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§ 1. Introduction

Many arguments have been presented under the title of a "Stefan" problem or
a free boundary problem. However, a s  seen from a  real physical point of view,
so far as the author knows, all of them seem to be unsatisfactory in  at least two
points, for it is natural and plausible that

(1) the movement necessarily accompanies heat change and vice versa
and that

(2) the movement of one fluid acts upon those of others.
Taking into account these, we consider a free boundary problem arising from

the movement o f  a  finite number o f  nonmiscible compressible viscous isotropic
Newtonian fluids. We may give, as somewhat idealized physical examples of this
problem, the movement of water wave adjacent to the atmosphere, that of gas bubbles
in  liquid and  so  o n . I n  th e  present paper, for simplicity, we discuss the above
problem in the case of there being only two fluids of such as mentioned above.

Let S2 [resp. QI] be a  bounded or unbounded domain in  R3 [resp. 0] with a
boundary F [resp. FI]; F and rq are assumed to have no points in common; the
exterior boundary F is assumed to be fixed. We denote the domain of the fluid at
the time t which initially lies in S21 [resp. Q 11 —  5 2 1]  by f2! [resp. ON.

Then our aim in this problem is to find the domain 01, Ofr, and the function (pi,
yi, 0 1, pu, 0 1 , 011)(x , 0 satisfying the equations

LiL l  P i=  
_pir.vt,

 vk=
P  r

k [p 'i(V •v in  +  P q p i( +  Vol)]
/ 

1  17 j_  ,r
k P kP I

(k =1, 2, 3),

[ ] 5 4 = ° ( K'"' ) + 2p/110 1  ( F k
114

+  P r i v 1 ) 2 +  p 1 01

i n  91 {(x , t)e  R 4 lx e t e (0, TD,

(F•vI)2,
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D ri _ n

Dt P P  1 7 . 1 ' '

=  i n Fk V )] + Ft Din ( V/VIIC ± FOY)] -Dt i, p

- Poll + f (k =1, 2, 3),

„,11

D t
-  

1 

p11011 7' .(cur' 0 1-1) +  P ( V v '  +FIP11) 2 + p`10110 7 . 0 1
2p1101•1

in {(x, t)e R4 lx e 011 , t e (0, T]l,

2,

and the initial-boundary conditions

(p i , yi, 0 1 ) 1,, 0 = (p,!) , d , 01 )(x ) (x E 0 1 ),{
(1.2)

(PR , Vi i , °11 )rt=0 = (Vg, Vg, 0 g ) ( X )  (X  E Q II ),

VI = vil, Pin(x., t)= Plin(x, t),{

01 =0 11, (KIrof)• n(x, t)--(K 11 17 011)• n(x, t),

(1.4) v11=0, 0 11 =0 1,1 o n  T T  r  x [0, T]

(1.3) o n  001,

[80, boundary o f 01; p i ,  density; ri= (vii , v ,  vi), velocity; Oi, absolute tempera-
ture; pi(pi , 0 1) ,  coefficient of viscosity; p'i(pi , Oi), second coefficient of viscosity;
Ki(pi , 0i), coefficient of heat conductivity; pi(pi , 0 i), pressure; Si(pi , Of), entropy;

[ t 1  +vi .17  ; P i - [ -  p i + p'417 vi)]1 3 + pi Ei , Ei + Fiv i) ; I „ , n x  nDD =  O
a
t -

identity matrix; n(x, t), unit normal vector at x e 05-4  pointing into the interior of
( j= 1 , II)].

We use the summation convention throughout this paper. A nd we assume that
the compatibility conditions are always valid although we do not write them down.

Besides the boundary conditions (1.3) and (1.4), we suppose that the boundary
surface 0S21 consists of one and the same fluid particles at any moment, which is
formulated by

(1.5) on

if 3s-21 is represented by the equation Fl(x, t) = 0 .  Of course, on the fixed exterior
boundary r ,  an equation analogous to (1.5) holds.

A s in [3, 4], we use the characteristic transformation /Px%!: (x, t)i-*(x 0 (x, t),
t o = t )  from D i- [resp, Dit] ‘21 x [0, T] [resp. S211 x [0, - T ]] , especially
/P 0(052!)=TI, which is one-to-one and  onto  so  far as F  n = 0 .  Here xc, is

related to x by the equation

D

to
x = xoP I ( x o ,  r ) d r  o r  x=x 0 + 1

0  
f.)-(xo , 2)*

0

according as x belongs to 01 or 011((bi, bri) = . /px%ito (y i ,) ) .
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By this transformation, (1.1)—(1.4) are rewritten as follows:

a 
at o P i  =  P i ( r o ' " ) '

a •  
= Pj• 1

7-i Di' i( ro .v ) ,]+ • vo-iDii(ro,i0i+k
 V 'k P j

(1.6)i
1

0,k p l =  1, 2, 3),pi 1 

a  i  h P j  
a t , '  —  ^icy j f.,;•(Kj 17 )

p 2PiOisio ( Pro, k + V, 13.1)2 +

+ 
pis] •

krPi'lli),

" ) 6

in ( j = 1, In ,

(1.7) (Pi , a l ) it o = o = (p io, v4, 0 .1 )(x0 )(x0€  a t )  ( j  =1, II),

P I•g in (x 0 ) Pl i .g nn-(x0)=
• ITYP7 F11-.

Ktg. 1 4(x 0 )  ( .1 7 , 1 0 / ) . _   Kirr.n(X0  ';(.roon),
'VF I F(1)1

(1.9)1 3 1 1 0 , : 0 11 = 0 , o n  +F T

[Pi =E— + iff (ro-Di)113+ /2 ,1E. Ei r o ,A )  ( i  =I, In;
F(x 0) =0 represents the boundary TI; ti(x 0 ) in (1.8), unit normal vector at xo e ri
pointing into the interior of Q ';  g i =(g id= (0x/Ox0) - 1 1 = F 0 j ,2 ,  r0i ,3 )

=

= g i f7 , =  (  f71, P2, (73), Ok = a /a X 0 ,k  ( i M I

Rem ark. From  (1.5), we derive the relation

Pi(x o , 1 0 )= / 1 , 0 F 1(x, 1) = F6(x 0 )

Since the first equation in (1.6)i is uniquely solved by

(1.10) t0) =p4(xo)• exp — Fe, • bi(x 0 ,
Jo

(j =1, 11)

  

if  Pj e C ' /2 (Q )  be given, the problem (1.6)—(1.9) can be considered as the
following initial-boundary value problem with respect to wi='(N—vi, —O):

ato
 wi—di(x o , t o ,  w1 ; 13')Ivi + 2.4i(x o , t „ ,  vv.') in Qir  ( j = 1 , II),

(1.8)

on -= T1 x [0, T ],

B' (x 0 , t 0 , w ';  0')
Igif F6I

(wI, w 11) 110=0 =(0, 0),

13

—  Bn(xo , to , Iv " ;  0 )  W  =

IgErO n
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0 11(xo , to , wu) 
IV110.F(

1,1
t/91 (x0 ,  t o , w1

)  

Ig l0F1

/

o n  or ,

wowo

wn = (0, O e  - 0 1,1,) o n  FT .

Here the principal te rm  d i, the lower order term Pli, and the boundary operator
B j ( j = 1 ,  II) are defined by A , B and B, respectively, in [3], §2.1 and [4], §1 with the
corresponding replacements;

Oi(x o , to , w i)=
)

Now we state

(1.12)

(1.13) (pt,

(0 <

(  -  p ig jn (x 0 ) o 
\\

0
+ i(x o , t o , w 1 ; 0) 4 14 = (1=1, II).

) j

our assumptions: for any a e(0, 1),

T , r i  eC 2 -" ,

v4, 04) EIP + 7 (52i) x H 2 +"(S2i) x H2 +"(T27 )( j 1  II)

p-4(x) < + 00,

• 0 < inf 04(x) 01(x) < cc),o
iTt

(1.14) f  e B 1 (10  a-- R 3 x  [0 , T ]), Ig -a L f ilx(L,:z3 < (X)(i = I, ID,

(1.15) (uj, K , p j, S i)E 0W -((0 , co) x (0 , co)),

2 .
jili +-p t.' >0 , K j, p i, S L >0 (j =1 ,11).

