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§ 1 .  Introduction

We shall consider nonstationary waves on the free surface of an incompressible
ideal fluid when the surface tension is taken  in to  account. The surface tension
creates the pressure difference across the surface which is proportional to the mean
curvature of the surface (Laplace's formula, [3] Ch. V11).

Matters relevant to  the capillarity (capillary phenomena) are treated in [4].
For mathematical problems on capillary surfaces, problems determining the shape
of the surface under the action of the surface tension, see, for example, [5] and papers
in Pacific J. Math. 88 No. 2 (1980).

We take coordinates y =(y i , y 2 ) so that the fluid at rest occupies the domain

{y1 —oo <y i < + oo,

where h=const > 0  is  the mean depth and b  is a given function such that — h+
b(y 1 ) < O for all y i . The gravitational field is equal to (0, — g), where g=const is
not necessarily positive.

The irrotational motion of the fluid is governed by equations and conditions for
the density p=const >0, the velocity y =(v i , y2 ), the pressure p  and F  defining the
free surface, i.e. the domain

S2(t)={y 1 —  oo <y, < + oo, — y,)}

which the fluid occupies at time t. p , y  and p  satisfy the equation of motion, con-
tinuity and irrotationality, i.e. for t and y such that y e S2(t),

(1.1) v f+(v •V )v = —  r'V p+(0, — g),

(1.2) 01)1a v 2  _0a v 2  _  01110
'3Y 2a . v 2 '

Ovwhere v, , V= grad, v V = v,  0   
+v2 

 '3
'3 Y 2 . 

The fluid cannot penetrate the

bottom. This means that for y such that y 2 = — h+b(y ,),

(1.3) v • N =0
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where N =(N 1 , N 2 )  is the outer normal to  the b o tto m . The free surface always
consists of the same particles of fluid, in other words, if y(t) is a solution of

d 
d t  y (t)=r(t, Y (t)), Y2(0) - F(0, y,(0)).= 0

then y 2 (t)- F(t, y i (t)) = O . T hus for t and y such that y z =F(t, y1)'

(1.4) (  a  

+ v • 77)(y 2 -F )=0 .

There is a different way to obtain (1.3) and (1.4), that is, we can derive (1.3) and (1.4)
from the law of mass conservation (or the equation of continuity) under the as-
sumption that the free surface and the bottom are expressed by smooth functions of
t and y , .  The pressure difference across the surface is given by

(1.5) 0  1   OF  1 / \2\-112)
P - P ° = )  )

where p is the pressure of the fluid just inside the surface, po is the constant external
pressure and a=const >0 is  the surface tension coefficient. The condition (1.5)
follows from the balance of forces acting on a part of the surface:

Yi+z
T (y  + z )- aT (y ,)+ (p - p o )N(y i )d s =0, z > 0,

Y1

where T(y 1 ) =(1 + (F) 2 ) - 1 1 2 0 5

N(y 1) =(1+(F') 2 ) - 1 1 2 ( -  ,  1 ) ,

F '= , t i s = ( 1 + ( r ) 2 )Q2 dy 1 .0y

Letting z-41 we obtain

0  a a v  1  (1 +(F') 2 ) - -1  / 2 - ( p -  p o )F' =0,

a 
a y ,  (F ( 1 + ( n 2 ) - 1 1 2 ) +p -  1)0 =0.

Since the first equation follows from the second equation, we obtain the required
condition (1.5). Note that the curvature of the surface is equal to

0  (F'(1 +(F) 2 ) - 1 /2 )
0 3.'1

Initial conditions a t t = 0 are given in the form

(1.6) 52(0)=52, i.e. F(0, y ,) =F o (y ,), v(0, y)= v o (y)

where vo satisfies (1.2) for y e 52 and (1.3).
Exact solutions for progressive waves, stationary nontrivial solutions of (1.1)-

(1.5), were found in [6]-112] under various additional conditions.
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There is the trivial solution F = 0 , v=0, p= p o — pgy2 o f  (1.1)-(1.5). For the
investigation of nonstationary solutions close to the trivial solution, it is convenient
to treat the problem by introducing X (t, x )= (X ,(t, x), X 2 (t, x)) such that

X2(0, x) —F(0 x +X i (0, x))= 0, 1  +  X, x (t, x)> 0,

(1.7) 0)+ X(t, x))= v(t, (x, 0)+ X(t, x)).

In view of (1.4) we see that (x, 0)+ X(t, x), — co <x< + oo, represents the free surface
at time t. The trivial solution corresponds to  X = 0 (precisely, X=(const, 0), but
in this case we take x +const in place of x). It follows from (1.2) and (1.3) that
X --= KX „ where K  K (X )=  K (X , b , W is  the operator, see [ 2 ] .  The differentiation
of (1.7) with respect to  r and (1.1) give X„= — p - 1 77 p + (0, —g), which leads to

(1.8) (1 + X l x , X 2x )• (X„ +(0, g))=(1+ X 1 x , X 2 ).( — P - 1 V

0 = — p -  ' o x  p(t, (x, 0)+ X(t, x)).

Since (1 + X 1.,„ X2 x )  and (1, F '), where y, = x + X , ( t ,  x), are vectors tangent to  the
free surface, it holds that

4 .(F )2)- 1/2 = X 2 . ((1 ,x 1x )2 x i x )-- 1/2 .

Noting that

aa x  a a = (1+ X I ) 'ay, a y , Ox Ox

we can write (1.5) in the form

(1 .9 )  p(t, (x, O)+ X)— Po= — 0 (l +X1x) - 1 (X2x((l+X1x) 2 +Xix) -
1/

2 ),,

= — * ( 1 +Xix) 2 +Xix) - 3 / 2 ( — X2xXixx + (1+ X 1x )X 2x x ),

which enables us to eliminate p from (1.8). Introducing

I t t = p - 1 «,

Q=Q(X x)=((1+ X ix) 2 + Xi x ) 112 ,

(1.10) R=R(Xx, X )

= — 3 Q(X x) -  5 (( 1 + X i x )X i x x + X 2xX 2xx)( —  X 2xX txx+(l+ X ix)X2xx),

s =  s ( X x ,  x x x , ) = . 2 ( x x ) - 3 (— x 2 x x ix x x + (l + x i x ) x 2 x x x ) ,

we see that the problem (1.1)-(1.6) is reduced to the problem

(1.11) (1 + Xix)Xitt+ X2.(g + X2ft)=PR(Xx, X x x ) +p,S(X x , X x x x ), 0 < T,

(1.12) X 2 ,= K X 1 ,

(1.13) X(0, x)=X ( ° ) (x), X 11 (0, x )= X ;') (x ).
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Our purpose is to show that if b, T and initial data are small then the problem
(1.11)-(1.13) is uniquely solvable. The problem (1.11)-(1.13) with 11=0 was treated
in [1] for h= co and in [2] for 0 < h < cc. The method used in this paper is the gen-
eralization of that in  [I] and [2].

For the investigation of the character of equations (1.11) and (1.12) we consider
the equations linearized at X=0 (we assume that b =0):

uX X21= —  i tanh (hD)X i „

where D =  - ie x, (note that K(0, 0, h)=  - i tanh (hD )). These equations give

X 1„,+(gD+ pD 3 )tanh (hD)X „ =0.

(Remember the dispersion relation

ot 2 =(gk + p ' k 3 )tanh  (hk),

c f . [3 ] Ch. V I I .  For the agreem ent of this relation and experiment, see [13].)
For the initial value problem

(1.14) u„+(gD+1.4D3)tanh(hD )u=f, 0

(1.15) u = u , ,  u t =tt i , t=0,

it is easily shown by means of Fourier transformation that (i) if

u, E H 3 + 3 /2 , U l  E Hs, f e  C°([0, T], Hs)

then there exists the unique solution

u e C-1([0, T], I i s + 3 / 2 - 3 j/ 2 ) ,  j =0, 1, 2;

(ii) moreover, if g >0 then the above solution u=uP converges to the solution of
(1.14), (1.15) with p = 0  w hen it tends to  zero. F o r  t h e  problem (1.11)-(1.13),
theorems corresponding to (i) will be given in §§4-6, (ii)-in §7.

In this paper we use the same notations in [2]. Here we repeat several of them.
Hs= Hs(R 1 ) , -  co <s< + co, is a  Hilbert space with the inner product

(u, v) =(27t) - 1 +  1 / 2s a101)(0(1, 11( ) =  u(x)e - ix4 dx.

For u =(u i ,..., u„,), u E Hs means that Lt. ; e Hs for all j.

(u, v)s =(u l , ul )s + ••• +(um. vm)s, Mulls=(u, u)1/ 2 , (u , y)= (u , Mull = Ilullo.
a A  pseudo-differential operator P(D), D = - i a x  ,  is given by P (D )u ()=  P ()4 0 .

Note th a t  IlAsull =11u A= 1 + I A .  Y (H r, Hs) is a  Banach space consisting of a
linear continuous operator A from fir to H s ,  whose norm is given by

u E Hr, 1111 11r=  1 .

If B is a  Banach space and u is a B-valued Ci-function on the closed interval [0, T],
w e say that u  belongs to Ci([0, T ] ,  B ) .  By A* we denote the (formal) adjoint
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operator in H° of an operator A : (A u, v )=(u, A* v). I f A  and B are operators then
we put [A , B ]= AB— BA.

In proofs w e d o  not distinguish inessential constants and w e use the same
symbol C .  T he statement C =C (a,...)>0  m eans that C  is  a positive constant
depending on a,... The reason for expressing p explicitly in estimates lies in the need
of uniform estimates (with respect to p), which will be necessary in §7.

§ 2. Quasilinearization

Putting

(2.1) Yr X ,  Z =  X . ,  W =(X, Y, Z), W '= (X , Y,),

we shall reduce equations (1.11) and (1.12) to quasilinear equations for W . The
method is similar to that used in  [2 ]. T he  equation for X  is

(2.2) X „= Y.

Differentiations of (1.12) give

(2.3) Of X2 1 = Kuoaix„+Fi dx,..., x ) ,
(2.4) apt X2 1 =  - i sgn DditaiX i t + FjkO,

FA° = fi sgn D+K (X )} 03iX  i t + F i k (X ,..., ajavc, aoc
where O. 1 (see [2] §5). From (2.3) with j=2 we obtain

(2.5) Y21 = ./.2( 141 ;, b, 17 )=K (X )Y „+F20(X , X  Y ).

Adding (2.4) with j=0,  k =3  multiplied by —p to (2.4) with j---= 0, k = 1 and applying
( 1 + 0 2 )-  to this sum  w e have

(2.6) Z21= —i sgn DZ„+(1 + pD 2 ) - 1 (Foio —  ['Foy)),

where

(2.7) FOk0 = F O k 0 ( X ,  Z I •  •  • , air 'z, )(it)
= fi sgn D + K(X)} (iD) k  X i t + Fo k (X , Oir 1 Z , X ,,) ,  k = 1, 3.

Since we obtain from (1.11)

(2.8) (1 + Z I )Yi +Z 2 (9 + Y2 ) =pR(Z. Z,)+ pS(Z, Z.,‘ „)

+g 0(1 + pD 2 ) - li sgn D(Z,— iDX 1 ),

(the constant g o will be determined later). Differentiating (2.8) with respect to  t
and eliminating Z2, by (2.6) we have

(2.9) (g0(1 +pD 2 )   sgn D +P 1 )Z 11 +(— g— pD 2 +P 2 ){—i sgn DZ 1 ,

+(l +pD 2) -
1(F 0 1 0  — 1-1F030)} — ( 1 + Zi)Yit — Z2 Y2t

+ g o (1+ pD 2 ) -  1 D sgn 0,
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where

(2.10)

H ideak i Yosihara

P i = P.AY, Z, Z x , Zxx)

aRO S OR = — r i + p 
 a z ;

( Z , Zx )+ ii ( Z, Zxx 1+ ( Z , Z x )iDaz, azix
°S

  ( Z  Z  )(iD) 2 + (j— 1)pD2 ,+"az 1, 2.
fxx

Noting that g 0 (1 +a) -  ' + a 2g012 — 1 for g0  1  and a > 0, we put

(2.11) g o =  —
1

(2 —g)2 i f  g - 0, g 0 = 0  if g >O.4

Then for any p >0 and any  rea l it ho lds tha t

(2.12) g  + g 0 (1  + g 2 ) - 1 + g 2 const >0,

(const depends only on g ) . The operator acting on Z „ ill (2.9) can be written in the
form

(I +13
3 )(g +g 0 (l +pD 2 )-- I +pD 2 )i sgn D,

where

(2.13)P 3 = sgn D+ P 2 )(g + g 0 (1 + 0 2 ) -  ' +pD 2 ) - 1 .

Replacing Y 2 1 in  (2.9) by f 2 we obtain

(2 .14 ) Zit =f3(W, W;, p, b, g , h )

= i sgn D(g +g 0 (1 + pD 2 ) -  + pD 2 ) -  1 ( 1 + P 3) -  1  { — ( 1 + Z 1)Yit —  Z2f2

+g 0 (1 - 1- pD2 ) -
1 1DIX

1
,+( — g — pD2 + P2)(1+ PD 2 ) - 1 (F 010 —  liF030)}.

Replacing Z „  in (2.6) by f 3 we obtain

(2.15) Z21=f4(W, W;, p, b, g , h )

= sgn Df3 +(1 +/1D 2 )  1 (F 0 1 0  — 11Fo3o) •

Remark 2 .1 6 . Assum e that functions X , Y, Z  satisfy (2.2), (2.5), (2.14) and
(2 .15). Then in virtue of (2.2) and (2.5),

(2.17) (X21 — K(X)X „)„= O.

From  (2.14) and (2.15) it follows that (2.6) h o ld s .  The replacement of f 2 in  (2.14)
b y  Y21 shows that (2.9) holds. Therefore it holds that

(2.18) aft(' +Z2(g+ /12)— pR(Z, Z,)— pS(Z, Z x x )

— g 0 (1 + pD2 ) -  i sgn D(Z, — D X 01=0.

Moreover if X2 1 -  K(X)X „=0 then by the same procedure that we used to obtain
(2.6) from (1.12), we have (2.6) where Z is replaced by X .  This equation and (2.6)
give
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(2.19) (Z 2 — X2 x ), = — i sgn D(Z, — X , x ),

+(l + PD 2 ) - 1 {Foi(X, Z,  X 1 , ) —
 F o i ( X ,

 X ,  X1f)}

—141+ ,uD2 ) - I {F 0 3 (X , Z, Z„, Z , , X 11) — F0 3 (X , X x , X ,  X x x x , X 11) ) .

These comments (and also those in Remarks 2.37 and 2.44) will become necessary
to show that the unique solvability of the nonlinear system follows from that of the
quasilinear system.

From (2.3) with j = 3 we have

(2.20) Y211=K Y,„+F 3 0 (X , X „ Y , Ye).

