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§ O . Introduction

We denote by (x, y) the variables of C"+ 1 ,  where X E C and y= (y i , y ')e  C x
C" - ', and by ti) the dual variables of (x, y), where Pi = 0 ,, / 0 . In this paper, we
consider partial differential operators of second order written in the following form:

P(x, y , Dx , D ) = i ± ; z 2  xKuma i c,(x, y)1414.

Here D=e/x, D y =aley, and K(i, cc), i+  <2, are integers defined by

910(1 if i +lal = 2 ,

K(i, a )=  q ' if 1 =0, loci =1,

0 otherwise.

q and q' are integers satisfying 0 q' q —2. F urtherm ore , a (x, y), i+ 'al < 2, are
holomorphic at the origin and a2, 0 =1.

Remark. If q' = q— 1, the above operators are said to satisfy Levi condition.
Several authers considered singular Cauchy problems for operators which satisfy
Levi condition. In this case, the solutions have at most poles along the chracteristic
hypersurfaces issuing from the singularities of the Cauchy data provided the latter
have at most poles (See Nakane [5], Takasaki [7] and U rab e  [9 ]) . Perhaps we can
also treat this case, but in this paper we only consider operators which do not satisfy
Levi condition.

We assume that the equation

E  x q I I adx, ygiql =0
i+IŒI 2

has tw o  roo ts  =xq2,(x, y, n), 1=1, 2, where ).,(x, y, are holomorphic a t  x =0,
y  = 0 , =(1 ,..., 0), homogeneous of degree 1 with respect to n,  and satisfy
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A1(x, y, 17)4 A2(x, Y, q) a t  x=0, y =0, ri = (1, 0,..., 0).

(1)

We consider the following problems:

J
 Pu(x , y )=0

1 Dix u(0, y)= fi i(y) i =0, 1.

Here i  (y ), j  = 0, 1, a re  multi-valued holomorphic functions defined o n  {y e C";

iYii <R, y i =0} with some R>0, which satisfy

lai(Y)I<Cexp {O h l-
( 9 - 1 - q ' ) 1 ( 9 + 1 ) }

with some C> 0 there.
To state the main theorem, we define coi(x, y ), i= 1, 2, by

f
ax cpi(x, y)—xgA i(x, y , 17y 9 i(x , y))=0

1 (Pi(O, Y )=Y i,

and 1,fri(x, y'), i= 1, 2, by

cpi(x , y)=0  if and only i f  y, =0,(x, y') .

We have the following

Theorem. L et s>0  be sm all enough, and 0 an  arbitrary  real num ber. W e
define wE,0= 0 4,0U ro'E',0 by

04,o= y)e C x Cn; IxI <8, iY il <8, j=1,..., n,

arg (y — Oi(x , y '))-01<-+s, i =1 , 2}

4 , 0  i(x, C x C" ; I xl <e, j=1,..., n,

arg(Y1 - 0i(x, y')) — — nI<-2 7
1r +s, i=1, .

Then there exists a unique solution u(x, y) of (1) which is holomorphic on co 0 which
satisfies

lu (x , .01<C  E  exP  IC I goi(x,.y)1 — ( 4 - 1 — q") "q+ 1 ) }
i= 1 ,2

with some C>0 on coo ,.

Remark. L et u s  f ix  (x, y') e C x C" - '  arb itrarily . L e t u s  define 0  b y  0=
arg {tk i (x , y ')-0 2 (x, y')1+ Then it is easy to see that co„e  is  a  domain in the

2
universal covering space o f  we = {(x, y) e C x C "; Ix' <e, <e, j=1,..., n, cp i(x,
y )4 0, i= 1, 2} whose projection to  (o, is co, itself. However, we cannot construct
the solution on an arbitrary domain in the universal covering space of co„

Remark. Moreover, we can give the concrete representation of the solution
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using some class of opera to rs. The details are given in  § 2 . We can also prove that
the solution is single-valued on f(x, y)e Cx C"; Ith(x, Y')I<IY11, 1=1, 2}.

§ 1 .  Preliminaries

In this section, we define a class of operators which act on some (quotient) space
of holomorphic func tions. Our operator class is very much like that of holomorphic
microlocal operators which act on  the space of holomorphic microfunctions (for
holomorphic microlocal operators, see Sato, Kawai and Kashiwara [6], Kataoka
[4], and Aoki [1]). Aoki defined the notion of the symbol of a holomorphic micro-
local operator, and this notion is very useful for our study. However, though we
need to know the relation between an operator and its symbol in a concrete manner,
he gave this relation in a rather abstract manner. The purpose of this section is to
give this relation in a concrete manner. However, we have not obtained a  result
which is interesting of itself, and our result is no more than a provisional one which
is only enough for our later u s e .  Thus we only give the sketch of our result, and
omit the p ro o f . The idea is due to Aoki [1].

I n  th is  section, w e  f ix  a  real num ber û arbitrarily , a n d  define p  b y  p
=(q — 1—  q')I(2q—  q'). Let R, r and e be real numbers which satisfy 0 < s« r« R  <1.
We denote by .9°R , " the set of holomorphic functions a(y, n) defined on

(2) {(y, C" x C"; lyi l<R, j=1 ,..., n, <R1 1111, i=2,..., n,

1111I > R ,  arg (e/ - "ri i )i <R,1
which satisfy

la(Y, 11)1<C exp {C1 1 111" + r lni l}

j=2

with some C> 0 on (2). Assum e that f (y ) is holomorphic on { ly.» <R , j= 1 ,..., n}
a n d  satisfies IAA < e  th e re . W e  d e fin e  Y I ' r  b y  6 91,, r = {exp {f(Y )iii}a(Y , n);
a(y, g)e Y R , r}. If b(y, n)= exp { f  (y )q,} b(y , ) e  9 ' . t  we define 'I;(y, z — y) by

1r
) (

y ,  Z  y ) —  27r \/ —1 S(  2e 2 (1a1+1) 
rRe,1 - 1 0

— y),

e - ( zi - Y - f ( Y) ) " 'a . (Y , ni)dni

1where Z.* = {0, 1, 2,...}, ac,(y , n,)=-c—c ,[0c4, a(y, nar , 0 , and

n a •  !  

e œ ( Y ' ) =  P2 27r, -; _ l

Then we can prove that sb(y, z — y) is holomorphic on

(3) z) e Cn x C"; Izi — Y — f (y) <rRI2e 2 ,

1 arg fe- / - "(z i — )'1 —f (0)1 <(ir + R)I2,

Izi —  31;1 >2r, j=2 ,..., <R, j=1,..., n1
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and satisfies

(4) z —  y)I<c exp {Clzi — Yi — f ( y ) L '}(01 -  P1 P ) } iz i- y , i - - .J=2

with some C> 0 on (3). We denote by S I , r the set of holomorphic functions satisfy-
ing (4) on (3). We remark that — —

1 p  q + 1
Let us denote by 01 the set of functions u(y) holomorphic on

(5) e C I; ly i +f (y )I<R ,  j
 a r g '° (Y  + f  (Y ) )  — +11 ,

IYil <R, j = 2, . ,

which satisfy
lu(y)1<C exp {Cly + f(y)l - Pm - P)}

with some C> 0 on (5). We denote by 0 .1. the set of holomorphic functions u(y )e
Of. which can be continued to

{ Y  C"; lYi ±f(y)1<R,, <R , j=2,..., n}

with some R ,»  s .  If f= 0, we write (resp. C9R) instead of 01 (resp.
Now let us define the action of h(y, z— y) e SIP from  P'/OR to  (-9-1- 2 , /0 - 2 ,- .

We define si , s2 e C by

s i  _  3Rer2  e x p  _ 1 ( 0  _ _  R3 )}, RrS2 =  3 e 2  exp —1(0 + -7
2-L - s -)} .

If u(y) e C9R (resp. OR), we define v(y) by

h(y, z— y)u(z)d(z,— y,—f(y))d(z' — y').
Y Y

Here yi c C  is a path connecting si and s2 , y' = y2 x • • • x y„ where yi = {z ;  y i  e C;
I z i  — yi l = 2r}, j=2 ,..., n . It is easy  to  see  that  v ( y ) e ( r e s p . ) Thus
we obtain a map from JR/OR to  6-1,- 2 r/01 - 2 r• We denote this operator class from
,65"RioR to  0 1 -2 ,/ 6 1.- 2 r by  0 pf (R, r) I f  h(y, z—  y)=I(y, z —  y), b(y,  e
we denote the above v(y) considered as an element of j1-2r1011-2r --by b(y, D y )u(y).
We call the function b(y ,n) the symbol of the operator b(y, D y ) , and denote the
symbol of an operator b(y, DO by a(b)(y, n).

Now we give some elementary results of this operator class Opf (R ,  r ) .  Let
b(y, 4) E Y ll' r  and bi (y, 71), j e Z + , a sequence of functions holomorphic on (2) which
satisfy

liqy, IA< c (R i ) i( r i exp (nrInil) j e

with some C, R1 > 0, r« R ,  on (2). We write b(y , 77)— bi(y, n) ifi=o

lb(Y , 71)—  ±  bi(Y , n)I <C(R1) - J(r.' + Inil - JP)exp (nrI 7111)i=o Je Z . ,
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on (2 ). Now we have the following.

Proposition 1 .  Let us assume that b(y, D y ) e 0 p  1 (R , r) is defined by the symbol
a(b)(y , e 99 1' r  . If  o(b )(y , ri)-0 , we have b(y , D ) = O.

Now let us consider the relation between an operator and its symbol. Assume
that h(y, z—  y) e S ip  and define fi(y, ti) by

ri(y, n)= 5 e (z - Y ) h(y, z —  y)d(z —  y), y=y i x y'.

