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§1. Introduction

We shall discuss in this paper firstly the so-called piston problem of the form

o 7. @ .0
wn p(x,t)[ o(x, +v v ]_#WU K. P

661: +?;(PU) =0, (120, xe [0, 1(N]),

=1+ St V(t)dz (>0) (/, positive const.; V(t), suitably smooth function to be
0

clarified later); p, K, positive constants; 9, const. (= 1); p and v are model functions
for density and 1-dimensional velocity, resp.],

( p(x, 0)=po(x) (>0), o(x, 0)=vy(x);

(1.1y
w0, =0, o(l(1). 1)=V(1), (120).

As a result, we shall demonstrate the unique existence of a temporally global solution
for (1.1)-(1.1)’ or, rather, for a system of partial differential equations equivalent to
(1.1)—~(1.1)’, with conventional complementary conditions added.

Secondly, we shall consider the piston problem of the form which is the accurate
I-dimensional model of the fundamental system of differential equations for fluid,
ie.,

0 0 02 0
(x,r)[ 3 v(x, t)+ua } ur e x(Rp()),

] o 1 0 a \2

(1.2) CVP [WO(x’ t)+07x-0:l - RPOW D+l‘l*<ax U) >
9 4+ 9 (pr)=0, (120, xe[0, 1(1)])
af ax s =Y ’ ’

[0, absolute temperature (>0); R, gas constant; C,, specific heat at constant
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volume (>0); u*=4pu/3 (u, viscosity coefficient (>0))],
p(x, 0)=po(x) (>0), v(x, 0)=ve(x), 6(x, 0)="0o(x) (>0);
(1.2 v(0, D=0, o(I(1), n=V(1), 0,0.)=06,(r), 1)=0,
(120),

where we assume for simplicity that C, and p* are constants. We shall treat (1.2)~
(1.2)" by transforming our problem into another equivalent one in the same way as
in the first case and obtain some a priori estimates for it.

The notation is the same as in [3], [4]. For example, HZ\* and H}{f (x€(0, 1),
Te (0, o)) denote Holder spaces H2** and HZ**, resp., as R! in their definitions is
resplaced by I =[0, /] (cf. [2]). For reference, the definitions of H2** and H%** are:

(1.3) H?*s={f(x), defined on R': 3 [D7f|© +|D2f|® < o0},
m=0

(1£119), the sup-norm; | f|(*), the Holder coefficient of exponent o of f);

(1.3 Hz*2={g(x, 1), defined on R'x [0, T]:
2 2
> |DmDigl®+ Y |DuDig|’ < o},
2r+m=0 2r+m=1
(gl®¥=  sup T]Ig(x, D5 191% =191 +191%F; 191{44?, the Holder coefficient

(x,t)eR'x[0,
of exponent «/2 concerning the time variable; |g|{*}, the Holder coefficient of

exponent o concerning the spatial variable).

§2. The first problem

We express the problem (1.1)-(1.1)" with additional conditions in the -
characteristic coordinates (x,, to) as follows:

2.1 Bio(Xo- o) = Po/(lxo)< 1+cf&o,to) >xo B 7{%(( liow )v)xo’

(P™D1e=P5'Dxps  (x0€ I=[0, 1], 1,20),

((xq, to)= S'O D,,(x0, T)d 1, therefore p=p,/(1+w)),
(4]

B(xo, 0) =vo(x0) € HE . p(Xo, 0)=po(xo) € H{fy
(0<po=infpo<po=Po=Ipol(P<0):

2.1y 90, ty)=0, D(/, t,)=V(ty) (defined on [0, o0) and belonging to H(‘(‘tflﬁ]) for

an arbitrary Te (0, o)) ;

L 10g(0)— Kypd~tpg(0)=0, upg'vg()— Kyp§~2po(l)=V"(0).

We note that there is essentially no difference between the study of (1.1)—(1.1)" and
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that of (2.1)-(2.1)’ as an independent system of partial differential equations. There-
fore, we shall here deal with the temporally global problem of (2.1)-(2.1)". It goes
without saying that, for some Te(0, c), there exists a unique solution (9, p)e€
H%tE x BEf of (2.1)-(2.1)'. We give without proof'

Lemma 2.1. Take an arbitrary Te(0, o) and fix it. Let (9, p)e H}{f %
Bity, satisfy (2.1)~(2.1).  Then, |d|%3$ is estimated from the upper by C(|1+
ol§, [(1+w)~1§, T), where C is monotonically increasing in each argument.