After the replacement of X „ in (1.11) b y  Y, differentiating (1.11) two times with
respect to  t and eliminating Y 211  by means of (2.20) we have

(2.21) (1+ X i x + tr= fl(R + S)„ — —(9 + Y2)X2x11 — 2  Yr. Xx1 — X2xF30,

Using (2.10) we write the first three terms in the right hand side of (2.21) in the form

(2.22) ,u{R(X x , X „)+ S(X x , X xxx)}11 —  Y1X1xtt — (9 + Y2)X2x11

13 1(Y, Xx , Xxx , Xxxx)Xixtt +( —g — + P 2 (Y , x x , Xxx, Xxxx))X2.11

+ /(i i (X x , Xxt, xxx, Xxxr, xxxx, Xxxxi)•

From (2.4) with j =  k = 1 and j =  1, k = 3 we obtain

(2.23) Y2x= S g n  Y i x  + ( 1  + 0 2 ) -  l (F110 — 11F 1 3 0 ) ,

(2.24) F iko=F lk0 (X ,  X 1, Z, arlz, Y 1)
=  sgn D + K(X);(iD)kY,

+ F i k (X , X „ Z , Z r,...,e r 1 Z e ,  Y 1 ), k = 1 ,  3.

In (2.21) replacing t X, OIX„ X„ by 01- 1 Z , 01- 1 Z 1, Y (j = 1, 2, 3) and eliminating Y2x
by means of (2.23) we have

(2.25) Y111= (1 +Z  +Z 2 K) -  '{ (P 1 —(—g —pD2 + P 2 )i sgn D)iDY, + 1 21 ,

where

(2.26)1 2 12(X, X 1, Y , Y, Z, Z 1, Z x , Z1x, Zx x , Ztxx)

= pI,(Z, Z„ Z x , Z ex , Z . ,  Z1xx)

+ ( — g  0 2 + P 2(Y, Z, Z„, Z x x ))(1-1- tiD 2 ) - 1 (F  io  1 (F i3o)

—2 Y. Z,—Z2 P 3 0 (X, X1, Y, Y).

Using (see [2] (5.12))

(2.27) (1  +  Z 1 +Z2K) - 1 = Q(Z) - 2 (1 + Z i  + Z2 i sgn 134,
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(2.28) P4= P4(X,

= 2Z2{i sgn D+ K(X)}

+Q(Z) - 2 Z2t[K ,  Z 1] + [K, Z2]K + Z 2 (1+ K 2 )} (1 + Z 1 + Z 2 K) -  ,

we have

(2.29) Yin =Q - 2 ( 1 +Z I +Z 2 i sgn D )(P, — (—  g 0 2 + P2 )i sgn D)iDY ,

+P4(PI— ( — g — PD2 +P2)isgn D)1DY ,+( 1+Z 1 +Z 2 K) -  11 2•

Noting that

(2.30) (1 +Z 1 +Z 2 i sgn D)(P —(— g — tiD 2  P 2 )i sgn D)

=(1+Z I )P 1 +Z 2(-9-14D 2 +P2)+1Z2P1 — (1+Z 1)( — g — ,uD2

+ P2 )}i sgn D + iZ2 ([sgn D, -  [sgn D, P2 ]i sgn D)

and using definitions of R , S  and P. (cf. (1.10) and (2.10)) we have

(2.31) Q - 2 ( 1  +Z 1 +Z 2 i sgn D)(P,—(—g —1.0 2 + P2 )i sgnD)iD

=— M— L— Q - 2 { (1+Z I )Y 1 +Z 2 (g+ Y2 ) - 1u(R+S)IiD

+ iZ 2 Q - 2 ([sgn D, P 1] — [sgn D, P2 ]i sgn D)iD,

where we used notations

Q=Q(Z)= { (1 + Z  + zip /2,

A o = A c,(Z)= Q(Z) -

A , = /1 1(Z, Z x ) = — 3Q(Z) -  5 ( — Z2Z ix+(i + Z Z 2.) •

A 2 = A2(Z, Zx ,  Z ) =  Q(Z) -  2 (4R +3S)

= —12Q(Z) - 7 {(1+Z I )Z 1 x +Z 2 Z2 x }{—Z2Z 1 x +(1+Z1)Z2 x }

+3Q(Z) - 5 ( —Z2 Z1 +(1+Z 1)Z 2 .),
(2.32)

/13 -A3(Z, Z" Z, v)

= 3 Q(Z) - 7 1( — Z2Z1x+0 + Zi/Z2.) 2+  Z 0 Z ix +  Z 2 Z 2 x ) 2 1

+ 121Z) - 5 {( 1 +ZOZI.+Z2Z2xxl

A 4 = A 4(Y , Z)=Q(Z) - 2 {(1+ Zi)(9 + Y 2) — Z2Y il

M = M(W)= M(W, 1.1)= — iA o x DIDI A ,D 2 ),

L= L(W )= L(W , it) = ipA 2 D +(y2 4 3 + A4)IDI •

Thus we have

(2.33) Y „±(M+L)Y, +Q - 2 {(1+Z i )Yi +Z 2 (g+ Y2 )-1.4(R  +S)} iDY =fi,
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(2.34) f  =f i(W , W;, i,  b , g, h)

= iZ 2 Q(Z) - 2 ([sgn D, Pi—  [sgn D, P 2 ]i sgn D)iD

+P 4 (P 1 —( — g — itD2 + P 2 )i sgn D)iDY, +(1+Z 1 + Z 2 K) -  1 12

where Y2„ aa
'
t in /2 are replaced by f 2 , f4).

Remark 2 .3 5 . The equation (2.33) can be written in the form

u1 +ttaDaDtilDlu-31taDtQ(Z) - 3 ( —Z 2 Z 1 x +(1 + Z,)Z 2 . )1aDu

+2p1Q(Z) -  3 ( — Z 2 Z + (1 + ZOZ2)1 2 a1Diu

+ Q(Z) -  1 41 + Z ,)(g + Y2 )—Z2 Y1 lalDlu

+ iQ(Z) - 1 {(1+Z,)Y ,+ Z 2 (g + Y2 ) — pR(Z, pS(Z, Z x ,)}aDu =f,

where u=  Y , and a =Q - I n  t h i s  f o r m  the meaning of coefficients is clear:

—aQ(Z) - 3 ( —Z2 Z, x + (l+ Z ,)Z 2 ,c)

is the pressure difference, see (1.9); the curvature of the curve (x, 0)+X (t, x ), —co
<x<  +x, is equal to

1Q(Z) - 3 ( —Z2 Z1 x +(1+Z 1)Z2 ,)1

and the line element of this curve is ds=Q(Z)dx, therefore

a

the normal derivative of the pressure is proportional to A4, that is,

Q(Z) - '1(1+ Z 1 )(g + Y2) - Z2

=Q(Z) -  '( — Z2 , 1+Z 1 )-(Y+(0, g))= N • (— p -  1 \7p).

The above form is inadequete to our purpose, that is, Hs-estimates of solutions,
because operators of order 2 and 3 are essential to this end.

Putting the third term of (2.33) equal to zero we obtain the required equations
for W,

(2.36)X =  Y, Y,„-F(M  + L)Y,=f1, Ylt 
=

,f2
,
 Z t  = (,f3

,
 .f4) •

f i  depends on W, 14/, p, b, g and h:

f (W , W;)=.f(W, M, P)=f(W, 147 ;, p, b),

(see (2.5), (2.14), (2.15) and (2.34)).

Remark 2 .3 7 . Let W =(X, Y, Z) satisfy (2.36) and (2.8). Then (2.33) holds if
f ,  is replaced by

+ Q - 2 1/1„g0 (1 + 0 2 ) -  i  sgn D(Z, — X1x).
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Reversing the procedure from (2.25) to (2.33) we have

(2.38) (1 +Z, )Y,,, Y,„±F 3 0 )-F 2Y,. Z,

= P 1 Y, x +( - g  -j/D 2 + P 2 )1 - i sgn D Y, x + (1 + pD2 ) -  1 (F 11 0 P F 1 3 0 )1

+11/1 + ( l  + Z ,  Z 2 K )Q - 2 1/1 g0( 1 ± P D 2 )-  1 i sgn D(Z - X , x ) .

According to Remark 2.16 we see, by differentiations of (2.17) and (2.6) with respect
to t, that (2.20) and

Z 2 n =  i sgn D Z ,„ + (1 + 0 2 ) -

hold, where we used definitions of F f „ .  ln view of (2.22) and (2.10) we have

- 2,-2tt•= ji{R (Z , 4 )+S (Z , Z ) .1„-(Y, + P 1 )Z 1„-(g  +  Y2 - g  - pD 2 .  P

Therefore (2.38) is transformed into

(1+Z , +Z2K)Q- 2 Y l x g a l  P D 2 ) -  sgn D (Z ,-  X , )

=1(1+ Z ,) Y, + Z 2 (g + Y2 ) - pR(Z, pS(Z, Z x x )} „ + P ,(Z „, - x )

+(- g - pD 2 + P2)(Z211+ i sgn D Y ,,- Z 2 , -  i sgn DZ,„)

= g 0 (1 + pD 2 ) -  s g n  D(Z - X  1,),,+ P ,(Z, - X x )„

- ( -  g - pD 2 + P 2 )i sgn D (Z ,-  X1),,

=(g + g 0 (1 +0 2 ) -  +  pD2 -  P  sgn D - P 2 )i sgn D(Z, - X , x )„.

In virtue of (2.13) we obtain

(2.39) i sgn D(Z, - X  x )„

=(g + g o (1 + itD 2 ) -  +//D 2 ) -  1 ( 1 + P3 ) - 1  x

(1+Z, + Z 2K )Q - 2 3% 90( 1 P D 2 ) -  
1 i sgn D(Z, - X 1„) .

It remains to determine values of W, W; a t  t = 0 from X 0 ), 20, 1 ) by m eans of
(1.11) and (1.12). Assume that X  satisfies (1.11)-(1.13). I n i t ia l  values of Z and
X2, are given by

(2.40) Z = X ,,  X  2 , = K(X)X t =O.

Eliminating X2 1, from (1.11) by means of (2.3) w ith  =1 we have

(2.41) = {1+Z, + Z 2 K(X)1 - 1 { -gZ 2 - Z 2 F 1 0 (X, X,)

+ pR(Z, Z„) + pS(Z, 4)} , t =0.

In virtue of (2.3) with j=  1,

(2.42) Y2 = K(X)Y, + F 1 0 (X, X,) , t = 0.

Differentiating (1.11) with respect to t we obtain
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(1+ X i x )Y„+X 2 .„ Y2t — PiXitx - 1- 9 — 0 2 +P 2 )X 2 t x = 0,

which and (2.3) with j = 2 lead to

(2.43) Y„ = {1 +Z 1 + Z 2 K(X)} - 1 { — Z2F20(X, X t , IT ) + P 1 ( Y, Z, Z x , Z x x )iDX it

+(—g — pD2  + P2( 7, Z, Z ,  Z „))iDX t =O.

Thus (2.40)-(2.43) are the required transformation of X, X ,„ t 0, in to  W, W , t 0.

Remark 2.44. (i) For initial values W, W;, t = 0, determined in the above way.
following relations hold: in virtue of (2.41) and (2.42),

(2.45) (1 +Z ,)Y , + Z2 (g + Y2 ) =pR(Z, Z x ) +pS(Z, Z x x ), t = 0 ;

(2.46) (1 + Z2{K(X)Yit+ F20(X, Xt, Y)1

— Pi iDX it - g — 1(ID2  + P2 ODX 2 f  =0 , t  = 0,

in virtue of (2 .4 3 ). ( ii)  L et W be a solution of (2.36) with initial conditions given
by (2.40)-(2.43) and X 2 ,- KX „ =0 h o ld .  Then (2.46) minus (2.18) with t =0 is

P t (Z „ — iDX „)+ (—g — + P 2 )(Z 2 ,— iDX 2 ,)

+ +  0 2 ) -  s g n  D(Z 11 —iDX 1 )= 0 , t  =O.

From (2.19) with t = 0 it follows that

(Z2 + X 2 x ) t =  i sgn D(Z, — X  x ) ,  t  =O.

Therefore we have

(2.47) 0 =(g +g 0 (1 + 0 2 ) - 1 + pD 2 — P i i sgn D— P2 )i sgn D(Z i — X 1 )

=(I + P 3 )(g +g o ( I + pD2 ) -- +pD 2 )i sgn D(Z — X 1 x )„ t  =O.

§ 3. Estimates of functions and operators

In this section following facts (cf. [2] §2) will be used without comment.

(3.1) Itt(x)1 5 {(2s —1)n} u  e HS , s> 1/2.

If u, y e H', s> 1/2, then uv e H' and

(3.2) c=c(s)>o.

If u=(u, ...... u N ), w e  H', s 1, and u 1(x ) is real then

(3.3)

where C=C(s, N)>O, in is the integer, /11 S  + 1, F(z) is a Cm-function on an open
set containing

G(u)= {z = z 1,—, zOilzii-5„supliqx)1, 1.5i5N}
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and  11Fil ( „1 ) i s  the supremum o f  la.F(z)i, z E G (u ). The difference F(u)—
F(v) can be written in the form

OF(3.4) F(u)— F(v)= E (u f —  1).1) S 
u

—,—(qu + (I — q)v)dq,z ;

(3.5) F(u)—F(v)= E {F(v,,..., v i _,, u 1 , UN)

—F(v,,..., v ,, vi , j-1- • ,  " 0 1  •

From (3.3) and (3.4) it follows that

(3.6) 11F(u)—F(011,..-ClIFil(„,+5)(-1+ Nils+ 11010"1111-4

where 11F1, +  1 ) = sup ID̀-̀,F(z)l, la l  n i  + 1. z E G(u)U G(v). Using
s.

(3.7) -LF(u)— aF   (u)
a

u iat at
we see that

(3.8) F(u)—F(0)E Ck ([0 , T], Hs)

if k 0 is an integer, 1, u e C"([0, T], W) and F is a C" '-function in a certain
open set.

From now on we assume that all functions are real-valued.
By (2.32) and (1.10) we see that Q, A0,..., A4, R and S are singular at Z, =

—1, Z 2 = 0 .  This singularity is avoided if  IZI (x)i "211Z1 II I < 1 . Therefore we
have the following lemma.

Lemma 3.9. Let 0<c 0 < 7 1 /2 , 1 and c> 0. I f

(3.10) Ye H s, ZeHs + 2 ,

then (i) 410  const> (const depends only on co ), (ii)

Ao — I e Hs+2 , A, E Hs+ ' , A2, A3 , A4—g e Hs

and these are Lipschitz continuous in Y, Z, i.e.

dA0 (Z)— A 0 (Z°)IL.,_ 2 + 11A 1 (Z, Z .,) — A ,(Z°, 4)11,4-1

+ 11A; (Z, Z„, Z ) —Ai (Z°,

4 4(Y, Z) — A4(r. Y°, Z — Z° )11.,,

where Y°, Z° satisfy (3.10), C=C(c o , c, s, g)>0 and j = 2, 3.

