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§ 1. Introduction.

In  th is w ork w e shall deal w ith  the C auchy problem

( 1 )

i.„

{

u„ = E (a i ;  (t, x) u x  i ) „,

u(0, x) =y 9 (x)
u(0, x )= 0 (x )

on x[O, T]

(ai ; =a ; i )

under the w eak  hyperbolicity condition
1. n

( 2 ) E ai ;  (t, x)e i e ; „>. 0 V C R " .

W e sh a ll sa y  th a t p ro b lem  ( 1 ) is  w e ll-p o sed  in  some space g : of
functions o r  functionals o n  R " if  fo r  a n y  0, 0 in  g-  it  ad m its  one and
only one solution u in  CIAO, T],

It is know n (see [2 ] )  that the weakly hyperbolic equation u„=a(t)u„
m ay be not w ell-posed in  C- ,  even  i f  a(t) C " (  [O , T ]) ; therefore, we
shall study problem  ( 1 ) in  th e  Gevrey classes ri.

W e shall prove th e  following

Theorem 1. L e t u s  consider problem  (  1  )  u n d er the hypothesis ( 2 ) .
Let us suppose that the coefficients a ( t ,  x )  f u lf i l l  the follow ing conditions:

i ) T here ex ists a a „>-.1 such  that, V  K cit 1, the mapping
Lne [ ai ; (t, x )e i e; ]'/a

is  a continuous m apping from  the sphere S"= te eRn : C I =11 into the space
B V ([0, T]; L - (10).

i i )  eK cR ',' there ex ist som e positive constants A K, A K such that

( 3 ) L .  u o < A K
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j. e. coefficients a ( t ,  x )  belong to 7101(R „n) , uniform ly  w ith respect to  t.
Then, problem  ( 1  ) is w ell-posed in TIT, provided that

( 4 ) 1< s< 1-FT6

L et us briefly comment upon this theorem.
F irst o f  a l l ,  w e  observe th a t th e  hypothesis i ) is  equ ivalen t to  the

following one :
i') There exists a  sequence of m atrices a (t, x )  in  C i(R 'xi x  [0 , T ]) ,

strictly positive defined and equibounded from  above, such that 4! ) —÷
in  L1 ( [0 , T], LT, c )  a s  h — c o00 an d , e K c

( 5  )

with

( 6 )
13T

)2e2 ) ( t ) d t<  M k ‹+  C C )
.

(T his equivalence is a  consequence o f th e  fac t th a t a  function f(t, x )
BV ([0 , T ]; (R I ) )  m ay be approxim ated by a  sequence o f functions
P h ) (t, x )  belonging to C1 ( [0 , T ]; L 's  (R n ) such that

CT

liatf (h)(t, X)11 1 , 0 0 0 , 1,) d t< M < H -  co ) .
o

A s fa r a s  w e know , the hypothesis i )  has not been considered up to
now in  th e  theory o f hyperbolic equations ; therefore, we shall illustrate
it by m eans of some examples.

Example 1. If ai i (t, x)=b(t) • c i i ( x ) ,  with

( 7 ) b(t) >0 , b (t) EC k."([0 , T ])
1,n

and  0 < E ci i (x) i e.,<A le 12, then a1 ; v e r ify  th e  hypothesis i )  w ith  a=k+
a .

T his is  an  immediate consequence of the fact that, if  b (t) verifies ( 7 ),
th en  [b ( t ) ] - .E B V  ( [0 ,  T ] )  (see Lem m a 1 o f [1 ]).

Example 2. If x) EC La ([0 , T ]) un ifo rm ly w ith  respect to  x,
then a,; (t, x ) verify th e  hypothesis i )  with o=1d-a.

