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Introduction.

Let SO ( n )  be the rotation group endowed with a  biinvariant Rieman-
n ia n  m e tr ic . I n  th is paper w e consider th e  problem of local or global
isometric immersions of SO ( n )  into th e  E uclidean  spaces. For general n
it is  know n  that SO ( n )  can be globally isom etrically im bedded into le,
nam ely th e  canonical im bedding o f SO ( n )  in to  th e  s e t  o f  r e a l  (n, n) -
m atrices ( R " )  is iso m e tr ic  (K o b aya sh i [5 ]). O n  th e  o th er hand,
i n  [1] Agaoka an d  K an ed a  p ro ved  th a t SO ( n )  cannot be isometrically
im m ersed into R i l  4. ( 3 n 2

3 n - 2 [ n / 2 ] - 1  ev en  lo ca lly , b y  ca lcu la tin g  th e  rank of
th e  curvature transform ation of SO (n) . T h is estim ate  is  b est possible
in  the cases  n = 3  an d  n = 4 b ecause  50 (3) a n d  S 0 (4 ) can  b e  lo ca lly
isometrically immersed into R 4 a n d  R 8, respectively (see § 1 ) .  But in the
cases n . 5 ,  t h e  estim ate  i n  [ 1 ]  is n o t  b e s t  possible. T h e  first main
purpose o f th is  p ap er is  to  d e te rm in e  th e  least dimensional Euclidean
space in  which SO ( 5 )  can be locally isometrically immersed.

If SO ( 5 )  is locally isometrically immersed into some Euclidean space,
then the curvature of SO ( 5 )  satisfies the Gauss equation . W e prove that
in  codimension 5 the Gauss equation of SO ( 5 )  does not admit a solution
and  hence SO ( 5 )  cannot be isometrically immersed into R " even locally
(Theorem 2. 1). O n  th e  o th e r h an d , it  is  k n o w n  th a t  th e  universal
covering group Spin ( 5 )  of SO (5 ) is isomorphic to Sp (2 ) a n d  th a t Sp (2)
can be globally isometrically imbedded into R" [ 5 ] .  Therefore combining
these two results, we know the best result on  local isom etric immersions
of SO (5 ) into the E uclidean  spaces. A s  a  corollary o f  Theorem 2. 1 we
can prove that SO ( 5 )  cannot be locally conformally immersed into R".

The second m ain purpose of this paper is to prove th e  uniqueness of
the solution of the Gauss equation of SO (5 )  in  codimension 6 (Theorem
2. 3). The Gauss equation is equivalent to a  system of quadratic equations
and hence it is in  general difficult to prove the uniqueness of the solution
of th is equation . W e prove T heorem  2. 3 by using elem entary facts on
th e  ex te r io r  a lg eb ra . B u t m an y ca lcu la tio n s w ill b e  requ ired  (see  §4).
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As corollaries of this theorem we prove that any local isometric immersion
of S O (5) o r Sp (2 )  into R "  is un iquely determ ined  up  to  th e  Euclidean
transformation of R "  (Corollary 2. 4) and  that SO (5') cannot be g lobally
isometrically immersed into R 1-6 (C oro llary  2 . 5 ).  Finally w e prove that
the non-com pact d u a l sp ace  o f  S O (5 ) cannot be locally isom etrically
immersed into R 1-6 (T heorem  2. 6).

In the case n =6 we can prove that S O(6) cannot be locally isometrically
immersed into /122, using a  similar method developed in  §3. B u t w e do
not know the least dimensional Euclidean space in  w hich S O ( n )  ( n 6 )
can  be locally  (o r globally) isom etrically im m ersed (see §5).

Throughout this paper we always assum e the differentiability o f class
C- .

§  1 . Curvature o f  SO ( n )  and the solutions of the  G auss equation.

We consider th e  L ie  algebra o (n )  as a  tangen t space of S O(n) a t  the
identity element. W e  p u t  V =o (n) an d  X, J =E i ;  —Ep E V  ( i  # j )  where
E, 1 i s  th e  (n , n)-matrix such that the en try  at the i-th row and the j-th
colum n is 1 an d  o ther en tries a re  a l l  z e r o .  T h en  {X, 1 } , , , ; „  forms an
orthonormal base o f V  w ith  respect to  a  biinvariant Riemannian metric
of SO(n).