I t  is  e a s y  to  s e e  th a t  ii(y, q )  ye 1 1 /4 ,2 r. Therefore we can define a n  operator
h'(y, D y )e O p 1 (R14, 2r) by a(h)(y , ti)=T i(y , ri). We can prove the following

Proposition 2. T h e  ac tio n  o f  h(y, z—  y) e
r  S I / 4 , 2 r  

f ro m  JR / 4 16R/ 4  t o
611/4-2r10 4 - 2 ,  coincides with that of h'(y , Dy).

This means that we can determine an operator from its symbol and vice versa,
though we must replace R  (resp. r) by R/4 (resp. 2r) in the latter case.

Now let f  '(y )  be holomorphic o n  {Iyi l < R, j = n} a n d  satisfy If '(y)I < g
th e re . Assume th a t b(y, D y ) e Op f (R , r)(resp. b'(y , D y ) E Op f ,(R , r))  is defined by
its  sym bo l o-(b)(y , Yip• (resp. a(b)(y , E 99 1 1 .  T hen  w e  can  define  the
composite operator c(y, D y )=b(y , D y )b'(y , D y )  in some sense, and we can prove the
following

Proposition 3 .  L e t  u s  def ine g ( y )  b y  g (y )=f (y )+f '(y i +f (y ), y ')). Then
c(y, D y )  is an  element of  Opg (R 14, 2r) w hich is def ined by  its sym bol o(c)(y , ti)e
91/4,2r. Furthermore, we have

c(c)(Y , n)— E b)(Y, rl)a;ofbN Y , n)).
.1= 0  I a I =i -

§ 2. Reduction of the problem to Main Lemma

In  this section, we reduce the singular Cauchy problem (1) to  M ain Lemma
which we shall state. Let us define y , Dy ), i = 1, 2, by a() i)(x , y, 1i) =4. i(x, y, 11).
Then there exists a n  operator p(x , y , t i )  su ch  th a t a(p)(x , y , ri)  is defined on
{(x, Y, e C x Cn x Ixl <R , (y, n) satisfies the condition (2 ) } ,  la(j1)(x , y, 7 )I <
Clnil with some C>0 there, and

P(x , y , D.„, D ) = {D,— x 1122 (x , y , Dy )} {Dx — x€1.1.1 (x , y , Dy )}

+a i ,o(x, y){Dx — xq2 1 (x , y, Dy )}

+.x 4 ",t(x, y , Dy)+a o ,o (x, y).

Thus if we neglect a  function which is holomorphic on some neighborhood of the
origin, the singular Cauchy problem (1) is equivalent to
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(6)
140, y )=7 (

40 (y )  )

û(y )

Here A (x, y , DO and A (x, y , Dy ) are 2 x 2 matrices of operators defined by

y

(A 1(x , y, Dy )
4(x , y , D )= 

and
-1

A (x, y , Dy ) =
xq' p(x, y , Dy )+a 0 ,0 (x , y )  a i ,o (x, y ) /

Furthermore, ïi(x, y ) is a vector defined by

y )=(
u(x, y )

{D,- xg2 1(x , y , Dy )}u(x, y)

In §3-§6, we shall prove the following

Main L em m a . We define 00 e R  by

00 = - arg {[A 2 (x , y , ri) -11. 1(x5 Y , 1)].=o, y =o,,,=(1,o,...,o)}

and 0 1 e R , le  Z , by 0 1=0 0 +n l. W e  assume that R , r, > 0  are small enough and
that e«r«R . W e def ine S k i = u C2i, 0 e R , l e  Z , by

Qh,,= i(x, y , ri)e C x C" x C„ ; <1x1 GE sin  172   ,
s sin - i t

12

i(g + 1) arg x - (01+0 ) -  n/21<4n,

(y , 17) satisfies the condition (2)} ,

Qi . i = i(x , y , ri)e C x  CH x Cn ; 
21

11 - 1 / ( 2
" ' )

e sin  n

12

(y , ti) satisfies the condition (2)} .

1° For any 0 e R  and l e Z  there exist 2 x 2 m atrices U±(x, y, î ) = U ± ( 0 ,  1, x,
y, 11) holomorphic on 520 ,1 such that

(7) IU±(x, y , ri)I<Cexp { 0/11 ( q- 11" ' ) /( 2 q- qmr

w ith som e C> 0 o n  520 ,1. T hus if  w e f ix  a p o in t x E  {0 } U  X E  C ;  'XI <8 sin -F li t  ,

1(q +1) arg x - (0 1 + 0)- n/21< -74-3 n } arbitrarily , w e can def ine U±(x , y , Dy ) =U±(0,

{Dx -x qA (x , y , Dy ) + A (x, y , Dy )} ii(x , y )=0{

).2 (x , y , D y ))
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1, x, y, Dy) by o-(1.11 )(x , y , n)=U±(x , y , n). These are 2 x 2 matrices whose entries
belong to Op(R, r) for any x  as above f ixed. W e have

(8) {Dx—xqA(x, y , Dy )+A (x , y , Dy )1U+(x, y , Dy )

=U+(x , y , Dy ){D x —xqA(x, y , Dy )}

and

(9) U±(x, y , Dy )U;(x , y , Dy )=

2 ° For any  0 e  R , there ex ists a  2 x 2  m atrix  E(x , y , n)=E(0, x, y , n) such that
n)=E0(x, y, OE1(x , Y , 11), Ei(x, y, 11)=E1( 0 , x ,

Here

E0 (x , y , n)—exp 7 (4
9 1(x, — Yi)11

(9 2(x, .0 - 11 1)111 )

and Ei(x , Y , n) is a 2 x 2 matrix  holomorphic on

(10) {(x, y , O E C  X  C" x C"; lxi <s, (y, satisfies the condition (2)1

and

(11) lEi(x, y ,
 1 1 ) I < C  exp {8 ±

j= 2

with some C> 0 on (10). If we fix a point x  with 1x1 <s, we can define a 2 x 2 m atrix
E(x, y , Dy ) by o(E)(x, y , 17)=E(x , y , n). This is a 2 x 2 matrix whose entries belong
either to Op,,,, ( x ,y ) _y ,(R , r) or to Op,,. („,,,) _y i (R, r). This matrix satisfies

(12) {Dx— xqA (x, y , Dy )}E(x, y , Dy)=E(x , y , Dy )Dx , E ( 0 ,  y , Dy ) =I 2 .

Remark. L e t  M = (M 1<p,v<m  b e  a  mxm m atrix . W e  de fine  IM I by
m( m a x  IM A,v)1 ).

1</t, v<rn

Admitting M ain Lem m a for a moment, let us construct the solution of (6) on
(< 6 . We define Ox, y)=i3(9, 1, x, y ) by

b
-

( x ,  y ) = U + ( x ,  y ,  D y ) E ( x ,  y ,  D y ) U
-

( 0 ,  y ,  D y )

(tio(Y )
•

i(Y )

Since U+(x, y , D)E(x , y , Dy )U - (0 , y , D )  is a 2 x 2 matrix whose entries belong to
E  Op9 i ( x ,y ) _y ,(R116, 4r), each element o f  i3(x, y )  belongs to &R/16-8r

j= 1 ,2
= tj ,  2  (0 , (x .3 0  Y1/

toR / 1 6 - 8 r
Soj(x.Yr — Y1 provided x satisfies

(13) n 3
1x1 <s sin (g + 1) arg x — (Di -F 0) — < T i : n.

It is easy to see that

{Dx —xqA(x, y , Dy )+ A (x, y , Dy )}i3(x, y)=0.
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Furthermore, since (U+EU - )(0 , y, D)= 1, it follows that 13((x, y) can be represented
as the quotient class of some vector 13'(x, y) whose elements belong to E  ct7Vi a—y 8;:y ,.1=1,2
such that

ari(Y) ■

\  CIA O  /

Now let us define v(x, y) to be the first element of the vector 13'(x, y). It is an element
o f  E 0,/1.—y 8;_y , provided x satisfies (13), and holom orphic in x there. I t  i s
eas sY=t1O2see that

f Pv(x, y)=  — f(x, y)

lirn Dix v(x, y)=  ûi (y)— 13 ; (y ) i = 0, 1,

where f (x, y)(resp. ii,(y)) is some function which is holomorphic on {(x, y); x satisfies
( 1 3 ), 1.Y./1 =1,— , n} (resp. j= n1) with some R '» , and bounded
there . N ow  let us consider the following problem :

(14) Pw(x, y)= f (x , y), urn Dix iv(x, y)= 6,(y), i =0, I .oi 

Since f (x , y) and 6 ,(y), i= 0 , 1, are holom orphic on y on a neighborhood of the
origin, we can solve (14) easily. In fact, let us define w(i)(x ,y), j e Z + , inductively by

w(°)(x, y)= f(x , y)dxdx+ 6 0 (y)+x6 i (y)
o  o

w(i)(x, y)= — {P(x, y, a x , a y ) y)dxdx j I .
0  0

It is easy to see that w(i)(x, y) are holomorphic on {(x, y) e C x C "; x  satisfies the
CO

condition (13), ly i l < e, j=  1, 2,..., n1, and th a t th e  series w(x, y)= E w(i)(x, y)
j=o

converges there. w (x, y) is the solution of (14). Let us define u(x, y) by u(x, y)=
v(x, y)+ w(x, y). Since I arg cp,(x, y)— arg {y, — y')}1«1, j=  1, 2, and 0 < e « R ,
it is holomorphic on

(15) i(x, y) e co; 0; Kg+ 1) arg x —(0, + 0)— rc121<inf ,

a n d  satisfies P u (x , y )= 0  o n  ( 1 5 ) .  Since lim Oix u(x, y)= 6 ,(y ) , 1 = 0 ,1 , and the
hypersurface {(x, y) e C x C"; x= 0} is non-characteristic with respect to  P(x, y,

x , ay ), it follows that u(x, y) can be continued to a  neighborhood of {(x, y) e C x

C.; x=0, y 1 0, iY i l< e sin 172  j =  1, 2,..., n },  a n d  th a t 0.ix t/(0, y)= 1 = 0 ,  1 .