This is  a  consequence of the following

Lemma 1. Let f  ( t )  be a non-negative function belonging to CLa T ]) .
T hen [ f(t)]i+a is  a Lipschitz continuous function; moreover

( 8 ) lif(t)i+ail (1+a) ‹C l i f ( t )1 1  1  a0, TD C • - 0,C0 ' 1 TD

where C is  a constant depending only on a.

n
sup I a, (E ag9 (t, x) e j e ) 1 1 6 1i

i,j
= riih) (t).L, (K)
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L et u s consider for the m om ent Lem m a 1  a s  though it was proved ;
we get that

1,n 1
I a, E ai i (t, e,e;} 1+al M < Co ;

SO, a q  verify hypothesis i') (and , therefore, i ) )  w i t h  = 1 + a.
W e point out that, in  general, if  a, 5 ( t ,  x )  belong to C0 ( [0, T ]), k 2,

uniform ly with respect to  x , then a13 v e r ify  the hypothesis i )  with u = 2.
For example, the function a(t, x) = (t — x) 2 i s  an  holomorphic function,

but it verifies hypothesis i )  on ly for s o 2 .
O n the other hand, there are coefficients discontinuous in  t  that verify

hypothesis i )  for la rger v a lu e s  o f  ;  th is m eans that, in  general, there is
no connection between hypothesis i )  and h igh order regularity in  t  of the
coefficients.

N ow, for the sake o f completeness, le t  u s  prove lem m a 1 ;  this proof
is  an adaptation to  our case of a technique due to G . G laeser (see  [3]) .

Proof o f  lemma 1. L e t u s  extend f  ( t )  to  a  function f ( t)  : R  —  R +
such that f  (t) =f (t) for t [0 , T ]  a n d  111 (t) Ilo,a( R ) =Ilf(t) II

T he mean value theorem gives us

f ( t) (to) +I' (e)(t—to) =
= ‘f (4) +Jr' (4) (t —to + (e) (t0)] (t —to)

where is  a  po in t between t  and  t0 .
Using th e  holder continuity of f '  we get

( 9 ) 0 <f ( t)  <f ( t o ) + J ' (t0) (t —to) +k  It —41 1 +a

T h e  function y (x )  =k Ix li+a +f ' x (tO  i s  a  convex real function
whose m inimum value is

min y (x) =f (to) —kar If (to) I 
xeR k(1  + a )i

According to (  9  )  we get

( 10) ktyl- ( t o )
1 + a) J

-11+ci 
< f i t . )k ( 

Now ( 8 )  i s  an  immediate consequence o f  (10) III

Example 3. L et n = 1 ; then problem ( 1) becom es

u t t = (a (t, x) u)
u(0, x)=-w(x)
ut (0, x) =0(x)

on x [0 , T ]

 

Let a (t, x) = [a(t, x) ] , (r..>, 1 , w here a ( t ,  x )  is  a  non-negative function
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in (Rx  x [0 , T ] ) .  Then it is obvious that a( t ,  x )  fulfilles hypothesis i).

Let us return to  problem  ( 1). O n  th e  ground o f theorem 1, we see
that problem  ( 1 ) m ay be well-posed also in the Gevrey classes rf,',.) with
s 2, provided that the coefficients a ( t ,  x )  fulfill hypothesis i) w ith a 2 ;
in  order to  ob tain  resu lts o f th is  k in d , the absence in problem ( 1 )  o f
low er order term s of the fo rm  b ,( t ,  x ) u ,  i s  essential, since, as it's w ell
known, the very simple equation u„=11 is not well-posed in r2 for

Theorem  1 m ay be also regarded as an extension of previous results,
p roved  i n  [ 1 ] ,  concern ing w eakly hyperbo lic equations o f  th e  form

1 ,n

t = E a ( t ) u , .
Moreover, a class o f counterexamples in [1 ], §4 , shows that, in general,

the results of theorem 1 cannot be improved, in the sense that there exist
a ( t )  in C " ( [0 ,  T ])  (and, therefore, fulfilling hypothesis i) w ith o-= k + a ;
see example 1  here above and lemma 1 o f [ 1 ] )  and ço (x ), 0 (x ) belonging

k+a to ri( o' ) ,  for an y  s> 1+
2
f o r  which the Cauchy problem

{

u „=a(t)u on x[O, T]
u(0, x) =w(x)
ut (0, x) =0(x)

is  no t solvable in the space of distributions.
W e rem ark that the case s = 1  (i. e . the well-posedness of problem ( 1 )

in the space of the real analytic functions) has been treated by the author
in  [ 4 ] ,  w h ere  th eo rem  1  w as p ro v ed  u n d er the so le  hypothesis ii)
therefore, in the present w ork w e shall alw ays suppose that s>1.