Since the Riemannian connection of SO(n) is given by 17 Y-=1 /2 [X , Y ]
for left invariant vector fields X  and  Y , the  curvature RE A 2 V *C)V *()V
of S O (n) a t  the identity elem ent is R (X, Y)Z= —1/4. [[X , Y], Z ] E  V for
X, Y , Z E V .  U sing th e  inner product, w e m ay consider th e  curvature

,as  a  symmetric linear map R : 
A 2 v _ A 2 v .

 T h en  b y  an  easy calculation,
th e  curvature transform ation of S O (n ) is  g iv e n  b y ,  u p  t o  a positive
constant,

R(X ikA X ii)=-Ê X p k AXpi
(1. 1) p=

R (X i i  AX„i ) = 0

for distinct i ,  j ,  k  an d  1.
W e  assum e th a t  S O (n )  can  be locally  isom etrically  im m ersed  in to

W e denote by RN  the norm al space o f  S O(n) a t  the identity
elem ent a n d  b y  a :  V  x  V,  R N  th e  s e c o n d  fu n d am en ta l fo rm  of
th is  im m ers io n . T h e n  a  satisfies the G auss equatio n  R (X , Y, Z , W )
=<a(X , Z ), a(Y , W )>— <a(X , W ), a(Y , Z )> fo r X, Y , Z, WE V. W e
f ix  a n  orthonormal b a s e  fe j o f RN  a n d  define symmetric linear
m ap s L i :  V V ( i = l, • • • ,  N )  b y  <L, (X ), Y > = <a (X ,  Y ) ,  ei>  for
X , YE  V. Then the above Gauss equation is equivalent to the equation
R =  Li AL, : Nv---->A2v (cf. [3 ]).

W e now construct solutions of the Gauss equation of S O(n) fo r n._>:3.
W e set 1= {(i„ j 2 , i„ j4) E 2 -4 10<i1<i2<i,<i4.50 . For (i) = (i„ i2 , i3 , i 4 )  E



Isometric immersions of SO (5) 715

we define a  linear m ap L ( I ) : V — '/  by

(i)( X  )P q
0 if { i ,  i 8} c til, i2, i41

sp a r s X, , ,s i f  Up, i is/ — i2 , i3 ,

Proposition 1. 1. ( 1 )  L ( )  i s  a  symmetric linear endomor phism o f  V  for
each (i) E I.

(2) The equality

(1. 2) R = id A id + E  L  A L  ( i )

holds.

Proof. W e  p r o v e  (2 )  o n ly .  T he proof o f  (1 )  is im m ediate an d  left
to the read er. W e sub stitu te  th e  vector o f th e  fo rm  X p , A X „(p , q , r, s
a re  a l l  d istinct) in to  ( 1. 2) . I t  i s  e a s y  t o  s e e  t h a t  (i) = (i,, i 2 , i3 , i,) E I
satisfies L ( ) (Xpg ) AL(i)(X rs) * 0  i f  a n d  o n ly  if • • , i„) = {p , q ,r,s } ,  and
in  th is  case L ( ; ) (X p g ) =s p „ s X „ an d  L (1 ) (X r s ) =s X p g . H ence w e have L ( i )

(Xp,) A L ( i) (X r s ) =s p „, 2X„AX p 8 X p g A X „ .  Therefore ( id A id + E L(i) A
L ( 0 ) (X„,AX,) =Xp q AX„ —X,„AX,.,= 0 =R (X p ,A X )  .  Next we substitute
the vector o f th e  form  X p , A 4 (  p ,  q ,  r  a re  d is tin c t) into (1. 2). T h e n
(i) = (ii, i29 j3 ,  i4 )  E l . sa tisfies  L ( i) (X 8 ) AL (i)( 4 )  * 0  if  an d  o n ly  if fi1,•-•
i41 = q, r, s l  fo r some s ( # p , q, r ) . W e  f ix  su ch  an ( j ) .  T h e n  it  h o ld s
L (1 ) (X 8 ) ---=-Ep , X „  a n d  L ( ,) (Xpr •) rqs q s H en ce  w e  h ave  L(i)(Xpg ) ALci)EP X  •
( X Pr)  E PqrsSPrqsX  rs AXq, =  X „ A X q s =  X „ A X „ .  Therefore ( id A id + E  L(i)

( 1 ) E I

AL (i) (X  p q AX p r ) = X pa AX p r + E . q . X  s q  AX s r
=  E X s g Ax„= R (X p q A xp r ).s o p ,  s-1

q. e. d.