Then our result is as follows:

Theorem A .  Under the assumptions (1 .12)-(1 .15), there exists a unique solu-
tion (w l, wn) e Ci e+ty +1 /2 (0 - )  x  i o+ ,%1+2 /2 ( Q , )  o f  (1 .11 ) f o r  som e T ' E(0, T ].

fn the same manner as theorems in [4 ], Theorem A implies:

Theorem B. I f  w e assum e (1 .1 2 )-(1 .1 5 ) an d  def ine (p', 01 , p",, vu, 0 11),
52!, 011 by  the form ulae

[

(p I, 0 , (x ,01) t)=HT,,,t. (p Î , w  l + 4 ) ( X 0 ,  to),

(p U , u n ,  09(x , t) =11;7; 4 ) (ail, wll +wg)(xo , t o ),

al =n-,r , , ,  p i, o ff = /7;xccht to SP,

then (p l, vI, 0 1 , pn, vil, On) i s  a  unique so lu tion  o f  (1 .1 )-(1 .4 ), which belongs

to B 1+1 ( ) x C i +ta, '+1 1 2 (.91,) x  Ci 4,1 , 1 +2 1 2 (9 i. , ) x Bl+Œ(.9;1,)  x Clf,a , l+Œ/2 ( g;1,) x

C i +,Œ, '±a/2 ( it) (0 < p l, p <  ./5 = constant. 0 < 0 1 , On < O -constant) f or som e T ' e
(0 , T ].
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Remark. Referring to the result in [4], we can discuss the above problem even
if the exterior boundary be free. O f  c o u rse , th e  boundary condition concerning
Ou in (1.4) can be replaced by the Neumann or the third boundary one.

§ 2 .  Linearized problem

In this section we consider the following linearized problem of (1.11):

0(2.1)i =.571-i(x0, to, wi; t)W-i + Mi(xo, to, wi) in (j =1,11),e t,

(2.1)2 (0 011)Ito=0 = (0, 0)

13 13
(2.1)3 Bi(xo, to, w1; ) W-1— Bu(xo, to, wu; 13') W =

IgIt-F(1)1

:-=- RI (X0, to, w1; V)01 —13 (xo, to, WU; (7))11 =
UW 0 \ IWO

= (1)11(x0, to, iv") — Oi(xo, to, wl)[
iWiltFôl IVI .0F1,1

-='1 n— on T1-,fr

(2.1)4 Ou = (0, 0, — eg) .-_—_- 4)e on TT;

ere we also assume tha t the compatibility conditions are valid and  that (w1 , wu)
belonging to

(2.2) Z Ta- - { ( 0 , wn) e C I-EV -F./2 (0) x CL*%1 1 2 (0)1
(w', w 11)it0=0 = (0, 0), II wi IV< MI, 1 frwil ( ' ) ---<MZ. u =1, m}xo,(2i.

is given, where Mi, is an arbitrary positive number and Mi is a positive number to
be determined later (j= I, II).

2.1. Parabolicity and complementing condition
As was shown in [3], the following lemma holds.

Lemma 2.1. B oth the system s of  dif ferential equations (2.1)i and (2.1)11 are
uniform ly  parabolic in the sense of  Petrowsky (modules of  parabolicity SI and Su
respectively) if T be chosen in such a way that

h

(M I + II 11 ))T  <m in i Mo, r1), 06 (

 '
0<  OJT, <  1 , 1  —6Ci,(T, 5Ci,(T, MD 2 > (j =1, II),

where Mo is a positive root o f  1— 3x —  6x2
 —  6x3 =0, since the estim ates 1911—  öklI <

CI(T, M I )  (k , 1=1, 2, 3) are true f o r some constant OJT, M O which is increasing
in each arguement and tends to zero as T .  0 (j =  I, II) (Sk i , Kronecker's delta).



where

.2er ( x0 ,  to , w'; fr)[
s i(xo  0 , w ; )=

OS i n ( 4 ,  — ,CO33, to, w 11 ; f ri, 132, —

B (Xo, to, W )  t (B I (X0, to, 10 ) ,  B rI (X0' , — x0 , 3, to , w")).

248 A tusi Tani

It should be noted that of ,1474) takes a value on

= (fiki exp [ — bjT ], j54.ex p [ bj T]) x .444)

where bi + 1141l (N) (1 +3CI) (j=I, II).
Since the validity of the complementing condition for the boundary value prob-

lem (2.1)1,1 , (2.1)4 was proved in  [3], we proceed to do  so for (2.1)1• 11 , (2.3) in the
case that S21 = V,. and Fl = Ix o e F(x 0 ) x 03 = .  I f we put

11)(x0 , to ) =t(170(x 0 , to ), — x0 , 3 , to)) (X'0 (X= -0,1, x0,2 )) ,

then (2.1) 1 ,2 ,3 are transformed into

0  
—.51(x o ,Oto

to , IV, 0)1;V- a ( x o ,  to, w )  in R -3E X (0, T ],

(2.3)

q7110=0 =0,

[  BI (Xo, to , W I ; (7) B ll (X ,  — x03, to, 0 1 ; fri, i72 , — (73) 
I gh31 Ig'h'31

-a. B(x o , t 0 , w ;(7) .17v)x ., 3„1„*6-+- '11111(4 ,  t 0 ) - -'1111()e6, to

13 13

Lemma 2.1 implies that the system (2.3) is uniformly parabolic in the sense of
Petrowsky with a m odule of parabolicity 6 1 0511 . det [..saf(xo , to , w; i ) — v18 ]=  0 is
equivalent t o  (9111+91,22 - - c 4 t v+ 9 ,13 3 )2 = _ a ii ,,, ( g in1 1  + 0 2 2 .  — giv3)2 =

(r =1, 2, 3, 4) where

ail  = a--. P. l I iti, a 4= V  (2,ttj + it' j) ,  a4 = Pi (w4+ 04)4 110  ( j  = 1 ,  II).

Therefore the values ..
3 's satisfying it are given by

(r) 1 ( ' ,  )  =  ( g 3 ) - 2 [ — 913 (gki  i  +g,12, 2 )+(A,! + i B!)],{

f (r)11(' ,  )  =  _  ( g fir3 )-2 [ g i13 (91111 ± ec t2 2) -4- (All  - 1:  i B N ,

where

(2.4)

1
1/2

1 • • • •(2.5) D ,( ' ,v ) = a l  g ( n i 12 _ a i v (,-,.1
2  1...uk3umi vm3ukl 1 lo b ,  m2 um3trIc2, r v h 3 )

Ikri (C , v )=[,13 ( jari I —Re D-ri) -  , Aif =Im Ai.1(2B,i.),

— —aii.v(93)2 —  D — aii.v(g.h3)2 ( j  = 1 ,  II).
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We give without proof:

Lemma 2.2. If  for any  c e (0, 1)

DI DIE  }
/, 12 , ,111,11 12igh31 "1 leh31

+ 3.), then the following inequalities hold:

(2B04) 2 —atais'Igi3 12 10, 3 12 (Im v)2 —4(1 — c) \IDjDkA fB! ._0,{

VaiB-1__Iii (1— c) - 1 1 2 Bii ( j ,  k  =I, II; r, s= 1, 3; a i  a i a i ) .

In the proof of the above lemma, remark the relation 0<  ai 3/4.
The following lemma is essential in our investigation.

Lemma 2.3. T here ex ists a  positive constant (5 sm aller than S IP such that
f or a n y  '= ( ,  2 ) e R 2 and  any v e C' satisfying

Re v — 6

the row vectors of  m atrix  B (x o , t o , w ; i)s i(x o , t o , w; i, y ) ((x o , to ) E n r , f ixed) are
4

linearly  independen t m odulo  M  n ( 3 .— -3(r)II) w here d (x o , to , W;
r=1

y) is an adjugate m atrix  of  si(x o , to , w; —v18 .