F inally, w e point out that rem ark 2 is devoted to a comparison among
o u r  re su lts  and the resu lts  o f  T .  N ishitani, w ho recently has studied
problem ( 1 )  w i t h  the addition of low er order term s, obtain ing certain
results o f well-posedness i n  r i ,  b o th  in the case of strict hyperbolicity
and w eak hyperbo licity (see [6]).

In  th is rem ark w e briefly show how, adopting our techniques, we are
able to  re-obtain  the resu lts o f T . N ishitani under less restrictive hypo-
theses.

Notations. — for real s?:.1, is  the t. r .  s . of Gevrey functions on
IV  o f order s, i.  e . the C-  functions f ( x )  verifying

ID"f  (x ) < A K A lt ( (a  ID ' V  x  EK , V  a E N '

for an y  compact subset Kc R '.
When s = i ,  riol coincides with the space of the real analytic functions
on R .

—  r ,  for rea l s> 1 , is  the t. r .  s .  o f G evrey functions on R n o f  order
s  having compact support.
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— (Too) ) '  i s  th e  dual space o f 7.,;‘), i. e .  i t  i s  th e  t. v . s . o f th e  Gevrey
ultradistributions of order s  on R .

—  .17 ([0, T], T O  is  the t. v. s. of the measurable functions f  (t, x ), defined
o n  [ 0 ,  T ] X IC , w hich , fo r a n y  t ,  b elo n g  to  T10),( M ) ,  uniformly with
respect to  t; this simply means that

1-/Y:f (t, x ) I <A K A 't ( la I!)s e t E [O ,  T ],  b x E K ,  ea E N "

for an y  compact subset K c

— C1.1 ( [0 , T ], rg),.) is the space of the functions u: [0, T] - - > belonging
to  C '( [0 , T], ,  whose second derivative belongs to L -  ([0, 712) •

— F o r a n y  m u lti-index  a  E N ,  w e sh a ll d en o te  b y  D a th e  operator

(aaxiY1 • • • ( Tnax„ •  
T h e sym bol D a  will not involve derivatives w ith

respect to  t.
W e shall often use u„ u x i in stead  o f ai u, a, u.

§  2 . The energy inequalities.

Let us consider problem (  1  )  with go, be , s> 1. (see the Introduction
for the case s = 1 ).

O w in g  to  th e  fin ite  sp eed  o f p ropagation  o f the  so lu tion , w e can
suppose that go, ç E y ' )  a n d  that, consequently, the solution u  w ill have
compact support too.

Therefore, from now on  w e shall suppose that

IDaço (x) + I Dc' ( x )  I +  IDaa, ; (t, x ) <A A lal ( la I!)s
e tE [0 , T ], V  x  R " , Va ENn.

Moreover, in  th is section w e shall suppose that
1,n

(12) E ai ;  (t, x)e i e i > 2Ie 12,  2 > 0 ,  e t ,  X;e ;

(13) a,;(t, x) EC' (it„i x [0, T]).

(These last two hypotheses will be removed in  th e  next section).
T h e  m atrix  a, ; ( t ,  x )  fu lfilles hypothesis i )  o f  theorem  1; therefore,

taking into account (1 2 )  a n d  (1 3 ), we get

(14) sup

 

1.n

at (  E x )  e ,E3)

 

< p" (t)
I:- (RI)

 

1,nLE a, (t, x)

      

with

(15) p(t) =St ( s ) d s <M <+ 00 V  t E[0, T].
0
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W e exp lic itly  rem ark  th a t the constan t M  i n  (1 5 ) depends neither
on the constant A  i n  (1 2 )  n o r o n  th e  hypothesis (13), b u t it depends
on ly on  the hypothesis i )  of theorem 1.

It 's  a  well known fact that problem  ( 1  ), under the additional hypo-
theses (1 2 )  a n d  (1 3 ) , m aintain ing th e  hypothesis i i )  of theorem  1, is
well-posed in  TV (one can  u se , w ith  sligh t modifications, the technique
exposed in  [5] ); now, th e  purpose o f th is  section is  to  o b ta in  a  system
of energy inequalities for the solution u  (t, x ) of ( 1 ) an d  its derivatives,
in  such a  way these inequalities does not depend on hypotheses (12) and
(13).