Since 4 n
4 ) ,  th is  proposition im p lies that SO (n) adm its a solution

o f th e  G au ss  eq u a tio n  (a t one point of S O (n)) in codimension+ 14
( n _ 3 )  .  W e rem ark that ( n )±  1  is  sm alle r th an  the codimension of the4
canonical isometric imbedding of SO (n) into R n 2  fo r 3 n_.6.

T he spaces SO (3) an d  SO ( 4 )  a r e  locally  isom etric  to  th e  sphere S3

an d  th e  product o f th e  spheres S 3 x S ' respectively a n d  hence they can
be locally isometrically immersed into R 4 an d  R 8. The universal covering
space of SO (5) is isometric to  S p ( 2 )  an d  b y  K o b ayash i [5 ], S p (2 )  can
be globally isom etrically im bedded into  R " .  H ence S 0 (3) , SO (4) and
SO (5) admit solutions of the Gauss equation in codim ension 1, 2 and 6,
resp ec tiv e ly . B y  a n  easy calcu lation  w e can  verify that, i f  we choose a
suitable orthonormal b ase  o f th e  n o rm al space, these solutions coincide
the ones constructed a s  above.

In  the case n = 5 , w e rewrite the solution of the Gauss equation (1.2)

where ep ,„= sgn
p q r s

( 1  2  3  4 )

. Then we! have
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in  th e  form a :  V x V - - 4 1 6 ( V = (5 ) )  fo r la t e r  u s e .  L e t  ( 6 2 9  
6 12349 e12359

e1245, e1345, e2345) be an orthonormal base of R 6 a n d  we pu t e i j k i =-sgn( i j  k  1

P ) q r  s
ep ,„ for distinct i , j , k , l  ( Then the solution (1 .2 ) is  exp ressed  as :

a (X 13, X, i ) =e,
(1. 3)a  (X i i , Ark i ) —6'1 3 5 1

a ( X i i, X i k ) =0

for distinct i, j, k  an d  1.

§ 2. Statement of results.

In  th is section w e state the m ain results of th is p ap er. T h e  proofs of
Theorems 2. 1, 2. 3 and 2 .6  w ill b e  g iv en  in  §3 an d  §4.

Theorem 2 . 1 . L et R: N V ,  N V  (V  =0(5)) b e  the  curvature trans-
form ation of  SO (5). I f  there ex ist sym m etric linear m aps L, ••-, k)

such that R =E s ,L ,A L , (e ,=1  o r  —1 ) ,  then k 6. I n  particular SO(5)
cannot be isometrically immersed into R "  even locally.

A s a  corollary of this theorem  we have

Corollary 2. 2. S O (S ) cannot be locally  conformally immersed into it- 3.

P ro o f . W e assum e th a t SO(5) can  b e  lo ca lly  conformally immersed
into R" 'N . T hen  by a  result of Moore [7], SO (5) is locally isometrically
immersed into R 1 ,1 1 + N  ,  

where ill.n+ N  i s  the M inkowski space of signature
11+N

+ ,  + 7 ± ) .  L et a  be the second fundamental form of this isometric
im m ersion and let •••, eN+2} b e  a  b a s e  o f  th e  n o rm a l space such
that Ci> =0 ( i # j )  a n d  —<$1, ei>=<E,, E2> = =  <eN 21 e N + 2 > =  1 . We
define sym m etric linear endomorphisms L , (i=1 ,•••, N + 2 )  o f  V  b y  <L,
(X ) ,  Y >=<a(X , Y ) ,  e,>. T h en  th e  G au ss  equation  o f  this isometric

N+2
immersion is expressed in  th e  form : R =  —L1 /\L ,+ E L i AL i . Hence by

i=2
Theorem  2.1 w e have N -I-2  6  and  the corollary is proved. q. e. d.

R em ark. Since the im age of the canonical isometric imbedding of Sp
(2 ) into R"(Kobayashi [5]) is contained in the sphere S "  cR " ,  SO ( 5 )  can
be locally conformally immersed into R ".

Theorem 2 . 3 . A  solution of  the Gauss equation o f  SO(5) in  codimension
6 is  unique up to the action of  0 (6 ) on the norm al space.

R em ark. The last statement in  Theorem 2. 1 follows immediately from
this theorem . In  fact if S 0(5)  ad m its  a solution a of the G auss equation
in  codimension 5, then  by the action of 0 (6 ) it can be expressed in the
form (1 . 3 ). Hence we have dim {a (X , Y) X, YE VI =6, which contradicts
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the assumption.

