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§1. Introduction

Many arguments have been presented under the title of a “Stefan’’ problem or
a free boundary problem. However, as seen from a real physical point of view,
so far as the author knows, all of them seem to be unsatisfactory in at least two
points, for it is natural and plausible that

(1) the movement necessarily accompanies heat change and vice versa
and that

(2) the movement of one fluid acts upon those of others.

Taking into account these, we consider a free boundary problem arising from
the movement of a finite number of nonmiscible compressible viscous isotropic
Newtonian fluids. We may give, as somewhat idealized physical examples of this
problem, the movement of water wave adjacent to the atmosphere, that of gas bubbles
in liquid and so on. In the present paper, for simplicity, we discuss the above
problem in the case of there being only two fluids of such as mentioned above.

Let Q [resp. Q'] be a bounded or unbounded domain in R?® [resp. Q] with a
boundary I' [resp. I'']; I' and I'! are assumed to have no points in common; the
exterior boundary I' is assumed to be fixed. We denote the domain of the fluid at
the time ¢ which initially lies in Q! [resp. QU= Q—QT] by Q! [resp. Q].

Then our aim in this problem is to find the domain Q!, QI, and the function (p!,
vl, 0%, pl, v, O1) (x, 1) satisfying the equations

Dl i ip.g

[Dxl/’ =—p Vv,

[A} ol =—Lr P [ (7 o)) ]+ L Ll (Pl + Pol)] —
Dt 1 k pI k pI 1 Yk kY1

(L1)! _%V,‘pwf,{ (k=1,2,3),

D 1 ”I 'u/I
[—DT:'ISI_ pIGI V’(KIVBI)+ 2p101 (Vkl)}'l- Vlvllc)z"' pIHI (V,UI)Z’

in 2}={(x, t)eR*xeQ!, te(0, T]},
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D] n_ _ up..o
Dt] = va,

%} of —IITV [u’“(V v”)]+—Vl[u”(Vzv +Vk” )=
I
(1.1 Lt r T (k=1,2,3),
D gu_ 7 (kI7ou) + Pl + P2+ (7ol
Dt |y n()'u 2p 11011( Wi + 7o) HHH( o

in 2%={(x, )eR*xeQ, te(0, T]},

and the initial-boundary conditions

12 [(p‘ vl, 010 =(ph, v§, 0D)(x)  (xeQ1),
' (p", o1, OH),.=0=<po,vo,eﬂ)<x> (xeQM),
vI =00, Pln(x, t)=PUn(x, 1),
(1.3) on 9QL, .
' =01, (k17O n(x, Y)=(KH76H)‘M(X, 1), .
(1.4) ol = =0, o= 9” on FT=Fx[O T]

[0%}, boundary of Q pf, densnty, v/ = (1)1, i, v}), velocnty, 61 absolute tempera-
ture; ui(p, 69), coefficient -of - viscosity; p'/(pf, 07); second coefficient of viscosity;
ki(pi, 07), coefficient of heat conductivity; pi(p/, 67), pressure; Si(p/, 67), entropy:
(B | = v 7 PI=Lp I oDl B, BT (P 4 P 1 mxn
1dent1ty matrix: n(x, t), unit normal vector at x e dQ! pointing into the interior of
Q (j=1,1D)].

We use the summation convention throughout this paper. And we assume that
the compatibility conditions are always valid although we do not write them down.

Besides the boundary conditions (1.3) and (1.4), we suppose that the boundary
surface dQ! consists of one and the same fluid particles at any moment, which is
formulated by ’
(1.5) . b%lw —0 on 00,
if 9Q! is represented by the equation F!(x, 1)=0. Of course, on the fixed exterior
boundary I', an equation analogous to (1.5) holds. :

As in [3, 4], we use the characteristic transformation IT1%, : (x, )= (xe(x, 1),
to=t) from DI [resp. DI] to” QL=QT x [0, T [resp. QE=QU x [0, T]], especially
Mzt (9Q)=r", which is one-to-one and onto so far as I'ndQ!=g. Here x, is

X0,t0

related to x by the equation
x=x0+gloi}1(x0, 7)dt or x= x0+8 (x,, T)dT
0

according as x belongs to Q! or QI(!, oT)=11%1, (v!, vT)).
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By this transformation, (1.1) ~(1.4) are rewritten as follows

O sie i i

atop = —pi(Pys-07),

6?0 b= ﬁli Vw,k[ll'j(Vo’i'ﬁj)'-‘]"i"—ﬁlTVN;l[ﬂj( Pos, DL+ Poi k)] —
~ i Puap +JL (k=1,2,3),

(1.6)7 '

O i e g (kI D) + B (oo b+ oy 1) +

ot pIBJng 6J oJ m‘j‘ 04,k 84,1Y
B g sy PIShi iy s;
pigrsy Vo T T m et

in 0f (j=L1,
Dxo)(x0e Q) (j=I,1),
si_pn  PLg'n(x)) _ PTgln(xo)

)

(L7 (P9, 0, 09) 1m0 =(pb, v},

JiXo) _ LG T
\GTPFY . [gIPFY .
(1.8) o
klg! n(xo) (P = kIgn(x,
|97 F| o!

P I «(Pmb®), on TI'l=rtxfo, 1y,

(1.9  #%=p,” #=H, on T,
[Pi=[—p/+p (P o)+ @B, Ei=(Py b+ Vo, 0f) (=1 1I);

F{(x,)=0 represents the boundary I''; n(x,) in (1.8), unit normal vector at x,eI'!

pomtmg into the interior of Q!; @J—(g{,) (0x/0x0)™ | as.s Voi=(Pos,15 Pos,2, Vos,3) =
=GIip, V=P, Py 13), D= 0/0xo, (j=I,1D)].

Remark. From (1.5), we derive the relation

Fl(xo, 10)=1%", F'(x, 1)=F}(x,).

Since the first equation in (1.6)/ is uniquely solved by
(110)  pixg. to)=pfo)-exp| = Fus- bxo, e | (=1, 11

if dJ eC““""“/z(QT) be given, the problem (1.6)~(1. 9) can be considered as the
following initial- boundary value problem with respect to wi =1(/ —0vd, 05 —6}):

a—wl“'ﬁ”(’%s ’o» *” V)"""J’(xm f()v W’) in Qr (=1L 1D),

(41, 9925 = 0, 0)

I 13
o 1_ o D=
(.11 - (| BUxo, 2o, w5 P) ¥ B (xp, to, WIi 7)) VT
|91y Fi

|%1p F|
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wl wl
= - I
| #(xo, to. wT) $1(xo 1oy wh) | O T
|g1p F| \91P Fl|

wl=(0,0,-68) on Iy

Here the principal term o/, the lower order term %/, and the boundary operator
Bi (j=1, II) are defined by A, B and B, respectively, in [3], §2.1 and [4], §1 with the
corresponding replacements;
—p'%In(x,) ol . . v}
+Bj(x0, tO’ wj; V)W(I) W6= . (j=I9 II)'
. 03

0 /

¢j(x0, tO’ wl) =

Now we state our assumptions: for any a € (0, 1),
(1.12) I, I'eC=
(1.13) (ph, vd, 08) € H'**(QF) x H¥?**(Q7) x H***(Q)) (j=1,1I)