For th is end, we define, for a n y  h E N , h >1 ,

1,n
(16) E ( t )  =  E  {S LE x) + r), (h, 2) h - 6 6,5 ) Dau„(t x )Dau i  (t 9

 x ) +
lai =h - 1 .

z

+h2(D au(t, x )) 2 + (Dau t ( t, x )) 2]clx}

where

i =j ; ) 7 c ( h ,  A )  /  1 h - 6 >2
0  i \ o  I r a <

B y derivation  o f  problem ( 1 ) , w e  g e t  th a t  D 'u  solves the following
equation :

1,n

(17) D au„= E
1,n

+ E  E
k<a

Dkaii(D 
a+e—k 

u).k  
)

1.n± E  E  ( a + e i) D k aii(D a + e i  k U )  x  +
i , j  k<a-l-n. k i

111=2
i,n a+ e •+  E  E ') P a u  ( D a  e i  k U )
i , j  k a -1-e. k xi

ikia3'

where a -Fe i i s  the m ulti-index (a 1, ,  a i + 1 , . . . ,  an).
Now, let's derive (16) with respect to t .  Taking into account (17) and

the fact that u  has compact support, we obtain

1,n

(18) 2 E 1  (t)E;, (t) =  E  {S ( E atai i Dau Dau )dx  +x i x
lai =1-1 i

1,n
+ 2)7,,(h, ( E Daux i Dautx )dx +

i

±2h2S (Dan. Dau t) dx +

"  (  a ka + e i – k
+2 [D a n ,  • E D a u (D u)xi]clx+

k a k
kI =1
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Dkai i  (Da +  e i - k  11) x i d X+ 2  [Dau, • E ( c e  e
RP

x' k<a+ei
k1=2

(cr e+ 2 S  Pau, • E  E ) D k ( D
a + e i— k

 u) x ]dx} .
k< a+ e• i,jkiki>3

Let's exam ine in  deta il every single addendum in  th is sum.
From the inequality

i nE a ,a,; Dau Dau )dx  I <xix i
l q  1 , j

1,n 1,n

I E atauDaux.Daux. I • E (au+ Y (h, 2)h - ca,i )Daux  Daux

<S i nJ

 

i n dx
( E  ai i Dau

i
 Dau i / —

)1 -1 / a .
 ( h — °

(  n a „  
xi

)
/

2)1/a
x x

LTi

it fo llow s, taking into account (14 ), that

1,n
(19) E I (  E  a taiiDaux i Daux .)dx 1<hp' (t) ET (t)

la i =h-1R , j

M oreover, we easily obtain
1,n(20) E  222, (h,2)h - aS (  E Daux i Dau( x i )dx <

lal =h-1 R i

a 1,n
<27 „,(h, 2) h - E  ( S  h- a E (Daux i ) 2dx) 1 12 • (S

i
E(Dau,i)2dx)112<

la l= h -1

<27)0 (h, 2)h E,,(t)E h + i (t) ;

(21) E  2h2 S (Dau • Dau,)dx<

< 2 h  E (S (hDau) 2dx) 1/2 •  ( ( D œ l i t ) 2 d X ) 2 - ‹  2 h E (t) .

1,n a

T h e  te rm  25 [D a u ,•  E E (  
) / Y a u (D

a + e

i
- k

u) x i ]d x  w ill b e  e s tim a ted
Rn k aktki =1

using a  lemma, concerning th e  non-negative defined matrices, due to O.
A . O le in ik  ( [7 ] ,  [8 ] ) ,  according to which for any function v EC 2 (Rn)

i n 1,n

i ,j i,i.h h h(  E a. kaii vx,x) 2 .<  c, E  a i i vx  x .vx  x .

the constant C , depending only on the second derivatives (with respect to
x )  of the functions a,1 .