A s corollaries of Theorem 2. 3 w e have

Corollary 2 .  4 .  L e t  U  b e  a  connected open R iem annian submanzfold of
SO (5) o r  Sp (2 ) and le t f , ,  f ,  be isom etric im m ersions of  U  into R " .  Then
there ex ists a  Euclidean transform ation yi o f  R" such  that 00 f i =

P ro o f .  W e denote by N , the normal bundle of f ,  and let a 6 : T U  x T U
--->N , b e  th e  second fundam ental form  of f,(k  = -1 , 2 ).  W e d efin e  a
bundle isomorphism D: N ,--->N 2 b y  0a,(X , Y ) -.=--a,(X, Y) for X ,  YE T p U
( p E U ) .  W e identify  T U  w i t h  V  i n  a  n a tu ra l way. T h e n  b y  the
uniqueness of the solution of the G auss equation, we m ay consider that
a ,  and  a2 a r e  expressed in  th e  form  (1 . 3 ). Hence 0  is w ell defined and
0 preserves the metrics and the second fundamental forms. Since vectors
of the form a i (X , Y )  (X , YE T p U )  span the normal space of f ,  fo r each
pE U, w e can  app ly T heorem  2  in  Nom izu [8 ] a n d  obtain  th e  desired
result, q. e. d.

Remark. Since th e  canonical isom etric im bedding o f Sp (2) in to  R"
is  para lle l (cf. [10 ] )  , the normal connection 17.1  o f any isometric immersion
o f U( cS0 (5 )  o r  Sp (2)) in to  R " is  g iv e n  b y  Pia (Y ,  Z ) =a(I  ,  Z )
a (Y  , 7' ,Z) =1/2 • fa ( [X ,  Y ] , Z )  a (Y  , [X , 4 ) 1  for left invariant vector
fields X , Y  an d  Z.

Corollary 2 .  5 .  S O (5) cannot be globally  isometrically  immersed into R".

P ro o f .  W e assume that there ex ists a  g lo b a l isometric immersion f :
SO ( 5 )  Then com posing the double covering m ap r :  S p (2 )--- ›
SO(5), w e h av e  an  isometric immersion f o r  of Sp(2) in to  R", which is
not an im bedding. But by Corollary 2. 4 this immersion must be congruent
to the canonical isometric imbedding of S p(2), and  hence a contradiction
follows, q. e. d.

W e rem ark  th at SO(5) can be globally isom etrically im bedded into
R 25, a s  stated in  In troduction . B u t w e do not know whether SO (5) c a n
be globally isom etrically im m ersed in to  a  lower dimensional Euclidean
space.

For non-compact dual space of SO (5) , w e have

Theorem 2 .  6 .  Let SO (5, C )  /SO (5 )  be  the non-com pact dual space of
S O ( 5 ) .  T hen S O (5, C ) /S O (5) cannot be locally  isometrically  immersed into
R16.

§  3 .  Proof of Theorem 2. 1.

I n  th is section we prove Theorem 2. 1. L et X 1, • •, X „ Y „•-• , Y , be
elements o f V( =  o  (5 )). Then using the inner product o f  V , we consider
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E  x i AY,E A 2 V a s  a  skew symmetric linear endom orphism  of V: ( E  Xi Ai=i k i=1
Y i ) Z =  f< X „  Z > Y ; - 0 7

1, Z > X 1  for ZG V .  In  th e  following we denote
i=1

b y  I m (  X i A Y i )  the im age of th is lin ear map.
T he follow ing lem m a is easy to verify (c f. p . 3 5 1  [6 ] ) .

Lemma 3 .  1 .  Let X i , •••, X 5 , Y 1 ) •••, Y , be elements of V.

(1) I f •••, X , ) is linearly  independent and E  x 1 AY 1 =0, th en  Yi ei=1
(X 1 , • • • ,  X ,}  fo r  i --=1 ,•••, k .

(2) I f  dim  (X I , •••, X k ) = k  - 1  and X 1 A Y 1 = 0 ,  then there ex ists Z E

V  such that Y 1 E ( X 1, • • • ,  X k ,  Z ) fo r k.