J

(0< pé=inf pi(x) < pi(x) £ p§=1p§lL < + o0,
o -

- 0<955i‘%f9£(x)§0£(x)§555IB{» L) < 0),
(1.14) fieB'(R3I=R3x[0, T]), ,+|:‘:.=1 |DiD: | s <+ o(j=L D),
(1.15) (!, wi, ki, pi, $7)e 013 ((0, ) x (0, ©)),
Wit 2pi>0. W, pl, Sh>0 (=110,

Then our result is as follows:

Theorem A. Under the assumptions (1.12) ~(1.15), there exists a unique solu-
tion (wl, wi)e C2ta.1+2/2(QL) x 2t 1+2/2(QL) of (1.11) for some T’'e(0, T].
In the same manner as theorems in [4], Theorem A implies:
Theorem B. If we assume (1.12)~(1.15) and define (p', v', 61, p't, o1, O1),
QL QU by the formulae
(p1, o1, O (x, t) =ITz0; (BT, wl+wh)(xo, o),
(pT, o, 00 (x, 1) =1IIx0;r0 (P1, wh + wi) (o, to),
Q=T Q1 Q= [Tro0 QU
then (p!, v!, 01, pU, o™, 6M) is a unique solution of (1.1)-(1.4), which belongs
to B**(9L.)x Cij-ta,na/z(:'gflr',) x C)zcjrta,na/z(@—;_,) x B1*+2(gL) x Cg;a,1+a/2(§¥',) x
Cra1+e/2(gl)(0<p!, pl<p=constant, 0<6!, 01 <= constant) for some T' €
©, T].
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Remark. Referring to the result in [4], we can discuss the above problem even
if the exterior boundary be free. Of course, the boundary condition concerning
6T in (1.4) can be replaced by the Neumann or the third boundary one.

§2. Linearized problem

In this section we consider the following linearized problem of (1.11):

(2-1){ 6(30 Wi =ai(xo, to, W ’;)Wj"'gj(xo, to, w/) in QJT (=L 1),

@1, (W 91),-0=(0, 0)

I3 I
o ~1 __ o A
(2.1); Bl(xq, to, W P) |V B"(xo, to, W13 V) =
917 F}) g1 Fi|

Eﬁl(xo, th wl; ‘;)W)I _BH(XO’ th wﬂ; ﬁ)wnz

wl wl .
—_ — =0 _ /1 I
=1 $"(xo, to, w1 $1(xo, to, wh) |SV Y on [T,
|91p F| |%1p Fl|

(2'1)4 ﬁ")Hz(o7 ée—og)z(pe on rT;

here we also assume that the compatibility conditions are valid and that (w!, w)
belonging to

(2.2) Sr={(w!, wh) eC2+a,l+a/2(@) x C2+a,l+a/2(@)|

Xo0,10 X0,t0

Ol Wm0 =(0,0),  Iw/IZ<Mi, 1PPwI|&0<Mi (j=1 1)}

is given, where M{ is an arbitrary positive number and M} is a positive number to
be determined later (j=1, II).

2.1. Parabolicity and complementing condition
As was shown in [3], the following lemma holds.

Lemma 2.1. Both the systems of differential equations (2.1)} and (2.1)¥ are
uniformly parabolic in the sense of Petrowsky (modules of parabolicity 5! and 6"
respectively) if T be chosen in such a way that

(M{+11v}[2) T <min {MO, %dis([‘, rn, 96} ’

where M, is a positive root of 1—3x— 6x2 —.6x3=0, since the estimates |gi,—9,,| <
Ci(T, M{) (k, =1, 2, 3) are true for some constant Ci(T, M) which is increasing
in each arguement and tends to zero as T 0 (j=1, II) (8,,, Kronecker’s delta).
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It should be noted that (57, wj) takes a value on
bo=(Bexp [~bIT], Phexp [+b/T]) x (Oh—M{. Bp+nf)
where b/ =3(M{ + |[v§|I2) (1+3C)) (j=1, I). | |

Since the validity of the complementing condition for the boundary value prob-
lem (2.D)Y, (2. l)4 was proved in [3], we proceed to do so for (2.1)1.1; (2 3) in the
case that Q'=R3 and T"={x,€ F{(xo)=x,3=0}. If we put

W(xo. to)="(W!(xo, to), WI(xg, —Xo,3, 10)) (Xo=(Xq,15 X0,2))»

then (2.1), , 5 are transformed into

%W:M(xo, tos W3 P)W+ B(xo, Lo, W) in REIx(0, T],
0

Wiio=0 =0
(2.3) I, 1
BI(xO, tO’ wl; ﬁ) _ Bn(xé)a. _x0,3» to’ w[[; ﬁ], ﬁz, - ﬁ3) W|x0’3=0
lghsl ’ lgis]

" =B(xq, to, W; V')W’_M,.;.%_ﬁ: Wl(xg, 1o) = /lpl(x()alo)
where T

. #(xor to, Wi P) N U
! .d(xm ,tO’ w; V)= . ve ° ; o
0 dn(x(l)# —x0,3’ tO’ wﬂ; Vla VZ{ - 73)
B(xo, tO, w)=t(BI(x0’ tOs WI)s Bu(xba _x0,3’ th wn))-

Lemma 2.1 implies that the system (2.3) is uniformly parabolic in the sense of
Petrowsky with a module of parabolicity §'6". det [&Z(x, to, w; i&)—vIg]=0 is

equivalent.  to  (g},&, +9gk2l2+94:83)2=—alv, (g +9ihE —gihés)? = "va
(r=1, 2, 3, 4) where

aj=aj=pilp, a{=piQui+pd), al=pi(wi+0§)Sh/ii (j=110.
Therefore the values &;’s satisfying it are given by
{ EFONE, V) =(gh) [ — gha(ghi&i + ghala) £ (A7 +iBD)], -

24 o | o .
'fsi('m(f'» v)= _(gE3)_2[;gg3(g_El§l +gngz)i(AP+tBP)], o

where

Bi(¢, v)= [—(|D’| ~Re D’)] " A’-ImD’/(ZB’)
(2.5) D}.(f',v")= _,_2'4’[(9%‘39']::1 “91{1391{1)51 +_(91{39m2 gmsgkz)éz]z—a"’(ghs)z ‘

== LDl —alv(gl?= - Di~aiv(gh)* (=L 1.
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We give without proof:
Lemma 2.2. If for any ce(0, 1)

D! DI
allghsl? ° allghs|?
(82=E2+£3), then the following inequalities hold:

Rev;—cmm{ } Fa 4 |v[2>0,

[(ZB’B")2—afa"lg,,3|2|g,,3|2(lmv)2 4(1—c)\/DfD"B’B">O
\/afB’<B S(—¢)"'2B] (j,k=L1;r s=1,3; af=a3a’)

In the proof of the above lemma, remark the relatlon 0<a1 <3/4.
The following lemma is essential in our investigation.