In the proof of the above lemma, remark the relation

—exp| - [ k2i=Lay, |
(2.2) a),,oxo—exp[ So i+o dtg | x

fo o kpt—1 J [ kpd'po Po &, ] ,
Xgo {exp[go I+w dfo } (I+ w)? 1 +'u_ﬁ‘°(l_+w) dio
(k=K/p).

Let T and ® be the same as stated in the above lemma. Then,

@3) {1 poraxo= glé—povadmg [#

l+w

o) Kl

_ to ﬁ to Po ¥ _
V(t)dr SISO o dxodt0+KS S Kl +w> a&]ﬁxodxodt,

(0 <1,<T, ag=I""! S,podxo).

Now, we define /(s) (s>0) by

(2.4) W(s)= S (a§—A=7d 2

{aa(s—aa')+ L T =) 6> 1)

ao(s—ag')—log(aes) (y=1),
[N.B.: Y(ag)=0: Y'(s)=ad—s"7>0(s>ag!), =0(s=az!), <O0(s<ag')].

We note that the following relations hold:

2.5) a,o( DoV l+w))-[3‘(1+w>]ﬁ"°’ |
wor [Tt —etlmon s (o (12

= S' po¥ (pat)dx, — Sl Po‘p( I:Ow )dxo'

Thus, from (2.3) we have
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o P2
2.6) SLpOodeo+KS pow(p51(1+w))dxo+/lg g' O% g x,dr=
12 I 1o 1+w

— fo ﬁxo _ . pO T_ Y}]
—E0+Kl,bo+,ugo{l+w K[<l+w> af| v,

(o={, povipst d xo. Eo=| 5 pov3dxo).

Next, we define y(x,, ty) by

_ to ﬁ.’Co _ Po '
(2.7) (X0, to) = SO [ T+ k( I+ lo=td1

= {720 [5(xg, ) = vo(xi) 1,

Note the following relations concerning y(x,, to):

[ —_ 01‘0 Po v
A I gy +k< I+ ) ’
kpd(1+w)=7*1 (y>1)
(2.8) I+ w),+ y (1 +w)=
kpo (y=1,
| (1+w)?),, +vy_,.,( 1+ w)?=ykp} yzD.
Hence, we have
2.9) (1+w)? = e~ 100 {1 4ykpl(xo) S"' erGon dr) .
0

This shows that, in order to solve the global problem of (2.1)~(2.1), it suffices by
Lemma 2.1 to have a priori estimates for [y|{%),.

Now, according to the definition of y(x,, t,), we obtain, for the 3rd term of the
right-hand side of (2.6),

(2.10) u S; { lf:ow —k [( 2 )’ - ag}lozl V(c)dr=

=U Sto kalV(r)dr—pu Sto vy, DV(t)dr=
0 0

= ka} " Vo) dr =y (. 1)V (0) 4 (" 0, V(0 .
Moreover, we note that

(2.11) |y(x0, t) = |y, to)l +1y(U, to) — ¥(xo, to)l ,
and that, by (2.6),

(2.11)" |y(, to) = y(Xo, to)l =

! p , _ - 1 1/2
g 2o pdxy| <p I(ZpOI)I/Z(S 5 pob?dxo) " =
xo H I 2
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<A [Eq+ K ¥o-+ ukad | V(@) d t—pyll, 10V (t0)+

+u(y V@ e (4 =am B,

Thus, in order to estimate y(x,, to), we have only to estimate y(/, t,). Directly
from the 2nd equality of (2.8), we have by integration and by the definition of Y(s)

2.12) S;0S1(1+w),odxodto+ H, Vo4 @) dxo dt=

_ (o Po )"‘ k(v — S"’S (1‘“")
= {0 ook (205) ™ dxodio=kr=D " po¥ dxg dte+

+kyaylto— S ky—Dajlm)de (321),
0

where it is to be noted that, for y=1, the extreme right-hand side gives kaylt,.
Also, we have,

(2.13) the extreme left-hand side of (2.12)= S: V(r)dt+
+1(to)y(l, to) + S;(xo+ So B(xo, 1) d7) %0— b dxo—
- S V() 7) dr + S S Po_p2dx, dt,.
Thus, noting the relation
0<xo+ S; 8(xo, 1) dr<1(to),
we obtain from (2.12)

@14 1ol 013 {1Vl dr+T0) | Lo 161 dxo +

("1l ordes (7§ 2002 dxg dto +kyaito +

+a3k(v—l)g;o(7(1:) dt+k(y—1)g;oslpo'i’( 1“;0“’ )dxodto

Hence,

@15 Iy to)l= llelyt)li g ly{, ol dr]+A <Sl—:12—poi)2 dx0>”2 + .
p

AL b
+Lm)~ [2{7 Lo L ax dto-+kalrl+ (=D N T+
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+k(y—1) S'” S oo (_Ifi) dx, dt0:| ,
oJr Po 1

(IV|p= max |V(to)l, |1|r is similarly defined;
O0StosST
L(T)= min 1(1,)).
) O0St1sT
Furthermore, it holds by (2.6) that
(2.16) [, % + l’l;‘l_)[EOT+Kw0T+Ka5|V|T-T,—2]+
V1V ([ 0+ 1y o g aes

+kad[yl+(y—DIIT.