Thus we have solved (1) o n  (1 5 ) . It is easy to see that any x e C \O  satisfies

1(q +1) arg x —(0,+ 0)— n/21< —4
3 n with some /e Z .  Let us denote by u(0, 1, x, y) the

above solution on (15) to emphasize B and  1. We define u(0, x, y ) holomorphic
on u.); s i „ 2h,,, by

lim v '(x , y) a-
x-+o

modulo 9 R/ 1 6 - 8 r .



Singular Cauchy problems 395

u(0, x, y)=u(0, 1, x, y) if I(q + 1) arg x - (0, + 0 ) -  n/2I < f r .

u(0, x, y) is well defined because of the theorem of Cauchy and Kowalewski. Thus
we have constructed the solution on w s i n  4 8 . We can construct the solution on
(4,, 8 4 8 just in the same w a y .  In fact, we only have to  replace 0 by 0+7r in the
above argum ent. These two solutions coincide on 11_12, 0  n 0)," s i n 1L 0 because of
the theorem of Cauchy and Kowalewski. It is single-valued o n  {II/4x, Y')I <
i =1, 2} because of the theorem of Cauchy and Kowalewski. Finally, we remark
the fact that the solution is represented in terms of the operators mentioned in Main
Lemma.

Thus we have reduced the problem to M ain L e m m a. W e shall prove it in
§3-§6. Here we give the plan of its  p roo f. In  §3-§5, we shall construct U±(x, y,
g). Inspired by the theory about ordinary differential equations containing large
parameters due to Iwano and Shibuya [3], we divide its construction into two parts:
In §3 and §4, we shall construct U±(x, y , n) on S21,

1
 using the classical WKB method.

Then we shall study this matrix on Sli d . In §5 we shall construct E(x, y , n).

Remark. Boutet de Monvel [2] constructed parametrices for such operators as
our P under certain conditions. He treated the case of g= 1  and g' =0 in our nota-
tion. Though th is case is excluded in our paper, his argument seems to be very
m uch like o u r s .  H e  defined a  sym bol class drin, m  e Z ,  b y  .Yrn={a(x, y, n)
e C"(R x R" x Ra); Ia(x, Y . 11)i <  Crtie n 2 q "'1 111 +1)- N  w ith  s o m e  CN, N =
0, I, 2,...} with g= 1 , g '=  0. A t first he constructed the  parametrices neglecting
those operators whose symbols belong to „en', and then modified such error terms.
We also consider the problem at first on S4,1 where lx12 ''Ill>> 1, and then com-
plete the analysic considering the problem on C4 1.

§ 3 . Construction of U±(x, y, 77) on (I)(I)

The purpose of this and the next sections is to prove the following

Proposition 4. L e t c , R > 0  satisfy  0 < e «  R , an d  K, k e Z ,  satisf y  k< K.
There exist 2 x 2 m atrices U±, K, k(x, y , n ) ho lo tn orph ic on 524,1 such that

(16)" lô U " ' k  +113+71)!

X exp {1 171 1(q-1-9')/(2q-y' )}

with some C, R ,> 0 on o k ,f o r K . k e Z .  H e re  R , satisfies R i »E  (We may choose
& as sm all as we like, and R , is some constant which does not depend on E). Fur-
th erm ore, defining U " (x , y , n), K e Z , ,  by  ut,E = u t , E , k ,  we have

k=0

a — {aa,,a(xq A - A)aztl+d - aa YU+,Jaacr(xq A)} = 0 ,Y J+41=1( Œ •

1(17) - , K a x u-K — { ( x i i i t ) au - , J — a.u a(xqA  -  A)} =0,Y YJ+Ice1=K °C•
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and

(18)K a;',U±'Ia;g/-1=6K,012.
1+.1+1a1=K

Though we can construct U±(x, y , ti) on Sk i using Proposition 4 (See Proposi-
tion 8), at first let us prove Proposition 4. We consider (17)± , K, K  E  Z , as ordinary
differential equations with respect to x  containing a large parameter i .  I n  this
section we transform these equations to equivalent ones which are more easy to
investigate.

Let us consider 2 x 2 matrices S± , K(x, y , n), K e Z ,  defined by

( 0 0\
S± , K(x, y, ri) = 4,0/2 ± 

\ sK(x, y, n) 0 /

Here sK(x, y , n), K E Z.., are defined inductively by

xg — go- (p ) (x , y , 17) + x - qao,o(x , Y ) 
1 2(x , Y , tl) • / 11(x, Y , q)

sK(x, y , n).=
ta.„,12accvsJ —  ap j 0;.1.11

J + I c t 1 = K , J 4 K  th 
/
1
2 1

These functions are  holomorphic o n  O b={(x , y, i ) e  x  C "  x  C " ; c l 11111- 1 1 ( 2 q" ' )

InI(K+

< I x i <  (Y , 11) satisfies the condition (2)1, and

(19) la'AsK(x, Y, 113+Y D!01  ‹a lx l - q+q"

with some a>0  for K e Z ,  a, /3e Z'4_ on al, provided R >0  is small enough.
It is easy to see that

(20) E
1

—,,a°,̀s±Jaas'd=6K,o12.
f+J+Ice1=K "•

Now let us consider the following transformations:

0 +,K E I
i+J+1.1=1, a! Y

(21)- C — ,K = E
i+J+1.1=K Y

Then we have the following

L em m a 1. 1) We have

1U± , K = — 00ES-JOICI+aI tlI+J+ I ci 1 =K •

1(22)- =
1+J-1-1a1=K •

K =0,

(21)+

(22)+



Â i =  E — a.s+-faaa S – ' K
y  x

J+K+Ia1=1

1 V S+,Jaficr(xqA  — A)} a;s—Kad13! n Y

/  — s ' 0

i-Fic+ +11 1-1

= 6 1,00- ( — x n A +A )+
* 1
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2 )  T he equations (17)" ,  K  e a r e  equivalent to the following equations
(23)± ,K on  Oh:

1(23)+ ,K ax
 + . 1 ‘ E tac,, a(xqA)0.17± , J— aaa+" 1 0/0"(XqA))Y Y

+  E 1 ,a.„;Payaa+-1=
1+J+Ix1=K

(23) - , K a x 0 —  E t (y(xqA)a;j7 - , J—ac4C- "1 8;a(X qA)}
J+Ial=K Œ '

—  E
I+J+Ix1=K

Here A- i(x , y, q), 1 e Z + , a re  defined by

(24) AI = 6  K,0

/ 0

\ 0

— SK 0  \

+ (  x
s K E aaslactsJ

s
K

I+J+Ix1=K n

P ro o f . 1) We can prove (22)± using (20) and (21)± easily.
2 )  If  we substitute (22)± into (17)± ,K, we obtain (23)± , K,• where P ( x ,  y, q),

/ E Z + , are given by

Here */, J e Z + , are given by

4.' = x q  E OasJI + a  +0  s iy 1 2  y 1,0 x
J + Ia l= 1  " •

J -1- K+II0e1=1 i—CIC! ac4S.Y;SK.

Substituting the definition of si(x , y , q) into the right-hand sides of these equations,
we obtain (2 4 ) .  Conversely, we can obtain (17)r ,K, K e Z + from (21)±.K and (23)± ,K,
K e Z 4. in a similar way. Q. E. D.

Now let us consider the following transformations:

• J-Fial=K I "

z
y,

( x - q + q "  )  •

0 + ,K ,y ,  r i )  =  C –,K



398 Keisuke Uchikoshi

In the same way as Lemma 1, we obtain the following

Lemma 2 .  (23) K, K E Z + , are equivalent to the following (25) " ,  K  e  Z :

(25)+.K ax 0+.1c— E  —
1

{a.a(xqA)aau - F.J—a.u+aa.0-(xqA)}
co  I Y YJ+Ia1 =K  •

+  E  =-,a„Alay.u+a =o

J aJ  a(25)--,K x ( 7  'K R œ a(X `i A )a;U - ' —  ;` , '  a y a(X q A)})01 11J+ al=K

—  E
1+J+Ial=- K  • Y

Here /1 1 (x , y, q), J e Z + , are given by

( o — x - q+q"

0  a 1 ,0 — (q— q)x - 1

0
+ (  

—s i

X " '  ia,S1+  j + K + E I . 1 = 1  
•

Corollary. From  (19), it follows that

(26) ifl +1,1)!,

with some a >0 for J E Z ± , fl, y E Z1. on eh prov ided R > 0 is small enough.

We transform the equations (25)± , K, K E Z + , once more. For this purpose,
let us prepare the following

Lemma 3. T here ex ist 2 x 2 matrices 0i(x, y , q), T3° , i(x , y , q), 0<j<q— q',
and B '(x , y , I), which are holomorphic on Ob such that

1) 0 °  is an  inv ertible m atrix . 0i , 0< j<q —  q', and B ' satisfy

10j1<alxli, 1(0°) - '1‹ a, IB '1 <a

w ith som e a>0 on SIL.
2) 13- ° , i, 0.< q --cf , are diagonal matrices satisfying

113°, -1 1<aix l - q+e+j

w ith som e a>0 on 64.
3 )  Defining 0(x, y, q) (resp. 1 -30(x, y, q)) by

0=0°0 ', 0 ' = 1 -
2 + g i r P (resp. =

i=0

we have

(27) (1)-1{c(xqA)— 21°} —0 - 1 ax 0=c(x qA )-13 0  + B'.