Lemma 2.3. There exists a positive constant & smaller than 86" such that
for any &' =(&,, £;)€ R? and any ve C' satisfying

" Rev= —4682, &4+ |v|2>0, :
the row vectors of matrix B(xg, ty, W; ié).gi(xo, to, Wi i, v) ((xo, to) €'k, fixed) are
linearly independent modulo M= f] (&3 —=E3MNY(E; = &30 where .;a;(xo, lo, W;
i€, v) is an adjugate matrix ofd(xo,’=t:), w; i&)—vl,.
Proof The proof is devided into two steps.

1°. Let Z a5t be the remainder term when we devide B(x,, to, w; ié)‘a?(xo, to,

w; i&, v) by M. In this step, we calculate det «(®). Referring to the results in [3, 4],
we can easily obtain
a®(, )  a®(, 1) .
ol® = (@®(j, k)(j, k=1, 1), 4 x 4matrix)
a®(IL, 1) a®(I, II)

as follows:
(Ot‘*”(I I)),k—[(a“)zaaad 'lghal*lgisl® x
ax ZIaT (EIWT=EONCa®(L, D)y (J, k=1, 2, 3; v#0),
the limit value as v—0 of ;he preceding cxrpression (U, k_= 1,2,3; V?Q),
X (lagl'iszlal (5@ = E(OI)2(EFOT _ EZBI)(EFOT _ gHT)2 o
X (BT - gD E@I— L O (j=k=4),
(0 (otherwise), '

(Ca®(I, I))jk_ (§+(I)I 53(1)1)(5;(1)1 _{;(4)1)(;:;(1)1 _vé;(‘l)n)z x

X (EEOT =G OM(EOT—E5OM)6 , +- e [PPHE D~ E501) x
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X (64’(1)] é—(‘t)l)(é-’-(l)l €+(l)ﬂ)2(f+(l)l _é;(3)ﬂ) X (6'3#(1)1 —_ é;(‘#)ﬂ)

—QIOHE O — &I~ &1 x

X (E3O1 — gF I 2(E4)T — EFOMY(ELBT _$@®Ty],
. .1
P} =g}'1€| +g_]i2£2+g}3€;“”s Q} =g}-1€| +g}262+g}35§(3)1, a}) =W‘;

a®(I, D)= [the right-hand side of a®(l, I) as obtained by replacing al, gl; and
&5l by all, gy and — EFOT, respectively and vice versal] (aZ= pU/(u" +u’“))

(«®(IL, 1)) jx=i[(al)?aSad]~"|ghsI?|ghsI®

LGOI gON L D) (U k=12, 35 v £0),
5

the limit value as v—0 of the preceding expression (j, k=1, 2, 3; v=0),

1
X ’.(;llgT;‘s;II_gma(gmlﬁ + gmz§2+g,,,3é+(4)l)(§+(4)l -3 (h1)2

X (c+(4)l -& (3)1)(€+(4)1 _é+(|)ll)2(€+(4)l _€+(3)II)(‘;:+(4)I 5;(4)11)

(j=k=4),

L0 (otherwise),
(2O D) =p!| VP13 (vghs+ 2 PTPE) PG50 = 55000
X (€+(l)l _é (4)1)(€+(l)[ _é;(l)ﬂ)z(é'*‘(l)l £+(3)H)(§+(1)I __‘:‘;(4)]1)

_al{-(z“IQIQ} wlalvgl)QR(EET - E3 Oy x
X (EIPT=FON (AT - EMOM2(ELOT — Z AT (EFOT _ gr@),

Pl=g}.3p}, QI=9}3Q}';

a®(I1I, IT)=[the right-hand side of «®(II, 1) with al, g}, and ™! replaced by all,
gily and — WU respectively and vice versa].
After considerably lengthy calculations we obtain

(2.6) det a® = (ool — ai® )i (a})2al(a})al(al)?al (a})?al] -3
X |ghal3®|gial33(E3 MO = L3P 73(LZ T — L3 =34,
where
lghal'a® (I, 1) |ghsl'a® (I, IT)
"a®)(II, I) "a@® (1L, IT)
=[G = &G —E5ON(EOT— g1 x

X (BT = GO EOT - EOMHERDT - My

2.7 A=det
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X (E§MT = EE@I2(EIOT — L OMZEEOT — L3O x
x (EEOT - 3@y @@]) "2y PJQ]] 4 x
X [E3OT e =3O, (a], P}, Qf) «— (al,P], Q)14 x
[lghsl*(u™)* PEPLOL(4PRORD™ +4allv D" + (al)2v2| g% 15 —
—[le—I]z+ |
+[1ghal 1ghs12 ()2 u{(P" —O") (4 PLOL + 3alv)| gl 2 [(D1: DYy +
+ D}, DY}, + D},DL,)2— D'D"] + 2 P1(2PiQ} +alv)(2 PLOT + allv) x
x (D3 DY, + D}, DY, + D}, DY) +alalv2 PI(PIQ" + PIQT) +

+ PUPIOI[4P,0], D" +4alvD' +(alvgis))21}1c — [T «— M. D

2°. In this step, we show that deta® 0 for a suitable 5. On account of the
results in [4] and the relation

(2.8) {-}p(&3V =EONT(EOT LM~ =

= —[u'|gh| P! — ult|g}s| PTI(1 —al)~1(1 —al)~t x
( (1")21ghs12[(a" P1+ Q") {4(1 —a™) DT PT + allv| g}, |2 (P + )

+0M 1,1+ (0GR — g, +

+ululghsl 19151 [2{(2a' = 1) PT + Q"} {(2a" — 1) P1 + O} x
x (D33 D%+ D}, DYy + Di, DY) + (P + Q1) (P +Q")(PIQ" +
+ PIQ1) +4(1 —al)(1 —a"){D' D" — (D}, D% + DI, DY, +
+ DI, DT,)2} — (' ghsl PT— ul| g3 P) ' [ut | g Bl (1 —a) (P +
+0N —u"gfsl(1 —a")(PT+ QM) ]{D' D" -
— (D33 D%;+ D}, DY, + D1, D1,)2} 1 ». E

It is sufficient to show that [..-]z;#0 for a suitable 5. To begin with, we
calculate Im [-++]g, and Im [---]g ,.

1,1 1
29)  Im g, =5+ G )i gk P41 ~a") DUBY + ¥l gl |Re v x

Bi
BI4 BI 1Bl 4 Bl 4(1 — gl Dt o2 R al | af
X (Bi+B3)]+(a'Bi+ B})|4(1—a )—B—111'+|gh3| eV Bl +B_§ +

I 2
+allgh{ 20a B+ BY BT+ BY -~ L2 g 2y gn 2

alal  al\adl | a} )
x( I+l )(B}I +Br ]}s,l’
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(2.10) Im[-]g .= In;v {[-Je2,0+ [ 1e2,2+ [ JE,2,3+ [+ 15, 2,4}
2
[---]E,z,,={[(B}+B§)<B¥+‘B§)—ﬂ%ilgzsmfsvx
al
BI +ar BI 11 + B::I >] ‘“‘Bﬂ>lgh3|2} '2,I+{l"‘_’n}E,2,h

Im v)? ala] | aldl
[--.]E.z,z={[a{39+8539——‘ gkl gh (g +5iar)

x (o +-a Bt B‘s‘)lgialz}m,ﬁ PRI
[+ Jeina= {2 Qa1 =15+ |[@a" = 1) BY+ BRIIg}y (DL DY+
+ D}, DY, +D}ZD¥2)}E'2'3+ (e s,
[+ Te20= {H'lghsl Ighal[u oht e (B ~a' (e +
+llghal (1 —a) 581+ BY - (1-a" B+ )} | x
X[ 0B gL 1 gh kel i+ Mgk ) + (1B +

. -1 .
+Tlghs|BY)? | '[D'D"~(D}sDYs+ DY DY + DI,

E,2,4

( +{le—1}g 5 4.