Also, we have

2.17) S L pot dx, §[EO+K~1/0+1<a3|V|.,.T+
I
FHVIlyd, 10+ VI | Iy, Dl do) | <

1 2
{600+ 45f  (VB>O).
Now, take f=[A4,u(1+|V|;)]1~'. Then, (cf. (2.12))

1/2
2.18) Al(SI%pofﬂ dxo) " SABL-To+ f;;, = Ay BulVI7ly(l, 1o)]

to 2
+AB[ Bt K¥o+ KaflVIT+1V1z {7 1yt0, )1 de | + 4L pt+1Vi)=

Vir

- Mz o]+ AT

Hence, from (2.15) it follows that
@19) Iy 1) SHT [T+ AAHVID + LD A+ VI [, +
FLA) A+ VD VI(T+ 15, 91 de)
s+ [T o1+ (T o1aryae].

(0=1,=T),

where C,(T) (>0) and C,(T) (20); remark the case of V(z)=0) are monotonically
increasing in T. Thus, it follows that
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(2.20) [yl t) S C5(T)=C((T)e 2T (M as T 7).

Hence, we have:

Lemma 2.2. If (D. ﬁ)eH%’(})xB‘ﬁ;‘, satisfies (2.1)—(2.1)’, then the following
inequalities hold in an a priori way: ‘ :

[1+w|i® <B(ly|®®. T) ( as each argument /),
(2.21)
I(14+ o) @ <By(Iy|$, T) (/ as each argument /).

Finally, we obtain:

Theorem 2.1. There exists a unique solution (8, p) of (2.1)~(2.1)" such that it
belongs to H3tf, x BYtg, for an arbitrary Te (0, o).

§3. The second problem

We express (1.2)—(1.2)" with conventional additional conditions in the v-
characteristic coordinates in the same way as in §2:

, u* p09

(X0 t0) = Po(xo) l+cu(xo, 10) ) (l

(3.1 K gxo R pob u* ﬁio
Oro(x0 to) = &5 (1+a) )xo Cvpo T+0 " Cypy T+ °

(P71 =p5"'Dxqe (x0€1, 1520),
N.B.: I+ w>0,
D(xo. 0)=vo € HE}F, 0(xo, 0)=0, € HEh (00>0),
P(xo, 0)=po € HE? (0< Fo<po<Po<00):
0,00, 10)=0,,(L, 16)=0, D0, 10)=0, B, 1) =V(to)
@1 (which is the same as in (2.1)), (1,=20):

1*vg(0) — R(po0,)'(0)=0,

On the basis of the same notation as mentioned in §2 we shall discuss (3.1)-(3.1)" as
an independent system of equations, derive a lemma and give a particular solution.

3.1. A lemma on (3.1)-(3.1)’,

' Take-an arbitrary T e (0, o) and' fixit.. Let (9, 6, p) € H¥{f, x H¥{fyx BLtg
satisfy (3.1)-(3.1)’.  We obtain easily the following equality from (3.1)-(3.1)"..
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2 ~
(3.2) S, Po %‘ (%0, to) dxo+ S' Cypob(xo, to) dxo=

o u*p. — Rpo
= S,%—Pol’% dxo+gl Cvpobto dxo"'go M—I(’Iw&

|o=1V (o) dto.
We define Y(x,, to) by

(33) Y(xo, to)=— \ 2O [0(xp, to)— vo(x0)] dxp+
o K

+ g: [1+a(0, 1)]7 [ = 0,,(0, 1) +k*po(0)(O, 1)1 dt, (k*=R/u*).

Y(x,, ty) satisfies

— Dyt K ¥p0 _ p* (Y) + K*pol
X0

Yto(xo’ 10)__' l+a)(x0, t()) - 1+C0 Do 1+0) B

3.4) Y, = — ﬂg—ﬁ,
T T

Y(Xo, O) =0.
Hence, it follows that

[ (I4+w),+Y (1+w)= k*poé_,
(3.5)

(14+w)(xq, 0)=1.