I I  = 6  o
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Pro o f . (27) can be rewritten as

(28) fcr(xqA — ;1010°0' — 0°0'{cr(xqA) — BO} ---(ax 0 0 )(Y+0°O .,0'+clAO'B'.

At first, we choose V(x, y, n ) to  b e  the non-singular matrix which transforms
a(xqA) —Â° in to  the diagonal matrix a(xqA) — Bo,o,( d ) 0 ) - 1{0.(xq A) _ j io} opo =
cr(xqA)— O.O.R Remark that

„--1)
1 1 z ta(xq A)— A°1= )+xqn, X%

'11 2
Since

inTl At(x, Y, n)--o -0 ,12(x, .v, 01>o
and

1 zA° (x, Y

on Ob, such a transformation exists and it follows that

look 1(0,3)--11 < a , -B°.° 1<alxj - q+q"

with some a >0 on Oh. Defining 0° and Tim in this way (28) can be rewritten as

{o-(xqA) — B°,°}0' —  { 0.(x q A )  BO} = (00 )- 1ax000 , O A ,

Setting each (ht, y) element of both sides equal, we obtain

—B '+ '? }  E  (p i v  B o, J(A0.) (m.v)= I

= — i vE  E )13?-1,'—(vraxo°0.00,,,,,+ax0-1,01= k=i p, 

_ ((0 0) - iax oo) 0 2 ,0 ± v g ) (p , v ) ,

We define 01,, v ) and rr(),, ) , v< 2, by

{ 0

and
_ ( (0 0 )- 1 0 x 0 0 )0 , , , )  11 = 1 ,

0 k v.

Let us define 01,, v ) and W V ) , v< 2, j - 2, 3,..., q—q' by induction on j  as
follows:

{
y=y

j ...... P-1
("  —  —  E {Otp,v)BW,;3k} +(( 0 ° ) -- i axo° 4 0 - 1 )0„,o— ax0 6;,',)

k 1  p  k V

l jt, v 2.

44,o)-iax cbo) 0 4 , 0 1{x q () .0 _ Ay ) _ B?,,, o, p ) ±  Boe, v ) } ;14 v

B0,1 —
(1,v) —

CI

xq().„— B?1:?p) B
(
e. v )



400 Keisuke Uchikoshi

n o i  _  _k
it:

0
f 0 t.,,,)13- ((y,,7 +  o oyia x 4,00.1-1) ( p , v )  ._  x  ( p m0 Oi - - 1

--- 4.0— f
p=v

Q. E. D.

0 p = v.

Furthermore, let us define B'(x, y , h) by

B' = fo-(xq A) — 40 10 — c 3x (I)— u(xq A) + B°.

It is easy to see that I), 2) and 3) are valid.

Let us assume that we have chosen R >0 small enough. Then it is easy to see
that (P(x, y , h) is an invertible matrix on Oh and that

l33;701, l3 3 ;(0) -1 1<aR -1 " -' 111111-1 ' 1113+YI!

1.4 0 0 ° 1<aixl - q ." 'R -113 "1 1/11-1 Y 0 + Y I!

with some a >0 on  Ob for fl, y e Z. W e can easily construct 2 x 2 matrices TK(x,
y, ti), K E Z + , holomorphic on (2;„ such that

J aE  c
- fanYi  ay 4) = —Try a ':1° a ll  

= 6 K,0
12.

J + I a l= K  • J+ Ia l= K  -•

It is also easy to see that if we have chosen R> 0 small enough, we have

iyi(K+1 10+ y lp10 1
y
3aryWK I ‹aR - K - 1 1 3 + Y l it/ii - K -

with some a> 0 on Oh for K e Z + , 13, y e Z .
Now let us consider the following transformation:

V -f.K = E —
1

, a œ
n T i a -1 1- ' j

1+J+Ia1=K

v - , K =  E YJ+Ia1=K  Œ .

As before, we can prove the following

Lemma 4. 1 )  We have

u - E, K =  E v+'j
J+Ia1=K Œ .

-

6"" - ,K = v - ,Jacit,tp i.
I+J+Ia1=K 6C!

2 )  The equations (25)" ,  K E Z + , are  equivalent to the following equations
(29) ", K e Z + :

(29)+ ," a x v ± ,K  — E
1
,3„.(xgA1 — B w œ  v + , ./Y

I+J+Ia1=K C('

+  E v-F,J3a(xqA0)=oYJ+ Ial= K  Œ•
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(29) - , K
J+1a1=K Y /  Y  

r

+ E oc,„ v - - , Ja;(xqA/ — B1)=0.
I-I-J-1-121=K C.

Here we have defined AK(x, y , ri), BK(x, y , 11), K E Z ,  b y

A° = o- (A), B°= xqa(A)— Ao —otp {co g  _ _ x o ,

and

4 K =  E  
n nJ+Ia+fil=K OC•fi. al(a9Tj°113°-(A)V;(19

E a c q a p T I A 1 3  AJN na ,.,
I±J+ 17-E f l i.K  cop! i u y 4 '

— E aan Tjaav a,d)
J+Ial=K

if

Corollary. If  we have chosen R > 0 small enough, we have

(31) lafiya4AK1<aR-K-Ifl+Yllt/111-K-Iy1(K+ Ifl+71)!
I- K - IYI(K+Ifl+y1)!(32) R-K-Ifi+711n,

with some a > 0 on (21, f o r K E Z + , y e  Z .  Furtherm ore, w e hav e B °=1P+B '
and

10;,a,'„Bol<alx1-7+q" R - Ifl+Yillnl - m lfl+ y l!{

lafiyaY,B'1<aR - Ifi+v111711-1 Y11fl+yl!
with some a>0 on i2- 1, f o r 13, y e  Z . W e  re m in d  the reader that A ° and B° are
diagonal matrices.

§ 4 .  Construction of U± (x , y, 22) on 1219 ,1 (II).

In this section, we solve the the equations (29)± ,
1( , K e Z + , on 52,, and using

these solutions, we construct the matrices U±(x, y, ri) mentioned in M ain Lemma,
on 521,,

1
. We solve these equations in tw o steps. At first, we consider the following

equations (34)± , K, K  E Z +  :

(34)+ , K a x 4 7±,K_ ( x ." 0 _ B O) w K w +,K (xq A O  BO) =  F+,K

(34) - , K ax W - , K  ( x q A O  B O )W - ,K  W - ,K (x q  AO _ B O ) =

where F± , K= F± , K(x, y, ri), K e Z ,  are given by

(33)

Fi-.K= E 82(xq A ' —13')ea W + ' jryl YI-F i+ la1= K  •-•J#K

(35)+,K
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_  E w + , J A c c ( . . . . q / 1 0  BO)
J+I71=K  (X I  I

JA 4

(35)--,K F = E 8.(xg/to — r30‘a.
J+1a1=K Y

— E W--102(xqAl —
1+.1+10,1=K  CC.

J4K

Then, we consider the following equations (36) k, K e Z +

(36)+ ,K a x x +,K+ Box +,K=G +,K

(36) - , K x -,Kr30=G _,K,

where G± ,K  G± 'K ( Y, q), K e Z + , are given by

(37)+ , K

(37)-,K

G-F,K = taan(xq A O  1 1 0 )a;X +,J ae 4 X -f - ,Jac ;( x q AO)}
J+Ia1=K  OE •J*K

= E ta;qxqA°)00, x - -1—a.x - .Ja.(xaA0 — /3°)}.
fyI Y YJ+Ifit1=K

J K

R em ark. If  W± , K (resp. X " ) ,  K E Z + , are solutions of (34)± , K (resp. (36)±.9,
K e Z 4., then V " ,  K E Z + , defined by

(38)+-K v4-,K = E 1W  + . 1  a œ X ± ' j
Y

(resp.

1(38) - .1(V - , k  = E —,a2„x-Ja;w- , 1)
1+J+121=K Œ •

are solutions of (29)± , K, K e Z + .

From now on we assume that the integer / which defines the domain 54, 1 is even.
Let us define = ( 0 ,  I), v=1, 2, by

— 1x, — x 2 — e•exp .7 +   (0, + 0)}-, )Z 1 =  =  E • e x p  q
-
4 .

1
1  (0, +0+70}

(If 1 is odd, we define v=1, 2 , by

.7e1- = =e•exp 11  (0, + 0)}, --E•exp i  — 1

 1

(0, +0 —70} .q +  

Then the following arguments are also valid for this case).
Now we solve the  equations (34)+ ,K, K E  Z + ,  b y  successive approximation.

Let K, k e Z + , and consider the following initial value problems:

1-1-J-Fla1=K OE!

[ ax  W + ,K , k _ ( x q AO — BO) 
W "

+,k ± w +,K,k( x y AO _ BO) =  F -E,K,k

W ti; , yK l q =  K ,0i -vi- , y , q) 6 6  k,0 ,v,
(34)+ ,K, '
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where

=
10 ( x —  1 3 ')0 2 W

14-J+Ia1=-K
J41:"

_  E W  + ,J ,k — I n
Y

a ( s , i i  A O  B O )
J+14411=K • "  

Jk -K

Now we prepare the following

Lemma 5. L et (x, y , n)e Q . T h e n  th e re  e x is t tw o  piecewise smooth paths
y(x) C, v=1, 2, such that
1° y (x )  is a path which connects fc;',' and x. i f  t E yv(x), then we have (t, y , ti) c (4.
2 °  We denote by (1,(t) the length along  y ( x ) f r o m  t o  t E M x ) .  I f s ,  tey„(x) and
dv(s),>-d(t), then 1 arg {(— I)v(sq+ 1 —tg+I)} — - 0 1<i- •
3 °  If  tey,,(x), then we have Id(x)1<alxl. lx1 <alti with some a >O.