P ro o f . The proof is devided into two steps.
8

10 . Let E oe(s)y - 1 be the remainder term when we devide B(x o , to , w ; i).91(x 0 ,  to ,s=1
w; ic ,  v) by M . I n  this step, we calculate det ac( 8 ). R eferring to  the results in [3, 4],
we can easily obtain

Œ(8 )(I, I) ot( 8 ) (I, I I )  )
cx(8) = (oc(8)(j, k)(j, k=1, II), 4 x 4matrix)

cc(8 )(II, I) ot(8 ) (II, II)

as follows:

0 ( 8 ) 0, Mik = [(aY) 2 aYa l41] - 1 191,314 19,1,1318 x

  

t p * ( 1 ) 1
a4a

+ (3 )I )-1 ( ,a (8 )( j, I )) i kI I 35
( j ,  k= 1 , 2 ,3 ;  v 0 0 ) ,

   

the limit value as v-+0 of the preceding expression (j, k = 1, 2 ,3 ; v=

10,312 - F ( 4 ) 1 _ , , -(1)1,21,.+ ( 4) 1_ ( 3 ) 1w -(4) i _ 9.-31-(1, 2 x
(C1D2 a i  " 3 /  " 3

X  (4 ( 4 ) 1  —  -3. ( 3 )1 ( ) G1- ( 4 ) I I ( 4 ) 1 1 )  ( j  = k = 4 ),

, 0  (otherwise),

ca (8)(1,=  G - 1 ( 1 ) I i .(1)i)G-3F( _ -3-(4)1)G-31-(1)1_ x

X  (M 1 ) 1 1 - ( 3 ) r i ) ( ( I ) I  M 4 )11 )V bjk+  —1-1- IP IPIME (1 )13-(1)1) X
ai

+1 v 12>
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x  ( 4 (1 )I  _ W 4)I W -31-(1)I -3,-(011)2(w 1 )i _ x w o o l _ .-1-(4)11)

_ w o w 3 ,-(3)1  _ 3-(1)i) u -1(3)1 _ x

x_ _  -3,(3)11)( w 3)I _ I (4)ng

=g 1 - F g122+ g .1; 3 -1 ( " 1 , Q i  =  g 1 1 1 - g 1 2 2 +  g 3 3 1 - ( 3 ) 1 , P  
„

it' +P
Œ(8 )(1, II)= [the right-hand side o f  a(8 )(1, 1) as obtained by replacing a, 0, 3  and
0 ( r ) i  by 4, g,17E3  and - U ( 011 , respectively and vice versa]] (a1

5
1 =P 11/(jt11 +it'll));

(0 ( 8 ) (II, = i[(4 ) 2a1
3
1alj]' I g1,3 13 1 gi,13 18 x

a a l W ( 1 ) 1  - 3 )_1( 8)(11,k  =  1, 2, 3; v =0),

the limit value as v->0 of the preceding expression (j, k= 1, 2, 3; v=0),

(a1)2 a1
3

x G1( 4 ) I -3( 3 ) 1 )(W 4 ) ' -1( 1 ) ") 2 (W 4 ) 1  - W 3 ) 9W ( 4 ) i -1( 4 ) 1 1 )
(j =k = 4),

, 0 (otherwise),

Ca(8 )(1I, I)) i , =pi[vPIS i k  +(vgI 3 + a,

x  ( 1-(1)I -3-(4)IW-3F(1)I -31-(1)11)2g I (1 )1 -31-(3)1W-31-(1)I 1-(4)11)

(2.7) A =det

p i

1  - (2y 1Q1Q3 - /1' 141,6 ) 0 g -1(3 )i i( 1)1) xal

x g -1( 3 ) I  - 3 . ( 4 ) I )g I ( 3 ) I 1 - ( 1 ) 9 2 (W 3 ) I -3F ( 3 ) n W1- ( 3 ) I I (4 )1 1 ),

= 913P1,=  9 1 3 0 ;
ot(8 )(II, 1I)= [the right-hand side of oc(8 )(II, I) with 4, g)1 3  an d  W r ) I  replaced by
g 3  and  -U(r)ll respectively and vice versa].

After considerably lengthy calculations we obtain

(2.6) det a( 8 ) = 0 ( 8 ) « ( 8
) - 4 8

8
) 4 8

4
) )1[(al) 24 (4 ) 2ai(a11) 2a11(4) 24 1] - 3  X

X 1g131 3 3 10 3 1 3 3 G I ( 1 ) 1  - W 3 ) 1 ) - 3 ( i ( 1 ) 1 1 i ( 3 ) 1 1 ) - 3 A ,

where

19131 0E( 8 ) (I, 1 ) Itif31'0 0 ) (I, II)[ I

'a(8 )(II, I) 'oc(8)(II, II)
=  [ ( 1-(1.)I -3-(4)1 )2 ( -1 - (3 )1 _

x -31-(1)9 4 (-3 F (1 )1 1-(3)11)2

11 3 1   61 3(g g (4 )1 ) ( 3F ( 1)1)2 X



Compressible viscous fluid motion 251

X  GI " .1 (4 )1 1 )2 G -3 " 3 " -3F")11)2( W " 3F" )I I )  X

X —  .1' (4 )11 ) ( a 1 ) - 2 V PIQI] A  X

X  NVO I,  (al, P3, Q.3) p y , on A

Hg 13 13(p11)3 p ff plo(4pm ,D ll + 4af  v  D D  + v210 3 12)] „ -

lu g +

± [I93110312 (p1) 2  /in [(Pr' -Q 11)(4/10 + 3 a1v)1031 - 2 E(M3D 1213+

+ D , D1L +Di 2 D1
1
1

2 )2 -DID 11] + 2PI(211Q,1, + + ally) x

x (M 3 D1
2
1
3 +Dl 1 D1

3
1
1 +DI 2 D1,12 ) + + PHO +

+ Pn 110[4 + 4aiv DI + (alvigi, 3 1)2 ]}] c  - [I

2°. In this step, we show t h a t  det 0 0 ) 0  0  for a suitable S. O n account of the
results in [4] and the relation

(18) • V3(1)11 - 3 .(3 )11 ) - 1 =

=  [W ig31P' - /111 19131P9( 1  - a l ) q l - O r  x

0.111/2 191,312 [(a j P i + 0 1 4 ( 1 - a l l )D l l Pn  + 4 1'1031 2 (P u  +

+Q 11)]co +0 2 1)2 19 51;312 E1M E , I +

+  p i l lgi,3 1 Igl1,13 1[2{(2al -1)Pl +Q 1} {(2all -1)Pu+Qll} x

x (M 3 D1
2
1
3 +DA,D1

3
1

1 +DI 2 Df2 ) + (PI +QI)(Plr +Q11)(PIQII+

+ Pn Q l ) +4(1 -a')(1 -an){DIDu - (Di 3 D1
2
1
3 +Di l D1

3
1

1 +

+DI2D1`2) 2 } - 011 103I-P I  - /P191,31P11r I P I 1031( 1 - an )(P I +

- 1111 19131(1 a r )(P 1 r +129]{D I Du  -

- (.1)13 D1
2
1

3 + + DI 2 Dil2 )2 }]
E , 2 .

It is sufficient to show t h a t  [• • • ] E 0  0  fo r a  suitable S. To begin with, we
calculate Tm [. • •]E ,1 and Im [. • •] E . 2.

(2.9) Ina r E =
v  w  a 

 2 /31
I)1g, 3 12 [4(1 -an)D 11/31

1
1 + 0 1 0 3 VRe y x

" 3

a nn,x (Bf + /31
3
1)] + (a1.131+ _131)[4(1 +10312 Re v  a   + - 3  )1+

/31 BI31

(IM+ 4 0 3 12 [2(d/3f +BIXBY + BY) 191,31219)1!312 x

( a la ia l  V a t '  aSi
BI A  +  —

B1
3
1 )1} E,11

,E
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Im [ • • • ]E ,2 -
Im  

I L  '..1E ,2 ,1+  { • • ]E ,2 ,2 +  [ • E ,2 ,3 +  [ • " ]E ,2 ,4  92

[ ••• ]E,2,1 =  O B I + B1)(Bil +B ) ( 1 m4y)2 1 1 2 1 '2 x

x  (  a t a i + V (  al  Du al4- Bu31 2
Bi A By B1

3
1" 3 B I  1 ) Ig h 3 1  I {1

3 E,2,1

[—]E,2,2= (1m4 6 1 1 3 1 2 ig n
Ir

3 '
1
2 (

a3ialli 3 -  - B; JAI B i g

n i
X B j( + )(BIl+B131)10,312}

E , 2 , 2
+  4— + 114 , 2, 2,

131

[ . . . ]5,2,3= {2 [ ( 2 a I B-  + 1
[ ( 2 a u  -  1 ) B i i  +  BY] I g1,31 2 ( M 3 D

/
2
1

3  +
1 B3 -

+ + D121)1112)1 11}E,2,3

1-a11 
a I ( 0 3 . 1 \ 2 _ a l ( B D 2 ) +PHE,2,4= frigh3121g/1■31[Pligil!31 BIBS 

a l
+ //n Igi3li( 1 a i ) (Bll + 13 ) -  ( 1 a n )B11( - 1 + a

Bi
3 )}1x31  

a  
x  

OM 0 2  I /
4 I 2 2

gh31 Igh31 VI 19131 +  /M e )  + 0 ,019,1!311311 +BI h3  B11

-1
+p u lgL3 iBli1)2 ] [DIDII -(DI 3 D1

2
1
3 +DI,DIL +DI 2 D 2 )21}

E,2,4

L. +  {1 4 - 4  1 1 }E,2,4.

Hereafter we consider any ' u R2 and v e CI satisfying

1(2.11) Re v > min { D I

u aligL312 9 410312
, 4 + I v 12> 0 .