Lemma 3.11. Let 0<c 0 <70 12 , s c > O .  I f

(3.12) YE Hs , Z E Hs+2, IlZlI, co , ! In s +

then for operators P,, P2 and P3 (see (2.10) and (2.13)) following estimates hold
for u ESP, l=  1, 2 and r=0„s: first,
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11Pju C N 1 1 ( 1  +0 2 )u11,, 11P314 11r-- CN11u11,
11[sgn D, Pi]tills"6 CN 11(1 + fiD2)u 11 1,

where N= 11Y 11.,+ 11( 1 + 111) 2)ZI1s+ 11(1 + PlY)Z11 . and C C(c 0 , c, s, g)> 0; secondly,

11(P — P.7)1( 11, C N 011( 1 + PD2 )u 11(P 3 — C N r l

IlEsgn D, 1 —  p.
(nully -5CN011(1+ pD2 ) 14 111,

where N 0 =  Y—  Y9+( 1 +11(1+ 1.11)2)Z1L+ 11( 1 + pD2)Z° 1102 11(1+ pD2)(Z1 — Z° )11., Pi!=
Pk( 1 7 ° , Z° , Dx

) , k =1, 2, 3, Y°, zo satisfy (3.12) and C= C(c o , c, s, g )> 0.

P roo f. In view of (1.10) (3.2) and (3.3) we have

11.z.s11,),

as 
(./ — 1 ) - _C11Z11,„

(3.13)

where C=C(c o , c, s)>0. Using (3.1) if r=0 and (3.2) if r = s we have

(3.14)j  Pi/4 11r 5 COI Y11,-FillIZ.,11 +PlIZxx11)11u1Ir
+Cp 1 /2 11Zx11.411/2 11Dutir+CilZilsilliD2 utir

<CO Y 11(1 + pD2)Z11, + 11( 1 + pD2)Z11D11(1 + pD2114 11,
In the second inequality we used

(3.15) /-111Dv1Q vg +11PD2 v1Q -11(1 + 0 2 )0; 2(11/)1Q +11PD2 v11,2 )

( g  is real). These estimates are obtained if we multiply

a_1+a 2 (1+a)2 2(1+a 2 ), a = f4 2 ,

by (20 - 1 1(1 +11/q t)(012 and integrate with respect to Since

11(1 + pD2 )(g +g 0 (1 + 102 ) -  + pD 2) - 111 45 C11(1 11,
where C>0 depends only on g, (2.13) and (3.14) give the  required estimate for
P3u. Using estimates

gsgn D, cdull s  C lI a l ls lI t i l lC = C ( s ) > O ,
(see [2] Lemma 2.14) and (3.13) we obtain

Il[sgn D, p i ]u 11,5 C N 11(1 +0 2)u11 t •
Taking (3.3) and (3.4) into account we see that

3(R± S) e(R + S)° C11 — Z° 11J11Z,cq. + j z i i + ziL+ 11 ZN1OZ; e l i ii

zN5(11Z is+  j Z11) + xx x11 s•
(3.16) OR are < oz . — z°ils(jjz,rms+ilzn.)+01z,,—s=azi x azi x

as aso z — z4.„z i .,cx oz./.
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w here  a(R+ S)°  _  O R  
 (Z° ,

 z o

)

+ ( za s o  z o  ) and so o n .  Thusa z "
— CM Y— Y ° 101+ pD 2)ull,.+ C(1 + 11(1 +pD2 )zIl5

+11(1 +0 2 )z°115)2 11(1+pD2 )(z —z°)11,11(1 + tiD 2 )u
Remaining estimates are easily obtained, so the proof is finished.

Lemma 3.17. There exists c0 >0 depend ing  on ly  o n  g  su ch  th a t i f  s> 3/2,
g>0, c>0 and

(3.18) Ye 115 , Z  e H 2 , MYMI -4- M(1 +/ID2).ZM 1 Mils+MZMsc

then the inverse operator (1+ P3 )-  I exists and th is operator is bounded in  Hs and
Lipschitz continuous in Y, Z:

11(1 + P 3 )  L5 C(1 + 11 Ylls+ d(1+ADWIls) 2 s,

11(1 +P3) — ' — ( 1  +P ) - 1

M Ylls+ M Y°115+ 110 +0 2 )zIl5+ 11( 1 +0 2 )z°115 )4 s+2

(M Y— Y° M.+ 11( 1 + gD2 )(Z  — Z° )M.,) ,

where C=C(c o , c, s, g)>O, P3=

P r o o f .  Putting r=0, s=  1 in Lemma 3.11 we see that there exists 0< co
 < 7 0 / 2

such that

11P3ilo,o- CN . C(co +c6)<1.

Therefore (1+P 3 ) -1  e x is ts  a n d  11(1+ P3 ) - .. C111111, C=C(c o , g )> 0 . P u t v=
(1 +P3 ) - ( u and A=1 + P I .  Then

MAsvM +P3)-1[1 +P 3 , As ]v + (l+ P 3 ) - I nsuM

5C11[P3 , A ] /P - 40,010 1 0  +CMuMs.

Since fe(1+ {v(1+ kl(}s + 1 it holds that

IlA5 — lv11 ellAsyll +8 1 - 4vM c>0.

Putting (20 -1 = C11[P3 , A s]/1 1 - s ll0,0 +1 we obtain

(3.19) ---1-1111,-(20-10-5Mvil +OWL,.

Noting that

[P 3 , As]Al - s= —([P 1 , sgn D +[P2, As])A 1 - s(g + g 0 (1+ 0 2)- 1  + pD2)-

and using estimates

Il[a, C=C(s)>O,

(see [2] Lemma 2.14) and (3.13) we obtain

P 3 (Y°, z o , 4 ,  4 x ) and  Y°, Z° satisfy (3.18).
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[P 3 , AsiA -C(IlYlls+ 1 (1 + PD2 )ZIl5+ 1.0 2 )zlID ,

which and (3.19) give the required estimate for (1 +P 3 ) --U s i n g

11( 1 + P3) - 1 —(1 + Pi) -  I IKI + P3 ) - 1 (P3— P3) (1 + Ps) - 1 11,..s

11(1 +P3) - '11,,,1111 — P311,,,Ii(l +P (3) -

and Lemma 3.11, we have the second inequality required in  this lem m a, so the
proof is complete.

Lemma 3 .2 0 . L et 0<c 0 <n'/2 , ,u>0  an d  c > 0 .  I f  W =(0, Y, Z )  and
W°=(0, Y°, Z°) satisfy  (3.12) then f o r th e  operator M + L (see (2.32)) following
estimates hold for any u e Y : f irst,

(3.21) + M5+  l l ( 1  +  P 2 )410 2 11(1+ pD2 )Du II s,

(3.22) 11(M — M° + L — L° )u s

Y° 115 -F(1+11(1-Fttp2)Z(15 -FIK1 +/-tD2)Z° 1102 x

11(1 + PD2 ) (Z — Z° )11.,} 11(1 + pD2)Du

where C=C(c o , c, s, g)>O, M°= M(W °) and L°=L(W °); secondly,

(3.23) III*  W, c)—M(W, 6)+ L(W, 0 - 14W, Mulls

C(6 — e)fl - 1 (1+11(1+ fiD2 )Z1102 11(1 +13D2 )Du

where I3>0, 0<c<6 and C -=C(co , c, s, g)>0.

P ro o f . In view of (2.32) it is easily seen that for Ao — I, ;10 „, A I , A2, A3, A4 —g
estimates analogous to (3.13) and (3.16) hold, so in the same way as in the proof of
Lemma 3.11 we have (3.21) and (3.22). It is clear that

w, 8)— m( w, (5) + w , 0— L (W , 6)

---- (8—(5)fi - 1 {m(w, fl)+L(W, /3)1 — (8 — (5)/3 - 1 2141D1 ,

which and (3.21) give (3.23). Thus the proof is complete.

For functions W =(X , Y, Z ), W ;=(X , Y11) we put

(3.24) d W, w;115„ =(11xU+ Ilx511)"2 +0111xtrq+3,2+aiTillxitlID 1/2

+(II Yirq +pll Y111 -F3/2 ± 1 71112
)

1 / 211 ) 72 11(1±11D2)ZI15•

Since J (W, W;) does not depend explicitly on t (see §2), there is no need to regard
W; as the t-derivative of W '=(X , Y1 ). In following two lemmas, " t” in  W; does
not mean the t-derivative.

Lemma 3 .2 5 . There ex ists co =c o (g, h)>0 such that if  p>0, c>0  and
b, W, W; satisfy conditions
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be Hs+ 3 , Ns+ 3  C
'

w, w; , A3/2 -yi ,  Azz , A3/2x
1,

 f p .

(3.26)
11x113 + II Y111 + R I +PD2 >z111 + co, IRK;

then fp  (1+ pD 2 ),f2 + J e Hs, j  I, 2, and

(3.27) Ilfids + IRI +PD 2 /f2 4 1 ,- C 1 ll  + 0 ( 1 +  M W, W; Ils,„)4s+7 11 W,

w here  C ,= C i (co , c, s, g , h)>0 and f k =f,(W, 14/;, p, b), 1 moreover, for
W°, W?' satisfying (3.26) it holds that •

(3.28) f  s+ 1K +0 2 )(f2+ j —.f3±i)11,
I + p)( + 14w, w;ds ., +  d wo, wo , ds,06.0-10d w _ w o, w; _ ds,

w here /=1,  2. C=C(c o , c, s, g, h)>0 and f?,=,fk(W°, W?', p, b), 1 k  4.

P r o o f .  In this proof w e use follw ing notations: first, spaces of operators
L(r, s; t), Lo (r, s; t) and operators K  i j , k , see [2] §4; secondly, functions F ik  given
by [2] (5.2); by F .7k , we denote Fik , in  which W, W; are sub-
stituted by W°, W,9'; by c o w e denote all constants depending only on g  and  h
(the minimum of them is the constant co stated in this lemma); by C we denote all
constants depending on co , e, s, g  and h except the case specially stated; lastly,

AP, 9, r ) = ( 1  + p " 2 ) (  + M 147, + M w,
 Irills,p+ W ° ,

E= M W, E0 = 11 — 147°, W  — 11,..
According to [2] Lemmas 4.24 and 4.27 it holds that

K e Lo (2 + r, m+r; 3), •< 1, /11 .:3 ,

(m  is a n  integer). B y considera tions in  [2 ] §4  w e see that K, J ,, is rational in
bx , A 1,0 ,0  (1_ /__8) and  polynom ial in e•tb.„, A I , p , q j,
0 p+q> 0). By [2] Lemmas 4.14-4.20 we have the following estimates for
the operator-norm of K  J A :  there exists c o = co (h)> 0 such that if j+  k> 0,

(3.29) x j k ,  b , ..... b e1 1 )0 0 1 1 3  + 11b113 5_ co,

then it holds that

(3.30) Xik, b,..., ) 311:1
0

, i+
0
, , 011112 + r ,m + r

E fpi(xPoi,
n ,N ,p ,q  i 1

where C = C(m, r, j, k, co , h)> 0, 1)4 =  b  if a =0, b7P= 0 if c >0  and the summation
is taken over

N 1 p 1 + •+ N„p„= j, N iq i+ •••+ N„q„= k;
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moreover, for Ylk satisfying (3.29) it holds that

(3.31) 11K,,j,k(X°°,..., Xik, alxcb; X " , b)
_ j , k ( yoo , y  jk aixtb • voo, /112 -1-ron+r

- C1IX °13 r° 1 1 „i+r E 11(XP'qi, YP 'q ', b"011,"„.̀f ,
i=1

+C XP"' YP"'Ilm-F,11(XP" ',Y P o l, bP, q011̂ ,y,-;.1 X
tr, N ,p,q 1=1

x YPrqi, b"011 1,■;+r141
where C=C(m. r, j, k, c o , 17)>0.

Estimates for f 2 . From (2.5) and the definition of F jk  we see that

.f2=K(X, b; X , /2 )Yit+ 2 1 (1,1,0(X, X t , b; X , b)Y1+-K1,2,0(X , X „  Y, b; X , b )X it-
Therefore we have

Yi X CE,

11f2 —Nis= 11(X —1(°)Y,,+10(Y1,— Y7,)+
Y -, r , X,— X?, Ylt —  rt)11,- CE0.

Estimates for f 3 and J .,. F r o m  (2.7) it follows that

Fok0 =  S g l l  D— i tanh (hD)+K I ,0,0(X, b; X . b)}(iD) k X it

+
q _± 

i
 ( k )K , , ,14 (X , Z,..., 0 " Z , elb; X , b)(iD)h - qX,,,, k =  1, 3.

q  

It is clear that

(3.33)
11Folo— C11(X — Xo, Z — CEo.

Using (3.30) and (3.31) we see that

11K C(11(Z,,, b.,-.)115+11(Z.r, b,x )11,11(Z, b.v)115+11(Z, b,)11i)11X11,115

< C(1 +11z.,11,+11Z,.,11011x1(11,5 + 11.4x11011x
(in the last inequality we used (3.15) with p=1, a= s),

uK 1,0,3X 1, —  K7,0,3X?t1l5= il(K 1,0,3 —  K?,0,3a  i t + K?,o,3(Xlt —  XitYls

— X° 11,01(Zx x , bxxx)Ils+ II(zx, bx)II5I1(z, Z ° , bx)11,

+11(Z, Z° , bx)11DlaitIl5

+C(I1Z,— 4x115+ ilz.-411311(z, b..)I-Is+ [1(zx, b.).11511z—rIls
+ b.)I1Rz —z°115)11x1,115+ + 114.„11)11x„—xVl s

C(1 + 111xxll5+ 114.11011x — x°11s1Ixtflls+ C(112, —4xll s + Ilz—z°11)11x1,11,
+ c(1 + 114.11)11xy

(3.32) f
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The estimates fo r  K 1 ,0 ,q (iD) 3 - qX 11 is  s im ila r  to  the  above. Summing up these
estimates we have

(3.34) 1111Fo30ils5PCIIDX111 +itC( 1 +11Z.11011Xiti1,

C(pil Xitlis+ 3/2 +1,111Zxx Ils) -5 C(1 + p1/2)E,

(3.35) 1111F03o — i F 8 3 0  PC(11X — (D X11, DX?)1(s+11D(X i t
— X7t)Ils)

+ 1.1C {(11X +11(Zxx, Z?çx)11s)11X — X° 11s +11Z x x—  Zi L11.,

+11Z — Z°  1 11X itlis+11Xlt —  Xi)t11,+11Z )°,x11,11X Mtils}

CJ(1, 0, OE,.