P ro o f . Let us assume that y = I. I f  x satisfies

1(q + I) arg x—(01+ (9)1<# ,

we may take as y 1 (x) the segment between fc,' and x. Assume that

<(q + 1) arg x —(0,+ 0)< 4
We define x, E C by

0,+0x, =exp(  + (exp — " °  )x)— (tan n ) Re ( —  °'+ °  )x)} .g + 1 2 g+ 1 6 g+1

It is enough to take as y 1(x) the union of the segment between Yct and x ,, and the
segment between x', and x. In the saine way we can construct  y 1 (x) in the case

- -
5

7r<(q+1)argx— (0,+0)<-7r-4 -) •

Thus we can construct y 1 (x) if

1(q + I ) arg x —(01 + 0)1 < 4
5 n.

In the same way we can construct y2 (x) if

1(q+ 1) arg x —(0,+ 0)— ni< 5
4  n. Q. E. D.

The following proposition is one of the most essential parts in this paper:

Proposition 5. L e t (x, y , n)e52 1,  and let y (x )  b e  as  in  Lem m a 5. There
exist solutions W+, K, k(x, y, n), K , lc e Z ,  o f  (34)+ , "  such that

{ 0 k =0

k„>-1.
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(39)x, k laflyavoW taV (t Y , T1)1

‹ c R 7 2K-k-1/3±711141 1-K +k-iyi(d r ( o ) k ( K + y l ) !

with some C , R ,>0  f o r K , k  E Z + , f3, y E ‹ p ,  v< 2, if  t e yv(x). Furthermore
w-F,x,k = 0 if  K  <k , and 141 +, "  is an invertible matrix .

P ro o f . We use the classical WKB method in the theory of ordinary differential
equations. We define e,,,(x, y , g), I <p , y< 2, by

eov (x, y, 17)=exp /
o  

(xqylp(x , y, ri)œxqA,,(x, y, 17))dxl.

Here we prepare the following

Lemma 6. I f  ( y ,  g) satisfies t h e  condition (2) a n d  s, t e  C  satisfy

arg (sq+1 — 0+1) — 0,— 01 < 3—
7 r  

' 
then we have

(40) y, ri)le2,10, y, )1)1<exp ( —R10+ , — sq + 1 111111)

provided R> 0 is sm all enough, an d  si, ItI <E « R.

P ro o f . Consider the Taylor expansion of Ap (x, y, ri) with respect to x at x=0:

/10(x, y, E  (y, ii). W e  have 1 ,(y, ,j ) ak+ l i I with some a> 0. N o w

we have

çt Ixq,12 (x, y, ri)—xqA,(x, y, 1.7)}dx

= g + 1( t o - i — sq+i )()2,0(y , A i,o(Y , n))

, x - ,° D  I  k +  + 1 k+
r k2;--  k  + g + 1 (1  q s  q + 1 )( ) -2,k(Y , r1) .— ,k (Y , 11))

= (i)+ (ii)+ (iii)+ (iv ).

Here

(  ) .=
g + 1

111(0 + 1 —  0 + 1 )E112,0(Y ,  11) —  .... o),

(ii)=  g  +  
1  

(0 + 1 — sq411 ){).2,0(Y, n)—n1CA2,0(y, ....0)1,

(iii)
q  1

( s + 1  —  0 + 1 ) , o ( Y  n )  — ni [A1,o(Y, ri)]y = o,„ =

and

ci   k +  + 1 k+ +10 \9 =  
k = 1  k + g + 1

(t q  — s  q  )(A 2 ,k (y , 0 ).

Since



405Singular Cauchy problems

(21+ +)71. + 172  <the  argument of (i)<(21+ 3 )7r  ,

it follows that

. 7r the real part of (i)‹ — (smir 2 )10 ± 1 — sq + 1 111/11•

It is easy to see that if R>0 is small enough, we have

1001, l(ii01<R1 0 + ' — sq + ' I Ii I •
To estimate l(iv)I, we remark that if 1,s1, Iii <E,

( t k + g - i -  I s k+g-F I )

Thus we obtain

=  1 1  X k ± q dX

1 +  I f

= c +1 (X q +  1 ) k / ( q +  I )  d (Xq +  1 )
Sq  

e
k

+1 1° 4S q +  I 1.

k+q+1

2a  œ
100 , E

k 1
 (ae)klo+'—sq'llthl

=

2a2 e 
( q + 1 ) ( 1  —  ( 0

10+ 1 — sq+ 1 1.

Q. E. D.

Proof  of Proposition 5 (continued). L et us consider the 0 th  approximation
(34)+dc°, Ke Z + ,  o f  (34)+ ,K. W e solve (34)+ ,K,°, K e Z + ,  themselves also by
successive approximation:

oo
w+,K ,O = W  +,K  ,O ,  j

j=0

where W+, K, ° , i, K, j e Z + , are the solutions of

0), w -F,K,od  _ ( x , no_ 1-3-9 pv-F,K00.; ±  w+,K,o,;(x ,Ao_ B9

(34)+,K,O ,j
{ 0

w+,x,o,i-1

= 0

3), n)=4,06 i ,o(5„,,,.
It is trivial tha t W-F, K,°, i 0  if K  I. T h u s w e  co n sid e r  the case K = 0 . We can
solve (34)+,°,° ,i  by induction on j=0 , 1, 2,.... We may assume that the diagonal
matrix 13-°(x, y, n) is written in the form

b,(x, y, n)
Ir(x, 10=

b2(x, y, n ) ) '
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and that

1000(x, y, 7)1<aix1- 0 - eR - Ift+Y'IniIHYV+yl!

with some a >0 for fl, y e  Z 14. on provided we have chosen R >0 small enough.
We define (x, 3), n), 1<y, v <2, by

velev(x, Y , n) eg y(x, 3', 11)exP {1 (b,(x, y, 1) —bv (x , y , 17)& 4 .

From Lemma 6, it follows that under the condition of Lemma 6, we have

(41) laP4(è-2,i(t, Y , 102,10, .11, 01<aR - IvYlinil - '
71 1/3+yl!.

Let us consider (34)±,m d . Assume th a t (x, y, ri)e Ok i ,  the paths y(x), v=1, 2,
are as in Lemma 5, and that t Ey,(x). Then Wt,:°4 , i(t, y, n) are given by

/
j= 0

X W tev l i - 1 (s, y, 0}  dsj 1.

In the above integrand, we have

è-mv(t)= -é„(s)=1

if y= v. F urtherm ore , if (y, v)=(2, 1), we have (41), and if (y, v)=(1, 2) we have

(41)' 10.1ya#1,2(01,2(s))1=140402,1(s)1ê2,1(0/1

‹aR - Ifi+ y111/111-171 fi+Yll

because of the definition of yv (x), v=1, 2. Using (41) and (41)', we can prove easily
that

(42) 1401; W t °,,T i (x, 3), rI))i

24"-3a2d,(x)Y  RTI f i+ 7 1 11111- 1 Y l ifi + Y1!1-4R,I R

with R I <R/8 for 13, y e Z 14- on Q 1, by induction on ]. S in c e  Idv(x)I <alxj<as, it
follows that

lapay w + .0 .0 ( x vili =1,apay W'°'°"y ( P , r )  k  9 ; 9 'U r r Y  n ( t ,v )  I1=0

1
2_4 111R

3 a
1
3rR YRTI P" 111111-1 ' 11fl+YI!

with R 1 <R/8 fo r  f3, y e  Z .  o n  524,, provided e is small enough. Furthermore,
since w+,o,o,o=i2 and

Y,•11)= .çt y, n)
5, 1; 3), r1) E  {ffo,,,o(s, y . n)

K=1,2

W+,0,0,11,( <1 , if E is small enough,
f= 1
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it follows that W+ , °.° is invertible. Thus we have proved Proposition 5 in the case
k= 0.

Now let us assume tha t k_.›..1 and that (39) , are valid if  k' < k— 1, and that
w+,K,k , =0 if K <k' < k — 1. Then we can prove that if (x, y, ii)e Ok i and  t e yv (x),
we have F+ , K'k= 0 if K < k  and

,,  ( d ( t ) ) k - 1v  

(43) 1(4,3vF N, (t, y, n)1

‹ 23"aR, 
(1 —8R1/R)3 CRT

2 K - k- ifl+ Y1111 1'
-1-11 (K+ Ifl+ Y1, 1  ( k - 1 ) !

Let us solve the  kth approximation (34)+ , K, k of (34)+ , K. We solve (34)+ ,1C,1c, K,
k E Z + themselves also by successive approximation:

co
w +,K,k E  w + , K , k , j ,

j=0

where W+ , K, k, i, K, k, je Z + , are the solutions of

w + ,K ,k , j  _ _ ( x q A O  no) w-f-,K,k,i w+,K,k,i( x q Ao_B- o)

F k j= 0

w + ,K ,k , j -1

Y, n) = 0.
It is easy to see that W+ , K, k, i =0 if K < k .  As before, we have

WWW - i ( 1 , 31, II)

èr p, (t ) 
 (P , v)

( s ,  -y  )(isèi„,(s) 

ë ( t ) „ ,
j'A v(s) K=1, 2

2
-  no , y ,  q)ds

Thus we can prove that if (x, y, ii)e  0 , and le  M x ), then we have

1°f lya Y, 101
(  2 4 " - - 3 a 2 231aaR

1 
CRT2K-k-111"11n1I-K+k-171

‹ A 1 -4 R 1 /R) (1-8.12 1 1R) 3

x(K +1)6 d -y1)!  ( d v( t ) ) k  .k!