If Re v 0, then it is obvious that {• • •}E,I .>_0. On the other hand if Re v < 0, then by
Lemma 2.2 and (2.11) we obtain

(2.10)

)1 x

(2.12) B .2 B , ai  <
= ( j =I ,  II),

from which it follows that

4(1 - au)DuBY + air Ig 3 12 Re v(B11 + BID  (D11 +3a103 12 Re v)Brir 0 ,

Du 14(1 -a11)-1-4-c + I g,U3 12 Re V  B y +  (Du + 2410 3 12 Re v)-4> 0,

• + /31)(Bil + By) -  2
(1mm, 2 (  

 B

alaia i +
1 1Y/931 L. / 3 '  A  BII Bli3 1 3
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=a' {  1 U2131.8 1)2  — a la il lgi,312 1931 2 (im v) 2 ]}} +
E,1

+ a ' { { (B , ail) (BY, al31)}} E , I + {{(BI, al) (BA, al)}} E , i

{ { (B I , Mr, al, ail) (BL aY)}}E,,

Hence, {•••},,, here the equality holds if and only if = Re v=0.
In the next place, we transform the term {•••}E ,2 ,1 into a more convenient form:

r-  ÛI oma i n i l

E,2,1 = - 1/31,1{{B IB I- 4 191,312 1031 2 ; 31; 311B iE , 2 ,  I

+ .B11 [{{(.131, (Bi, B ,  a l, a ) } } E ,2 , 1 + {{ } } E , 2 , 1
B 1 3

1

031, alD (Bi, al)}} F2,2 ,11+ B 1  Bli1 [{{(B1
3
1, - - ' (By, a li)}} E,2,1+

3

+ {{(Bl, Bit, al3 , cd) (Bi, Bit, a l, a '1')}} E ,2 ,1{ {  } }  E , 2, j +

8
I, 1 ,1 , 1 E,2,1+ t

-B B311 { { 0 1 B i l  I  a l l ) - - +  (B I B D a iE
=  {  

• • • }E,2,1,k•3, 3  a 3 ,  3
k

Since {•••}E ,2 ,3 is estimated from below by (2.12) as follows:

3  ai l l 3i l( 2 .1 3 )  { — }E , 2 , 3 >  — 10,31 2  max {  al  B1

u + B2.81 2 B I B
n

+  

3  „I
it 2 B  3 '

2 a l l
 B i '

 3  a l 1 1 +  3  a l  R n  a l  nil a', 1 1 ) 
B l  1 '

B
2  B i  1 2  B i  — 1 '  B i " 1  + 2

 B i B iÇ V M D 11,

there can occur three cases according to which is the largest term in the brace of the
right-hand side of (2.13):

( i ) { •
'
•

} E , 2 , 2  
{. • •}E , 2, 3 0 if either the first or the second term be the largest,

(ii) {• • • }E,2,2 + {• • •}E,2,3 alBY10, 3 12 D I Dll/(2./31) if the th ird  one b e  the
largest,

(iii) {•••}
E , 2 , 2  +  •  •  • } E , 2 , 3  

— a1/31,110, 3 12 VDIDil/(2BI) if the fourth  one be  the
largest.

For (i) we need not consider any more. With regards (ii) [resp. OW, we only con-
sider the s u m  o f f  1 + {• • • }E,2,3 • E 2and f 1 , , 1 , 2  [resp. {• . •}L,2,1,1], which is non-
negative by using Lemma 2.2.

Lastly, since all the other terms in { — } E , 2 , 4  
except

_ a l l ) B v (  ala i  
[3

are non-negative, we consider the sum of this and {•••}E,2,1,4+{•••}
E , 2 , 1 , 6 .  

Then
noting that

'IA 3 I I 31B I B  ,
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we can prove that the above sum is not smaller than

-
l D i d  n i  n i l  ( Im  1 )2  

(2.14) [...]i,11111-111191,3131911,131i2BIBI
a  

ll 191,3121911312 XBi- 4

a i a
11
3 al  n u ( p /  o f f ( I m  v ) 2

1  1 2 1  r i  1 2   alai'  1
X Igh31 Igh31) +  pp' "1 -'-'1"1 4 Blifq

— 1311( —1 + —3 ) D i D n } .1I\ B I
1 3

Furthermore the brace of (2.14) is estimated from below by

(2.15) al 2B1 B11[(2B1B131)2—alia13119,131210312(1m 0 2  _ 12
VDILOBIB1311+

5

+ —32B1 1Bli[(2BIB11)2 1 U 3 I U 3
12tim _  1 2

,/DIVIBIB1E111 h 1 h 1
3 5

here we utilize the inequality

(2.16) (1D-i)1/ 2 ( j= I ,  II; r=1, 3),

which is easily deduced by use of (2.11). The non-negativity of (2.15) is due to
Lemma 2.2. Also by Lemma 2.2,

{•••}E,2,1,k (k = 1, 2, 3,..., 8).

Interchanging I and II in the above arguments, we have the same results for the
remaining terms.

As a result, we obtain

Im [.• • ]E = (Im v) x [non-negative term] .

Im [.•.] E = 0 holds if and only if either Im v =0 or =Re v = 0 .  In the case of
Im v=0, .A!.= A 1,1 = 0 (r=1 , 3), hence

[• • •]E,1 = (aI BI + Bl) {4(1 — all)D11B1
1
1 + 41031 2 Re v(B lir +B 131)},

[ . . . ]E ,2 = 2 [ (2 a I - 0 B 1 +  BU W a l l —  1)B 1; + Bin(D13D 12, 3+Dl1mi+Di2Dir2)+

+(BI+BD(Bi+Bil)(BiBil+BIBliE)+4(1 —a')(1 —a11 )[DIDII — (DI 3 D11
3 +

+D l i DlE
i  + Di2D ii2) 2 ] — D 1 1911131(1

 —al l )(B l+B I)+ [1 11 1g13 1(1—a i )(B11 +

+ By)] [D 1 D11 — (DI 3 DY2 + Dl l D311 + Di2D'112) 2](pI lgir31131+ ttillgi,31BD-1.

The hypothesis of the lemma implies, in the present case, that Re v >0 if =0 and
DI, D 11 > 00 if A O. Hence for b o th  '= 0  and 0, the inequality [-•.] E ,, >0 can
be proved in the same manner as before.

From (2.16) it follows that
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— m ax - B B '  BB  + .13l131,1 +21414, + 21311q , 13113111 + 21311314 x
2

x + (B1 + BIBI').

Considering this result in connection to the inequalities

4(1 —a')(1 —aII)— EgI103 1(1 + Bl) + pn ig13 1(1.+a l )(B l
ir +BSI)] x

— 0 1 191h131B13+0191,31B131)(P'1031Bi +1111 191,31BD- 1 ,

we obtain

[•••]E,2 1AB1
3
1(BIBSI + BIBD> O.

On the other h a n d , if  =Re v=0, then the hypothesis of the lemma implies that
Im v00. Hence we have

Om v) 2
 1 1  1 1Re [•-•],,, — al Igh31 B BI2 12 ( - + )(B l l  + B I31 )191,312 +4 i 13

tE
+2(aIB1+B,I)(  a l  + )1,711 12}

- B ir iv h3I
1 3

(1m v) 2  / alal  )
(

B i l l  
+  B

i

l )  Ig 3 1
2

+  ( B 1 +  B 1 ) (  
a i l

 +

, l l,...3
4 B1 1 - BI Bll V I )  x1

n r „I nna l l  
x19,7312 } i ( - 1  B i l +  - 3 1311 ) I g I 1 2  + (  1 B i +  ' . . 3 B I ) Ig i l  12 }  <O.B i 3 B A 1 h3 BI 3 BI31 1h 3

After all, noting that

1m  [i l ig li;311 )1 —  /111191231Pu ]  = /1/ 19,731Bi +Itn ig/31B111 > 0 ,

we obtain LI 00 if 6 be chosen in such a way that

1 1 (2.17) 6 =m in min DI6a1Ig 3 12 4 '2 = 1 6alillgih1312
min DII,
4

,2=1

6161'  t
1+C

where C is an arbitrary number greater than 61611. Q. E. D.