Noting that

Ilg0(1+pD2)-11DIX11115590-11211X11IIs

and using Lemmas 3.11, 3.17 and (3.32)-(3.35) we obtain

(3.36) I1( 1- +PD 2)./.311s 511( I +pD 2 )(g +g,(1 + ktD2) - 1  + [ (D 2 ) - 1 1 1 s , s 1 1 (1 +  P 3) - 1 11s, x

(11 Y1 4- IlhIls +gop -  ii2 11x11115

+ II ( — g — P D 2  + P2)(1 + t1D2) - 1 1,s11F oto — 0 3 01 1 ,)

_CJ(1, 2s+2, 0)E,

(3 .3 7 ) MO +PD 2)(f3 —1- 3)115

+P 3 ) -  — (1 + PD - 1 11.5,s11— ( 1 +Z i)Y i t — Z2f2+ 900 + t(D2Y- 1 1D1X it

+ (— g  — fiD2 + P2)(1+ p1) 2 ) 1 (F /IF 030)11,

+ C11(1 11 ) - 1 11s,s111—  (Z1 —  ZD Y  —
(1  + Z?)(Y11 — rit) — (Z2 —  Z3).T2

— Z3(f2 f3)+ g 0(1 + IDI (x 1 , — 'Odds

+ 2 — 11) (1 + pD2) - 1 (F 01 0 - PF030)

+ ( — g — pD2 + P (3)(1+ fiD 2 ) - 1 (F 010 — F810 —  tiF 030+ PF83011,1

C,1(1, 0, 4s+5)E0.

By (2.15) we see that

11(1 + ilD2)f4115 5 CJ(1, 2s + 2, 0)E,
(3.38)

Ri + P D 2 ) ( f 4 — f 7 ) 1 1 5 - c f ( 1 ,  0, 4s+ 5)E0.

Estimates for f l . We use the decomposition f 1 =f 11+ f12 + .f13  corresponding
to three terms in (2.34). Using Lemma 3.11 and noting that

11(1 +11 D2 )ipY 1 Ii1.511Y1 +14 Yi 4511171 il5+12 11Y1 i1s+3/2

we have, in the same way in (3.36) and (3.37),
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(3.39) MfIls6Cf(1, 2, 0)E, 11f11 —f7ills CJ(1, 0, 3)E0.

.f12 and f13 contain the operator

M=Z i +Z 2 K=Z 1 +Z 2 1— i tanh (hD)+ b; X, b)}

If X 3 + IbM3 co  then

11-K1,0,0u 11,.5_-111(1,0,014113 6 0 1 14 112 .C1111 11q

where C=C(co , h)> 0 and 2  q 3. Therefore if

liX113+11Z113+01135-_co, 11X° 113+11Z° 113+11b113 c0

(co > 0 is suitably small) then

IKi +MY
(3.40)

110.+my , u—(1+Nr) - 1 1411,5c(11x—x°113+ Ilz—z°113)11u11,.
Let s= m+ r <1  and  m  4 is  an  integer). Using (3.40) w ith g  =2 +r and
noting that operators K 1 .0 ,0 ,  [ K, Zi ]  and  1+K 2 be long  to  L0 (2+r, m+r; 3) we
see that

P4 = P4(X, Z, b; X, Z, b)E Lo(2 + r, m  +r; 3),

(cf. the proof of [2] Lemma 5.22). Using the estimate

110 +pD2 )DY1112+,5 I Y1 Ils ''l s+3/2

and Lemma 3.11 we have

(3.41) il.f1211s5CJ(1, 2, 0)E, II f,12 — f?211s --ç-ci(i, 0, 3)E0 .

Let Tz  b e  the translation operator: (Tz u)(x ) = u(x +z )= uz (x ). By definitions in
[2] §3 we see that

Tz K (X , b; X, b)=K(X z, bz  ; X z, bz)Tz =K z Tz .

Applying (3.40) with g = 3 to

= —(1 + i[Tz, 1+ IV I](I +M) -  lu+(l+ M ) - '(Tz u— u),

[Tz , 1+ Al] = (Z1— Z 1 )Tz  + (Z1— Z 2 )T,K+ Z 2 (Kz — K)Tz ,

and repeating the sanie procedure that we used in the proof of [2] Lemma 4.22 we see
that

(3.42) M i(X , Z, b; X, Z , b)=(1+M ) - 1  G WM+ r, m +r; 3).

Since f 13 =(1+ 1 .1 2, it remains to prove estimates for 12 . To simplify notations,
from now on, we denotef2,f3,f4 by Y2t, Z1t, Z2t respectively, (where t does not mean
t-derivatives). From (2.22) it follows that
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02 R 7  , 7 RI  = (32 R Z  Z k  +2 -r ,_, ,7 4 - j t x z -q t xa Zia Z k  j t  I Z ix a  Z k 0  L ,  jx u  k x

a2s ,,,tx x -7kt)•
a2s

±  a z iaz k
Z Z

k

.7.
t

+ 2  

 OZi.,,x0Zk

In view of (1.10), (3.3), (3.15) and (3.36) we obtain

(3.43) 11P/111s--.PC(11,Z.,1111Zt11 +11Zx11,11Zt11,11Z0,11.,+11Zt.,11.?.
+11Zxx1L11Z(U+

C(1 +11(1 +pD2 )41)2 11(1 +//D2 )Zt11 1Ç CJ(2, 4s+7, 0)E,

moreover, in virtue of (3.4) and (3.37), we have

(3.44) PVI - C B ( 2 ,  2)I1Z-Z° 11s+ B(1, 2)1K +PD2)(z - z° )Ils
+B(2, 1 )11( 1 +t(D 2 )(Z tC J ( 2 ,  0, 6s+  1 0 )E0,

B(j, k)=(1 +11(1 +fiD2 )Z11,
+11( 1 +pD2 )Z° 11s)i (11(1 +pD2 )Z,11s+11( 1 + 0 2 )Zn s)k .

From (2.24) it follows that (k = 1, 3)

F l o =  sgn D- i tanh (hD )+K 1 ,0,o(X, b; X, 13)}(iD) k yl

+Kt,i,o(X, X r, b; X, b)(iM k X1f

( k
g )K 1 ,0 ,,(X, (31-4Z, b,..., OP: X, b)(iD)k - gY,

X,, Z, Z„..., a rZ , , a‘lb; X, b)(iD)k - qX

=G 1 +•••+G 4 .

For k=1 we see by (3.30), (3.31), (3.36) and (3.37) that

(3.45) 11Fitolis.'ç- C ( 1
 +11 4 1 , ) (1 1 Y a s + 1 1 X itd , ) - 5 _  CJ(1, 2s + 3, 0)E,

(3.46)1 1 F 1  o - Molls -5_ c(I + II zrIls+ II z?11,)(11 X  - x°11,+ II xf -x?11,
+ Ilz-z°11,+ II Y1 -  ri1O+CilZt - Zns

__CJ(1, 0, 4s +5)E 0 .

For k = 3, estimates for G I +G 2 ± G3 are similar to those for F030

PliGi +G2 +G3 11 CJ(1, 0, 0)E, /111Gi +G2 +G3 -G?-G9-G311,_CJ(1, 0, 1)E0,
cf. (3.34) and (3.35). Using (3.30) and (3.31) we obtain

PIIK1,1,3Xit1L
__</i.C{11Z,„x lls+ rZtxli.s11(Z, bx)11, -1- b . „ 0 1 1 4 - bxxx)11,

+ 1lz,I1311(z, Ilx,11511(z.„, b.)11s11(z, b.)11s+ Ilx111511(z, b,c)ID 11 x1,11,
C(1 +p1/2 )(1 + 11(1 +pD2 )Z10(1 + 11(1 +pD2 )Z,J1s)(1 +1,1 2 )11X11

..CJ(2, 2s+4, 0)E,
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P Ki0,3X t - 1(7,1,3X7rL =#11 ( (1,1,3 - K7,1,3)X1t+ KÎ,I,3(X11 - x(011 s
<cllx-x0115 J(2, 0, 2s + 4)E

+ pC{11Z,,„x- ZU1s+11Z0, - Z?x11,11(Z, Z° , b ) ls+11(Zr,,, 4.,,)11s11Z-- Z° 11.,

+11Zt - z?Ils11(z.,, Z ,  bsx)11s+11(z„ z?)11,11zx -411,
+11x,-x?Ils11(z.,„,
+11(x„ x?)11slIzxx-z.L11.,+ lIzt-z?Ils11(z, z°, bx)11:
+II(z„ 4)11s11z-z°11,11(z, bx)11,+11xt-x'?Ils11(z.,,, Z°, b.011,

+11(X X ? )1 1 J 1 Z ‘v -Z ( .1 s1 1 (Z ,  Z
° , b)115+ 11(X t, X?)11511(Z.,, Z?, b.,x)11,11Z

+11X t -  X?Ils11(Z, Z ° , +11(X, X?)11s11Z - Z° 11s11(Z, Z° , b.,,)11Di1X

+CJ(2, 0, 2 s+ 4 )( 1 +ii i i 2 )IIXit - X (ItIL

-._CJ(2, 0, 25+5)E 0 +C( 1 + p' 12)(1 +11(1 - - p1) 2)Z115+11(1+ ttp2)Z°10 X

(a t +PD2)(Z - Z° )M5 + 11(1 +10 2 )(Zt - Z?)110(1 ±11112)11X1t5

C(11(1 +pD2 )Zt ll5 4" 11( 1 +PD2 )Z11011(1 +PD2)(Z  r)li5 it 1/2 11X11ll5

• +CJ(2, 0, 2s + 5)Eo  __CJ(2, 0, 4s + 7)E0 .

Estimates for remaining terms of Gy are similar to the above. Thus we have

(3.47) IltiFt 30 CJ(2, 2s + 4, 0)E, PlIFI ao - CJ(2, 0, 4s + 7 )Eo.

It is easily seen that

(3.48) II YtZtIl s C J ( I, 2s+4, 0)E, 11 YtZt - Y ? Z? 11, CJ(1, 0, 4s +6)E0 ,

(3.49) IIZ2F30ll5 C E ,  11Z2F 3o CEo.
From (3.43)-(3.49) it follows that

1 211, ' CJ(2, 4s+7, 0 ) E ,  0 2 - /911,5_ CJ(2, 0, 6s+ I 0 )E0,

cf. (2.26). Using (3.42) we see that

(3.50) 11/13115.5.-CJ(2, 4s + 7, 0)E, ihf13 - f 0, 6s+ 10)E0,

which complete the proof.

Lemma 3.51. L et g>0 (note that gos e e  (2.11)) and  co =cag, b)>0 be
the constant in Lemma 3.25. 1 f  s 4, 0<a <2, c> 0 and (%111,-1/17; satisfy .conditions

be  Hs + a + 3 , w,. W;, A3/2 111, A2Z ., A 312 X 1 t E /13 + a ,

Mbh co, MK113 + 11 )11 + d( 1 +D 2)Z111 dZII3 5-- CO,

Mbli5+0+3+11(WI•W;)11se
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then f or 0<e< 5<1 it holds that

111.,+ 11(1 + BD2 ) ( f —f 1+1)11

w;11,+„6) 6 s+2 9 (6-6)° 1 2 11w, w;l1s+ a,6

where j=  1, 2 , ft=fk(117, W;, pi) and C=C(c o , c, s, o- , g, h)> O.

P ro o f . Dependences of operators and functions on p are expressed by PI,
F7k ,... By C we denote all constants depending only on co , c, s, o-, g and h. Put

N(p, g)—(1 +11W, 13=6(2')/ ). =.16
 — Er 2 .

Since f 2 is independent of i, we begin with f 3. Put

/IA=(1 +pg) (g + tiD2 )(— i sgn D ) ,  BP = (— g — pD2 + (1 + 0 2 ) -  1 .

Then

(3.52) il(1 + 0 2 )(f S—f 01(1 + Ps)—  IA8US—f3)11s

_< CIO +Ps) - 1 11 IIAEfs—A6f/+(g—AE)fills.
By (2.14) we see that

A f  — A6,f1= (B 8 - 13')(F 010—  EF o30)+1 0 ( — 5 ) F 0 3 0 .

Since (1 +sD2 ) -  ' —(1 + 6D2) -  ' =(1 + 0 2) - 1 (6 --s)D2 (1 +5D 2 ) ' we obtain decom-
positions

B8 — B o =  13005 — OD 2 (1 +5D 2
)  +(— (e—  (5)D2  +P—  P3)(1 + 61)2 )-

 1 ,
A F A 6 = {(1+PS)(e—S)D 2 (g+6D 2 ) - t + PS— Pi} (— i sgn D)(g +613,2 ),

PS— Pi= PS(6 — e)D2 (g + SD2 ) - 1  —{(13 1— P)i sgn D + ( g  ( 5D2)-

cf. (2.13). By Lemmas 3.11 and 3.17 we see that

II Bc 11,,,+1113 '11,,,+ IIPs11„, 5 cms, 2),
+ 2s). CN(6, 2s).

Noting that a2 - 6 _ 1 + a2 , a >0, we obtain

(6_ 8g2(l + k2)--1<o_ cri2grio1/212-11 + 6, 2, --1

(1 +k 2 )(1 R 2 ) - 1  =(1 +16'/2 12 - `111')( 1 + -k 2 ) - ' 5_2(1+11)',

)6 ( 1 + 11)3 —( 5 " 2 ( 1 +11) 3/2 )2 - 7 ( 1 -f. 11)3 2 -.( 1 + 6(1 +11) 3 )( 1 +11)2a,

which lead us to estimates

110 —s)D2(1 + 6D2) -

(3.53) 11/6D2u115511(1 +/3D2)(111 5 4( 1 + 6 D2)u1154,,

)q111411+3/2:5.-111411 -a+6111111i+a+3/2.
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In view of (3.24) we have

(3.54) 11W, W;11 2 11W, W;115+,,,,i.

From (2.10) it follows that ,e(e (5 ) - P 1 )  is equal to P  with ti =/3, Y = 0 . By
Lemma 3.11 we have

(3.55) 1111)5 - PI/u11., 1(6 - )C(1 +11(1 +fiD2 )Z11s)2 11(1 + fiD2 )ulls

■IC'N((5, 2)11(1 +6D2 )ulls+, j =1, 2.

The above estimates show that

11A1S_A of j I CN(& 2 ).111F010 - 6 F030lls+o.+CN(6 , 2)/1P F03011s

CM& 2
)/

1
11W , W ; s 47 ,45 .

Here we used

11Folo W, W;11s-F , W ; 1 1 : 6 C 1 1 W ,  W ; 1 1 s - F 0 . a

which follow from (3.33) and (3.34). Since

11(24 E -  /16 ).f CN O, 2/A11(9 +6 D2 ).fills+,7

2)AN(S, 2(s + a) + 2)11W,

cf. (3.36), we obtain

(3.56) 11(1 + 0 2 ) ( f Dlls5 C 4s + -I- 4)211 W,

By (2.15) we see that

f g= sgn D(f S- f  I) + (1 - eD 2 ) - 0 1 0  -  -  030,' (6 - s)D2 (1 + SD2 ) -  ( F eF

+5D 2  '(- E+ .5)F 0 3 0 .

