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1. Introduction and results

In this note, we improve some results in the previous paper [ 3 ] .  Let p(x, D)
be a differential operator of order in with coefficients in y(s)(V), where V is a  neigh-
borhood of the origin in Rn+ 1 ,

X  = (x o , X 1 ,•••, D = (D o , D I • • • 
D O, D  1   a 

J = ,

and y(s)(V) denotes the set of all functions f (X )e  C ( V) such that for any compact
set K  in V, there are constants C, A with

ID1(x)1 CAlal(lal e K ,

for all multi-indexes a e N"+ 1 .
By the definition, yo ) (V ) coincides with the set of real analytic functions in  V.

For convenience sake, we set y( ' ) ( V ) = C t (V ) .  We denote by p (x ,  the principal
symbol of p(x, D), and suppose that the hyperplan {x0 =0} is non-characteristic for
p(x, D ).  Heareafter it will be assumed that p,„(x, 1, 0,..., 0)= I. L e t  u s  consider
the following problem.

{p(x, D)u =0

(p, 1)(x')),,; D6u(0, x')=0, 0.__. j.p.-1,

Dgu(0, x')= 6/)(x) ,

where x'=(x i ,..., x„), (31 - i1 m —i. T h en  w e  have

Theorem 1 . 1 .  L et s= c o .  Suppose that the characteristic equation p (0 , G ,
') = 0, .' = (1, 0,..., 0) has y real and y non-real roots (,u + v = m , v .:1 ). Then there

is a sequence of positive number {C„} with the follow ing property : let g(X 1 ) be any
CO-function defined near the origin f o r which (p, g(x„)) i,  has a local Cm-solution
near th e  o rig in . Then g(x 1 ) is COE) in a neighborhood of the origin and we have
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hill sup (19( ") (0)1/C„Pin 1,
n - .0 0

where 0 0 (0) 4   d
d x ,

 g (0 ) .

Theorem 1.2. L et 1<s <a) . U n d e r the sam e hypothesis that of  theorem 1.1,
there is a positive constant A  hav ing the follow ing property : let g(x i )  be a C°-
function as in theorem 1.1, then g(x 1 ) belongs to y ( S )  near the origin, and moreover
we have

lim sup (1g(")(0)1/(nps)'/" . A .
n - 4 0 0

Theorem 1.3. ([3]). L et s= I. A ssu m e  the sam e assum ption in  theorem 1.1,
then one can f ind a  positive constant A  so that: if g(x 1 )  is a  C°-function near the
origin for w hich (p, g(x,)) i,  has a  local Cm -solution def ined in 13,.= fx;1x1<r3-,
then g(x 1 ) is analy tic at the origin and has the following estimate,

lim sup (1g(")(0)1///!)'/" Alr.

Corollary 1.1. L e t  1< s  co. I f  (p , 0 (x )), h as  a  local Cm -solution in a
neighborhood of the origin for any  4)(x)ey(s ) (R"), then the characteristic equation
p„

1
(0, ' ) = 0  must have more than p+1 real roots for every  e R"\{0}.

Remark 1 . 1 .  In the case when (p, g(x 1 )) 1, has a local Cm-solution in  a  semi-
neighborhood, we can obtain the corresponding results (cf. theorem 2.1 in [3]).

2 .  Proofs of theorems 1.1 and 1.2

Let us suppose that p (0 , 0 has p real roots and  y non-real roots
(p-EY= m, 1). Then from lemma 3.3 in  [3], there are a neighborhood W of 0
in R"± 1 , a conic neighborhood F of i n  R" \ {0} and symbols q, r on Wx (R x F)
which satisfy the followings;

(2.1) (-1)mpt(x, i)°■q(x, co, ' )= r (x ,

with
P - 1 co

(2.2) r(x, o ,  ' ) = c + a l( x ,  O V „ q ( x ,  ) = E qk(x,
j= 0 k=0

where ai(x, is a  symbol independent of of class s with order (j, 0) on Wx
(R x F) and q(x, is a symbol of class s with order (0, — y) satisfying the following
estimate,

(2.3) lqW )(x, CAk+12+PI
v - - o n i - k - 1

" 1(k+ 1,6 1)!Sod,

for k+ 1, (x, )e Wx (R x F ) .  Here I,' denotes the transposed operator of p.