Hereafter we consider any E’ € R? and ve C! satisfying’
D! DT

allghs? ° allghyl?

If Re v=0, then it is obvious that {---}; ; =0. On the other hand if Re v<0, then by

Lemma 2.2 and (2.11) we obtain

@.11) Revg—%min{ } £ 4 v]2>0,

g J
- (@12) Bi<2Bl, Trsgr (j=LID,
: : 3 1

from which it follows that

4(1 a“)D“BH+a Ig,,3|2 Re v(BY+ BY) > (D" +3al gL |2 Re v) BT >0,

lI .
4(1 an) +|gh31 Re v( Bﬂ + z[)g(Du-anllllgE:;lzRe V)?}Ego

Imv a aI, al H II
2(a'B! + BL)(BY+ BY) — (Imv)? lghsl? |9h3|2( Bll +'§3§‘" BII +BII)_
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=a! {351 pr [@BIBY? ~alallghsPIghl2am 21} | +
+a'{{(B, al) — (BY, aD)}} g, + {{(Bl, a]) — (B}, ad)}} e, +
+{{(B}, B, ai, al) —> (B}, BY, a}, al)}},, 20.

Hence, {---} ; 20; here the equality holds if and only if £ =Re v=0.
In the next place, we transform the term {---} , , into a more convenient form:

al lm v alal
{"'}5,2,1 = |g},3|2[71¥3111{{353§ ( ) |gh3|2|gh3|2 B?B?'H }}F R 1+
BI[{{(B}, BY, a}, a}) — (B}, B, al, aD)}} e . +{{ }}lE2.+

I
(8L ab) — (8L a)}} s, |+ GHBITU(BE, o) — (BY aD)} s+
+ {{(B% BY, a, a}) — (B, Bl, al, aD)}}p o +{{ }}pa2al+
+ 9L BY{(BY, BL.alah) — (B, BL.al al)}pan]= 3 (Jenin

Since {-+-}g,, 3 is estimated from below by (2.12) as follows:

3a} 3 al

(213) {-}E232 —lghsl? max{ZBI BI BH"‘ 2 BU 51 BS.
1 I
24 B'.I, %&BM 3@ pn @l guy 4 Bn}\/DIDH

2 BTV BT
there can occur three cases according to which is the largest term in the brace of the
right-hand side of (2.13):
(i) {}g2,2+{}E2,320if either the first or the second term be the largest,
(i) {}g22+{}g523= —alBYlghs;|>/DIDT/(2BY}) if the third one be the
largest,
(i) {-}g2,2+{}E232 —alBlgls|2/DIDT/(2B}) if the fourth one be the
largest.
For (i) we need not consider any more. With regards (ii) [resp. (iii)], we only con-
sider the sum of {-+-}; ;s +{---}g 2,3 and {---}g ., , [resp. {---}£2.1,,], which is non-
negative by using Lemma 2.2.
Lastly, since all the other terms in {---} , 4 except

al 4}
~ 1" ghs Pl ghsI(1 — a") BY( 5+ -5 )T+ 17 DI OO
1 3

are non-negative, we consider the sum of this and {---}g,,4+{-*'}£26 Then
noting that

[---1r=2p'um g}, 197 | BIBY,
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we can prove that the above sum is not smaller than

- I 2
(@14 [Tt uighsPlkl {28181 -5 B3 B1BE— () g 2L

ala} al Imv alal
X Bi33§> Bi B“(BIB" (mv)* lghsl? |gh3|zBlBln >:|

RS

Furthermore the brace of (2.14) is estimated from below by

(2.15) 231 [(ZBIBH)Z—a1a3|g,,3| |Qh3|2(lm v)2— \/DID"B{B§}+

+yar B @BIBD? - alallghs gl Pm vy — 2/ DTDTBLBY |
here we utilize the inequality

5 oNUz_
(2.16) (?DQ <B/ (j=I11:r=1, 3),

which is easily deduced by use of (2.11). The non-negativity of (2.15) is due to
Lemma 2.2. Also by Lemma 2.2,

{21420 (k=1,2,3,...,8).

Interchanging I and Il in the above arguments, we have the same results for the
remaining terms.
As a result, we obtain

Im [---]g=(Im v) x [non-negative term] .

Im[---]Jz=0 holds if and only if either Imv=0 or £’=Rev=0. In the case of
Imv=0, Al=AT=0 (r=1, 3), hence

[---1g,1=(a'Bl + B}){4(1 —a") DU BT +al|gl;|2 Re v(BT + BY)},
[---1g.2=2[(2a' —1)B} + BY]1[(2a" — 1) BT + BY](D}, DY, + D}, DY, + D1,DY,) +
+ (B! + BY)(BT+ BY)(BiBY + B{BY) +4(1 —a!)(1 —a") [ D' D" — (D}, DY, +

+ DY, DY, + D1, D15)21 — [ gl (1 —a™) (Bl + BY) + u"|gis| (1 —al) (BT +

+BY)] [D'DT - (Dingz"‘ Dnglall +D{2D11]2)2](#I|9E3|B} +ﬂH|g;Iu3|B%I)_1-

The hypothesis of the lemma implies, in the present case, that Rev>0 if £’=0 and
DI, DU>0 if ¢'#0. Hence for both £ =0 and & #0, the inequality [---]g,, >0 can
be proved in the same manner as before.

From (2.16) it follows that
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L BiBY+ BLBY+ BLBY + 28181, BIBY+2BBY, BLBI+281BY, 28151} x

—max{z

x /DTDT+ (B} + BY)(BY + BY)(B] BY + B} B) =B} BY(B B + BYBY).

?
Considering this result in connection to the inequalities
4(1—al)(1 —a™) — [p'1gf51(1 —a")(BY + BY) + u"|g}sl (1 —a') (BT + B)] x
x (u!lghs| Bi+ u"lgis| BD ™' 2
2 — (p'1gls| Bi+ 1" ghsl BY) (1'1gls| BY + 1" ghs| BY) Y,
we obtain

[Je2275% BIBH(BIBH+BlBH)>O

On the other hand, if ¢’ =Re v=0, then the hypothesis of the lemma implies that
Imv#0. Hence we have

Imyv 2 alal al
Re (-1 = — 2 ablgh 2 o5t + 51 )8+ B Ighsl* +

+2a181+ BY(“4h+ 5 gk <o.

Re[-]p.=— (Im4v) {( B! + )(B“+BH)|g,,3|2+(BI+B )< B + BII[I)
X |g},13|2} {( Bl BH"‘ B! BH>|gh3|2+< BH BI>|9h3|2}<0

After all, noting that
Im [pl gl Pt — pglghs| PY] = pllgls| BY + ut|ghs| B> 0,

we obtain 4+#0 if 6 be chosen in such a way that

151
(2.17) 5=min{ in D! 1 min DI, 90 } ,

_—i—. —_—
6allgisl? ¢2= * 6al|ghsl? g2 1+C
where C is an arbitrary number greater than 6161, Q.E.D.