Remark. In the range stated in Lemma 2.3 with 6  defined by (2.17) it holds
that

(2.18) /V )  _Li a ilg f 12 6 11 1 2 W4 + IV ' )1  4
2 h3

Indeed, it is obvious in the case Re v O. O n  th e  other hand if Re v<0, then (2.18)
is easily shown from the inequality

2(Bir ( ' , v)) 2 .c/j1g17
. 312 lIm vi +a,idgih3 12 1 Re vi +4a,41A312(n'2.
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2 .2 .  Poisson kernel and Green matrix in

In the same way as in [3, 4], we can construct the Poisson kernel and the Green
matrix in the half space. Indeed, let a, =(cck 1 , " )  be the inverse matrix of a( 8 )  and

e ir343
(2.19) R i (y, v)—  1 J a i ( x o , w; iy'to , , v)c;(8 ,

27ri „ (y' v)
AAY ' , y )  

c/ 3

,

where 17,. is a contour enclosing all 1•( ")1 a n d  i ( r ) I I  (r=1, 2, 3, 4);

a+ico1
e T v R I ( ' ,  y 3 , v )dv (a> —R' 2 );(2.20) Hi (y, 2) = z.,nk ,

3 .

 R 2 c r -0 0

(2.21) H o (y, t ; T0 )=Z0 (y  —  T — To; X0, to, GITP Hi(y— y„ T — t) X
To R2

X B(xo, to , w; ry 0 )Z 0 (y0 - — T; xo, to, IN)1 y 0 ,3 0dY0

where Z o is the fundamental solution of

0 W = si(x o , to , w; 17 0W.

In  order to evaluate H1 , we extend the domain of 171 t o  the double complex
sp a c e . Let g b e  v + 5 ' 2 .

Lemma 2.4. There exists a positive constant )6 such that

(2.22) 2 [ B , J . ( C ,  q - 5'2)]2 g is3 12G , 4 q 12)1/2

if  C '= ' e C 2 and g e C l satisfy

'4 -1-1q12 > 0 ,  Re q > 0 , 5/3('4+1q12)1/4.

P ro o f . Applying the mean value theorem with respect to the variable n' in the
range {n'l In'l -. .(' 4 +1912 )' 14 } to  the function 2[Bt(C, g —(5C'2 )] 2  a n d  noting that

12 17„,[B!.(C' , g — 6 C2 )]2 01' n'l
6[max Di W) - ka!IW312 6 ] ( ' + 1 0112 ) 1 1 4 1trl (0 < e < 1 ),

4 .2=1

we can easily prove (2.22) if we take

min min [4:191,3126, V4191,312 6 ] = ,.,1„
Z9' r=1,2,3,4 t max M O  + a jlg i 3 12 6

4 ,2= i

Lemma 2.5. There exist positive constants 113 and )66  such that

(2.23) 2[B!(C', 
g - 6 C , 2 ) ] 2 >  ( 58  4 .  ig i 3 12 .4 _1q 12)1/2

OT

Q. E. D.

in the range

(2.24) f44.1q12>0, Re /3511m ql, In'15/36('4 +1q12) 4 .
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Proof . From  (2.18) it follows that

q—(5' 2 )] 2  >4 4 I
g iry3l2 W 4  l q 1 2 ) 1 / 2

for a n y  and g  satisfying

'4 +1q12 > 0 , Re c0-_ —135 1Im gl ( JO,—  1 213
fi2 )

Indeed, it is obvious when Re g On the other hand if R e  g <0, we apply
Lemma 2.4 to the right hand side of

B ?( ', qe 21 T —k' 2 ) = q — 5e - 2 1 7 (Re q =0).

Using Lemma 2.4 once more, we have (2.23) in the range (2.24) with fl,=fl/2.
Q. E. D.

Lemma 2 . 6 .  There exist positive constants 137 (-16 5) and /is PO such that

(2.25) Idet c to  (C q —  2 ) C 4  +1g12 )8

f or any  (C 's  g) belonging to

(2.26) +1q12>0, Re q>__ Im ql, In/ ..-/38(0+1q1 2 ) 1/4 .

P ro o f . A t  firs t w e  sha ll ob ta in  e stim a tes from  be low  and  from  above  o f
I • , —R' 2 ) for any (c' , q) satisfying

'4 +1q12 = I, Re q

A t this stage, the real part o f [- H E  is  needed . F rom  Lem m a 2.2, (2.17) and (2.18)
it follows that

Re [ • ••] E ,1 W , q — g'2 ) 2alaillgi13 12B1B1,16,1-1— (Im q)2 —

— 
 14 

 (Im g)2 .131BilJ11 ( 1 1 m a x  D i( ') 1 6 1
3 12 (./ =I, II))

4' 2=1

Re [ • • • ] E,1 5 - 8 N./ 2 B1131
1
1.111.0  .1 qI2 ( l i n  q ) 2  ( 0 0 2 i g1,312 191-4T314 6

2.BIBH

Re [ • • . ] E :2 W, q— g' 2 ) .>= L ls \ lairau(\  I al + \Ian) —  6611  (Imq) 2 1(BIBV) 2 ,

n il 2Bn3 ii 0 73 12 7 6 --- 3  B 3110 3 12) +Re [—],, 2 5 —2(Im q) 2 ( a
o

i
/.D3

+ 8(BiBir) - 2 (1 —1 Im ql 2 ) (JIJI1)2 ++26 0 —1 Im ql2J I J11 +

+4 m a x  V ( ') .  m a x  Drig')•' 4 ;
4, 2=1 4,2=1

here we use the inequalities
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13- 13.11 i f  R e  q

2[/3;i:(', g — R ' 2 ) ] 2  — a.I.Ig 3 12 11m 2,/2/L\g ' 4  +(Re g )2  ( j  =I, II) .

Then we have

Re [•••] E ,I W, g — aialliValaillat I Ia11 I 62 12  C  (CI ,11 )1=- c1 , 11

i f  (Im q) 2 _C 4 (CVir)/2

(C1:1( =:- [afaillgt1
3 12 63 /(14./11 )] 2 , C 4 (CME) CI:ilk/(C1: 3?) 2 +4—

Re [•••] "  — a l ( a 1 1 1 ) 2 1 9 ; , 3 1 2 1 9 3 1 4 6 C 4 ( C ) / ( 1 6 , / . / 1 . / 1 1 )  a-- —Q 1
1
1

i f  1 (Im  q) 2 C 4 (C1: 1
21)/2

(C U  = 2 "IPP/E aM / 2 1g1,312 191314 6 i1 2 );
62

Re [ • • •]E , 2 G', lall(V al + N/all)alalillgj, 3 12 1g1
h
1
3 12  C 5 , 3

-  100

i f  (Im q) 2  - .40- 2 62 Vaia 11 (,/a 1 + Vau) =- C 4 , 3,

Re ) /[•••] 5 ,2(ala1311g13121g1,13126)2.11J11C4(C3, 4 , ,  1 6 =7 -  — 0 5,4

if 1 (1m q) 2  - C4 (C3 ,4 )/2

(C3 ,4 -=- 4JIJ11 (8J1 J11 +43)(a141gL 3 12 1gill3 12 6) -74 ).

As a result, if

(Imq) 2 4  min {C4 (C1:11), C4 (CI31:1), 2C4 ,3 } C 6 ,

Re C.-7E 0292 10312 cl:il + (to) 2 10312 c 151:1+ t1'tt11 IgL31 1031c5,3,

and if

1 (Im  q) 2 m a x  { C 4 (CU), C 4 (01:1), C4 (C 3 .4 )} C 7 ,

then

R e [ • • • ]  <  —
(„u•,21,“ pci,11_(„1\21,01 prn „ i „ f i l „ i  1 11 IrE = /  W h3i 5,2 kt-'. h31

,
h3I

Referring to the proof of Lemma 2.3, we can easily show that

11m [...]El ( ', ci- k ' 2 ). c 8

for any g  belonging to

,4+1,/12=15 Re g  0 ,  C 6 g )2  C 7 .