Thus we obtain (39)1c,k5 provided that R1 , a> 0 are small enough.

 

j =0

1.

Q. E. D.

Thus we have constructed the solutions of (34) K'k which satisfy (39)Lk. Now
let us consider the equations (34) - - , . For this purpose we prepare the following

Lemma 7. L et W + ( x ,  y, be as abov e. T hen there ex ist 2 x 2 matrices
y, K, k e Z + , holomorphic on S4,1 such that
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(44) E 6•7•!aG4 = 4 ,0 / 0 4 2 ,
1+ J+ 1 a1 = K  --

i+ j= k

(45) 1
,•,7 -1a a

i+ j= k

Furthermore, we have W± , K, k =0 if K < k , and

( 4 6 )
-± , K , y, POI <CR7 2 K -1 / 3 4 -7 1 (R7 I E)k 11111- 1 " - k - ly1

x (K -1- 1fl+YI)!Ik!

with some C, R 1 >0 on S24,, f or K , ke Z + , f ,  y e  Z . W e m ay  choose e> 0 as sm all
as we like and C, R, >0 are some constants which do not depend on e.

P ro o f . In (39)" , k, let us take as t the end point x of yv (x). Since ci„(x)< alxl <
ac with some a> 0 independent of e, we obtain (46)+ , "  directly from (39)K .k. Let
us construct W - , K.k. We define

W 1 (, )k — I ( K , k )=  (0, 0)

W —,K,k =
( K , k )*  (0, 0).

r+.1-1-11=K A.
i+ j= k

( J , j ) * ( K , k ) .

Then (44) follows directly. We can also prove (45) and (46) - , K, k  easily (We may
have to take another constants C and R , in (46) - , K 0 .) i t  is also easy to see that
W - .K, ' = 0 if K <k. Q. E. D.

K,k ,From (46)± ", it follows that 147± v ± , K, K = E Z + , converge on  g 2 1 .
k=0

Furthermore, we have the following

Proposition 6. W e def ine W± , K(x, y, K e Z ,  a s  ab o v e . IV "  sat is f y
(34)± , K and we have

1(47) E w -T  = 4 , 0 12,
I+ J+ Icti= K  `' • • Y

(48) w ±,IC k (x , y , g)I<CRT 2 K n+7- i 1
11/11- K - Iyi ( K + ifi+ Y D I

xexp {R7 1 8 11111}

with some C, R 1 >0 independent of  s f or K e Z + , /3, y e Z .  on S2k,.

Pro o f . W e only have to  p rove  tha t W- , 5 , K e  Z ,  sa tisfy  (34) - , K. Other
statements are direct concequences of the previous argument. Now it is easy to sec
th a t  W->0= W — ,0 ,0 = (W + ,0 ,0 )-1 = (W 0 ,-1) satisfies (34) - , °. Assume th a t  K> 1
and that W - x ,  K'.4K— 1, satisfy (34) - , K". From (47) it follows that

ax i  E ac,„ w

= E {a;,e„ w+ , /a. +  w+-faaaY y  x
1+J-1-1a1=K ( X •
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From (34)+ , K', K' K and (34) - , v ,  K' K — 1, it follows that

W+ , 0 a x 117 - 'K = +GO' (iv)'

where

( y = — ean{afin(x g/tH— B H)af l Pr/ +,/}5. PV — "I
Y YH+1+J+12.4 .f li=K  1 1 13 !

(ii)' = E
cd/3 !J+J+1.-Fp1=K  

and

(iii)' = E
J+J+Ice+f il=K

J+If il#K
!13! pv+,1acgafin(xqA0Bo)i,i,kv-,J1,

1  (iv)' =
11+1+J-FIGH-131 , K  Œ.113!

11+J+If il#K

From (47) it follows that

a.,,,, W+ , 1a{air;pv- , -, aiy3(xgAH — B")}.

( i ) '  = — , (3;;(xn A ll — BH)aa(au Pri Jafly W - -')Y 1111+1+.K4-1Œ+131=K C1C•P •

= — (xqA K — BK),

(iv ) ' = w-,J.4,(xq Aft — BH);
11+1+J-Fla+111=K C •  •

_ w+ ,0 E 1 afi w - , Jayfl (xq A H  —  B H )1 3 1  ni1-KH-1,61=K •

=(x gA K  —  BK) —  w+ ,0 E ,afin v—Jafi (xgAH —BH).
P

Furthermore, it is easy to see that

(ii)' + (iii)' = W - '° E  -0
1 „ocaA0 — B o w  w – ay •

J+0 1 =K  P

Thus we obtain (34) - •K. Q. E. D.

Now let us consider the equations (36)± , k , K E Z + . We solve these equations
also  by successive approximation. Let K, h e  Z + ,  a n d  consider th e  following
initial value problems:

(36)+ , "

(36) - , K, "

where

axx,-,K,k+ 13 0 X +,K ,k =G -V ,K ,k{

,  ,,,,I = A A
i . r ,  'I  /  —  L'K,0•-'k,0a

[

2

ax X—,K,k _  X—,K,I<B0 = G—,K,k/
X ' K N i t ,  Y, 0 = c 5K,06 k,012,



E
J-F K  X !

{ acq x q AO _ B O laa V -1 - ,J,k -1  _
I

Ace
Y (A

 0 ) }
3,11 u■Vla1=  C

J# K

G +  ' K ' k

f0 k =0

a x x .± .k ,k , j  = G ± ,K ,k , j{

x+•K , k-V T , y, 11) = 6 K,66 k,06 i 3 O12,

j ,

410 Keisuke Uchikoshi

0k = 0

{(34(xqA0)(3 x - , J , k- 1 —a ,,,,x - , J , k- lacyqxqA0— B 9 1
.1+ 1q1=K  (X•

JS\ K
k 1.

Let us solve th e  kth approximation (36)+ , K, k, K e Z + ,  of (36)+ ,K themselves
again by successive approximation. Let K , k , j  e Z + ,  and consider the following
innitial value problems:

(36) ± ,K ,k , 1

where

B 0 X -I-,K ,k ,j-1

j=  0

j ) 1 , k = 0

_BO X +,K ,k , j - 1 { aa(x p  A O  1101,1a V K ,J,k - 1, j - 1
J+1011=K Cf II JuY

J# K

ac4 X+, J, k-1, j-1 ar;( x qA  Oil j ,

O j = 0

k =0

x -,K,k,./-1 -Bo E f acq x , A 0,,la
J+Ia1=K

Now we have the following

Lemma 8. A ssume that (x , y , OE OL and that arg x=arg Then we have
X ± , K , k ,

i =0  if  K <k  or j < k ,  and

(49)±.K,k,j

(j — k)! k!

with some C, R 1 >0  independent of s>0, f o r K , k , j e Z y e Z .

P ro o f . If j= 0 , X ± , i =6 /  and the statement is trivia.- K ,0- k ,0- 2 t t trivial . t h a t

laaa v ± ,K .k . fo c ,  y, 01

‹ cR T2K-i-11+v1l ti1 l-K+k-to(K + ifi + v i)!

x (1x1--E” 

G+ J c k d  =

=



1x I
di( j —k —1)!X I
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j>  1 and that the statement is valid if]' < j — 1. Then it is easy to see that G ± ." 'j  = 0
if K < k , and thus

= G ± ,K .k .jdx = c,
ti

if  K < k .  N ow  le t  u s  prove (49)+.K.kj, K ,k e  Z .  F r o m  (31), (32), (33) and
(49)+ , K, k, i - 1 , K , ke Z + , we can prove that

1,5 fiy a ( B OX + ,K ,k , j -1 )1

4"aR i 

( 1  — 4 R 1 / R ) 2  
CR - 113 " 1 11.111- K + k - 1 7 1 ( K +1 13 Y l ) !

1 xl l - q '
 )

(
.
1

 
1 (1x1 — 6 )

"  

(j —k —1)! k!

if j— 1 k, and that

a.(x g A g -1 3 ° )(4 X +,J,k ---1 ,j- '-}
"IJ+Ic1=KJ4K

op, E  —
1
 a c t  x + - L k - i . i - q A 0 ) }

J+14z1=K CX!
J4K

8"aR , CRT2K-i-Ift+YllUil-K+k-iyi(K+113-fyi)!(1 —812,1R) 3

lx1 - ( - 1 - q") ( i - 1 c )  (Ix! — 6)k - 1  

(j — k)! (k —1)!

if k.,>-1 (We have assumed that R l < R/16). Since

y ,= . r . t +  G+ , K, k, i ( t ,  y, ii)dt

we obtain (49)± , K, k, i, K, k E Z + ,  using

if j— 1 k, and

E)k-' dt
(k — 0 !

— E) k  

k!

if k— I .> 0. W e can  prove (49)-' ,K k,j, K, k E Z +, similarly. . Q. E. D.

Now let us estimate X±.K , k, j(x , y, ii) on 01,:

Lemma 9. If  (x, y , ti)e Oh, we have
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lop;,x±."-qx, y, 01
1,1 (K+13-+-y1)!<cR -,-2 K- 1 - 1 fl+ 71 11711- K+k-

j - k  k
x  E  E

j '= - 0  k

) _ ok-te

(j— k— j')! (k —10!

x l x 1-(q-1 , 1').v+(q+1)k ,   Iarg x — arg )e-tir }
( j '+ k ') !

with some C, R ,> 0  independent of e> 0 f o r  K, k, je  Z + , y e Z .