Noting that 11(1+ eD2 )(1+ (5D2 ) -
1I  we obtain

(3.57) 11(1 +ED2 ) ( f CN(S, 4s + 2o- + 4),111W, W;11s-i-,a.

Let f l+ f i 2 + . f 1 3  be the decomposition corresponding to three terms in (2.34).
Since P 4  defined by (2.28) is independent of ji we see that

is equal to f 11 +f 1 2  in which /1= fi and Ycontained in operators Pi  is z e ro . Therefore,
using (3.39), (3.41) and (3.54) we have

Ilf; I +1. 12-.111-J1211,5 CN(( 2), W , W ;11,+

Note that

11f13-f1311s- c1111-1111,,
- 11= 8(1 6, - + ( -(5)P1+ BE(Fl i o - EF1 3 0  Pilo+ 6F130)

+03' - B 6 )(F l 1 0  - M.30 -  2  Yt • (Zf
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where we denoted f2 ,  f ,  f','t by Y2 ,, Z1„ Z , re sp e c tiv e ly . In (3.44) putting
Z°:= Z, Z,=4 Z?=.Z'l we see by (3.36), (3.56), (3.57) that

— /1)11,_. C(1 +11( 1 + 0 2)Z1102(11(1 + eD2)Zf11,.

+11(1+0 2)Z11.011(1+02)(Zf — Z )11,
CN(ij, 6s+ 2a +9)/111W,

where we used 41 +0 2)p1 11(1+ (51:12)uil s. By (3.43) we see that

IKE — 0 1 111,-;, 11figlis ), C (1  +11(1 +fiD2)Z1102 11(1 + fiD2)ZW
. ),C(1 +11(1+ 6 D2)Z11s+,)2 11(1 + 6 D2)ZU+,;
_<),CN(, 4s+4o- +7) .I1W,

It is clear that

VI to — EFI3o— Flio+ 6 F13olls lIF110— Fliolls+ 8 11F13o— F13011,+4[IFI3olls.

By (3.46), the first term in the right hand side is sm aller than CZ— Z 5 . T h e
third terni is smaller than

2s+4)11W,

by (3.47) and (3.54). FOr the second term it holds that

gliP60 — F1301L-C( 1 +11( 1 + 0 2 )Z11011(1 -}- 0 2 )(Zf — Z)11,11W, W;11s,c,

cf. the estimate for K 1 . 1 , 3 1 ( 7 . 1 , 3  in  the proof o f Lemma 3.25. By (3.45) and
(3.47) we see that

11(-Bc-- /3')(F1„)—(5F13,)11, CN(b, 2)211F110-61130115+,,

CN((5, 2(s+ o-) + 6 )2 11W.
Finally, noting that

r2Y,•(Z—Z'1)11,_-_ClIZ—Z11, CN(6, 4s +2a +4)4W, W;L+0,5

and summing up the above results we have

Li.i3 - 11311s5CN(, 6 s  +  2 a  + 9 ) 4  W, W;Ils+cr,6•

Thus the proof is finished.

By (2.40)—(2.43) we determined W, t = 0 ,  from  X0 ), ) 0 » .  Since Xor",
X »  are independent of p, we see that X, Z, X,, 1=0, are independent of p and
Y, Y1 1 , t =0, depend on p:' Y= Y . Yi f =11„. t =0.

Lemma 3.58. There exists c o =c o(h)>0 such that if  p>0, 6, c > 0.

(b, A312x(o) . X(11) E  Hs, 0113 + 11X (°) M4 CO ,b M s +  11X (°) Ils+312+11X1 i) d5- C

then f or W , w , t=0 ,. determ ined from  X 0
) ,  X y ) by  m eans o f  (2.40)—(2.43) the

follow ing hold: f irst,
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1(1,V, W',)=, (A 3 1 2  X , A - 3 / 2 A " 2 Z, X ,  A - 3 Y„) E 118 1

(3.59) 111(W, W;)11,'6C{( 1 +01IX M Ils+3/2+11X (i l ) ils1,

where C=C(e o , e, s, g, h)> 0; secondly,

(3.60) X113 +11)/12 + ±uD 2 )Z111+11Z113

_ C(ILX ( ° ) II4+11(1 +pD 2 )X ( ''I13 + 110 +pD2 )X ( ' ) 13+11X■Hli),
where C=C(c o , g, h)> 0; lastly,

(3.61) 11YE — Y'11,-- 312+11 ) 11 — r id , -  3- 5.- — X"Ils+ 3/ 2 + 11X (11 ) 11,)

where C=C(c o , e, s, h)> 0 and 0 <e < 6.

P ro o f.  S in ce  X = X(°) a n d  Z = X „ , w e can  take  c o > 0 so  sm a ll th a t if 11h113
X i °  114 CO th e n  K(X, b, h )  a n d  (1 +Z , +Z 2 K) - 1  a r e  bounded  ope ra to rs  in

H 3 , an d  m oreover i f  b e H s, X el-1' 4 'i th e n  th e y  a re  bounded  opera to rs in  H s .  I t
is  n o t d iff icu lt to  p rove  (3.59) and  (3.60) by m ethods used  in  th e  p ro o f o f  Lem m a
3 .25 . Applying these m ethods to

—  Y =(1+Z , +Z 2 K) - 1 (c —6) {R(Z, Z.,) +S(Z, z ) } ,

/ES — 11 /=K(Yr,—  Y ') ,

(1 + Z , + Z 2 K)(Ye,, — /1 1,)= —Z 2 {F 2 0 (X, X „ Y E ) — F20(X , Xt , Y 6 ))

+1 —(Y1— P ) +(e -6)P,(0, Z, Z,, Z x.„)}iDX „

+1 -( —S)D 2
— ( Ye, — Y1)+(E- 5)P 2 (0, Z, Z x , Z.,„)}iDX 21,

we obtain (3.61).

§ 4 . Linear equations

In view of the second equation of (2.36) we consider the problem

(4.1) u„+ u(AIDI 3 —iinADIDl + BD 2 )u + ABo lDlu =f, 0

(4.2) u=uo, u i =tt i , t =0,

w here in  is  re a l and O. T o  s im p lify  m a tte rs , w e  re d u ce  th is  p ro b le m  (w h o se
Hs-solution we shall need later) to the problem  in  H ° .  W e in troduce notations

M„,=p(4ID1 3 —iniA,DIDI+BD 2 )+,1-B0 lD1

(4.3) N„,= p(—imA x DID1), A =1 +IDI

A' =A—  A ', =const > 0 ,  BO = B o — B , B  =  const >0.

It is c lear that the equation (4.1) is equivalent to

(4.4) Asuu+M.+VP14+([As, NsAs)A-sAsu= As.f.
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We must show that the operator in the third term is of lower order.

Lemma 4 .5 .  Let s> 3/2 and  r - 0. Then for a, u e .g . it holds that

a]D+isa„As)u11,5.01‘1 11,+,+dullr+,1 ,

cdulIrClIallr-Fsilull,•+s-1 ,

where C = C(r, s)>0.

P ro o f . Putting v= [A s, a]Du+isa x Asu, we have

(4.6) (1 + M r P(0 = ( 2 n) - 1 102( ,— 1 1 ) 0 ( 1 ) ( b 1 ,

02 (,  11) =0 +1Mr{( 1 +1M stl — (1 +1111)s11—  s( — r1)(l+1 111)s } •

Applying the formula

,f( y)= f (0) +f '(0)y + Y (y — t)f "(t)d t

to +.1, 11+(1 - 31n1)s, we have

(1 + =() +InDs+41+Inl)s - 1 (1 1-1n1)

+s(s-1) (l —0(1+ tii ±( 1 - 1 )InDs - 2 (1 1- 11/1)2 dt.
0

By this expansion and the identity

— —0(1+ 1 111)=  17(sgii —sgn ry)— (-11),

we can write Q in the form

Q(, 11)=s(1+ il)r{ri(sgn sgn ri) —(-01(1+1111) 1

+s(s — i )0+ 11)rn 10 •••dt.

Note that if sgn —sgnri+ 0, i.e. sgn — sgn n and that

n1
1 1

•••dt <5 (1 + tgl+(1
o

because t +Inl+t(II—In1) 1+In1+1—nl. Therefore

1Q1 C(1+1—nl)r+2 (1 +1n1)- 1

+C(1 + IMr{1 —171 (1+1/1)s- 1  +(1+ 1171+ l — nl)s- 1 1 —n12 1

c (
1

+ 1  — 7 1 1 ) + 2 ( 1
+  I) sr+- 1 + O r+s+1

Taking L2 -norm of (4.6) and using Hausdorff-Young's inequality we see that

0)45 1 (1 -1-11)r+21a(Olgllull,+s-i
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1/2
(I + 0 - 2 6 g ) 11a11,4-2 II II

1 1 2+ Ca Ilr+s+ i Ilulls0 (1 +1q1) - "do)

where 1/2<5< s —1. Similarly, using

1(1+IMrf(I +10' —(1+ InDs115..c{(1+1—nIrs - ' +( I +1/71)r+- 1 }1 —fil

we obtain the second estimate. The proof is finished.

Applying the above lemma to

([As, M ]—  A TsA')A - su

= A]D + isA x As — ini[A', A])DIDIA - su

+ (P[As, B]D 2 +2[A 5 , Bo lD I)A - su,

we obtain the following lemma.

Lemma 4.7. L e t  s>3/2, r - 0  a n d  A '  E H r + s + 1 , B ,  B €  H ' .  T hen for
u E 99 it holds that

([is, M„,]— N5A9A'ullr

Cp{(1 +10)11A' lir+s+1+ 111411,+1+0•11Bar+silullr,

where C=C(r, s)>0.

In view of the above lemma we consider the initial value problem

(4.8) u„+Mmu=f,

(4.9) ti = u 0 , u t = u , ,  t =0,

On is real). Note that (Mm u)(t, x) is real if u(t, x) is real. Therefore from  now  on
in this section we assume that all functions are real.

Assumption 4.10.
1) A(t, x) const > 0 ,  Bo (t, x) const >0 and B(t, x) is real,
2) 3 / 2 < r  2 , A' e T ], H r + 1 /2 - 3 1 /2 ),

B, B'o E C1([0, T], H r—=  0, 1,

3) A' E C
°
([0, T], 114 ), B , B 'o  e  0 ([0 , T], H 3 ),

4) s_3, •)e Hs -" , •), B ( t, • ) G Hs,

Ilk •)I + 1 + B ( t ,  .)11s+11B(t, • )115 const <  cc.

Under the above assumption we shall prove the estimate for u by means of

(4.11) E2 =-(Aqu„ ut)+1,1(A g + 1 1DI 3 1 2 u, IDI 3 1 2 u)- - ti(AqBDii, Du)- tip(u, u)

+2(211 130 1Di l l2 u, ID1 1 1 2 u)+ u)=(Aqu, u1)+11F2+AFF,
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where p and q are constants which will be determined later. F o r  this purpose we
need the following lemma.

Lemma 4 .1 2 .  Let A , B, Bo satisfy 1), 2) o f  Assumption 4.10. Take a, d>0
such that

A(i , x)..a - 1 , Bo (t, x)_.(1 - 1 ,

(4.13) I! AV, •)II,+ 1 / 2 + 11 8 (t, • )1Ir+ II N (t , • )11, 5a,

II At(t, • )11,-- i + II Br(t, • )II, 1 + II Bot(t, • )1I, - 1 5 d.

Then for any real q there exists C0 =C 0 (a, q, r, A ', 13 )  > 2 such that

5C-61 . ./1‘1+' <CO 3 CV ._. . /1112 <C o , C iii - .Aqi:30 --- Co ,

lAqB1+1(AqB)„1 CO3

(4.14) IA -
 q (A q )11+1(A"“),I+I(AqB),1+1(Aqi30) t l- Cod,

II[ID1312 , Aq+ 1 ]11)1312 u+-3
3 -(Aq+ 1 ),DIDIull - Coll 113/2, E H 3 /2 ,

11[11;1112 AqB 0 ]11)1112 14II _C1
0 111111, LI E H°.

P roo f. Let a, u E .99 and put

r=nD1 3 , a]1D1312 u +#a,D1Ditt.

Then t()=(210-1 42(.. , 1 1)6 ( - 1 1)(1 01)(111,

12 (, 11)=(I1 3 1 2  — 11113 1 2 )11113 1 2 —

 2
Q —011n1 •

From identities

R'13 / 2 =11713 1 2 + - 1111" 2 (1 i— Itip+ -1-— 0 1 n 1 ) - 1 / 2 ( 1 1 - 1 q 1 ) 2 d t ,

(1 1-1171)1171—( — = (sgn —sgb 17)1171 ,

it follows that

Q (, ;1 )= 4  (sgn — sgn 011/12 + 111i3 /2
 ( )

1 •••dt

131 iii1)}-1/2R1-1111)2di if 1 1 -1111
Pt• •••dt
Jo I

—1)(11/I - - 11)1- 1 / 2 R1 - 1?11)2 d t  if
o51II 1—1, 11 13 /2  () t-1/2dt5C1 —II13/2.

Therefore IQI C I nl3 2 Inl3 t2 ,  which gives 110 5ClIall II II I n  view of
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(3.1)43.8) and [2] Lemma 2.14 we can take C o so  large that (4.14) holds.

Lemma 4.15. Let A, B, Bo satisfy  1), 2) of A ssumption 4.10. If

e T], H 3 - 3 i 1 2 ), j= 0 ,  1, 2,

is a solution of (4.8) with Je C°([0, T], H°) then it holds that

(4.16) iu(t)10_-C8ectlu(0)10+c6 ec" - ollf(T)11.dT0

where lu(010----(11ut(1)112 + Idu(1 )11i12+ 2 1111(l)11i12) 1 1 2 ,

Co = Co (a, (2m- 3)13, r, A 1 ,  B ) ,  C =C (2,d+C3p' 1 2 +C V -
1 2 .

P ro o f . From inequalities

2- 2 (1 +1 03 .-- 1 +1W5( 1 +1(>1)3 , In1 2 .5_ 1 +I/g13

it follows that

(4.17) 2 - 2 11ulli/251lull 2 + Il IDI3 / 2 u112 1luili/2, IlDull 2 /3 - 2 11/4 112 +fl111D13/ 214 112 ,
where /3> O. U s in g  (4.14) and (4.17) we see that

F2 _ (5C(31 — 0 0) ID13 /2 u112 + (P —  fi -
2 C0)11u11 2 .