H aving this lem m a in  m ind , we get

(22) E  2 [Dau t • E ( )  Dka,; (Da- ku) x x  i ]dx <
lal =h-1 k 5 a  i . j k

lk 1=1

( 2  E (S (Dau,) 2dx) 1/2 . nCi llE h (t)<2nC i h.E1,(t).
tal=h-1
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Moreover, we easily obtain
1,n(23) E  2S [Dau, • E  E (

a + e
'
)

D kai ; (D a ÷ ' - k u) x i ]dx <2C 2hEl(t)
lal=h - 1 177, k <a+e; i,j k1141=2

the constant C, depending only on  the second derivatives (w ith  respect
to  x )  of the functions a 1 ;

(24) E  2S [Dau, • E e') D 'a i ; (D a ± '`  kit) x j ]dx  <
1.1=h-1 Rn k ‘a+e i i ,1

AAPI.)!' h „ ,
h +2 — v  v )12J h+2—v 3 <v <h

a Iw here w e used (11) an d  th e  in equa lity  ( <  te l ) „ a  f i  being tw o
multi-indexes of order n.

Taking into account the inequalities from  (19) to  (24), we get

(25) E ( t )  <  ( P '
 2
( t )   + 1 + nC C 2)hE h (t) +

+ ( h ,  2 )h Eh+i(t)

where the last term r only h >
If we define

a  ±
p  eAa (-11 ) Aifh-2 1+h  3

-2  )  Is  Eid-2(t)
p  

(26) p (t)—  
 p(t)  + (1 d-nC2 +C2)t2

w e  c a n  w r it e  t h e  system  o f  d ifferen tia l in equalities (25) u n d e r  the
following form:

(27) E ( t )  < it' ( 0 E 1 (t) + E 2 (t)

E (t)  <2 ,e" (0E 2 (0  +2 -  f E ,( t )

E ( t)  <3  I" (t) E3 ( t )  +3  f  E +A  A '  6 s  E 2 (t)

E h ( t )  hp' ( t )  E  h ( t) h ,  2 ) h  c; Eh+i(t) +
A h (

1=0 ) j  +  2

•-• E i + 2 ( t )

S o , w e  h a v e  obtained a  system  (o f  in fin ite  d im ension ) o f energy
inequalities, to m anage which we need som e very simple lemmas.

Lemma 2. F or a n y  h, j  EN , j <h  —2, and for a n y  s > 1, the fo l low in g
in equa lity  is true:

(28) h  (h —j) P(j+2) !s j  + 2) ( e oh-i
h!' (j +2)
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Proof.
It's  tr iv ia l that

(29) 1  ( h ( j  + 1 ) h ! h  V
j+2 (  j  + 2 )  ! ( h  —  j ) ! '‹  ( i + 1  ' U  +2 )'

(30) (h (j +2) !s (h —j —2) !s j +2) !s (h — j)2s < /  h  \ - - •  s ) h

h!' h!' + 2  )  ( e  

From  (29) a n d  (3 0 ) we obtain
(i j++2)2) !s ( j  + 1 )  G  h 2)1-s 

(e s ) " < ( j  + 2 )  ( e s ) "  I I

Lemma 3. L et 3 > 0 , p, q ER+ ,  q > 1 .  The function

y (x) = —qx x eR

satisfies the following estimation:

(31) y (x) < c 5 .p la • q

where Ca i s  a positive constant depending only on 5.

Pro o f . T he proof is t r iv ia l .  We want only to point out that, obviously,
(31) is no t the best estimation for y (x ) ,  but it  is  the most convenient for
our purposes. •

Let us return to system  ( 2 7 ) .  W e want to obtain an  a  p rio ri estimate
regarding the functions E h (t).

First o f  a ll, w e rem ark  that, tak ing in to  account (11) a n d  (1 6 ), we
hay e

(32) E,(0) < A (eA )hh!'

where A i s  a constant depending only on  A  an d  o n  th e  measure of the
support of ço and  O.

N o w , le t u s  define

a  h ( t )  —  e
-"o)Eh(t)

Bhh!'
where B  is  a positive constant that w e'll determ ine later.