Now we prove Theorem 2. 1. W e assume that there exist sym m etric
5

linear m aps L , : V V ( i = l ,  • • - ,  5 )  su ch  th a t R = 6,L 1 A L 1
 (6 , = 1  or

- 1 ) .  For X E V  we define a  subspace V (X ) o f V  b y  V ( X )  )L, ( X )  }

T hen w e have

(*) d im  V (X 1 i ) _4 fo r  any  X,.; V  ( i * j ) .

P ro o f .  Suppose th at d im  V( X i ; ) = 5  for some X , J . B y  th e  symmetry
w e m ay assum e th a t d im  V (X 12 )  = 5 .  Then from  the equation 0 =R (X12

5
Ax34) = E 6 1L 1 ( X 1 2 )  A L 1 ( X 3 4 )  and from Lemma 3 . 1  ( 1 )  w e have V(X 3 4 )i=i
V(X 12 ). I n  th e  sam e w ay , from  th e  equation R(X 12 A X 35 ) = 0  w e have
V( X 35 ) c  V( X i 2 ) .  O n  th e  other hand since R (X 3 4 A X 35 )

5
X 2 5  +  X 3 4 A X 3 5  E siLi (X 3 4 ) AL, (x3 5 ) ,  w e  have 1m  R(X 34 A X  3 5 )  -  ( X 1 4 , X 1 5 5

i 1 5

 X 2 5 , X 3 4 , X 3 5 )  TM 6t-LI (x34) A L 1 (X35)) C V  ( X 3 4 )  ±  V ( X 3 5 )  C V  ( X12) •

But th is  is  impossible because d im  )X14, •••, X35) =6 an d  d im  V(X52) =5.
q. e. d.

Next we prove

(**) d im  V(X, i ) ._ 4 fo r  some X i i E V .

P ro o f .  W e  assume th a t  d im  V (X 1.; ) _ 3  fo r a l l  X u E V ( i # j ) .  From
5

th e  eq u a lity  R(X i 2 A X 1 3 ) = X 1 2 AX13+ X2 4 A X 3 4 + X 2 5 A X„--= E ( X12) AL,
(X 53 ) ,  w e have I m  R (X 12A X 13) - 1X 12, X

1 3 , 
X 2 4 9  X 2 5 , X 3 4 , X 3 5 1  V ( X 1 2 )  ±  V

(X 53 ) .  But since dim  V ( X 52 ) 3 a n d  dim V (X 13 ) w e h ave  d im  V (X 12 )
= dim  V (X 13 ) =- 3 a n d  (X 12 , •••, X 35) -= V(X12)CY(X13) (direct su m ). In  th e
same w ay, using the terms R (X 52 A X 14 )  and R (X 52 A X 15 ) ,  w e have V (X 12)
0  V ( X 1 4 )  -  ( X 1 2 ,  X 1 4 ,  X 2 3 ,  X 2 5 ,  X 3 4 ,  X 4 5 )  an d  V(X12)C)V(X15) - ( X 1 2 , X 1 5 , X 2 3 ,

X 2 4 , X 3 5 ,  X 4 5 ) .  H e n c e  w e  have V(X12) c ( X 1 2 ,  X 1 3 ,  X 2 4 ,  X 2 5 ,  X 3 4  X 3 5 )  n {x32,
x 14, x 2 3 , x 2 5 , x 3 4 , x 4 51 n ( x 1 2 , X 1 5 ,  X 2 3 ,  X 2 4 ,  X 3 5 ,  X 4 5 )  -  ( X 1 2 )  ,  which contra-
dicts dim  V (  X12 )  = 3 .  Therefore dim  V( 4  for some X i i E V.
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q. e. d.

From  ( * )  a n d  ( * . )  we know that there exists som e X, J E V  such that
dim V ( X 1 )  = 4 .  B y  th e  sym m etry w e m ay assume that d im  17 (X 52) = 4.

5
Since R (X 12A X 34)= E  EiLi (X 12) A Li(X 34) = 0, there ex ists Y 1 E V  such that
V (X 3 4 ) V (X 12) ( Y }  L e m m a  3 .  1  ( 2 ) ) .  In  th e  sam e way from  the equa-
tion R (X 12 A X 35 )  = 0 , there ex ists Y2 E V  su ch  th a t V (X 35 ) C V(X12) ( 172).
Considering the im age of the linear m ap  R (X 34 A X 35 ) =XLIAXie+ X24AX2e

X 3 4 A  X 3 5 ,  w e  h a v e  ( X 1 4 ,  X 1 5 ,  X24, X 2 5 ,  X 3 4 ,  X 3 5 )  C  V  ( X 3 4 )  +  V ( X 3 5 )  C