Remark. In the range stated in Lemma 2.3 with é defined by (2.17) it holds
that

(2.18) BIE 2| LallghsPs | @1y,

Indeed, it is obvious in the case Rev=0. On the other hand if Re v<0, then (2.18)
is easily shown from the inequality

2(BI(Z', v))*zailgisl*l Im v +a]|g}s|?| Re v| +4a]|g]s|26¢ 2.
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2.2. Poisson kernel and Green matrix in R3.

In the same way as in [3, 4], we can construct the Poisson kernel and the Green
matrix in the half space. Indeed, let ag=(af’-¥) be the inverse matrix of «(® and

ei)'3§:

@19 “)=7%-§“ (o, 1o, W3 1Y, i, V(¥ € ¥) 4 dt,

yla 639 V)
where 7, is a contour enclosing all ¢§! and &30 (r=1, 2, 3, 4);
i

e (&, yy vy (0> —88);

[
oc—1

(2.20)  Hy(», T)=ﬁnl)—317 Smew,mdgfg

(221)  Ho(y, ©3 & 1) =Zo(y—& 1=} Xor tor W= dry | H\(y=yp. t=10)x

X B(xo’ tOv w; Vyo)ZO(yO_é’ T({)—T; Xo, tO, W)Iyoy3=0dy6
where Z, is the fundamental solution of

0
_gt—w=ﬂ(X(), to, W Vyo)W.

In order to evaluate H,, we extend the domain of A, to the double complex
space. Let g be v+3&'2.

Lemma 2.4. There exists a positive constant f§ such that
(2.22) 2[BI(¢, q—5C’2)]22%af|gi3|2(€"+Iqlz)‘”

if U'=¢+in' € C? and q € C! satisfy
&*+1q|>>0, Req=0, |[n'|SB(E*+|ql})" 4.

Proof. Applying the mean value theorem with respect to the variable n’ in the
range {n'| |n'| (&4 +]q|>)'/4} to the function 2[BJ({’, g —46¢'?)]* and noting that

127, [BI(', q—80')*(n'—~en') - n'| <
= 6[?‘3’§ Di(&)+allgisI*61(E* +1g1) | (0<e<1),

we can easily prove (2.22) if we take

f= { min [af|gi;|?8, Vailgisl?s] }
= min ’
24 =234 max D/ (&) +al|g}s|?d

¢12=1

Q.E.D.

Lemma 2.5. There exist positive constants f5 and f¢ such that
2.23) 2LBIL, g =301 2 2allghl2 (¢ +1g)17?

in the range

(2.24) &'4+1q12>0, Regz —BslImgl, [n'| S Bs(& +1q1)!/%.
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Proof. From (2.18) it follows that
2B, -2 T allgh (e 4+ Ig1?) 2

for any ¢’ and q satisfying

¢4 +1q1?>0, Regz —ps|Im g (/’s=13B/52>.

Indeed, it is obvious when Re ¢=0. On the other hand if Re ¢ <0, we apply
Lemma 2.4 to the right hand side of

BI(¢', qe* —6&'?) = Bi(e™?¢’, g—de2i7¢'?)  (Req=0).

Using Lemma 2.4 once more, we have (2.23) in the range (2.24) with B, =p/2.
Q.E.D.

Lemma 2.6. There exist positive constants B, (< fs) and Bg (£ Bs) such that
(2.25) Idet a® | ({7, g —3L"2)2 Co(E* +1q12)®
for any ({', q) belonging to
(2.26) ¢*+1gl*>0, Reqz—pB,|Imql, |n'|<Bs(&*+]q1%)V/2.

Proof. At first we shall obtain estimates from below and from above of
-+ el g —0&"2) for any (&, q) satisfying

&4+1q|>=1, Reg=0.

At this stage, the real part of [.--]g is needed. From Lemma 2.2, (2.17) and (2.18)
it follows that

Re[-]g,1(¢', g —08%) >2a'a]|gl|> BI BT6,/1 — (Im g)> —

~2 (m@?BIBL (/= max D) +allghi(j =1, ID)

%5 , (Im ¢)?
Re [--1;,, <842 B B T=TTm g~ S0 oY@l ghal?l Bl
Re [+15.2(6', g =0¢%) 2| JoaTal(aT +/am) - $3im g)2 (BB,
aI al] 2
Re [-~1;,2S —2(tm gVi(-Gi-BYlghsl?+ G Bllghl?) +

+8(BLBY)2(1— | Im q|2) (J1M)? + 325/ T=TTm g 27177 +

+4 max D'(¢')- max DU(&')-&'4;
g2=1

gr2=1

here we use the inequalities
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Bi<B{ if Reg=0,
2[Bi(&', q—06&'2)12—a]lg)s|* Im q| £2/2J7 /&% +(Re q)? (j=L11).

Then we have
Re []g (¢, q— 66'2>>—aa1Ja,a¥|gh3| lghs P62 {2— C(CLD}=CLT
if (Img)<Cy(CLT)/2
(CLI=[alalgl26%/(14I)]2, Cy(CLT=CLIL/(CEDZ +4—CLTT),
Re[]e < —aé(al})z|g£3|2|993|45c4(cg;9>/(lwﬁﬁ)s —cLy
if 12(Img)*2Cu(CLD)/2
(CLE=215{J17")[a}(a])?|g s 2l g T 141} 2)
Re [+1p2(6' g—0¢)2 & Jalal(aT+/aMalal gk gk 2= Cs,,
if (Imgq)?<40726%/alal(/a’ +/al)=C, s,
Re []z,, S — (alallghsl? g1 |20) 271 JCy(Cs, 4)/16= —Cs
it 12(Im q)2Cu(Cs,4)12

(Cs, 4—4JIJH(8JIJH+43)(a3‘13|gh3| lg15120) 4)

As a result, if

(Im ¢)* < - min {Cy(CLD), Cu(CE1), 2C4 3} =Ce

then
Re [ 1pZ(uM)2ghs2CE T+ (1)2gLPCL L + u ul g ksl 19151C s 5,
and if
12(Im g)? 24 max {C(CLY), Cy(CLD), CC. 0} =G,
then

Re [-1s= —(uM)21ghs12CLE — (1?1905 12CE:3 — ' 1| g sl 19751 Cs o
Referring to the proof of Lemma 2.3, we can easily show that
Im [--16l (€, —68'%)2Cs
for any &', q belonging to |
getlgl=1, Req20, Co=(ImqP=C,.

Therefore we deduce from the homogeneity property of |det «(®| that
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|det a®[ (&', g —0&%)= Co(E"* +1q/*)®
for any ¢ and g satisfying _
E4+1q/12>0, Req=0.
Since
sup {| 7, |det a® (', g —3L'D)|; IS Be(E* +1q|2)/*} S C (4 + g2/

holds, we obtain (2.25) with C,=Cy/2, B;=2BoC/(1 —3), Bs=P5C’/2 in the same
way as in the proof of Lemma 2.5 where

Bo=Co[(2C o), 0<VC<(1=C3Ps/(2Bs), 0<VC' <2B5/Po. Q.E.D.
As in [4], we can easily prove the following basic estimates for H, and H,.