The above relation is an ordinary differential equation of the Ist degree in | +w
for each fixed x,. Thus, we have

(3.6) (1+w)(xg, tg)=e " YGot[| 4 k*p, S: O(xo, T)eY x00) dr].
Moreover, by (3.4), the equality (3.2) can be written in the following way:
3D | 00 +Copod) (o, 10) dxo=E, — u* [y ove a=

— E,— 1*Y(l, t)V(1g)+ p* S'O YU, 9)V'(x dr,

_ b2
(E,= (Po 5 + Cypoblo) dxo) .
I

In the same way as in § 2 (cf. (2.11), (2.11'), we have

/2
(5)"

(A% == 1(2Upo)12).

+|Y(I”O)| i

LD

(3.8) [ Y(xq, to)l = A}

Also, in order to obtain a priori estimates for |Y|{%),, it suffices to have those for
|Y(l, to)l. There follows from (3.5) an equality ' ' ’ ‘ P
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T 1 T
(3.9) S' dxo SO (1+ @), dto + Sodxo SO Voo (1+ @)dto=
0

— k* S dty S; pofdxs, (VTe[0, TT).
4]
Referring ourselves to (2.13) and (2.14), we have
] "t
(310) 1@I¥C DS | L2100k, Dldxa+| )] 1V Goldto+

1 ~
g V() (U, to)ldto+TS dtog Po_padx, +§_S dtOSOCVpOdeO].

By (3.2), it holds that
(3.1 1Y, DS ALE; +p*| YU, DI V()| +

et 1Y@ Va1 12 + L) [ vl dro+
T T 1 ~

00 o 100, 00 dto + A o | (B0 0%+ Crpod dxe |,
0 0 0

) *
(OéféT), (AZ'— H* é‘v)

We define E, (1) by
(3.12) E\()=E+p*V(0)||Y(, )|+ p* S;lY(ly to)l [V'(t0)l dto.

Then, we have

(B.13) YU, 1) SA%E,(0)V2+ L( T)-l[T|V|T+|V|TS;| Y(U, 1)l dto+S;E1(t0) dto]

By using the inequality El(r)1/2§/3E1(1)+ (VB>0) as in §2, after all, we obtain

I8
(3.14)  |Y(L 1) C(T) +Co(T) g;[mz, o) + S 1Y(, 15)] d ta]dto, 0<T<T),

where C,(T)(>0) and C,(T) (20) are monotonically increasing in T. Thus, the
following lemma holds:
Lemma 3.1. (i) For Y(x,, to) defined by (3.3), we have in an a priori way
(3.15) |Y(xo, to)l¥ < B(T) (/" as T.).
(i) For p and 0=, we have a priori estimates ‘
1pI¥ £ By(T) (/" as T/) (cf. (3.6)),
(3.15)’ |6- ‘I(°)<B3(T) (" as T/‘) (derwe the equatlon whtch 0 1 sattsﬁes
{ from that which § does)
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We have not as yet a priori estimates from the upper for 0. If we can have such
estimates, then we shall have a clue to settling the temporally global problem of (3.1)-
(3.1)".

3.2. A particular solution

Here, we add that there exists a particular solution of (3.1)—(3:1)' such that

B(xo, to)=ax, (a, const.), w=at,,
(3.16) P(xo, to)=po(1+aty)~', (p,, const.>0),
0(xo, t0)=0(to).
where 8(t,) satisfies an ordinary linear differential equation of the Ist degree
Cypol (to) + (1 +ato) ™! u*k*apoB(to) = u*a*(1 +aty) !,
G179 [ 0(0)=0, (const. >0).

We can easily solve (3.17), that is,

(.17y B(to) = %”; + (8- ;‘;‘; ) (1+atg)wies,
Let us consider the three cases of a=0, a>0, and a <0.
(i) a=0.
(3.18) _ : 6=0, 0=08, p=np,.
(i) a>0.
d=ax,
(3.18) Bto) —> 7 (19— 00).

Rpo
p=po(l+aty) ™! — 0 (15— ).
We note that, if 6,=au*(Rpy)~!, then 8(ty)=0,.
(iii) a<O0.
b=axg, Dy=a, Py, =0,

(3.18)" ' p=po(l+aty)™! —> oo(to —_ L),

1=009)— o (1g — = L).

o a

It is of much interest that p and 8, as they say, blow ui) in a finite time —7% .

K 6BE UNIVERSITY OF COMMERCE
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