(X „) +  (Y1, Y 2). S in ce  d im  V (X 12 ) = 4 and  d im  (X14, •••, X351 =6, it follows
th a t d im  {V(X12) (171, Y2) = 6  a n d  1X14, '", X351 = V(X12) 10 {Y21
(d ire c t  su m ). In  p a rticu la r  w e  have 17 (X 12) c (X14, •-•, X 3 5 ). S im i la r ly
using th e  equalities R (X 12 A  X 34) =R  (X 12A  X  4 5)  = 0 ,  w e can  p ro ve  th a t V
( X 1 2 ) C X 5 5 , X 2 3 ,  X 2 5 ,  X 3 4 ,  X 4 5 )  •  Hence we have V (X 12 )  c (X 14, X ie, X249
X 2 5 9  X 3 4 9  X 3 5 ) n X 1 3 9  X 1 5 9  X 2 3 9  X 259  X 349  X „) =  (X „ , X „, X 34) . B u t th is is  a
contradiction because d im  V (X 12)  = 4 .  Therefore the curvature R  o f  SO

5
( 5 )  cannot be expressed in  th e  form R =  E i L ,A L ,  an d  we complete the
proof of Theorem 2. 1. q. e. d.

§ 4. Proof of Theorems 2. 3 and 2. 6.

In  th is section we prove Theorems 2 . 3  and 2. 6 in  p ara lle l. T he proof
will be divided into several steps.

W e denote by R  t h e  curvature transform ation of SO ( 5 ) ,  a s  in  th e
previous sections. T h en  th e  curvature of the non-com pact dual space
S O ( 5 , C )  /S O ( 5 )  is  g iv en  b y  — R . Now we assum e that there exist sym -
metric linear maps V - - >V  ( i  =  1, • • • , 6 )  satisfying the G auss equation

6

.=1 L
i A L , (e  = 1 o r —  1 ). For X E  V  we define a  subspace V ( X )  o f  V

b y  V (X ) = (L i (X) ) ,,, 6 „  a s  in  §3.
T he follow ing lem m a is easy to prove.

Lemma 4 . 1 . L e t X 1 , •• • , X 5 ,  1 7 1, •••, k be elem ents o f  V .  I f  d im  Im

E  Xi A l7 i )  2m , then d im  (X 1, and d im  (171, •••, 175)

We prove

Lemma 4 . 2 . d im  V(X, ; ) = 4  f o r all X , i  E V  ( i * j ) .

Pro o f . S ince R A  ( x .13 + 2.x24)) — X12Ax13 + X24 A X 3 4  ±  X 2 5  A X 3 5  ±  2X12
A X 2 4  +  2  X13 A X 3 4  2  X15 A X 4 5 ,  w e  h a v e  dim Tm  R (X nA  (X 13+  2X 24) )  = 8 .

Then from  th e  equation eR(Xi 2 A (X 1 3 -1- 2X2 4 )) =  L.( X 12) A L4(X 13+ 2 X24),
w e  have d im  V (X 12 ) (Lemma 4. 1'). B y  the symmetry we conclude
th a t d im  V (X 13 ) . 4  for a ll X i ;  E V  ( i # j ) .  N ext we assume th at d im  V
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(X 1 ) 5 f o r  some X i i E V .  T h en  b y  the sym m etry w e m ay assume dim
V (X 1 2 ) 5 .  Since eR (X 1 2 A X34) = 1 , 1(X 7) AL, (X 34) =0, th e re  e x is ts  a

1=1
vector Y i E V  su ch  th a t V (X 3 4 ) c  V(X12) {17 1} (Lem m a 3. 1). S im ila r ly
using the equality R(X12AX 35) =R(X12AX45) =0, w e h ave  V (X 3 5 ) C V (X12)
▪ (1 7 2) an d  V (X 4 5 ) c  V(X12) ( 1 7 3) for som e vectors Y 2 , Y 3  E V. Then by

6
the equation SR (X 3 4 A X 3 5 ) - 6  ( X14AX15 + X24 AX26 4 - X34 AX35) E L 1 (X 3 4 ) A L ,

(X 3 5 ) , w e  have IX 1 4 , X 1 5 , X 2 4 , X 2 5 , X 3 4 , X 3 5 )  C V( X 3 4 )  +  V( X 3 5 ) C V ( X 1 2 )  +  IY11
± N ow we prove that there exists Z, E V  such that

(4. 1)V ( X 1 2 )  c  (X 1 4 ,  X 1 5 ,  X 2 4 ,  X 2 5 ,  X 3 4 ,  X 3 5 ,  Z1) .