Lemma 2.7.

__Fl2
|D;D;Ho(y, T, é; ‘Co)| §C11(‘c—10)-(2r+|s|+3)/2 exp[—dﬂ_i]
2
|DiDsH,(y, 1)l < C, r-rtisl+a2 exp|:—d |);| }

2.3. Solution of (2.1).

For the present problem, unlike that in [3, 4], we need to introduce the systems
of coverings {w}l}, {Q]} and {1}, {QN} of QT and QU respectively. They are con-
structed in much the same manner as that in [3] except {wl} and {QF} which
intersect I'".  Since {w].} and {Q}.} are constructed by using the local rectangular
coordinate system {£o}={(%0.1, %o,2. R0,3)} With the center at &. eI'l as follows:

ol = {f‘o| |fo,j| §“:l,_‘.34l(.i= 1,2), 0=5%y;3— Fé(xfﬂ ék”)éﬂ‘tl} ,

QL ={Rol [%0, ;| SBA(T=1,2), 0=%o 53— FI(R; En) S2B4AY,
where ITRFL(xo) =03 — Fi(%0; &), we define{w}]_,.} and {QL_,.} by

e = {20l 120, STBAG =1,2), 02803~ F(R65 Erai) 2 — Bl

Qb = {0l %01 SBAG =1,2), 0223~ FA(R0: Epayr) = — 2B},

When {of} and {QI} intersect I', we use the notation I=I". In accordance with
these coverings, the functions {{}(x,), 75(x0)}, {EM(x,), nM(x,)} are defined as in [3].

Then the regularizers R! and RT of the problem (2.1),, which is the problem on
the time interval (z, T+ h] (V1=0, VA< T—r1), are defined by

Rl(gl’ QH’ lplv lpn) = ; ’hlc(xo) Wl(xm 10)7
(2.28)
RH(‘@I’ QH’ lpl’ '//H,d’e) = Z’ U{I(xo) Wﬂ(an tO)

where
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Wi (X0, 1)) =RE(BY) =

ESZO dto Sgi. Zy(x0= ¥, to—To; &ur» Tos WHLL(1) By, 10, whdy,
WE(xo, to) = RL(#") =
Egt dto §,,;., Zo(xo=y, to—703 & Tor WLR(»)BY(y. 10, wh)dy,
Wk (xo, 10) =ITBWL(Ro, to). W (xo, 16) =ITSW (X0, 10):
Wl (xo, to) =MW (X, t,),
W1.(%o. o) =RL(&1, @)+ RL.(y1, y1),
(%o, to)=RE(B', #")+ RL(W!, Y1),
b(Xo. 1) =RE(B") +'RI(4,),
RL.(#', 21

I 3

>(f0v lO) =

— ~.

Spei (B, B™)
()BT, 0. wh)
dy,

("4 H %% .5
To G 10 (Xo. 203 ¥, T0) 1 ., R — B
' * hapr (3, = 7)BUT', =3 1o, WI)

( ‘RL-(y', ¥ ‘)(fo, .
S pomse (WL, Y1)
=(an | HEOG= 5 0= 1) [T ()T 7o) -
LG w1
REL(#B!, B1) (X0, to) =S, (B, BY)(Xp, —Xo.3. t0)s
R I (Sor 16) =S U)o, —Fo,3, 10):

— _ fo oy — —_ = - = _ —
RF’"(QH)(XO, to)=3t dToS H§" (X, 103 J, fo)al'"()’)-@u(y, To» WH) dy,

K
— _ fo "y — — 7 =/ =1 =7
'RE-(¢ ) (Xo, tO)=Sf dTog H{"(Xg=5", tg— 1)l (F)P(F's 10)dY’;

Ky =H§SQ:{" = {lx(),j| §ﬂ4)~ (j=1, 2), 0§f0,3§2ﬁ4l}~

K,

'Ky =TTE(T 0 QL) ={IX0, ISPk (j=1.2). X0,3=0},
(fo,j=£o,j (j=1.2), f0,3=~(‘0,3“ﬁr')(f6§ Ee))s
K =I8Q%L ={|%, ;|Spi (j=1,2). 05X, S244},
'K =T8I0 QL) ={|Xo,;I<Bid (j=1,2), Xo,3=0]
Xo,j=%0,; (J=1,2), %o,3=20,3—Fo(%0; &)
( M Fy(x0) = Ro,3— Fo(%0; &) )
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Zo(xo—y, to—10; &r T3 wh) and Zo(xo—y, to—10; &, T; W) are the fundamental
solutions of

0‘3 W=a\(,, T, wl; B)W and a‘f W= (&, T, Wi P)W

respectively;
HE H*") and Z§" are the Green matrix, the Poisson kernel and the fundamental
solution defined by the formulae analogous to (2.19)—(2.21) for the problem:

d _ L (Xo) B (X0, 1o, W1)
o W= & (&, T, Wi PI)W+| _ ,
LR (X0, —Xo,3) B (Xo, —Xo,30 20, W)
@6 |
Wl to=0 = 0‘

B* (&, T, w3 PYWigg, =0 = [-P" = Ll 1(Xo, 20)

[For the definitions of &™) and B*", see [3, 4]].
As in [3, 4], we shall find out the solution w of (2.1) in the form of w='(W',
W) =t(RY(u!, &, "ul, "u™), RU(u!, uT, "ul, ul, u¢)), where

. Q0
(229  (ul Wl 't U ue) =3 (ul, ul, Cul, 'l ug),
v=0
(u{" ll{,l, Iu{u u?v u$)=P(u£—la u{.I_,, /u£—19 ulvl—lﬂ us-l)’
P=(Pl’ an P’» P”)* (u(I)’ ug’ u(I)’ ,u0$ u6)=(gl9 Qn’ wla '//Hs ¢(’);
Pty ul, 'l "l ue)y =3 nk(xo) [ (&), T, w5 P) -
x
— L (xo, to, wl; ﬁ)] WJI""kZ ﬂi"(xo)ﬂig[dl~(€k~, 7, wl; 7)_
— (&, T, W 7 - 7 )] Wl{"‘; [0k (xo) 1 (x0, 1o, W' ﬁ)_
— (X0, to, whs PInk(xo)1W L,
PRttt el el ) = 8 gl (o) [ M(Ey T, Wi ) —
1

— st (g, 1o, W5 PYIWE+ 3 0l (o) MLt B (G 7, w5 7) =

T A (ARTL RN A 4 I Y AN 4 +zn L(xo) 5[t B (&, T, WL ) —
(&, T, W P =P EgP)I WL+ 3 (¥ (xo) T (xg, to, wT; P)—
1

— o T(xo, to. Wi PInll(x0)] W,
P'(ul, ) "ul, "l ue) =
={§ 1k (xo) [BY(Er, T, w5 P)— Bl(xo, to, w3 PYIW ko iro,ovt

+Z" nllt”(xo)nig[ﬁll(”(fk": T, WI; 7)_311("(ék") T, wl; 7_

k
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—VF§7y)] W k50, 5=0+ :; [k (x0) B! (xo, 20, W'3 P)—
~§1(x0, to, wh; ‘<>7)’741<"(xo)] W:Iw|r,,,+,.}c_ {I — I},
P"=0;
Wi =RL(ub), W= REuD),
wh=meWwl., WL=I0gxWL, WL=I3W],

(2.30) WL =RL.(u!, u?)+'REL('ul, "ull),

W, =RL (™) +'RE.(u®).