Jherefore we deduce from the homogeneity property of Idet ce(8 )1 that

then
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ldet cx (8 ) I(c'—  R ' 3)>= C9( ' 4 +1q12) 8

for a n y  and q satisfying

R e q 0 .

Since

sup {117,r idet ot(8 ) 1(C' s q —  
5 '2 );

; I 136('
4  + 1 q 1 2 )1 / 4 1 C I  0

( '

4  +1 1 1 1 2 )3 1 /4

holds, we obtain (2.25) w ith C2 = C9/2, fl7 =21390(1 A ) ,  )6 8 = )69C/2 in the same
way as in the proof of Lemma 2.5 where

fl9 = c9l(2c10), o< vc < (1 — ci) f l5 1 (2 f i9 ) ,  0<  V C ' < 2fi6/139. Q. E. D.

A s in [4 ], we can easily prove the following basic estimates for H o a n d  H,.

Lemma 2.7.

— ...II k t — t o )-(2r+ISI +3)/2 e x p  [  dIY - 1 2 - 1IlDr,DH0(y , t ; ,  1 1  <  r  (
TO/ I T — T 0

2 .3 .  Solution of (2.1).

For the present problem, unlike that in [3, 4], we need to introduce the systems
of coverings {w}, {Q} and {con, {Q 1} o f  QI and respectively. They are con-
structed in  m uch th e  same manner a s  that in  [3 ] except { wfi} a n d  {541}  which
intersect FT. Since {col„} and {Q }  are constructed by using the local rectangular
coordinate system = {( )Z0,1, x 0 ,2  k0,3)} with the center at  e FT as follows:

{ wk- = lol 1 5 0,11-5 - - fl4A(./ =1, 2), 0 5.5Zo,3—  FURt'a; k-).- )6 4A} 5

K21,- = {k‘ol I .)Zo, --il )6'4 /1.( j = 1 ,  2 ) ,  0  k‘ 0,3 — P ( ; k ') 2134 ,} ,

where 11gF 14(x o) — 5 0,3 — P C ;  1 ," ) ,  we define{a4 ,=k- } and 101,t, „ }  by

coil---k 4)1 l o,i1 2
1 # 4 ( ./  =1, 2), 0 4),3 - -  f 6(.5Zep; /"=k") . — /34} 5{

= k" ' {k'ol I -tp,i1 - I14( j =1, 2), 0  .540 — PI(.4; 1--1, ,, ) M— AI.

When {wIl } a n d  {011}  intersect F, we use the notation 1= 1". I n  accordance with
these coverings, the functions { ( ( x 0 ), rik(x0)}5 gil (x0), r/1/1(x0)} are defined as in [3].

Then the regularizers RI and RIT of the problem (2.1)„ which is the problem on
the time interval (T, T + h] (V 't .._0, V h. T—T), are defined by

1 R ' ( ' ,  0 1 , / j', tkl)= E tik(x0) wl(x0, to ),
k

(2.28)
Rn(a , IG', tG11,4 e)= E tV(x0)W 11(xo, to)

-C i2 t
- (2 , - Fi5i+ 3 )/2  exp d iY12

T •

where



/ 'R1-(0 1 ,  0 il)

o ) (

4 , t()) =
n) 
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wk,(xo , t 0 ) = (RI)=-

t o  

d T 0 o - VZ o (X t  - T  ,• k ' ,  T  •  W i ) i  ( V)a l ( y ,  T o ,  wi)dy,0 0 - 0 5  - k'

WIT (X0, t0)=.10(a 11)1=-

10
dTo 5 Z

o (xo - y, to - T o ; To; w11)01(y).4 11(y, t 0 ,  W 11 ) d y ,

W 11A X  
t 0 )  = 11 1g14/ 1-(4, t 0 ) ,  W IL  (x0, to)=IngW ill"( 7 0, to);

WfL(xo , t 0 )  =11-'1 W 1,1„(.V , 0 ),

to)=Rle(a i , all)+'A I,-(0 1 , OH),

to )=K f t(a' -4
1I ) + R■;, (0' , 011),

to)=R11-(a")+'R IL (C ),
an)

(4, tO) =
S1=11-(a l , ge") I

t o ,  10 )
= 1  dt 0 H,(

3
1e ) ( 0 , to ; t o ) dy,

Kk"
\ 111"=- k"(5

5' , - Y 3) 4 1 1 (52", Y3, To, iv " ) ,

10
ciTo 1-1(k ") ( 0-  .f7", t o - t o n t = k - O n UP ' ,  to ) -

, Kk"

-C le ' ( . -Y ')IL Y ' 1 t On dy' ,

1?- 11„ce, au)(Ro, t 0 ) = Si-(.4 1 . all)(t;), - X 0 3 ,  t()),

'10"(tli I ,  0 11)(4 , t()) =  ' SI" OP I , 0 11) (0 , -  4,3, t()) :

I
kk ( " ) ( 0, to) = 1 0 dT0 1 11 r ) (X01 t(); Y, t 0 ) . ( ) " ( ,  T o , w11) 0 ,

r

'k11- ( 0 , ) ( 4 ,  0 =  i t ' cl"ro H ( ' ) 070 -.1Y, to
-  t o )C iL (r )„ (T  , t o )d jv  ;i,

K k,  = Ile i- =  {1 5eo,i1 - #4.), , ( j  = 1, 2), 0 ._.5Z0,3-- 2 /3 44,

' K le = Il f c g ( r  n g21”)=11.k- 0, i 1 -- /34,1 (./ = 1. 2) , Y::0 ,3 = 01,

(i7 0,J=..ko,i ( i  =1, 2 ), 5,7 0,3= •0,3 - P ( O ; V )),

K 1,” =  Ingt2 ff." =  {I .±- 0, j1 [3:1) . (  j  =  1, 2), 0:5_ 3 2134111,

' Ki" , = H ig(r nse-) = 115e0,i1 fl'4 ,1 (j =1, 2), -.0, 3 = 0}

(  0 ,  j  = 1 0, j (j =1, 2), )70,3 = 0,3 - &kt();

HRF0(X0) = 0,3 - PO(.%; /"')
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Z o(x o —y, to —to ; T ;  W I )  and Z o (x o —y, to —To ; T ;  w i t )  are  the fundamental
solutions of

a a 
T, w1 ; 1 ) W  and W =szin (r, T ,  IN "; fr) Watoa t o

respectively;
fi,1)k", M k" and Zbk" ) are the Green matrix, the Poisson kernel and the fundamental
solution defined by the formulae analogous to (2.19)—(2.21) for the problem:

C1-(5c- o) 4 I ( o, to, wI )0  
W=sal ( k "V ie , T , w ; PK +

ato . --)7 3)o, 4 1 1 ( (), — Î0 ,3 , 1 0 , w i l ) ,
(2.6)k"

Wit0=0"--O,

B ( k " ) ( k " ,  T , w ;  F)wl.t.,,=0=[CILP - - to)

[For the definitions of ..tat(k") and B(k" ) , see [3, 4]].
As in [3, 4], we shall find out the solution vi, o f  (2.1) in the form o f 171= 1( , 1 ,

11.,11 ) = 1(RI(u 1 , un, '0, '14 11 ) ,  R 11 (11 1 , U l l , 'u ' ,  l i t i ,  i l e ) ) ,  where
CO

(2.29) ( 0, un, 'ul, ue)= E(ui, utt, '141, us,),
v=0

(141, 1411, uY, uY_,, utl_i,

P = (P I ,  PH , P ',  P " ) ,  (u 1
3, ug, 'ug, u,S)= ( a l ,  e n , o f f ,  0);

ue)= E q (x o )D iV k , T, 141 1 ; —

—sl i (xo, to, wI ; (7 ) ]  W  +  E thic(x0)/P;`,g[aq-gk- , t ,  / V I ;  F) —

—.5zei„Gk „, T , W i V —P PV3)] W .  + E  E ig (x 0 )s l 1 (x 0 , to ,  wI; 0)—

—.0' 1 (x 0 , t o , w1 ; (7 )thl,(x0 ) ]

PR (u i , '1111, ile)= Er/f(x0)[sil(?t, T , W U ;  (7 ) —

/

— d 11(X0 , tO , w " ; 0 ) ]  fvfl+ E q 111" (X 0 ) 1 1 -I g a l l" ( l " , T ,  W U ;  F)—i"

wu ; V — VF1,173) -WIL + E 0 " ( X 0 ) I n g [ S 1 11" ( / ' " ,  T ,  W U ;  F ) —

T , W i t ; —PF 0
-0-

3 )] Wp-+ E 1'if(x 0 ).slin(x0 , to , w il; (7 ) —

— se(x o , t o , wn; (7 ) 0 (x 0 ),I WY,

P'(ul, ull, ' ui , ue)=

1E T , W I ;  (7 ) — B i (x o , to , wI; 13' )] +

+ E ni-(x0)/1aDle(k", T, w i ; 17 )— BI"Gk", t ,  w i;
k "



Izirgp rio D;co ' u l ,  0 1)1 Col 2  2 7 s . " ( 0 < 2 r + I s l  - 2 );

here 'R,(' u 1 , '141I )= ul, uu) is used.