I f  d im  V (2(10  = 6 , th en  w e m ay p u t  Y., = Y2 = 0  an d  hence V(X 1 2 ) = (X14,
•••, X 3 5 1 b ecau se  d im  IX „, •••, X 3 5 1  = 6 .  H ence i f  w e  s e t  Z1 =0, ( 4 .1 )
h o ld s . I f  d im  V (X 1 2 )  = 5 , then the dim ension of the space V (X 1 2 ) 117

11
▪ (17

2 ) is  a t  m o s t  7. H ence there ex ists ZI E V  su ch  th a t 1X14, • -•, X369
Z1 ) = V(X, 2 ) 1 1 7

11 (17
2 ) a n d  in  p articu la r (4 . 1  ) holds. I n  t h e  same

6
w ay using the equation ER(X 3 4 A X 4 5 ) = E  L, (X3 4 ) A L, (X 45 )  =

,=4
6  -  X13 AXIS

-  X 2 ,A X 2 , -  X 3 4 A X  4 0 ,  w e can prove that there exists Z2 E V  such that

(4. 2) V( X 1 2 )  C  ( X 1 3 ,  X 1 5 ,  X 2 3 ,  X 2 5 ,  X 3 4 ,  X 4 5 ,  Z 2 )  •

W e  assume th a t d im  V( X 12 )  = 6 , then  w e m ay pu t Z ,  Z ,  = 0 , an d  hence
V (X 1 2 ) 1 X 1 4 , •••, X 3 5 1 = 1X 1 3 , •-•, X 4 5 ) ,  w h ic h  is  a contradiction. Hence
w e have d im  V (X 1 2 )  = 5 .  N ow  w e m odify Z , a n d  Z 2  su ch  th a t Z , and
Z ,  a r e  contained in  th e  o rth o go n a l complements o f  (X,„ X 3 5 ) a n d
1X 1 3 , •••, X4 5 ) , re sp ec tiv e ly . W e  assume that Z 1 [ X 1 3 , • • , X 4 5). T h e n  i t
can  be easily  p roved  that 1 X 1 4 ,

 • • ,  X35, Z11 n • • • ,  - 7 c 5} =  I X 1 5 , X 2 5 , X 3 41
H ence dim  1X 14 , •••, X 3 5 , Z 1 1 n  u ( 1 3 , •••, X 4 5, Z 2 1 4 ,  which contradicts (4 . 1 ),
(4 .2) a n d  d im  V (X 1 2 ) =5. Therefore ZI E (X ,„ X45). S im ila r ly  w e
can prove that Z2 E •••, X3 5 1 and hence we have V (X 1 2 ) =- I X 1 5 , X 2 5 , X 3 4,
Z1, Z 2 ). I n  p articu la r (X 1 5 , X 2 5 , X 3 4 )  C V ( X 12) . N ext using th e  equation

6
sR (X 3 5 A X 45) - E Li ( X 3 5 )  A Li ( X 4 5 )  -  E  (X 1 3  A X 1 4  +  X 2 3 A  X 2 4 +  X 3 5  A X 4 5 )  ,  we
can prove in  th e  sam e w ay as  above that there exists  Z 3 E V  such that

(4.3) V (X 1 2 ) c  IX 1 3 , X 1 4 , X 2 3 , X 2 4 , X 3 5 , X 4 5 , Z 3 1  •

Then from  (4. 1 ) an d  (4 . 3 ) , we h ave  (X 1 4 , X 2 4 , X 3 5 )  C V ( X12) • Therefore
combining th e  above resu lts, w e h av e  IX 15 , X25, X341 (DtX14, X 2 4 , X 3 5 )  C V
( X 1 2 ) .  But th is is  impossible because dim  V (X 12 )  = 5 .  Hence if  we assume
dim  V (X 12 ) we obtain a contradiction. Therefore dim V (X 12 )  = 4 .  By
the symmetry we conclude that dim  V (X 1 ) = 4  for a l l  X q E V. q. e. d.

W e express the solution of the G auss equation e R =  L i A L ,  in the
form a: V  x V ---> R 6 . T h en  it c an  b e  eas ily  v e r if ied  th a t V (X ) 1 = (YE
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V ja( X , Y ) = 0 1  for a n y  X E  V .  We prove

Lemma 4 .  3 .  cr(X 13 ,  X 11 ) = 0  for distinct i ,  j  and k.