Remark 2 . 1 .  In the case when s= cc, the constant CA" - la±fil(k+ Ifil)!sod in
(2.3) should be replaced by a constant C k , , p  which depends on k, a, and P.
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From lemma 2.2 in  [2], one can take VN ,r (X ) e C (R "+ 1)  so that v,„,,.(x)= 1 on
Br , vanish for ixi 2 r  a n d  satisfy

(2.4) I D"vN,r(x)i C 0 (NA 0 /0 1 œ  I,

when loci N, where CO3 A, is independent of N (N=1, ). Now assume that
(p, g(x,)), has a solution u(x)E Cm (B„). Then applying the same reasoning as [3],
we have that

P,Q 0N ,oudx .
j= 0 J 1 ■11c-1-1?_N—m,N—mk,m1

Now estimate the right hand side of (2.5).

Proposition 2 . 1 .  L et 1<s<co, —2m — m. Then we have

ID(Qkt7N,r)l-CAN Ars1W " . - 1 1 V 1 + 2 m — N (A ir - 1 ) 1 7 1 1 W s ,

when (x ,  )e  WX (R x F), 1, N (21- 1) ' 1 ( 8 - ' ) ,  where C, A , A , do  not depend
on r, N .  If  s=oo and 1 _<_N —2m —m, the following estimate holds

for (x ,  )e  Wx (R x F), where C1 , CN ,Iy i are  independent of  r.

From this proposition and the same procedure in [3], it follows that

(2.6) ck0 eix 4 ( P iQ k 0 N ,r )1 4 d X
N ,,k + 1 > N — m ,N — m ,m 1

.5 C r"  s u p l D4u IANNoiwp 1+3 m- N
5

lx152r, j  . ??1

when IV e F , N .(2 r - 1 ) 1 1 ( s - 1 ) ,  1< s< co , where C, A  is independent o f r
and N .  If s= oo, this term is estimated by

(2.7) CNr-N-m sup ID6/411'1
1 + 3 m - N

1x1 2 .r , j5 m

for e  r, 1, where C N  does not depend on r.
Using these estimates, we have

Lemma 2 . 1 .  L e t 1< s < c o .  Suppose th at (p, g(x 1 )) 0  h a s  a solution u(x)E
Cm(B3 ,.), then there are constants C, A  independent of r, N such that

16N,rg( )1 cA N N s"(1+ sup 1D4u1+ sup igl} ,
lx1 2r, j5m fx1-2r

for R", N=1, N _(2r - 1 ) 1 / ( s - 1 ) .  If  s= oo, we have

IDN,,g( ) l - (C k +  N 2 N ) (1 + C )_ N { sup IM u i+  s u p  igi},ix [52r,j • tri lx1

for ' e R", N=1, N w here f3u,r(x')=vN.,(0 , x ') an d  13,,,,,.g(0  denotes
the Fourier transform  of i3A,,,.(x

(2.5) 1 eix4 ( E  R i vN ,r )udx =
N—m

')g(x 1 ) with respect to x'.
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P ro o f . If we integrate (2.5) by then the Fourier inversion formula gives that

(2.8) eix' i3 N ,(x ')D gu(0, x ')dx1 the right hand side of (2.6).

Since p(0, 0 has also real roots and v non-real roots, contarcting r
if  necessary, we may assume that the estimate (2.8) holds for U ( — r), with

=  ;
O n the other hand, in  the complement o f  r u —  r), one can easily get the

following estimate,

(2.9) Ii5N,r9( )1-5_-C2AIINsNIV
s u p

 Igi

iwhen N>(r - 1 ) 1 1 ( s - 1 ) ,  where C2, A2 is independentox ifN2 r and r. Hence the estimates
(2.8) and (2.9) show this lemma when 1 <s < oo. In  the case s = co, it suffice to
remark the inequalities,

(2.10) 113N,,g(015Cnir - N I'l - N  sup

in the complement of r u (— r) with a constant CN (possibly different from that of
(2.7)) independent of r, and

(2.11) r-NCN<Ci+N2N i f  N_r - 1 .

Proofs of theorem s. In view of the identity

(

d   yi, f i N  r , \ ,0 \ _(  d   y„ , 0 , ,

dx, " ` d x i  " ‘

the theorems follow from lemma 2.1 and the inverse Fourier transformation.
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