2-2r— isi+ a

1 lg o D%'R;'„'R ( u ', '14  )1 -C i4 (I0 — T) 2 (rUill +IrUnrri,+,:,)i,

1,4),',gg o Dsxo
' D i

 Cu l , '1491 -5_C14Ixo Yol l ( — )1 (2r + Is' =2),

(2r +Isi_2)
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P,S-13)]w k-1 ,-?0,3=0+E Eq1-(xo)F3 1 (xo, to , w ';  ) —

— Ri (xo, t 0 , w; fr) (xo)] W.1 r } —  {1 - - - G;

P" =0;

(2.30)

=R k .( 0 ) ,  Wf1,=R11,(un),

= 1-1 , W I- , W itt = llf-cg

u n )+'R ( '4 11, 'un),

= un)+'/Z11 ( '0 ,  'un),

WP„ kfl„,(un) + ' (ue)

[N. B. For P" in the case of the free exterior boundary, see [4].]
As seen from [3, 4], there remains to estimate the terms RI„(ui, un), R 1„(ui,

un), ' u l l )  and 'R 14'iti, 'un) in (2.30). However, tracing the proof given in
[3, 4], we can easily prove:

Lemma 2.8. Suppose (1.12) and r 1 —r=x)1 2  (0 <x - . I). T h en

(i) 12,(u ', 0 1 ) Eei0
+ %1 +OE/2 ((; )

Qiin X [T, t i ]; i =  I, II; ni=
I" ( j  II)

provided (0 , un) E e .2 (12!, ,,) X 0%:,/.2 (0,,) a n d  th e  following estimates hold:
for the above defined j  and

2-2r—I si A - a
ID rtop s.yco R1,,( 0  , u 11 )1 03(to — T) 2 (114111W + Ilu i l lI d )H

Q r . ,  , Q,,„

(2r+

I g .g g o DL R I,,(0, u")15_C3xo —  Yoi a (• — )11
 (2r + = 2 ) ,

2-2r— is i+ a 

I to to X O u11)1 Col 2 (••')H ( 0 <2r + Is '  2);

(ii) u l, 'u n )E eL li+ ./ 2 ( ,,) (for in, see ( i ) )

if E Clo+1,;(' -")/ 2 (T.1 ) (j = I, II) with 'ul —'un i 3 O „.,=0 and moreover for j  and
as in (i),

{ k" (j = I)
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If we denote

id  i (x„, t o , w i ; 0)=  ((a' i (xo, to, wi ))an °Fmk ) ,

iji(x o , t o , wi ; 10 ) = ((11(x0, to , wi )7k17. ) ,

then the estimates

(Ai(xo, to, wi ))7i,"11 ) 015(T, M ) ,
(2.31)

11(Bi(xo, to, O M  11(
r

il: a  C f6 (  T, 1 Wil)+C17(T, M ii) M

follow from the  similar arguments in [4], where all the constants C15 -C11
7 a re

monotonically increasing in each argument and especially C17 an d  c11
7 tend to zero

as T tends to zero.
Almost along the line of the proof of Lemma 2.12 in [4], we obtain:

Lemma 2.9. S uppose  t h a t  (d 1, a l l )  € C,c0":/0
2 (421-) x C i /.2 (Q11) , O P ,

 1 P11) G

clo+%(14-a)/2(Etr ) X CL± V ± a ) /2 ( f l )  and (b e E Cx
2

0
+ % " - a /2 (F T ) are giv en in  (2.1) and

that (1.12) is  valid. T hen there ex ists a  unique solution (0 1 , 0 11)e C i o+,1,;'+2 1 2

(0 .) x Cx
2

0+1 1+"/2 (0 1-) of  (2.1) satiisfying

141(6)Drt0 D.Lti* j I  . [C j,8 + C 1
19 (M 1+ M IM I' -

1mA fx o l ,  y o l y ) ( m l  ± m y n N t 0 2 -2 r -2 1s1+a x

) j (2r + Isl

1 ip rt9 Dsx0

x ( B 1 +11

1;0 1< [C ii8(T, M I, M D + C-19 (T,

1 1002 ) 1311 1V + II tP ' Ir+Œ) + 11 11 11(
T

ilT+ œ ) + 110e Il(r2,7!" 2 )

(ub, u, '14) ,  u g ,  zoo = j a i  , a l l ,  411, oll, e ) 12( 0. )  x x

x clot%(1 -1 -Œ )1 2 (F T x C1+1,;('+")/2 (a ) x  0L+1 ,i+o,12(FT ) ,4 , 0 = 0 = 0 ;

(td, uir, u;)110,0=(P1(4 ug, 'ug, us), P 11(14, ug, 'uVug, u8),

P'(u6, ug, 'ug, us), P"(ub, ug, 'tt (
1
) , 'ug, 4 ) 1,0 = 0 = (0, 0, 0, 0, 0),

"(••.),/ (2r+ isl = 2),
2 -2 r - Is l+ a  

'A t T r [Ciis+ C1901 1+ MM N Ito 2 ( - ) J

(0<2r+

where Ci" and 0 9 hav e the sam e properties as  C ,, and C ,, respectively; for N,
see the process of the proof; j =I, II.

Pro o f . The proof is devided into two steps.
I°. I f  x and ;. (0<z, 2 1) be suitably small, then there exists a unique solution
(10, On) eQ 1+2 /2 (0 )  x CZ% 1+ 2 / 2 ( 0 , 1 ) ( h = p 1 2 ) o f  (2.1) which satisfies the
estimates stated in the lemma with N=1.

Indeed, on account of Lemma 2.8 it is sufficient to show the unique existence of
( 0 , ul l , 'u i , 14 ) ceL œ4(0 ) x  e c.,%,œic2 ( ) x Clo+ ( 1+ a ) / 2 ( f " hi ) x. C10

+ 10' ." + "/ 2 (F),)
X eio

+
,10

1 + "/2 (T h ), - '2/11,..s o = 0 .  The uniqueness is clear. By Lemma 2.8 and
(2.29) it is easily seen that
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pl + II1141,2'1' c l oA (II{ at il 
Q T

 .4_ 11 4.111111(2c_l_ly + 11 tl i ( Frce)

ll'UIVA+ 2 )  (C10 + CIIM I)A ("')K ,

011 +11(À 2) )K

[ 4 1 4  C 1210/1(• - )J, 11 /14111 11(
rr °  -• (CS.ro+C 1211M 121)A e"),I ;

Ur, = 0  (n=1, 2,3,...); A = /1,a  ± )( a /2 .