P r o o f .  Though the estimate looks rather complicated, we can prove Lemma 9
just in the same way as Lemma 8. We note that X ± ' I C k ' i  can be given inductively by

±, o
XX±,K,k,f(x ,  y , , S 4_) ' 'K ,O k ,0 `- '

A
 f,0` 2 G  K s k i ( t ,  y ,  rOdt.

I t

We take the path of integration to be the union of {te C ; arg t=arg Sct, e
and {t e C ; Ixl, I arg t—arg XII < I arg x—arg Lem m a 9 is a consequence
of direct calculation as Lemma 8. Q. E. D.

We define X± , K, k, K, k e Z .  by

j=0

Then we have the following

Corollary. A ssum e tha t s > 0 is  s m a ll e n o u g h . I f (x, y ; ti)e Sk i , w e  h a ve
X K , k =0 i f  K < k .  X ± , K, k, K, kE Z + , satisfy (36)± , K•k and

kl a t y l a X ( X ,  y, 01
<C 1R72K-1 1(R71E)klnil-K+k-iyr T D !  

x exp

with some C ,, R ,> 0  independent of e> 0 J r  K, k E Z + ,  13, y e  Z .

37r P r o o f .  Since I arg x—arg < 2(q +1)
of Lemma 9.

on Q 1, th is is a direct consequence
Q. E. D.

Now let us define X ± , K , K e Z + , by

(51)K
k=0

These power series converge on Ob,,, and we have the following

Proposition 7. A ssum e tha t E > 0  is  s m a ll e n o u g h . X± , K, K E Z + ,  satisfy
(36)± , K and

(52)K E
1+.1+121=K
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Furtherm ore, they  are written in the form  (51)K using 2 x 2 matrices X± , K, '  which
satisfy (50)K , kon

P ro o f . We only have to prove (52)K . Since X± , ° satisfy (36)" -and'I±;°(fct,
Y, 1() = /2, we obtain (52)°. Now let K  1 and assume that (52)K", K ' < K -1 , are
v a lid . Then we can prove that

i3
{

a v f ± - r a y x * , J } = o
I+J+171-=K

using (36)±.K' , k' K ,  and (52)K", Furthermore we have

E x ± ,1acilx T ,J1 =0.
[

—,
I+J+Ia1=K

Thus we obtain (52)K.

Now we give the

Proof of Proposition 4. Let us define V " , ' ,  K, ke Z + , by

V +," = 1
Y1+.14-1a1=K

i+j=k

Q. E. D.

I+J+W =K
i+j=k

Then we have V ± , Lk = 0  if' K < k and

101A  V± , K•k(x, y, q )l< C R T 2 K- 1 I

x (K-k+ fi + YI)! exp 1 2 - 1 11111( '
1

' ' ) / ( 2 " '  ) }

with some C, R 1 >0 independent of e> 0 for K, k E Z + , 13, y e Z1.1_ on 52 I . Thus we

may define V i" ,  K e Z + , by V± , K =  E  v± ,K .k . They satisfy (29)" ,  and we have
k=o

E 400; 1/"± ,1 0; v
Œ.

Using Lemma I, Lemma 2, and Lemma 4, we may write the transformations which
transform V " ,  K e Z + , to  Ll± , K, K e Z + , in the form

I -Lf+.K = E
1+.1+laj=K Z.

= E (32g— IY1+J-1-lal=K  (10

with some 2 x 2 matrices g ± ' K ,  K e Z + , which satisfy

171(K+ IS+ Yi)!laW " I  < a lx 1 - 2 ( " ' ) R - K - 1 1 3 + ,Y1 1011- K -

with some a, R> 0 for K e Z + , ft y e Z .  on  5 4 , .  Furthermore, we have



414 Keisuke Uchikoshi

:1 3 ± '1 a l3 a = 4 ,0 / 2 .Y1-1-J4-1a1=K `•'•

We define U±,K,k, K , k eZ + , by

E —1 axs— +, 1 a. v+-LkY1-1-J+Ial=1C -•

1+J+1011=E a l

Then w e can verify that (16)K, k, (17)± , K, and (18)K, K, k  e Z + ,  are satisfied.
Q. E. D.

Now let us construct U±(x, y , ry) on g2 I .

Proposition 8. A ssume that c, R >0  are  sm all enough and that e « R .  Then
there exist 2 x 2 m atrices U±(x, y , ry) holomorphic on S24,, such that

(53) IU±(x, y, q)l< C 1 exp (Iii (q-

with some C1 >0 on 04,,,

1
x U+ — 1 ,,; K  {a ;rt(xq  A — A)0;(1+ — ac4U+ (xq A)}

<C I R -  th i - K K ! exp {R - 1 8 11111+ )),K i 

ax U -  —  E {0c7(xqA)a;U- —a;€7U - a;c5(xq A — A)}1
kI< K

{R-lelry1l+11111(q-''')/(2q"')},

± -E ayu+ —12

i.i<K
<C ,R - K lnil - K K! exp IR-'Elf/11+11111('''')/(4-q')}

with some C1 >0 f o r K=1, 2,..., on 04,1.

P ro o f . Since

I U"1.‹... C(R i /2)- " KK! exp IRT 1 e11711+1 1111( ' - i "" ) / ( 2 " " ) }

for K E  Z + ,  there exist 2 x 2 matrices U±(x, y , n) holomorphic on 5.24,1 such that

(56)
j=0

<CR - 1 91111- K K! exp IR - 1 E1/111+1 ,711" - 1 - q" )1 1 2 " ' n f
.

for K=1, 2 ,..., on Sny , provided R> 0 is small enough. Here we can choose E >

as small as we like, and R > 0 is some constant which does not depend on e. Now
let us define U± , K, K E Z+ , by

U - - " I '= E v--,J,kaœg-'1Y •

(54)+

(54) -

and

(55)

E-1
1U ±  —  E u± ,J1
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U±.K E  U ± ' j ' i

J—j=K

Since we may assume that e<R V 2, we obtain

UKI<2CRÎ, 2K ,
 1

, -i/1 K K !e x p

for K c Z + on f 1. Let us remark that

K-1
(57) I E  (u± -'-u± , -1)1=1 E U ± " I ' i l

J=0 O<J—j<K-1
K<J

C< (R,12)-"In 11 - K  K! exp (RT 3 elifil +Ind ( ''  1  —1273 e

kor K =1, 2 ,..., on S2b J . F r o m  (56) and (57), it follows that

K - 1
E U± ,J1<2cR - Klii,1- KKAexp IR - 1 8 11111+1 1111( q - 1 " ' ) 2 " '  ) 1

J=0

for K =1, 2 ,..., on 52,1,  if  w e have assumed R <R ?, (R 1 /2)2 . Since we may also
assume that s < R3 and that R « 1 , we obtain (5 3 ) .  To prove (54)± and (55), we must
estimate the derivatives of U+ with respect to y and q, and for this purpose we must
rewrite R/2 and e/2 as R  and s, respectively. We define the domain Ok i using these
new constants. Then (54)± (resp. (55)) follows easily from (56) and (17) " (resp.
(18) ), K e Z +. Q. E. D.

§5 . Construction of U± (x, y, r2) on Di.
In this section, we investigate U±(x, y, q) on Q , w hich are already constructed

on 524,/ in the last two sections.
Now let us define a 2 x 2 matrix T(q 1) by

T =

( 1

17-1 ( q - - t e ) / ( 2 q - y ' )

Let U± , K(x, y, q), K  e Z ± ,  be  as in  §4. We define 2 x 2 matrices
KE Z + , by

Y + ' 5 =  E  l a c i T a c t u + , J ,  y—K =  u — ,K T -1 .

J+Iall=k ce! Y

We have the following

Lemma 10. 1) W e  have

u+ , K =  E  —1 (327- 14).Y .f d ,  u - - , K=17 - '1CTYJ+Ice1=K Œ!

y ± , K ( x ,  y ,  17),

for K e
2) (17)± , K, K e Z .,, are equivalent to the following (58)± , K, K e Z :
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(58)+,K
H-J+1.1=K

f f la c 'a ; +.

+  E -I f a l Y + ' j 0 2 0 . ( . 1 0  / 1 ) = 0 ,Y.1+111=K Œ.

(58)-.K.

+  E Y--10.c/ = .
a t  11 Y1+J+Icer=- K •

Here C l(x , y, ri), l e Z ,  are given by

(59) E  
1
,a;;Tac;,0-(xqA— A )T - '.

la l= t  (X •

3) We have

lo0cli‹aR-K-IP+,11,1,1{0-q')/(4—i")-i-1,1)(1±113+ yi)

"q - ci')/(2q - q')--1Y111fi y !10 N0 - (X qA )1<aR - IPEY1
11/

w ith som e a, R > 0 f o r  I e Z  +, fi' y  Z ' i f  x '  <6(8 sin 12 .
1 In1 I- " ( 2 " ' ) and

(y, ii) satisfies the condition (2).

Pro o f . We only have to prove 3). From (59) it follows that

CI1,1) = (5K,OX q i1-1 (X , y, Ct1,2) =

= 1n  
a
 (17 - ("- - q")/(2 q- q. )) fxq'a01)(x, y, 0+ao,o(x, .Y)}(2,1) 

_ a t v ,--(q— g')/(2q— q . ) ‘  a  . .€ 1 1C[2 ,2 ) = 1 v i i )  a y , {„-k 42(x, y, ) + a 1 0 (x , y ) }

x (q-q . )/(2q-(r)q,

(59) is a consequence of direct calculation.