W e recall that, being 1< s < 1 + ±
'
 w e can  w rite2  

(34) s=-1+ — 6

where 5>0.
Taking into account (27), (33) an d  (34), we easily obtain the following

system of integral inequalities:

(35) ah (t) a h (0) — 2hÇ (v)ah(v)dv

(33)
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+ 2s Bva (h, 2) h' - 'St e3P0 ') a h+ i(v) dv

▪ A B 2 h  (  h  ( h  — i) ! s (i + 2 )  s  (A  Y - T e - 3 ( h- j - 2 ) #(' ) a; „(v)dv
) h!' (j +2) • Jo

V h E N

L em m a 2  a llo w s u s to transform  th e  sy s tem  (3 5 ) in to  th e  simpler
system

(36) ah(t) ah(0) —211 t
o p' M a h (c)dv

+2s Br c (h, 2) 1211 9 e3P(v) a h+i(v) dc
Aes AB2 )h- ( j +2)5 ' a ,(v) do \7'h N=0 B

where the last expression appears (as w ell a s  in  (3 5 ) )  only if h> 3.
N ow , let us define

(37) ISM  =  h a h (t)

T his series is well defined, the functions a h ( t )  being positive . Taking
into account (36), we obtain

(38) 18(0 <1.9 (0) +
EA- 1 / 0

3
o [  h (v) + 2s Be 3P(') (h —1) ( ' - ' ) ]a h (v)dv

+  E  [  —hp' (o) AesAB2h E   ]ah(v)dv
h>1 0 P>3 D

(there is no  problem in  grouping the terms o f (3 6 ) in  th is w ay, because
the first sum  is extended only to a  finite number of addenda).

Now we must estimate the expressions

(39) (o) ± 2s Be3P( ' ) (h —1) ( 1 - 5 );

i 3 B(40) —hg' (o) AB2h (Aes

By lem m a 3 w e get

(41) (v) +2 8 Bew") (h —1) ('-') <
3 „  3

< C as Be 6  P '" ' • —
3 

(v) =- 0(v)3

where O (v ) is  a positive function such that

(42) 0,(t) = St O',(v)dv = -1
3  C h2s B[e÷ t ) —1].

0

A s regards (40 ), w e observe th at g (v ) >1, while

(43) AB2 E  A e '  y _  AA 3e" E  A es  y
B B /B
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therefore, a s  w e can  a lw ays suppose that A l1 and A l,1, choosing

(44) B=2AA3e"

E  A e Pwe im m ediately obtain that AB' s   ) < 1 .  T his means that
» 3  B

E s .(45) —hp' (v) A B 2h Ae)1' < 0
p>3 B  I

Substituting (41) a n d  (45) in to  (38), we get

(46) P(t)<P(0)+Vot9(v)13(v)du

from which, using the Gronwall lemma, we obtain

(47) < p(o) • e''''(`)

But
-(48) p(o)= h  ah(0 )  = h  E ,(0 )B - hh! - $ <A  Eh  

therefore substituting (48 ) in to  (47) w e have

(49) ah (t)..<  ee5u)h  EN

from which, taking into account (33), we finally derive the following energy
inequalities:

(50) Eh( t) e t°,3(0+31=o »  . B hh t s

We observe th at these  in equalities a r e  independent o f  2  and of the
derivatives w ith  respect to  t  of the coefficients au ; m ore precisely, the
estimations (50 ) depend only on  the following elements:
—the constants A  an d  A  o f  (11) ;
—the measure of the support of the in itia l data ço an d  0:
—the constant M  o f  (15)
—the constant 6  o f  (34);
—some universal constants.

§ 3. Proof of theorem 1.

Existence of the solution L e t  aT  ( t , x )  b e  a  sequence o f  strictly
positive defined m atrices, equibounded from  above, fu lfilling conditions
(1 1 ) a n d  (1 5 )  uniform ly w ith  respect to  v  a n d  such  that aT (t,
au ( t ,  x )  in  L1 ( [0 , T ], ( R ) )

Such a  sequence there always exists (see also the equivalence between
hypothesis i )  a n d  hypothesis i ' )  in  the Introduction) ;  o n e can choose,
for instance,
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+-
(51) a,T (t, x) = L•S a-, 

'
• (t ± s, x)co (vs) ds +1 3, •

0 2) '

where

(52) i x)_ _  a i (t,ao t, x )— / 0••<t<T .
\ a,; (T, x) t> T

+-
(53) w(t) EC - (R,), (0 - .- 0 on (—oc, 0] and on [I, ± 00), and S w(s)ds =1 ;