[N. B. For P” in the case of the free exterior boundary, see [4].]

As seen from [3, 4], there remains to estimate the terms RE.(ul, u™), RL.(u',
ull), 'RL.(ut, 'ul) and 'RE('u", 'u?) in (2.30). However, tracing the proof given in
[3, 4], we can easily prove:

Lemma 2.8. Suppose (1.12) and 1, —t=xA2 (0<yx=1). Then

() Ri(u", u)eC2ra1+/2(Q), . .)

— , k" (j=1)

Qe =@ x [t 1] j=L 1 m= ,

" (j=1)
provided (u', ulye Cax/2(Qr ) xé;éf‘/j(@ .,) and the following estimates hold:
for the above defined j and m,
. . 2-2r—|s|+a
| D5, D5, Ri(ut, u)| S Ci3(to— 1) 2 (||ul||%.:”+ ”un"gﬁ( )u

(2r+1s1£2),

IAingoDioR,{,(uI, ul)] §C{3|x0—y0|“(~--),, 2r+|s|=2),
—2r—Isl+a

’ . . 2
|4 Dy D RI(ul, uh)| SCslto =61~ 2 () (0<2r+15|=2);

S m

(i) CURI(Cu, 'ulye G tr2(Q4 L L) (for m, see (i)

Xoslo

if ‘'wie Clie,a+or2(rL oy (j=1. 1) with "u! —'ull,, _.=0 and moreover for j and m

as in (i),
. . 2-2r=Isl+a ,
| D5 D3y R ul, 'ul)| S Cla(to— 1) 2 (N I + 1w o),
(2r+1s1=2)

|42 D7, D5, R ul, 'u)| SClalxo = yol*(+); 2r+1s1=2),

2r—s+a

, . . 2—
|45D;, D3, Ri(ul, 'ul) SClalto—tol — 27 (+)p (0<2r+1s|=2);

here 'Ri(‘ul, 'u")=IT%'Ri('ut, 'ul) is used.
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If we denote

o

[ A (xg, to, Wi F) = (LI (xg, to, W) 7, 7,),
Bi(xq, to, w5 )= ((B/(xq, to, W)L F,),
then the estimates
(A9 (xo. to. w12 S CI5(T. M),
(2.31)
I(Bi(xo, to, Wiyl k= S Cle(T, M{)+Cio(T, M{)M}

follow from the similar arguments in [4], where all the constants Cls~CY, are
monotonically increasing in each argument and especially C!, and C%, tend to zero
as T tends to zero.

Almost along the line of the proof of Lemma 2.12 in [4], we obtain:

Lemma 2.9. Suppose that (&', #")eCz*/2(Q}) x C==/2(Qh), (y!, yI)e

X0, to Xo0,t0
Cire 2Ly x CLra: (*+0/2(I'L) and ¢,e C2F3:1*2/2([ 1) are given in (2.1) and

that (1.12) is valid. Then there exists a unique solution (W!, wl) e C2+a,1+2/2
(QF) x C2ra1+12(QY) of (2.1) satiisfying

—2r—|sl+a

| D5, D5 Wi | S[Clg(T, MY, MUY+ Cio(T, M! MH)(MI+MH)]N:O—— x
XIBIS+ IBTIS + YT+ T + 191 30), 2+ 1s1<2),
|42 D, D3, | < [Cly+ Clo(M 3+ MBIV xo = pol(-),  (2r+1s1=2),

. . . . —Zr— sl+a
|41 D7, D3 Wi S [Cig+ Clo(M i+ MT)INto— 10 (-+)s

0<2r+|s|£2),

where Cig and Ci, have the same properties as C,, and C,, respectively: for N,
see the process of the proof; j=1, 1l.

Proof. The proof is devided into two steps.
1°. If x and A (O<y, A=1) be suitably small, then there exists a unique solution
(wl, wH)eCij"D”“/Z(Q’) X Cig‘";o”“/z(Q“)(h A% of (2.1) Wthh satisfies the
estimates stated in the lemma with N=1.

Indeed, on account of Lemma 2.8 it is sufficient to show the unique existence of

(uy ul, ) € Caf2(R) x CoH2(@) x CLisy 0 +0R(Th) X Clgz+ia(r)
x C2ratta/2([ ) 'yl —'ufl _o=0. The uniqueness is clear. By Lemma 2.8 and
(2.29) it is easily seen that

(u$’ uIOI’ /u(I)’ /u(n), u6)=(gl* QH’ lp]’ l//H’ ¢L’)eé¢‘a/2(Q%-) xca’alz(Q]%) X

Xosto Xosto
1+a, (1+ + + +a, —0N-
X Clra+a)2([Ly x Clia a+a/2([ly x Cjzm’a;oua/z(rr)’ uh—"ul 0 =0:

(e}, u¥, "ul, "ul, lll)llo~0"'(P[(u()’ ug, ‘ul, 'ull, ug), PU(ub, ull, 'ub, uf, ug),

P’ (uO» uO’ uév /llg, uﬁ)» P”(u(l)’ u0n~ lué’ Iu(I)Is u(e)))|19=0=(0’ O» O» O, 0),
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lutllg) = ChoAI B IE + 1B 155+ NI + 1Y)k
I “{||(rlxr+“)§(C20+C21M1)A("‘)K,
lalI R SChoAC )y Ful|E™ < (Clo+ CHMB A(-)y;
ut=0 (n=1,273,...); A=72+y"/2,
By induction, we obtain

(b, ull, "l "ulluy) € Co2(0F) x CR/2(QF) x CLig, (i 2(I]) x

X050 X010

X C‘H—a (1+a;/2(rl) X sz. 1+a/2(1"h)

Xos10

and

b+ Nt 1 a0+ 0wl 4+ g <

S2'[Coo+ Coy(ML+MD)]"A(-),

(n=1, 2, 3,...) where C,o=Clo+CJ, and C,,=C}, +C},.
When A and y are chosen in such a way that

(2.32) A[Cyo+Cyy(ML+ M)A =1,

O
u?, o, 'ul, 'ul ue)y=3Y (ul, ul, 'ul, 'ul, u¢) converges uniformly. Hence the
n=0

above assertion concerning (u!. ulU, 'u!, 'ull, u¢) is ascertained. Moreover the
following estimate holds:

et 190 150+ 1 s )+ 1 w50 4 s [ B S22

2°. Since W(xg, to; h)=W(xg, to)—W(xe, h) (T2ty=h) satisfies (2.1), with (&1,
B Yl Yl @) replaced by (B! +.2 W (xo, h), BT+ "W (x0, k), Y1 — B! (x,,
) rhs W4 BY (X0, ) phre &, — BYW (X0, h)|1,.,), the result in 1° and the rela-
tion (2.31) imply that there exists a unique solution (W', wl')(xo, 7o; h) e C2}a:1+a/2

X0,1
(OF.20) x C2ra1+42(QNL ), hence (!, i) e C215,1+/2(QL,) x C3i%, ! +/2(QF,), for
which the estimates in the lemma with N=3 hold. We only repeat this procedure
N= 2[77;] +1 times. Q.E.D.