Let us define X E C  by

)0c = 2(e s in  79 - 1 q7'/ ( 2 q- q") exp  .\/ 1  (o + 0  +  7r )12 q +1
o 

2 2q — q' •

Q. E. D.

If (y , ti) satisfies the condition (2), it follows that (X', y, OE Oh,, U S25.
Now for some holomorphic function f ( x ,  y, ti) defined at (X, 5, , f i) , where

and t) are some points of C ", we define ;,,fi (.°x, y, 17), e Z + , OEC Z ,  by

Y, 17)= [e iy af(x ,

Since Y± , K(x; y, ti), K  e Z + , satisfy (58)± , K at x= X, we obtain
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u +,K \ 
+ 1 + E

_ a c , (c ) . a a ( y +
j I+J+121=K n i"

- E ,a;,,(y - +-1
J

) .„ e Œ ry ( x q n ) ,YJ+1a1=1: CX •

(60) - , K ( i  + 0 0 7 — ' 9  i ± i =  E  - - ï -(1'46 (X q  /1 ) FO ;(Y
J+121=K Ce •

— E ,..7,i0;`,(Y - -1) ; -8 ; ( 0 ) ;
,

i+J-1-15,1=K X.

for K , j e Z + . Now we can prove the following lemma directly from 3) of Lemma
10:

Lemma 11. I f  'x i <6(v sin  7 r  )  i l q i  
1 - 1 1 ( 2 q — g ' )  an d  th at  (y , n )  satisf ies the

12
condition (2), then we have

E sin n/12 ) i R-K-1R-Pyli ir- )—K-171)
6

x(K-F1/3+y1)!,

10/3A 0 .( x q A ) i is i n  n/12
6 A Ilnii{( " . " / (2 " ') - IY I )

1/3 ±Yi!

with some a, R>0 f o r K , j e  Z + , /3, ye Z .

Now we have the following

Proposition 9. A ssum e th a t  lx1<6(v sin )-111111-11(2 " ' )  an d  th at  (.3), n)12
satisfies the condition (2). Then there exist 2 x 2 m atrices (y±,K ,

)
0 ,  y , K, k,

j e  Z + , such that 
( y ± , x , k ) i = 0  if  K <k, and that

( y± ./ ..)i=  E•  y t )
k=0

1,40),;( y±,E,k) i i E sin n/12 y R T 2K-ifi+y i(6 /Rok
5

x 11/11- K + k -  + i l (2 " ' ) ( K — k + fl Y i ) !M

j
x (clri,10-1-q,)/(2q-q,))

1=0

x exp {1n 1(q-l-q')/(2q-q')}

with some C, R, >0 f or K , k , je  Z + , fl, ye Z .

P ro o f . If j=0, this is nothing but Proposition 4. Assume that j.,>. 1 and that
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there exist 2 x 2 matrices (y±,K,0 J,9) K , k  e Z +, k <K, <j —1, such that (61)., and
(62); . are valid. Let us define (y±,K ,k)i

y + , K , k ) i =  I 1  5 a / a +  K  k

j ' + j " = j - 1

_ E
J-I-Ia

4a :  y+
1

,1C,k1 
.1

O
k

cta l x q  A\
ry I I lk "  Y1=K • •

f+.1"=.1=1

(y—,K,k) i = _1
71 E o c 4 6 . ( x q  A) i ,a; ( y
J 1 OE •

—  E  —0Œ(y-,J,k) - N o )t  Y1 J Y J •
I+ J + Ia 1 = K  •
F

Then (61);  and (62) ; are direct consequences of (61)1., (62)i ., — 1, and Lemma 10.
Q. E. D.

y  - - 1Corollary. I f lx —  < 4(e sin  irii " 2 '
q ' )  , the power series12

y±,K ,k (x , y ,E  ( x _ 30i( y±,K, y, ri)
i = 0

converege. We have Y± , '"  = 0  if K <k, and

lo P Y ,Y ± ." 1 < sc R i -2K- Ifl+A(e/Rokit/11 - KA-k-1 ,1 (K— k +ifi +Y1)!

x exp {(C+ 1 )11/11( ' ' ' ' ) " 2 ' ' ) }

with some C, R 1 >0 f o r K, k E Z ,  f i ,  y e

Now we have the following

Proposition 10. There exist 2 x 2 matrices Z ".k (x , y , pi) such that

(63) 101;00;,z w l < c f f i -2 K- 0 +71(ei RokInil - K+k- iyru c+ k  +113 +YD!

x exp {(C+ 1 )11/11- ( g - l - q . ) / ( 2 q - , i ' l

with some C, R 1 >0 f or K, k E Z ,  fi , y e Z !  on Q .  H e re  C and R, do not depend
on e > 0 .  Furthermore, we have  Z ± , = 0  if  K<k, and

(64) u±,K = E z ± , K, k (= E u± , x.k)
k=0 k=0

on QA,, n Q .  T h u s  U± , K satisfy  (17)± , K and (18)" also on Q .

Pro o f . We define Z±.", K , ke Z + , py

E  _1 aT T -ip y +,J,k5 z— ,K , k  =
J+ 1 4 t1 = K  Œ. I
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Since Ix — )°c1 <4(8 sin —

12
n  )  I kill - 1 1 ( 2 ' g ' ) o n  Q ,  (63) follows directly from Corol-

lary of Proposition 9. It is easy to see that Z± , K, ' ---.0 if K < k .  Now let us remark

th a t  E Y ± . "  satisfy (17)± , K and  th a t  E  y±,K,k(k ,  y , G) =  y ,  1,1‘. Thus
k=0 k=0

) 

we obtain (64). Q. E. D.

This means that U± , K, K e Z + , satisfy analogous conditions as Proposition 4
also o n  52i, th is tim e U± , K, k, K, k e Z 4 rep laced  by  Z w .  We define U± on

u in by ( 5 6 ) .  Then arguing just in the same way as Proposition 8, U±(x, y , ry)
satisfy (54)±, (55), and the following (53)' on Q 1 u

(53)' I U± (x, y, PIA< C, exp )/(2q-q')}

Thus we have proved 10 of M ain Lemma.

§ 6. Construction of E(x, y, 7)).

In this section we construct a  2 x 2 diagonal matrix E(x, y , n) mentioned in 2'
of M ain L em m a. Let us define 0,,(x, y , n), v=1, 2, by

.11, 11+  r y (T9 (x, Y, 0 = 0

(To Y, n)=0.

These problems are easy to solve and we obtain holomorphic functions Cp. (x, y , ri)
defined on (10), homogeneous of degree 1 in n. It is easy to see that

(pv(x, y)n1=[(6,(x, 11, 11)]„' =o+ Y in', v=1, 2 .

We have written E(x, y , 1) in  the  form E(x, y,n)=E 0 (x, y , ry)Ei (x, y , ry) in  M ain
L em m a. Now consider 2 x 2 matrices E0 (x, y , ry) and E i (x, y, ri) which satisfy

E0(x, y, ri)
=exp / 01(x, y, 11)

 4 5 2(x, y, n ) ) '

El(x, Y , n)=E(x , y, n)(Eax , y, n)) - l•

Now let us construct Er 1 (x, y , ti). At first we prepare the following lemma which
we can prove just in the same way as Lemma 5 of Uchikoshi [8]:

Lemma 1 2 .  Let a e Z!1_ and k E  Z ,  satisfy  0 < k  loci. Then there ex ist 2 x 2
matrices F6, k(x, y , n) holomorphic on (10) which satisfy

laprEg ,ki<aR -21 "1-1 P+71(Elni1) 1- 111 -1 Y1(k+Ifi+Y1)!

with some a, R >0  on (10),

  

v i f

v  Ecc,kE_ Ect,0 =
!...• 0 0, 0

Yk = - 0

        

a  -
ay i (p2
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Now let us consider the following equations (65)", K e  Z ,:

(65)" axEf E tin, 02,+flo- (xq A)Eg , k F.:-; =O.
J+Ia+131=K

k-1-1fil#0

We have the following

Proposition 11. There ex ist 2 x 2 m atrices Ff , k(x, y, ti), K, ke Z , such that

E f ' k  = 0  if K <k, E K e Z ,  satisfy (65)", and that
k=0

(66)" <CRT2K-1Y+61(e11111)K-k11711-K-161(k +1Y + 6 D!

with some C, R > 0 f or K, k e Z„, y, 6 E Z'4_ on (10).

P ro o f . At first we remark that in the right-hand side of (65)", we have J<K— 1.
In fact, if J  K , we m ust have = J3 = 0, thus k < = 0, and it follows that k +1131=0.
Thus we can solve (65)" by induction on K=0, 1, 2,....

If K =0 , it is enough to take E? , ° = /2 . Assume that K I ,  and  that we have
already constructed EN for 0<j<J<K—  1. We define f , k, 0 <  <  K, by

krK, = 1 E aa+,90-(xqA)E,ieflEJ-idx}.E, 1 n tR I o y  1
0 { J+Ia-1-131=K — • r- •

1-1-1/31 0

K
It is easy to see that _-g f , k =0 if K< Vk, and that , '  =  E Efk satisfies (6 5 )" . We

k=0
can prove (66)" using (66)J, J.< K —1, and Lem m a 12. Q. E. D.

Corollary. We have

k-iy1(K+Ifi+YI)leM,Efi<cR -12K- 1 0 - ,1 11711- !  exp fe

on (10).
00

Now let us define E i (x, y, ti) b y  E1 —  E  E f on (10). Then it is easy to see
K=0

that E(x, y, 7)= E0(x, Y, 1(x, Y, 17) satisfies

1
axE— E  E

j= 0

on (10). Since we have

02(x, .0 — Y1/1111, IrP2(x, Y, 11)1‹
j=2

on (10), arguing just in the same way as Proposition 8 we can verify that E(x, y,
satisfies the requirements of Main Lemma.
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