(54) =< 01i

Let u(v)(t, x )  be the solutions of the problems

1,n
i4f) = E (01)  (t, x) e l)  x i

(55) u(9) (0, x ) = ( x )
/42') (0, x )= 0 (x )

on R'x' x [0, T]

where ço, 0 belong to rp).
From the energy inequalities (50), w e ge t th a t the seq u en ce  W I is

bounded i n  C '([0 , T ], rP )) ; therefore, there exists a  subsequence, that
we shall denote again by  t u } ,  such  that

(56) u(y)--->  u  i n  C ( [0, T], TP ) ) w h e n 00.

Now, being u( v) solutions of (55), it 's  e a sy  to  se e  th a t th e  function
u (t ,  x ) ,  a s  a  m atter o f fac t, b e lo n g s  to  CL1 ([0 , T ],  Tv)) a n d  solves
problem (1).

Uniqueness of the solution. We have found a solution u ([0 , T ],
r6s) ) of problem  ( 1  ) by m eans of an approximation schem e; now , w e
must prove that th is solution is indeed the on ly  one.

In order to do th is, le t us define u as a solution of the problem

1,n

ft i l l = (ai i  (t, x) ux 1 ) x  i

u(0, x) = 0
u7 (0, x ) =0

E on R'x' x [0, T]

If w e want that problem  (57) makes sense, w e must suppose at least
that u E C U °, T], (r6s ) ) ' ) -  W hat w e w ant to  prove is that u is identically
zero.

Let us consider the "dual" problem

(57)

1,n
V„ E  ((Li ;  (t, x)v..dx,

v (T* , x)
vt (T*, x) = )7(x)

on R'x' x [0, T*]
(58)
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w h ere  T* E [0 ,  T ], )2(x ) E r , ')  a n d  y  i s  a
C1 1 ([0, T ] ,  r,;s)), the existence of a solution
b y  the first part of this proof.

W e  c a n  m u lt ip ly , i n  t h e  duality  <
problem  (57) by y an d  prob lem  (58) by u.

Integrating o n  [0 , T * ] we obtain

so lu tio n  o f (58 ) belonging to
of this ty p e  being guaranteed

, >  between r;s) and (2-Ss))',

(59) Vu„ , v> — <v„, dt = 0

But < L it t ,  v> u>=
=a,(<ui, v>—<u, vi>); therefore we have

(60) ( T *), 0 = 0 .

T he equality  (60) ho lds for any Y)Er6s ) a n d  fo r  a n y  T * E [0 , T ] ; this
means that u, a s  an  element of C( [0, T ],  (nr)'), is  iden tica lly  zero.

Initial data having no compact support. W e have proved theorem 1
for 5), çb E T ;  case o f o , çb Er2 m ay be treated , a s  usual, by m eans
of a partition of un ity, the solution of problem  (1) having finite speed of
propagation . T h is is  a  standard  argument, an d  we'll not repeat it here.

Summing u p , w e  h ave  proved that, fo r a n y  ço, 0E712 problem  (1),
under the hypotheses of theorem  1 , has a  so lu tio n  u EC 1 .1 ( [0 ,  T i ,  712);
th is solution is  u n iq u e  in  C ([0 , T ],  ( f f ) ')

Remark 1. U nder the same assumptions of theorem  1, we can prove,
by m eans o f  a  duality  process, th at p rob lem  (1 ) is  w ell-posed  in (7P ) ) ',

o.the space of the Gevrey ultradistributions of order s< 1± .2
T h is means, in  particu lar, th a t i f  we choose th e  in it ia l d a ta  ço, çb in

some Sobolev space, th e  p rob lem  (1 ) adm its o n e  an d  o n ly  one solution
u ( t , x )  as a Gevrey ultradistribution.

Remark 2. (Equations w ith lower order term s) Recently, T. Nishitani
has studied in  [6 ]  th e  problem

1.n 1.n
u„= E (au (t, x)u x i ) x i +  E bi (t, x)u x i d-c(t, x)u,± d(t, x)u

(61) o n  i-tz x [0, T ]
u (0 , x ) = (x )
u ,(0 , x ) = (x )

H e supposes th a t  a l l  the coefficients b e lo n g  to  r iso), i n  x  (uniformly
with respect to  t ) ,  obtaining the following results:

1,n
S trictly hyperbolic case ( E (t, x)e i e,>11$1 2 ,  2>0) .