It is to be noted that Cig and Cj4(j=I, II) are positive constants depending on
T, M{. |[vh, 051, Ipdll =, (AH1, (B, (R~ (R (SEN4 wds o, K4,

S| ‘;,’ L F('.Il‘rz.”‘ I F0||‘2+°" and monotonically increasing in each argument (j =1,

2 .
m(le/lF,= 5 10,501 ).
By virtue of (2.32), N in Lemma 2.9 is estimated from above as follows:

N<l;,T'+ 1<2T 724 1=2"**2[Cy0+ Coy(M i+ ME)]?* +1

=N((T, Mi, M, Mi+M3).
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For the original terms @1, 21, !, Y and ¢, in (2.1), we obtain, similarly to
(2.31),

”gll(a)_'_”gﬂl( +|||p ||(1+az)+”l/,[[|(l+a)+“¢ "(2+a)§

SCu(T, MY, M)+ Coy(T, M, MM+ M),

where C,, and C,; have the same properties as C,3=Clg+CI and C,4=Cl,+CY
respectively, but moreover depend on | f1, f “||;—1,T’ monotonically increasingly.
We derive from Lemma 2.9 relations

(W + 19113 S CLCo(T, M1, MT) +Cos(T, MY, M) (Mi+ME)] %

x(T"+T )[CIS(T M, M) +Cio(T, M}, MH(ML+

+ M)V ML MY MM

|VVWI|(“)——+|VVWH|(“)""SC[C22(T M, M) +Coy(T, M}, MM+ MT)] x

(X [Cra(T, MY, M) +Cyo(T, MY, ME)(M L+ MYV MM MEE MY

Since C[Cyg+ Cio(MY+MDIN[C,, + C,3(ME+ MY)] is increasing in ML+MY, we

can, first of all, choose the constants M} and MY in such a way that they are larger

than C[Cy4(T, M}, MI)4+ MI¥T-MiLME M[C, (T, MY, MT)+M] for any positive

number M, and nextly T, € (0, T] such that

CLC,o(To, MY, MT) + MINToMboMis (T3 4 T35 [Cop(To, MY, M)+ M S

gM}’ MPQ

CIQ(TO’ M{’ MIII)MJ’ CZ](TO’ M}? M'l:[) Mi’ C23(T07 M{’ MIII) Mi.S_M/2

(=L II).

There (W!, W) e Sy,.
For simplicity, we again choose T= T, from the beginning.

§3. Nonlinear problem (1.11)

We construct the sequence {wl, wli}(x,, 1) of the successive approximate
solutions as follows:

(WlIJ’ W(I)I) (xO’ t0)=(09 O)G 61‘5
(wl, wI)(xo, to) is defined as a solution W of (2.1)
assuming (wl, wh)=wl_, wl )eS,.

Then the results in §2 say that (wl, wl)(x,, t,) uniquely exists and belongs to S
(n=0, 1, 2,...).
Thereupon, we verify the convergence of {wl, wl}(x,, t;). The difference
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{wl—wl_,, wI—wIL Y (x,, t,) satisfies the system of equations
8(3 (wi— Wf;—l) =4 (X0, 1o, Wi-y; ‘;)(“’f;_wi—l)"‘ {21 (X0, 1o, Wi-1; f7)_
— (X, Lo, Who3: ’;)}W,’;q + B (X, 1o, Wh—1) — B (X0, 1o, Wi—3)
in Qf (j=L1D),
W{;_Wf;—llrg=0=0 (j=l’ II)’
I3 I3
o _ _ o om_,,I —
B! (XO, to, W,I,_l; V) (W,, Wu-l) BH(XO to, W H—l; V) (Wn W,,__l)—
|1 (w}- 1)VF(I)| [gT (Wl ,)P Fi
0
¢n(x0a Lo, ‘;V,,E]) _ ¢ (xo’ to, WH—Z) B
(3.1) T (wE_ W FEl g (WP Fi
0
- ¢I(x07 th ‘;vrll—l) ¢ (x09 tOs wlIx—Z) N
|1 (wi-)F Fi |GT(wi_y)P F|
0
—| B! I . B 1 Iy (Wi +
(-an th wrz—l ) V) . B (xO’ to, W,:—Za V) "
gt (wi-)F F | (wi_2)F F
0
o o I 1
+ BU(xq, 10, W13 V) B"(x0, to, Wh 53 F) Wit on Iy,
IgH(WE—I)VF(I)l gn(wn Z)VF(I)l
(wl—wl =0 on I}.

In order to apply Lemma 2.9 to the solution (Wl—wl_;, wI—wl ) of (3.1) as
a linear system of equations in (wl—wl_,, wl—wll ) we must evaluate the terms

corresponding to #1, 1, Y1, Y1, ¢, in (2.1).

10)

J 9
|W" 1~ Wh- 2

and Lemma 3.1 in [4], we have

“ [-ﬂj(xo’ to, Wf;—l; ﬁ)—dj(xo’

= t0| (?t (W,,_

As in [4], on account of the inequality

~wia)lg (=L1D

T, W2} ﬁ)]W,’;-1+.@f(xo, to, Wi_y)—
. . j(x t Wj_ ) ¢j(x ¢ Wj_ )
—.@lx,t,w{,_ SL), ‘(’5.0"0’0"1_ .0’.09°n2+
(X0, 2o 2)|Q’T |%i(wi_)PF}) |93 (wi_,)P Fl|
+[ Bi(xq, to, Wi—y3 ) _ Bi(xq, to, wi_s; 7) :le (1+a)
|93 (wi-1)P F{ 93 (wi_))P F =ty =
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< Cou(T, MY, MT)IPP (Wi, —wi-p)lgr +Cas(T, MY, MT) x
X Wiy —wi2ll

(j=1, II) where both C,, and C,5 increase monotonically in each argument and tend

to zero as T—0. Therefore, again from Lemma 2.9 it follows that

I —wh s [ G+ [ — Wi |32 <

SC(T, M}, MY, MY, M [|wl_; —wl_ 2|‘2+a)+||w" , —wiL 2](2+a)]

where C, has the same property as C,s.
By induction we obtain

”“)n_wn 1”(2+a)+”wn—wn 1”:22;-&)<C" l[llw “(2+a)+”w ||(2+a()

By virtue of the property of C,,, we can find T’ €(0, T] such that
C26(T” ML M?a M%, M]21)< 1.

we reach a conclusion:

{(wl, wI)} is uniformly convergent to (w!, w)e C2}t« 1+2/2(QL.) x C2Fa:1+a/2(QL,)
as n— oo,

{pi=pbxoyexp =" Pus sl +0d) (o, ) e |

(Wi’ =(w{, wi, w})) also uniformly converges to pJ e B**(Qh.) (j=1, 1) as n—co.
These functions (w!, pT), (wl, pI) are our desired solution of (1.11).

The uniqueness of such a solution is proved as in [3, 4].

Thus the proof of Theorem A is completed.
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