Putting )6= C62 , p=4C 1 + f3- 2 C0 =4C -6' +C8, we have

(4.18) F2_4C6'1(111D13/202+11u112)?,max {C 1 11ulli/2, Pu1121.
It is clear that

F2 - Coll1D13 1 2 u112 + CoMpull 2 + Pilull 2 5_(2C0 +

'(I11D1' 12 u112 +11u112 ) C0(111DP 2 u112 +11u112 )
Noting that C o > 2 and 2C0 + p  C8 we obtain

(4.19) C6'11(t)165 E(t)2 5 CSIu(016.

Differentiating (4.11) we see that

1 d E2 =(A gu„, ud+ -
1

4A g )tu ut)+P(A q + 1 1D13 1 2 u, ID13 1 2 ud(4.20) 2  dt

+ u(AqBDu, Dur)+IIPIu, ud+ 14(Alq+ 1 )1IDI3 I2 u, 11)13 1 2 u)

1
+  ,14 ((li g13 ),Du, Du)+A(AgB0lD1 1/2 11, ID1112 u 1) +  ;0 , u d

4-14( 114 B0)1jDI i i 2 U, " 2 u)

=(Aqu„+ AqA 4 3 0 + 0 1 2 u ,  u,)+-,k(Aq),u„ u 1)
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1 1
+  /1(("P + 1 )01 3/ 2u, 11)13 /2 u )+  tt((AqB),Du, Du)

1+ -5- 2 ((A g Bo)tiD1 1 1 2 u, ID1 1 /2 0-1-(Pu, u t ) ,

R=PaiD1 3 /2 , Aq+ 1 ]1D13 /2  4 1 (A q + 1 )„DIDI-i(AqB)„D+ p)

+411)1 1 1 2 , AgBdID1 1 1 2 +

Putting q = (2m -3)/3, i.e. 3(q +1)/2= m and noting that

11Ru115/1 {Codu113/2+Collpull+P011 }-1- A(C0+ 1 )11u111/2

11(2C0 + P)11u11 3/ 2 + /1.(C 0 + 1)11u111/2- PC(4C0)1/2 F + .1.CC■0 /2 Fo

we obtain

1  d
dt

1 1E2  <(Aqf
' u t)+-f Cod(Aqu t , u t ) + TItCod{111D1 3 1 2 u112 +11Du112 }2 = 

+ --cod11 ID111 2 u112 + 11Ru coll Aq1 2 u,I1

C0  f II E + Co d(Aqu, pC6dF2 +;.C6c1F6 +(CgpF + WgF 0 )C o E

. 0011 f IIE + cE2 ,

C=c6d + c g tti /2 +ct,11/2.

Therefore —
d

E(t) f(t)II + CE(t) holds fo r t  such that E(t) > O . S ince  E (t) is
continuous in t we have

E(t) E(0)ect + Co  ot ec ( t f  ( T ) I ld t .

Using (4.19) we obtain the estimate (4.16). The proof is complete.

Lemma 4 .2 1 .  Let A , B, Bo satisfy  1)-3) of A ssumption 4.10. If

u e T], H 3 /2 - 3 E2 ), j  =0, 1, 2,

is a solution of (4.8) with fE  C
°
([0 , T], H°) then

(4.22) IA — u(t)105 c1A- ru(0)1 0 +C .ro 11A- rf(t)Mcit

holds where C>0 is independent of u and f .

Pro o f . The equation (4.8) can be written in the form

A- ru t t +M „,,A - ru=A - r f + (-N r +A - r[Ar, M in ])/1 - ru

=A - rf+ pRDID1 1 1 2 A- ru+2R 0 1D14 - ru,

R.---(irA x +A - r[Ar, D A - i(m -1 )A x +Bsgn D])IDI R O =A -r[A r, B O] •



Capillary-gravity waves 679

The adjoint of R in H° is

R* =11301' 12 ( — irA x Ar —[Ar, A]D)A - r +1D1 1 1 2 ( — [i(m -1)A x +sgn DB, k ] l l -

By Lemma 4.5 we see that

IIR* v11_--C(11,4 1,.+3/2+ 04+1/2)110, IIRôyll

which show that R, R o  e C°([0, T ], 2 (H °, H °)). Hence we can use (4.16).

CA - ru(t)10 CIA - ru(0)10 +C :(11/1 - r.f(t)11+1/1- ru(010/dt,

which leads to (4.22), and the proof is finished.

Theorem 4 .2 3 . Let A , B , Bo satisf y  1)-3) of A ssumption 4.10. If

uo  e H3/2 , u,E  H °, f  eC°([0, T ], H°)

then there exists the unique solution

u e T ], H 3 1 2 - 3 1 1 2 ), j = 0, 1, 2,

of (4.8), (4.9). Moreover (4.16) holds for u.

P ro o f . T he uniqueness o f  u  follows from (4.22). The solution u  will be
obtained by means of the approximation of M„, by bounded operators. Noting that

A 3 u„+(A 3 M„,A - 3 )A 3 u=A 3f , A 3 M,„A -  3  =  „  ( E A 3 ,  MA -  N 3  A 3)A - 3 ,

we consider the problem

(4.24) v 1 ± G v =g ,0 1 - .T , v=v0, v r =v i , t =0,

where G = qQ,Aq A 3 M ,„A - 3 Q„ Q,=(1. +eA 3 1 2 )  ,  0  < < I, q  (2m + 3)/3. Since

110  V gAgA3/2 )* u  =  A3 /2 A4 Q,A - qu1$ _< C(1 +11 Aq__(A ) 3 1 2 ) (sup A — )11u

IIMmu 113/25 C11 +  Al 5/2 +  0113/2 + 0 '011312)1 .4 3 + 3/2,

we see that G e C°([0, T ], 2 (H °, H °)). Therefore, if

vo e H3/2 , v , e  H °, g e C°([0, T ], H°)

then the problem (4.24) has the unique solution

v = v' e C2([0, T ], H°).

Putting

vt)+ g+ 1 1D13 1 2 Q,v, ID1 3 1 2 Q,v)+ p(AgBDQ,v, DQev)+1 ,1P(Qcv, sly)

A(AgB0lD1 1 1 2 Qev, ID1 1 1 2 M +  4 41v, QEv) ,

cf. (4.11), we see that
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1  d  2
dr Ec -=- (A q vu+QcA g  M m+ 31 2S , v d+II(A g )tvr,

+ - - - p( (A r " ),IDI 3 1 2 Qcv, I DI 3 / 2 Q,v) + — p( (A qB)1D$2,,v, DI2e v)

1 ,+-- /((A oqB )t 1D1 1 /2 0 v  I DI  1 2 Q,0+(Q,R Q c v,

Since

G=A - qQ,AqM,„+ 3 Q,+ A - qQ,Aq([A 3 , M,„]--N 3 A 3 )A - 3 Q„

II([A 3 M J— N 3 A 3 )A

it holds that

1114( )11 + II Qcv(0113/2 C(Ilvc(0)II + 11Qct)( 0 )11 3 2 +I l

..const (indep. of t  and a).

Using decompositions

Q,= I —8/13 1 2 Qg ,

G = A 3 M„,A -  3 -  A 3 M„,A - 3 eA 3 1 2 Q,— A - qvA 3 1 2 Q,AqA 3 M,„A - 3 Q„

= A 3 M„1A -  3  -  G',

we can write (4.24) in the form

r„+A 3 M„,A - 3 u=g + G'v.

Put le= A - 3 v". I t  is clear that

{

t4 t + A 4,uE= A - 3 g +/1 - 3 G'A 3 uE, 0  t  . .-_T,

te= A - 3 vo , ( q =  A - 3 v,, t =0,

sup (lItt ri(0113+ IIQJit(0II3+312)< DO.

Noting that

= II MmEA 3 1 2 12cu c  + (A - 3 A - qA 3 1 2 Q,Aq A 3 1 2 )eA 3 1 2 M.Q,u'll

5 call 0 ,1 4 ' 113 + 3/2 ,

(C> 0  is independent of a and t), and using (4.16) we see that

sup t e (t )-0 (t ) l o0 ,  (a, (5 +0).
0 5 r  ST

The limit u  of ttE exists and satisfies (4.16) in which f  is replaced by A - 3 g. It is
easily seen that u is a solution of

ut f +M „,u=A - 3 g,

u = 3 vo , t t , = t = O.



Capillary-gravity waves 681

Therefore by approximations

4 - 3 g f, A - 3 v0 -9  u o , A - 3 v1u ,

and (4.16) we obtain the required solution. The proof is complete.

Theorem 4.25. Let A, B, Bo satisfy  A ssum ption 4.10. If

up E H s + 3 /2 , u, e fE C°([0, T], H °), f (t ) E H S ,  11.f(011s const <oo

then there ex ists the unique solution u of  (4.1), (4.2) such that

u G 0 ([0 , T ], ' p i-3 1 2 -3 ; 12 )  n  C 2( [ 0 ,  n  Ho) ,j = 0,

M oreover for u it holds that

(4.26) lu(t)1,= lAsu(Olo CWIlu(0)1s+ (74 e f(r)Ilsdr,

k = Cd  +Cgai/ 2  C l /2 + C611, C0  = Co (a, (2m +2s-3)/3, r, A ',  B D ,

, ,,6= C(0, s ) s u p  fp' / 2 ( 1.+InlinAV,•)L+1+1 1 1 / 2 1113(t,•)11,+)- 1/2 0 ( t ,  )11 1

(C(0, s) is the constant in L em m a 4.7). In addition, if

A ' E C° ([0 , T], Hs+ 1 ), B, B'o , f EC ° ([0 , T ], Hs)

then u E C2([0 , T ], Hs - 3 1 2 ).

P ro o f .  The uniqueness of u follows from (4.22). Put

O<E< 1 , k=([As, M;,,]—NAs)A - 8,

where M, IN4 are operators whose coefficients are functions + Q,A', Q,B, +
Q A0 instead o f  A = A ' - A ', B. Bo =-13;c+ B'o . In view of (4.4), we consider the
problem

(4.27) Rcv, T,

(4.28) v= Asti ° , t),=Asu,, t=0.

Using Lemma 4.7 and noting that Q u dulls we see that

k e  C°([0, T], [I N ,  IIRtull filli(t)lo.

By Theorem 4.23, the problem (4.27), (4.28) has the unique solution

tl =v 8 e C i([0 , T ], H 3 1 2 - 3 .0 2 ), j=  0 , I, 2,

and for v& (4.16) holds:

Iv(t)I 0  C 8 e c luc(0)1 0  + C a  e 0/11 )11 +filvc (c)10)dr.

From this estimate we obtain

(4.29) 1v6(t)lo (0)Io + CF) ek(t-oliQA5f(t)lidt.
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It is clear that

IvE(t)-0(010_CF, ek( ' - ')(11(QE-426)Asf(c)11 +11(R-R6)0( -011)d-r.

By Lemma 4.7,

11(RE- R.3)0 (T)11 5 (i1+ )K(11(1 -  126)A'(r, • )1L+ + 11(12s-  Qa)B(T, • )1Is

+  (Qs - Q6)B(T, • )110110(011

By (4.29), 110(0111 is uniformly bounded in 5  and t. Hence we see that

s u p  lus(t)-0(01 00 ,  ( e . + 0 ) .

It is not difficult to see that the limit u of A - S VE is  the required solution and satisfies
(4.26), which is proved if we let e-)0 in (4 .29). The remaining part of the theorem
is trivial. T h e  proof is finished.

Consider the initial value problem for the second equation of (2.36):

(4.30) ti„+(M +L )u=f ,

(4.31) u=u0, t=0,

where M =p(A o lD13 - iA O X DIDI +A,D 2), L= iiiA 2 D+(pA 3 + A 4 )11)1, see (2 .32). We
put

A 4 ( Y, Z)= As(Y, Z )+A 6 (Z)

= Q(Z) -  2 1(g + g 0 + Y 2)( 1 + Z 1) -  Y iZ 2} oQ(Z) -  2 (1 +Zi).

From (2.12) it follows that g +g, > O . B y  (3.1) we see that if Y, Z are small in W
then 1 + Zi const >0, A 5 c o n s t  >O.

Assumption 4.32. 1 )  L e t  co =  co(0> 0  b e  a  c o n s ta n t  s u c h  th a t  1 + Z1
const >0, A5 const >0 if cc). 2 )  Let 3, c >0, d >0 and Y, Z

satisfy

(4.33) fYe Ci([0, T ], H2 - j) , Z e C1 ([0, T ], H4 - 2 i ) ,  l =0, 1,

Y(t)e H s ,  Z(t)e W+2 ,

ll 17(0112+ 11Z(0113 co, 11)11(t)11 1 + 1140112 5.. d,

11Y(011s+11Z(011, - - c,11Z(011s + 2 5 oonst < oo .

Lemma 4.34. Under A ssum ption 4.32, the follow ing hold: .first,

A ,-1  e Ci([0, T], 11 4 - 2 i), A 1 E  Ci([0, T ], H 3 - 2 1 ),

A ,- (g  +g,)e C i([0, T], = 0, 1, A2, A3, A6 -  g o E C ([0 , T], H 2 ) ;

secondly , there ex ists C2=- C2(CO3 s , g )>2  such  that for A = A 0 , B = A i ,  130 = A 5 ,
q=(2s - 1)/3, inequalities in (4.14) hold and
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IA21 ± 114 31 1A61 g0C2

lastly , there exists C3 = C3(CO3 C ,  s, g)> 0 such that

/21 /2 C(0, s)(211.4 — 1 11s+ 1 + 11A1110 C3(11 1 / 2 +110 + 0 2 )Z115),

21 [As, I ]A - sull C3(1 + - liD 2 )Z11s)2 1114 11, u  e  H°,

where C(0, s) is the constant in Lemma 4.7.

P ro o f . Using (3.1)-(3.8) and Lemma 3.9 we obtain the first assertion, which
shows tha t A=A 0 , B =A i , 130 =A 5 satisfy Assumption 4.10. S o  the second as-
sertion holds. Using Lemma 4.5, noting that

II A 0  — 1 11s+

and proceeding as in the proof of Lemma 3.11 we obtain the last assertion.

Theorem 4.35. Let A ssumption 4.32 h o ld .  If

1,10  G Hs+3/2, u1 e H s , fE Co([0, n  w y ), f (t )e  H s ,  11 f(t)11 5 .. const < co

then the problem (4.30), (4.31) has the unique solution

e C1([0, T ], H5+3/2 - 3i/2) n c 2 ( [ 0 ,  T ], H °), j = 0, 1.

Moreover u satisfies the estimate

(4.36) lu(t)ls,p (11 1,40U+Illlu(0q+3/2+11u(OU-F1/2/ 1 / 2

Clecrlii(0)1s,„ + 0
 ecit-0

11 f ( r )1 1 s d T ,

(4.37) C=Cid+C3p0/ 2 +01

+Ci{C 2 yi/2  +g 0 C2 p - 1 1 2 + C3W/2 + C3(1 + s u p  11(1 +pD2 )Z(t)115)2 } .
0 5 t 5 T

In addition, if

(4.38) f ,  Y e C°([0, T], H 6 ), Z  E C° ([0, T ], Hs+2 )

then u e C2 ([0, T], 11 5 - 3 /2 ).