If th e  co effic ien ts  a u  (t, x) b e lo n g  to  C ° ." ([0 , T ] ) ,  uniform ly with
respect to  x , then problem  (61) is w ell-posed in  r ,(2, provided that
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1 1<s < 1—a
1,n

W eakly hyperbolic case ( E a1 ( t , x)e,e;  O ) .

If the coefficients aq  (t, x ) belong to Ck." ([0, T ] )  w ith  k = 0  or k =1,
uniform ly w ith  respect to  x ,  then  prob lem  (61 ) is  w e ll-p o sed  i n  it,
provided that

(63) 1 k ± a
< s < 1 + < 22

Now, w e w ant briefly to  show how, adopting our techniques, w e can
obtain these results under less restrictive hypotheses regarding the coeffi-
cients a,; (t, x).

M ore precisely, we state the following results :
S trictly hyperbolic case

If the coefficients a,; (t, x ) verify the following condition
—

(64) Hai; (t +7, x) a , ; (t, x)11 „dt < K r a ,  0 < a< 1
0 L  (1 ? )

then problem (61) is well-posed in  a, provided that (62) holds, i. e.

1 1< s < 1—a

W eakly hyperbolic case
If the coefficients a,;  (t, x ) v e r ify  (64), then  prob lem  (61 ) is  w e ll-

posed in  rios)„ provided that

(65) 1< s < 1 +

if the coefficients aq  (t, x ) verify hypothesis i )  of theorem 1 with 1 <o<2,
then problem  (61) is well-posed in  712, provided that

(66) 1< s < 1 ± - < 2 .

It's  c lear th a t (64) is w eaker than the hypothesis of holder-continuity
o f  o rder a  w ith  respect to  t, w hile hypothesis i )  o f  theorem  1  with
1 < o.< 2  is  w eaker th an  th e  hypothesis o f continuity o f  o rder C1.a  with
respect to  t  (see exam ple 2  of the Introduction).

In  order to  re-obtain  th e  results o f  [6 ]  under these hypotheses, we
can adopt our scheme of "approximated energies" that we have developed
through this work.

T o  do this, we shall define

776

(62)

(67) x) --=< a u ( t '  x )
(T , x)
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+
(68) aPP(t, x) =

-
±s)o)(hs)ds

0
where w ( t )  is defined in  (53) .

W e point out that, when hypothesis (64 ) holds, the matrices au (t, x )
satisfy the following estimations :

(69) To ataT (t, x) IL ( R 7 r ) dt<1?111 - - a ;

(70)
sT

11(4 )  (t (t,0 x)II L  (R ) dt<

Now, in the strict hyperbolic case we'll adopt the energies
1.n (  —a

(71) (t) =  E
Ipi=h-1

(t,(t, x )) •

• DPit i (t, x)DPuz i (t, x)

- le (DPu (t, x)) 2 + (DPu i (t, x ))9dx}

In the weak hyperbolic case w e'll adopt the energies
1.n

(72) . .Q ( t )  = E
Rn

[E(4 (t, x) +11 - a5,7 ) •
 j

• DPux i (t, x) DP uz i (t, x)

+112 (DPu(t, x)) 2( t ,  x ) ) 2 ]dx}

if the coeffic ien ts aq  ( t ,  x )  v e r if y  (64) , w h ile  w e 'll ad o p t th e  energies
defined by (16) if the coefficients az ; ( t, x )  verify hypothesis i )  of theorem
1 w ith  1 < u<2 -

T aking in to  account (6 9 ) an d  (70) , w e can  perform  a  proof similar
to the one w e've given for theorem 1, obtaining the results exposed here
above.

W e  f in a lly  rem ark  th a t , in  th e  w eak hyperbo lic  case , our method
works out a lso  in  presence o f lo w er o rder term s, b ecause  w e confine
ourselves to the Gevrey space of order s < 2  (see also  the Introduction) .
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