By induction, we obtain

(u!, uf,E, 'u?, ' u1,1,u;;)e 0,,,.0 2 (Q1,) xe%2/2.(Q1?) x ez 1,;(1+.0( -1) x
x el +.' 0 +°0 1 2 (r1,) x O2 0+.1(;)1 + "1 2 (r h)xo, to

and

1114,11)+ + -) +II' 411r) + 11411 (1-2: 1 )

__2"[c 2 ,+ c 2 ,(Ail+ M I21,)]"A"(•••)J

(n=1, 2, 3,...) where C20 = Clo + CY, and C21 = C 1  +

When .1 and x are chosen in such a way that

(2.32) 4[C20+C21(11/1+021)]A =1,

(0 , ull, '0, ue)= E (u„, u 1, '141„ u;;) converges uniform ly. H ence the
r:=0

above assertion concerning (0, ull, 'ul, 'ull, ue) is ascerta ined. M oreover the
following estimate holds:

11111 11.) + II u11 11( -̀')  +11'011(i r l ) U l l  (1-1 hl" G C )  + 11(F2h+œ) 2 ( .
Q h h

2°. Since 0(x 0 , t0 ; 1)= 0(x o , t0 )--Vi)(x 0 , h )  ( T t o h ) satisfies (2.1)„ w ith (al,
all, oil, 0,,) replaced by (a i+ s i fo i (x o , h), a l l  +  d i l o l l ( x o , h ) , -131 0 1 (x 0 ,

11/11 +1311011(x 0 , h) 11 „ (I) 1311 011(x o , h) 11t h e  result in 1' and the rela-
tion (2.31) imply that there exists a unique solution ( 0 , 0 11 )(x 0 , to ; h) e CiO

41 1+a 2

h2h)(Qi X  C Z,1'o 1 + 2 / 2 (0 , 2h ), hence ( 0 15 I v- u) 2x0+:;(,) I +a / 2 (Q  h )  X  C +2/2(Q121h), for
which the estimates in the lemma with N=3 h o ld .  We only repeat this procedure

N = 2[ T  1+1 times. Q. E. D.
h

It is to be noted that Cii , and Cii. 9 ( j = I, II) are positive constants depending on
T, M ,  114, 0 411L2P ) , 0 14 + ( 0 6 ) - E  (W Y E  ( 0 ) - 1 , (S4i) - 1 , if  Ki ,
S i  V: I I F 1' IFoll(r+') and monotonically increasing in each argument (j =1,

2
=  I I D rp D 506  1 " ) ) •

r+s=0 0

By virtue of (2.32), N in Lemma 2.9 is estimated from above as follows:

2T +1<2T - 1 1 2 +1=2 1+411 [C 2 0 +C2 1 (M1+ M 121)121" +1-  h

M I, MIE, MI +MID.
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For the original terms MI, Mu, 01, tku and 4), in (2.1), we obtain, similarly to
(2.31),

I
x (TOE +T 

2 + a  

2 ) [C 1 8 (T ,  Mi, MD+Ci9(T, Mi, Mi i )(M1+
± A pi)]Na, nil, AO, M+ M') ,

11317 vT, I I(Z"--QTr + IH7 ti, l l Ix( :!-d -, 5 C[C22(T, M(, M i
l
l ) + C23(T, MI, M D (M l+ M 121)] x

x [C i s (T, MI, M I,I )+ C ,„ (T , MI, MD(11114 - m121)]N(Titil,my,m 12+my) .

Since C[C i 8 +C i 9 (MI+my)]N[c 2 2 +c 2 3 (mi+my)] is increasing in  M 1+02
1, we

can, first of all, choose the constants MI and MI21 in  such a  way that they are larger
th a n  C[C i 8 (T,
number M, and nextly To e (0, T ] such that

1 miii'm)(T6+ T 0
2 4 1C[Cig(To, MI, 3411)+AnN(To.M,

C21(TO, MI, M 111)  M i,

I[C22(To, M i, Mil ) + M]

.--411, V ,

There (0, 0 11) e ST 0 .
For simplicity, we again choose T= T0  from the beginning.

§ 3. Nonlinear problem (1.11)

W e construct th e  sequence {w!, wn (x0 , to )  of the successive approximate
solutions as follows:

/
(4 , 4 1)(x 0 , t0 )=(0, 0)e S r,

(W!, W ,I1) (X 0, t0 ) is defined as a solution g,  of (2.1)

assuming (wl, wu)=(w!_ i , w1_1 ) e Z r .

Then the results in  §2 say that (w„, 4)(x 0 , to )  uniquely exists and belongs to S T

(n=0, 1, 2,...).
Thereupon, we verify the convergence of {w!, w;-,1} (x0 , to ). T h e  difference

Ila'11V+ Mang+ II 11(i-V-Œ) + II Ili + II (/) e

:5- C 22(T  M i, MD+ C23(T, M i, M D (M i+ my),
where C22 and C23 have the same properties as C i8 = C 1 8 + C 118 and C 19=019+01 19

respectively, but moreover depend on f  l l i) monotonically increasingly.
We derive from Lemma 2.9 relations

110 1 1 i1T.2 -C [C 22(T , MI, M D  C23(T, MI, M ril )(MI -FA I)] x

m11) +AcIn ( r , m , A 4 ?
,m ) [C22(T, M I, M1

1
1) + M ] for any positive

C ( To  , M  MIE)M-L C2 3 (To , M I, MY)11/&_M/2

(./ = 1, ID.
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{w„—w,1,_1, 14,11— 41_ 1 } (xo , to ) satisfies the system of equations

a • •
w " ,-1 )=  ,2 1 1 (x0, 0)(1441-11-1)+ ; P)—ato

s if ( x o , to, 114,_2; 17 )1141'4_1 + (x 0 , t o ,  w _ 1 )- a i( x o ,  to, 142)

i n  Q1: ( j  = I, II),

1441 W4- 1 I to=0 = 0  (j =1 ,11),

[

1_3

B I (Xo, to, 1 4 _ 1 ;  (7 )  

O I (W11-1)0FÔ1 /

(wn n — I )

13

W!1-1; (14)1,1 -14/Lr-1)=

• Igil(W-1)0FÔ1

(3.1)

o

011 (x 0 , to , w„ 11-1 ) 

Ig 11 ( 4',1!--1) (7 FÔ1
.1)H(xo, Wrif-2) 

Ig n (W■111-2) 0 F1)1

o

0 1 (X0, t0 ,  .1"qi--1) O I(X0 , t0, W !-2 ) 
0 1 (11, _1)0P1 Igi(Wli_2)(7FP1

0

B i (x o , to , 0)  

I gi(w !--1)(7'n
B1 (x 0 , to, 0) 

Ig i (W in-2) 0 FÔ1

0

B ll(x o ,  to , w'_ 1 ; 0') Bll(x o , t o , w_ 2 ; 0 ') 
ig i l (wf.1-1)0 Fôl Igli(w -2)( ,

wll„ —14_ 1 = 0  o n  T
T •

In order to apply Lemma 2.9 to  the solution (vv — w— w_ 1) of (3.1) as
a linear system of equations in (w w—w 1), we must evaluate the terms
corresponding to a l ,  a l l  ,  01 , oil , 0 , in (2.1). As in [4], on account of the inequality

a 
tipl a t  o ( w _  —  wf,-2)IV (j =I, II)

and Lemma 3.1 in [4], we have

[d i(xo, to, w4-1; 0) — si f (xo to, 1447-2; e)] w -1+al(x0 , t o , lq i _ 1 ) —

tO, )11(c42
O f ( X 0, 1.01 W'i-1)O i ( X 0 1  1.0, W in - 2 )  

I•v(w; -1)0FId Igi(w .4-2)(7 F1,1
- B i (x o , to , w 4 -1 ; (7 ) B i(x o , t 0 , w4_ 2 ; 0') 
- Ig j  (w -.1 )(7  Fôl (w4-2)( F1)1 - 

144,—
(1+ a)

FT
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• (a)
< C 2 4 (T , M I ,  M 111)10 e (W i-1  — 1 4 ' -2 )1 x0 ,4  + C 2 5 (T , M i l )

X I — 1 Vi-211 (Q2/)

(j=1, II) where both C24 and C25 increase monotonically in each argument and tend
to zero as T - >0 . Therefore, again from Lemma 2.9 it follows that

11W! ± +  Mwit! W <
Q T QV

C  2 6 (T  MI, Mi l , MI, M121)[111q,
where C26 has the same property as C25.

By induction we obtain

H (2+a) H „,II „,II H(2+2)1
n-2117,r H (rn-1 "n-2111, J

V T V T

MIV!1- 1 01-111L 2 - 7 2 ) +11 1'4 - 1 1 'f!-111 + 1 ) . - CW  Ellivill +Œ) +  will 
1 2 + 2 ) ]

Q 'T QV — Q T Q V

By virtue of the property of C26, we can find T' e (0 , T ] such that

C 26 ( T ',  M I, M i l , M I, my)<1.
we reach a conclusion:
{ (w L  w )}  is uniformly convergent to  ( w i , w it) t '''2+ce,l+a/2(n1 r2+a, I+  /2 II

/ ••-• "-' xo, to \VT',/ x xo, to (QT')
as n-> co.

-
P=P4(x0) ex  [  7  17 J ( w j  + v i ) ( x  T )  c I Tn' 0 09

(w i' w i) )  also uniformly converges to  pi e BH- 1 (Qi,-) (j= I, II) as n-> co .
These functions (o , (wn, p11) are our desired solution of (1.11).

The uniqueness of such a solution is proved as in [3 , 4 ].
Thus the proof of Theorem A is completed.
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