Pro o f . Theorem 4.25 proves this theorem except (4.36). Assume that (4.38)
h o ld s . The equation (4.30) is equivalent to

(4.39) Asu,+(M — ispA o ,DIDI+A 5 1D1)Asu=Asf—RAsu,

R—ifiA 2 D+(pA 3 +A 6 )1D1+([As, M]+ispA 0 ,1)1D1As)A - 5 +[As, s.

Noting that

11RA s 1 4 11 . (It(sup1A21+ sup 1A3 D+ sup1A61)1111 L+1

+/./C(211,40
 1  Ms+ 1 + 11A111)141 115+ 1 + 11 [A s

,  n1411
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. {C2111/2 +g 0 C2,11- 1 1 2  + C3 ( 11 1 2 + 11(1 +0 2 )Z11,)
1+  C 3 (1 +11(1 +pD 2 )Z1102 }

and using (4.16) we obtain (4.36). If (4.38) does not hold then we obtain (4.36) by
the same method used in the proof of Theorem 4.25, that is, by approximations of
f and coefficients of R in the right hand side of (4 .3 9 ). The proof is complete.

§5. Quasilinear system

Consider the initial value problem for (2.36):

(5.1) X „ + X = X + Y , YI„ - E(M+L)Yi Y2t= f2 , Zr=(f3 ,  fa) , O < t< T.

(5.2) W= Wo ) —(X 0 ), Y( 0 ), Zo ) ), W; = W l I '  =(X ('), )1 (» ) , t . -=  O.

We shall use following notations:

W =(X, Y, Z), W '= (X , Y,), W " = (Y 2 , Z), A =1+ IDI

U(W, W;)=--(A 3 /2 X / , X 2 , A3 / 2 Y1, Y2, A2 Z ,  A 3 / 2 X 1 ,  X 2 „

W ;t, ="(A 3/2X  I to  x 2 — 3 /2  Y 1rt , Y2t
, A 2 Zir) ,

(5.3)I  W(t)I. W(t)I 5 ,
A

Xt(t)11 + X(f)il D
I / 2  +  0 1 + p -  1 ) 1  / 2 ( 11X  It( t

)11 + 3/2

+ II X j( 1)1It+3/2) 1  /2  + Y11(t) + P  Y 1 (t)II+ 3 1 2

± Il Y1(t)11+ I /2) 1 /2  ±  Y 2 ( t ) I ls +  11(1 + 0 2 )Z ( 1)11s.

By (3.24) we see that

(5.4) w;(0)11s 5 II W(1), w;(011s-5, I W(t)L,p-

We shall show that the problem (5.1), (5.2) has the unique solution under the
following assumption.

Assumption 5.5. The minimum of constants c o in  Lemma 3.25 and Assumption
4.32 is denoted again by co ---=co (g, h)>0. For h and initial data it holds that

s 4 + 3/2, b e  [Is + 3 , U (  W(°) , W( 1 ) ' ) E 1h113 -c 0 ,

(5.6)J  =11X "113 + Il Y (° ) 112 + I1(1 + RD2)Z(° 'Ilt + Il Z")) 113 <CO.

Theorem 5.7. Under Assumption 5.5, there exists T > 0 such that the problem
(5.1), (5.2) _has the unique solution W satisfying conditions

A 3 / 2 X i  X 2  E C2 ([0 , T ], Hs), Y, E Ci([0, T], Hs+ 3 1 2 - 3 -1 /2 ), j  =0, 1, - 2,
(5.8)

Y2, A2Z E C 1( [0 ,  T ], Hs),

that is , U(W, W;), V(W;„ W;) e C°([0, T], Hs),
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(5.9) 11X(/)113+11Y(t)112 + 11(1 +pD 2 )z(t)111 + Ilz(/)113
Pro o f . Throughout this proof we denote 4 and s by q, so the conditon "q=

4, s" is omitted.
S te p  I .  (Constants). Take dq , eq , d  such that

(5.10) „ = CZM X " ) El+ M X "  g) 112 + (p+ /2( MX (1̀) 11,- 3/2
iiMXÎW  g+ 3/2) 112 +0 Y1 1) 1!/ 371°)Iiii+3/2± i i ( ) ) 11,2,+1,2) 1/2

+ M Y(2.1"11, + 11(1 +pD2 )Z ( °) 11,1,

(5.10 eq= max Idq , d bMff +31, d=d 4.+2C 1(1+ p)(I + 4) 2 3 4

where C2 = C2 (co , q, g)> 2 is  the constant in Lemma 4.34 and C, =C i (co , e 4 , 4,
g ,  h)> 0 in Lemma 3.25.

Step 2. (Estimates). We shall prove estimates for W satisfying (5.8), (5.9) and

(5.12) 11Y,(0111+1140112—‘1, I W(01q -Clq ,

First of all, from

d

t (MX4+M)(1,;
)

=(X„+X, X,),=(X+Y, X dq 5-(11X1-1,+ 11 Y11011X1Ilq2  d

we obtain

(11Xt(t)g +11X(/)q) I /2 <(11X,(0)11i +11, 0 0 )11V / 2 +  f
o (11X(0110- 11Y(t)11q)(1 t.

Similarly, (we put p=q +3/2),

(11X 1 ,(01q,+ 11X1(011,2;) 1/2 -(11X11(0)1q,+11X1(0)11 /2 4 )
1 (11X1(04+11Y1(011p)dt.

Since 11(W(t), W(0)11,, lw( 1)1,, (.!„, we see by Lemma 3.25 that

(5.13) 11/J11,+ 11(1 +0 2 ).f2+i ll„ c1(1+P)(1 +d„) 4 +7 1W(01„,

where j=  1, 2 and C C l (e0 , cg , q, g ,  h )> 0 . It is  c lear tha t Y, Z satisfy (4.33).
So we can use (4.36):

1Y1( 1)1q ,/, Ce f i l lY,(0 )1q ,p,+ Ci1 0
1

where fi is the constant defined by (4.37) in which sup 11(1 +0 2 )Z(1)11„ is replaced by
dq . It is clear that

Y2(011q =11Y2(0 )+ Y2 t thMq M Y2(0 )M q + f 2 11 q d ,

11(1 + ilD2 )Z(t)11q
.511(1 1D2)Z(0 )11 q +St

0 11(1 + p0 2 ) ( f 3 ,

Summing up the above estimates we obtain



686 Hideaki Yosihara

(5.14) W(t)lq W(0)1,Cles t +N e f l ( t- T) 1W(T)Iq dr,

N =2 +(tt+ i)112p-112 +2CiC 1 (1 + (l +  d q )40-7 .

From this estimate it follows that

(5.15) 1W(t)Li-, C31W(0 )Iq exP (kq t) .1q exp (k4,1),

(5.16) k„ =f3 + N =CT( + Cji 1 , 2  + C + Ci{C 2 p 1/2 +g 0 C2 it - 1 1 2 +C 3 1t112

+C 3 (1 +d,)2} + 2 +(1 + Att - 2 ) 1 1 2 +2CiC 1(1 +p)(1 -Ed,)4 q+ 7 ,

where C1 = C l (co , cq , g , g , h)> 0 is the constant in Lemma 3.25 and C2 = C2 (c o , g, g)>
2, C3 = CAC°, cq , g, g)> 0 in Lemma 4.34.

Step 3 . (Iteration). Put

(5.17) T=min {(c 0 - J)(d 4  + 2d) -1 , kV  log (44 1), k»- log (41; 1)1 .

By (5.6) and (5.11) we see that 0< T< c o .  By E we denote the totality of W satisfying
conditions

(5.18) U(W, W;), V( W,, W)E C° ([0, T ], H s),

(5.19)I  W(t)1q ,.5./q exp (kq t),

(5.20)t  Y t ( 1)111+11Zt(t)112 5d,
(5.21) X(°)I13 + Y( 1 ) -  r ° ) 112 + 1 + 0 2 ) (Z (t ) -  Z( ° ) )II

+11Z(t)- Z (° ) 11 3 Co

Taking W° e E and in (5.1) replacing W contained in M + L  and right hand sides by
W° we obtain the system o f  linear equations fo r  W . W e denote this sytem by
(5.1-0) and consider the initial value problem (5.1-0), (5.2). From (5.21) it follows
that W° satisfies (5.9). Therefore by (5.18) and Lemma 3.25 we see that

fAVV°, VV?'), /12
.,f2 4 .(VV°, W?

'
) G C

°
([0 , T ], Hs), = 1, 2,

and (5.13) holds in which W is replaced by W°, if we note that

4/O( t), w?'(0)11„ 1 w°(ol g t i „  exp

Clearly, Y°, Z° satisfy (4.33). Hence by Theorem 4.35 and integrations with respect
to t we see that the problem (5.1-0), (5.2) has the unique solution W satisfying (5.18).
By the saine method used in the step 2 we obtain the estimate (5.14) in which I W(r)I,
is replaced by I W°(r)l q . Noting that I W°(r)l q e x p  (k i t )  and k„=  +  N  we have
(5.19). It is easily seen that

Y1(t)11 + lIZ(t)112 1111t(t)li 4 + 11( ± PD 2 )Zt( 0114

5 11 Yi,(0114 + 11f2114 + 11(i +0 2)(f3,14)114
1 w(t)I4 + 2 C1(1 +0( 1 + 4)23 1 w°(t)14

._d4 +2C1(1 + /2)(1 + d4)23d4=
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(5.22) II X(t) - X (° ) 113 + 11 Y(t) - Y(° ) 112 +11(1 + ftD2) (Z(t) - Z` ° ) )111 + Z(t) Z ( ° ) 113

c)
t (11 Xt(t)113 + II (t) l2 + 2 11( 1 +i1D 2 )40113)dt_(d4 + 2 d ) t  co - J .

Thus W EE, which means that G defined by W =G(W °) is the mapping from E to
itself. P u t  W °(t)= Wo), T. Since I W° (t)I, J q  b y  (5.10), fo r W° (5.18)-
(5.21) hold, i.e. W° e E .  Hence we can define the sequence Wi E E, 0, by Wit' =
G(Wi), j 0. T h e  difference W= W it 1- Wi, is a solution of

X„ + X= Xi - Xi - 1 + Yj - Yi -1 ,

(5.23) Y lit+ (M i +L i ) 1 71- 11 - - f it - ' + L  -
2 1 =f z t =  Or f4 o  t T,

W = 0 ,  W ;= 0 ,  t =  0,

where f i =f (W  j, M j =M (W 1 ), L-1 =L (W i) . Since 114/i(t)I exp (k s t )  and
s -3/2 4 we see by Lemmas 3.20 and 3.25 that

11(M i -M i -1 + Li - - Yi - 1 11,+ II Z i - Zi1 4+2) r it11.+3

Wi(t)

4+11(1+ ILD 2 )(.1- &+k-.f.7_11)Mr-5,cl14/i(t)-ffil - 1 (t)1,,

where -3/2 and C>0 is independent of j and t. By the same method used in
the step 2 we obtain

(5.24) 1Wi+1(t) - Wi(t)I r C I W i(t)- W i - 1 (t)I r dt,

where C> 0 is independent of j  and t. Therefore there exists W such that

(5.25) sup I Wi(t)- W(t)1,-312 0 , j- -> o o .ot57'

It is clear that W is a solution of (5.1), (5.2) and that W satisfies (5.18) where s is
replaced by s -3 /2 , (5.19) with q =4, (5.20) and (5.21). Since W i satisfies (5.22)
it holds that

(5.26) 11X(t)113+ II ni)11 2 ± 11( 1 ±PD2 )Z(t)11 I 11Z(i)113 <C O , 0 .. 1<T .

The uniqueness of the solution W stated in  this theorem is proved by the method
used for the derivation of (5.24) from (5.23).

Step 4. (Smoothness). Noting that I Wi (Ols.-J., exp (k t)  a n d  Wi=G(Wi - ')
we see that

(5.27)I I  U(Wi(t), W N W  + II V(W.I;(t). Wr(t))1I5 c

where C> 0 is independent of j and t. Since any bounded sequence in a Hilbert
space has a weak limit we see, in view of (5.25), that



688 H ideak i Y osihara

(5.28) U(W (t), W ;(0)e H'

for any fixed t and

(5.29) 11'1/W1s:5-h i l l exp (k s t).

For 0:5_ to <t it holds that

II X 1(0 -  X 1(10)11,,15- lim Kit( t0) M,,l i m  i n f 11X -11,(1)11„dt

_5 const • (t -  to ),

where p=s + 3 / 2 .  Therefore X , E C
°
( [0 ,  T ], H 3 / 2 ) .  S im ila rly , using  (5.27) we

see that

A3/2X,, X , e C 1([0 , T ], Hs), Y, A2 Z EC
°
( [0 ,  T ], H s).

Put F(t)=f,(14/(t), W (t)) and consider the problem

u„+0,1(W )+L (W )Iu---F, 0....1,._T,{

0 = V,0 ) , u t = Vi t ) , t =O.

Clearly, F e C°([0, T ], Hs - 3 /2 ). By (5.28), (5.29) a n d  Lemma 3.25 we see that
F(t)E H ,  11 F (011 S: - COnSt < 00 fo r  () _(._'T. By Theorem 4.35 th e  problem (5.30)
has the unique solution u, on the other hand Y, is a solution of (5 .30). Therefore

=0 e T ], Hs+3/2-3j/2), j =  09

Thus U(W, 147 ;)e  C°([0, T ], W ), which guarantees that 1' Y2,=.12 and A 2 Z i =
(A2f 3 , /1 2f 4 )  a re  in  C ° ([0 , T ] , H s ) .  Again by Theorem 4.35  w e see  tha t Y,„ e
C°([0, T ], Ils - 3 /2 ). Thus V(W;„ 11/,')e C°([0, T], H s), which completes the  proof.

Remark 5 .3 1 .  ( i )  I f  U( W'°', 1 V ")- -> 0  i n  H " th e n  p u ttin g  dq =J4/ 2 a n d
letting .1,->0 we see by (5.17) tha t T-> co.

0 0
(ii) L et W  be th e  solution of (5.1) whose in itia l va lues lir° 1. W ' ' '  satisfy

(5.6) an d  (5 .1 0 ). By the method used to obtain (5.24) we see that

(5.32) W (f)- /1/( - 3/2 cl W(0) — ÇV(0 )L - 3/2^
 0 <t<T ,

where C> O depends only on s, y, Ii, 0 , co , J, J g , t/,, and eq .
(iii) In  th e  above proof we have show n that W satisfies conditions (5.18)-

(5 .2 1 ) . Therefore (5.15) holds for W:

(5.33)I  W(1)1,1 .-Cj W(0)1, exp (k q t) exp (k q t),

§ 6 .  Nonlinear equation

In  this section we shall show tha t th e  problem (1.11)-(1.13) has the unique
solution.

