), then
[K : k ] is finite.

Notation and terminology. W e adopt the  no ta tion  and  terminology i n  [1]
and [ 2 ] .  All rings are assumed to be commutative and have identities. W hen k
is a ring and K  is a commutative k-algebra, a  q-th order derivation of K lk  (or k-
derivation of K ) is, by definition, a k-homomorphism D: K --4 (  satisfying the fol-
lowing identity:

D ( x 0 x 1 • • •x a) - -  E ( — 
1 ) s - 1 E xi , • • •x i s D (x ,• • •X " i i ••• i s • • • x q )s=1 i, <•..<is

for any set {x0 , xq} of (g + 1)-elements in K ., f , q ) (K I k ) denotes the totality
of q-th order k-derivations of K  and .9 0 (K /k ) denotes the union (K1k),

q=1
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which is a  K-submodule o f Homk  (K , K ). 1(K1k) denotes the  sum (necessarily
a direct sum ) of K-su bmodules K  and  g 0 (K1k) in  Homk  (K ,  K ) ,  whi ch h a s  a
natural structure of k-subalgebra of Homk  (K ,  K ) .  g(Klk) is called the derivation
algebra of K over k. For any D e g o (Klk) and a E K, we set [D, a] = Da — aD — D(a)
i.e . [D, a](x)=D(ax)—aD(x)—D(a)x. D  be longs to  .9° ) (K1k) i f  a n d  o n ly  if
[D, a] belongs to 9 (

oq- 1 ) (K/k) for all a e K .  (Nakai [1], Ch. 1, Prop. 3)

Simplicity of derivation subalgebras of 9(K/k).

Proposition. Let K  be an arb itra ry  fie ld  extension o f a field k, and 9(K1k)
be its derivation algebra. Then each subring of .9(Klk) containing K  is  simple.

(i.e. (0) and ring itself are the only two-sided ideals.)

P ro o f.  Let A be a  subring of .9(Klk) such that AD K, and let a be any non-
zero two-sided ideal of A, and let f  be a non-zero element o f  a .  Then f is uniquely
written as follows: f=a+D, where a E K  and DE g (o q ) (K /k) for some q. If D= O,
we are th ro u g h . If D# 0, we shall show that a  contains an  element of the form
a' +D', where a' E K \ {0} a n d  D '  9 (0q - 1 ) (K / k ) .  Indeed there exists an element
x e K  such that D(x) 0 , and  since we have D(x)+ [D, x]=Dx— xD=(a+ D)x —
x(a + D)=fx — xf, it follow s that D(x)+[D, x] is  i n  a .  Thus a' = D(x) and  D'=
[D, x] satisfy desired condition.

Hence, by induction, we conclude that a  contains a non-zero element o f K ,
because 0-th order derivation is 0 (the null m a p ) . Thus a m ust coincide with A
itself. q. e. d.

Corollary 1. Let K  be any field extension of a f ie ld  k, then the derivation
algebra 9(Klk) is a simple ring.

An application.

Corollary 2. If K  is a field extension of a f ie ld  k such that 9(K1k)=Horn k .

(K , K ), then [K: k] must be finite.

This is obvious by the above Corollary 1 and the next lemma.

Lemma. (Jacobson [4], Th. 5, p. 2 5 8 ) Let V be an infinite dimensional vector
space over a field k .  For each infinite cardinal a such that dim. V, set

a„={feHom k (V, V)I dim. Im (f)<a} .

Then a a proper two-sided ideal of Horn,, (V , V), and conversely any proper
two-sided ideal coincides with one of the aŒ.
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