Assumption 6.1. The minimum of constants c o i n  Lemmas 3.25, 3 .58 and

(5.30)
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Assumption 4.32 is denoted again by c0 =e 0 ( g ,  h ) >0 . Let e0 =e 0 (g, h )> 0 be  a
constant such that C(e0 + e ) < e 0  where C=C(c o , g, h ) > 0 is the constant in (3.60).
Lastly, let s 8+ 1/2, e> 0, c '> 0 and b, X 0 ) , X V  satisfy conditions

E Hs + 3 1 2 , X ( 0 ) e H 312 , e /Is,

(6.2) b t+  i D2)x(o). 311 113 .--co. 11-X'° ) 1145co, 11X ( ° '114+1 1( 1I I X 1 1 " 1 1 3 - - e o .

IlblIs+3/2 X"Ils+ 3/2 + X 1 ' < e '

Theorem 6.3. Under A ssumption 6.1, there ex ists T =T (g, h, p, co , e o , s, e, c')
> 0 such that the problem (1.11)-(1.13) has the unique solution X  satisfying conditions

+(6.4)X e C'([0, T], H s 3 / 2 - 3 E 2 ) ,  ./ = 0, 1, 2,

(6.5) II X(0113 co . T

Pro o f . Consider the problem (5.1), (5.2) where Won, Wu r  are determined
from X 0 ) . X ',"  by means of (2.40)-(2.43). Using Lemma 3.58 we see that

s - 3 4+ 3/2, h e Hs - 3 + 3 , U ( W ", W(1 )') e

(6.6) J=11X(°)113+ d Y
(°

'd 2 + I1( + t/D2 )Z( ° ) 111 liZ(°)113 c(e0 + e ) < co,

that is, Assumption 5.5 holds if we replace s by s -  3. By Theorem 5.7 the problem
(5.1), (5.2) has the unique solution W =(X , Y, Z) satisfying (5.8) in which s is replaced
by s - 3 and (5.9). By Lemma 3.58, (5.10), (5.11), (5.17) and (6.6) we can take
T >0 depending only on constants g,..., e'. Moreover by Remark 5.31 we may
assume tha t T--oo i f  c'-40, i.e. initial d a ta  X on, X '," tend t o  zero . By (2.17),
(2.40) and (2.42) which shows that (X 2 1- KX 11), =0 ,1=0 , we see that X 2 , -K X  „=0 ,

T, i.e. X  satisfies (1.12). By (2.18), (2.40) and (2.45) we see that

(6.7) (1 +Z,)Y , +Z 2 (g + Y 2 )= pR(Z, Z,)+11S(Z, Z x x )

+g 0 (1+ 0 2 ) -  sgn D(Z, - X  1. )

for T. F r o m  (2.40) and (2.47) it follows that

(6.8) Z, -X, x = (Z ,-X 1,),=0, t=0,

(note that c o is so sm all that the operator in (2.47) is invertible, cf. the definition
(2.14) of f 3 and Lemma 3.25). In view of (2.5), (2.14) and (2.15) we see that f 2 , f ,
and f 4  are differentiable with respect to  t , therefore the derivative Z„ exists. By
(6.8) and (2.39) we see that Z 1 - X 1 x =0, 0 T. Noting that Z2 — X2 x  = 0, t=0,
by (2.40) and integrating (2.19) we have

liZ2(t) -  x2.,(011,-4 c I1z2(0—x2x(t)Ils_4(it,

w here w e used the Lipschitz continuity o f F01 . Hence Z2 — X2x  = 0,
Thus we have proved that Z = X ,  0 (  T. B y  (6.7) we see that X  satisfies (1.11).

Since X  and A 2 X x = 42 Z are in C'([0, T ], W - 3 ), X e C'([O, T ], H s ). Noting



690 Hideaki Y osttiara

th a t  Y1 e C°([0, T], W - 3 +3 /2 )  a n d  Y2 = K (X )Y 1  Fi 0(X, X 1) w e  se e  th a t X I I -

Ye C°([0, T ], Hs - 3 /2 ). In tegra ting  (2.6) we have

1zD2 Z2 =(— i sgn D)pD 2 Z 1 +F,

= pD2 {Z2 (0) + i sgn DZ 1 (0 )+ :(1  +  pD 2 ) -  1 (1 ' 010 tiF o3o)dt} .

The equation (1.11) can be written in the form

Q(Z) 3 {(1 +ZI) 371+ Z2(9 + 172) —  tiR(Z, = Z2Z ixx+ ( 1 + Z

= {— Z2 i sgn D+(l+Z i )}(i sgn D)pD 2 Z, — (1+ Z .

Consider the integral equation

pu , = i sgn D(1 + Z, — Z 2 i sgn D) - 1 {G(Y, Z, Zx ) +(l + Z 1 )F(u)} ,{

pu 2 = (1+ Z 1 — Z2 i sgn D) - 1 1G( Y, Z, Z.,)+ (l+ Z I )F(u)). —F(u),

G(Y, Z, Z,)=Q(Z) 3 {(1 +Z 1) Y, +Z2(9 + 172) —  pR(Z, Z )}

F(u)= pD 2 {Z2 (0)+ i sgn DZ 1 (0)1

+  pD 2 (1 +pD 2) - 1 {F0 0(X, Z, X11) — PF030(X, Z , Z ,  u ,

Since

(6.10) Z(0) 
e  H s +  1/2, 

Ye C°([0, T], H 3 /2 ), Z n  C °([0 , T ], Hs - 1 ),

the problem (6.9) has the unique solution u E C° ([0, T], H ' - 2 ). On the other hand,
Z a solution of (6.9). Hence Z—  u, which shows that

(6.11) Z e C°([0, T ], Hs).

But under conditions (6.10) and (6.11), the problem (6.9) has the unique solution
u E O([°, T ], Hs - 3 /2 ). T h u s  Z e C°([0, T], Hs+" 2 )  a n d  w e  have proved (6.4).
The condition (6.5) follows from (5.9) or (5.26):

(6.12) 11X(0113 + X11(0112 +11( 1 + pD2 )X,(0111 + JX(t) 3  <Ce , 0  t <T.

It remains to show the uniqueness. For a solution X)  o f  (1.11)-(1.13) we put

0/7= 4 ,  2= I x , W)=(11 ,
By (6.6) w e see that 11/ satisfies (6.12) for 0 t0, ( t o > 0 is sufficiently small).
Using equations (1.11) and (1.12) we see that

U(1047, V(& ; t , Vr;) e C° ([0, td, H s - 3 ).

Moreover, by the reduction in §2, 'a/ is a solution of (5.1), (5.2). Hence by Theorem

(6.9)

where
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5.7, W(t)= W(t), to. T a k in g  t = to as the initial time instead of t= 0 and noting
that the condition (6.12) guarantees that (6.6) holds for initial values a t t = to we see

o
th a t W (t)= W (t), t (t, — to > 0 is sufficiently small). Repeating this pro-
cedure w e see that W(t) = a7(,), i.e. X(t)= X(t), T. The proof is
complete.

Remark 6.13. Let X  b e  a solution of (1.11)—(1.13) whose initial data
o

1; 1 ) satisfy (6.2). By (5.32) for 11;V) = :kwIx ) it holds that

I )  /W(t) -  1(4 0( 1s-3- 3/2 CI W (0 )- 47
(0)Is- 3- 312

U sing  (6.14), equa tions Y2 = K(X)Y 1 +F 10 (X , X ,),  Z ,= (f 3 , f4 ) and Lipschitz
continuity of the solution of (6.9) with respect to X, X i , , Z ,  Z, we see that

2 0
E  a •K X (t ) X (0 )1 Is -3 „2  C V "  — i ( ° ) Ils+ CIRO°  — 1 11) 11s-3/2 ,

1=0

where C= C(g, h, p, co , eo , s, c, c')>0.

§ 7 . Limit of X when p tends to zero

Throughout this section we assume that g > 0 is a  fixed constant, (therefore
g0 =0 by (2.11)) and that p moves in the interval 0 <p

Theorem 7.1. Let A ssumption 6.1 hold and

IIX (°) II4+ 11(1 + D2)X (°)
113 +  X (11) 113 eo.

Then in  Theorem 6.3 w e can tak e T ' instead o f  T  such that T' =T'(g, h, co , eo ,
s, c, c')>O, i.e. T ' is independent of  p. M oreover, if  in  A ssumption 6.1 the con-
dition that s 8+1/2 is replaced by 8 + 1/2 + a where 0 < o < 2  then the solution
X = XA of (1.11)—(1.13) converges to the solution of (1.11)—(1.13) with 11=0:

(7.2)
0 Ilai(X g(t) —  X )̀(1))11, — 0712(11 X

°
 s  + 3/2 + X1 11 11s), T',

i =
where r = s —3 —3/2 — a , 0 < c < 5 < 1 and  C=C(g, h, co , eo , s, c, c', o-)> 0.

P ro o f . In the proof of Theorem 6.3 we defined T by (5.17), but T depends on p,
so we must show that the infinimum of T (when p moves in the interval (0, 11) is
positive. F o r  Wo), W('Y determined from X 0 ), )0 1) by m eans of (2.40)—(2.43),
note th a t  X(°), Z(°), X( 1 ) a r e  independent o f  p  a n d  Y(° ) = Y (1 1 )=  1 1 1 ) .P
depend on p in such a way that

sup (II X ( ° ) II3 + )7(°"II2+ Ki +pD2 g 0 )111 + Ilz( 0 ) 113)_f <C090<u5_1

sup 1/MI111s-3+3/2 ± 1771)411s-3)< CO,
0<i. 1

where J'=C(e 0 +e6), cf. (3.59), (3.60) and (6.6). In (5.10) and (5.11) we can take

(6.14)
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f q , d q n c a , s —3) depending only on g . II, c o , eo , s, c, c' and we take d1 =d 4 +
4C,(1 + d 4 )2 3 d4  instead of d. Since g o = 0 we see by (5.16) that

SUP k g <oo.
0<;s

Therefore the minimum T ' of constants

(co — .0 ( 4 (k'4)- ' log (t/4 ../. '), ( k 's_3 ) -  'log  (d s _ 3 J;2 3 )

is independent of p and 0 < for O < p l .
To prove the second part of the theorem, let IV  be the solution of the problem

(5.1), (5.2) corresponding to X P and put W =  W "-1 4 / '. Then W is a solution of
equations

X ,+X =X +Y ,

Yitt +(AP + L")Y, — f1-014e-1146 +.1)—  031,

Y2t f  Z — " — ' f 1, f f  1 )

where f 7 =f i (WP, , p), M P  = M (W o, p), LP  =L(W A , p). By (5.4) and (5.33) it
holds that

(7.3) 11W (t) , wNt)110,p -5 I w"(010 3 I wqr)1,--3,,,

C j wg(o)i s _3 4 , exp (k _ 3 /) exp (k _ 3 0,

for 0.. t < T ', 0 <0 .s—  3 , 0.<13..p_.(5<1. By the method used to obtain (5.14)
we have

(7.4) I W(t)I,„-5 W(0 )1,,,

+ c:(11(f1— f1, .fti — fD11,-+11( 1 +ED 2 )(fS — fl, P4.-11)11,)di

+c:11(itic — + Lo)

where r=s —3 —3/2— and C > 0  is independent of E, (5 and t. Applying Lemmas
3.25 and 3.51 to

f c = { f ( W , — f ( 1 4 " , , 01+  { f ( 
W , ,  —f( W , ,  6 )}

we see that the first integral in (7.4) is smaller than

C(1 + e) .
1
c, (1 + M WC, Wr 11,,c ± M Wh ,r , 0 6 ' .+ 1 ° 1 1  w , W;11,.,,dt

+C 1 ' (1 +11ff", 
w r r 1 1 , 4 „ . 6 ) 6 r + 2 6 + 9 ( 6 _ 0 o 1 2  I 1111 , , , S ,I ,+, , bdt

0

C S
o  
I W (01,.,,dt + — 0 12 sup I W 6 (0 1 r+ e r ,S .

0 5 r ..5T '

Here we used (7.3) and ( 5 .4 ) .  By Lemma 3.20 we have
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(7.5) 11(ME-M"+LE-L")Y111,.

1+ 1 we(01,,r, + I14 (01,,r)21w(01„,r11(1+ 0 2 ) D 1 1 r

+ —0/3- +  11(1 +fiD2 g 6 1102 11(1 +/3D2 )D1111,

where /3=6 ( 2 - a)12 . Since

11(i +ED2 )D-y111,-- II Y111,+ t +611 Yillr+3 -521 w6(01,±3,2,6

and by (3.53) the second term of the right hand side of (7.5) is smaller than

12(1 + I w , (01,-+ „,6)2 1w6(01,±,± 3/2,6

we see that the second integral in (7.4) is smaller than

693

C W (01,,edi -1- CO — 8 ) 6 /2  s u p IV (t)lr-1 -cr+3/2 ,6 .
O OL5t "7"

Thus we have

(7.6) 1 w(01,,e5_1 ( I w(01,,rdr+ CI w(0)1,,.0

+co-07/ 2  s u p  ( I  W 6 (t)Ir+ rr,S +1 W 6 (01r4-a+312,8).
05t5T'

By (3.61) we see that

(7.7) I W(0)ir, = O n  t(0 ) - Y11(0 )11, +8 11n (°) 1,(0)11 r + 3 12
+ II Y i(0 )  -  11(0)11 r+1 /2) 112 +  Y 2 ( 0 )  Y(0)M

- g)(11 X "  4 + 3 + 3 /2  II P t"

Using (5.33) and (3.59) we have

(7.8) I w 6 (01,1-„,a + 1 W 6 (01r+a+312,3 - 2-11476 (Ols-3,815--CIW 3 ( 0 )Is-3,6

C III(W  6 (0 ),  W r  ( 0 ))11,_-_C(11 X "  L312 ±  Xi 1) Il s ).

From (7.6)-(7.8) it follows that

(7.9) I wE(0-1476 (01,„= I w(()1r,5 5 - g)'12(11X
(°)

1 s+ 3/2 + 11 ) 0 ) 4) •

Since I W(t)I,,o '-iW(t)ir,c a n d  W.-- (Xe - X ', X f, - - X  ) ,  (7.9) gives (7.2).
Since

II6(R(v, zL))11r c6 a/2 fi(11z111: +
_ c6-/2(1+ 11(1 +13D2 )Z6 11,)2

<C6 ,7/2(1+ 11(1 + ap, )Z6 11,+,02 ,

where fl =6( 2 - a) /2 , it is not difficult to see that the limit of X# is a solution of (1.11)-
(1.13) with 0. The proof is complete.
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