P ro o f. Let • • • , y 41  be a  b ase  o f V (X 12 ) . T h en  w e have V1A • • • A V 4
6

AR ( X 1 2 A Y )  = O E A 6 V fo r any YE V  because eR (X n A Y ) = E  L i (x,2 ) A L,
( Y ) .  W e prove that O E  A 4 V  satisfies OAR (X n A Y )  = 0  for all Y E  V  if
and only if  0  is  a constant multiple of X12AX34 A  A-  

X
35 - X 4 5 .  W e express 0

in  th e  form 0 -  E A • • • A X i 7  E /Vv.( 4 ,  •  •  • ,  i7< i 8 ) .  Since
R(X12 A X 1 3 )  -  X 1 2  A X 13 +  X 24 A X 3 4 +  X 2 5 A  X 3 5  a n d  0 A R  (X 12 A x 13 )  =  0 ,  we
have OAR ( X 12 A X 13 ) AX24AX25 = Ø A X 1 2 A X 1 3 A X 2 4 A  X 2 5  

=
0 .  Hence if the

indices (i i ,  i2 ) ,  •  • ,  (12 ,  i 8)  a re  all contained in  th e  se t t (  ,  4 ) ,  ( 1 ,  5 ) ,  ( 2 ,
3 ) ,  ( 3 ,  4 ) ,  ( 3 ,  5 ) ,  ( 4 ,  5 )  1  ,  then a (11 ,12 ) -(17 ,18) = 0. W e  change Y =  Xi ,  and
X 2 ,A X 2 ,  to  o th er e lem en ts a n d  rep ea t t h e  sam e procedure a s  above.
Then we know that most of the coefficients a u v i 2 ) ..0 7 . i 8 )  o f  0  are zero and
finally  it fo llow s that 0  is contained in  th e  9 -d im e n s io n a l subspace IX12
AXI3AX14AX15, X12AX23AX24 AX25, X13AX23AX34AX35, X

14A X 2 4 A X 3 4 A X 4 5 ,

X 15 A X 25 A X35 A X 4 5 , X 1 2  A X34 A X35 A X 455 X 12 A Xi3A X 2 3  A X 4 5 9  X 1 2  A X14 A x24A
X „, X , 2 A X 15 A X 25 A X 34 1 o f  A 4 V. W e  express 0  a s  a  linear combination
of these 9  vectors and once w e substitute 0  into th e  equations OAR (X12
AY) = 0 .  T hen it can  be d irectly  verified  that 0  is contained in  th e  1-
d im e n s io n a l subspace V 12A X 34A X 35A X 451 o f A 4 V. Therefore we know
th a t ( X 1 2 ,  X 3 4 ,  X 3 5 ,  X 4 5 )  is  th e  b ase  o f V ( 4 ) .  T h en  b y  th e  symmetry
we conclude that V ( X 13 ) =- (X13, X55, X1p, X ,}  fo r d istin c t integers i ,  j ,  k ,
1 and p .  Hence as remarked above, tY E  V la ( X i i ,  Y) =0) --= =  (X65,
X a , X 1 ,  X31, X35, X jp } In  particular w e have a( X i i ,  X 11 )  = 0. q . e . d.

N ext we fix an  o rth o n o rm a l base of the normal space in  th e  following
w a y .  W e first rem ark  that a  (X ii, XL), Xki) 0  for d istinct i ,  j ,
k  and 1 because eR (X 13 ,  X 11 ,  X 13 ,  X 4 )  =<a( X

13
,  X 13 ), a(X ik , X 11)> - 11a (X ,i,

X 15 )112 <a ( X i i ,  X 1 3 ) ,  a (X :1, X 15 ) > = 1  an d  eR (X 13 , X ik , X 35, X 51) =<a (X13,
X 35 ), a  ( X ik , X51)> - <a (X 3, X 55), a (X11, X31)> < a  (X 13, X 15), a (X 15) X31)>
= 1 .  T h en  u sin g  the Gauss equation  d irectly , w e can  prove that th e  6
vectors a (X 12 ,  X 1 2 ) ,  a (X 13 ,  X 2 4 )  ,  a ( X15, X 2 3 ) ,  a ( X 1 4 ,  X 2 5 ) ,  a ( X 1 3 ,  X 4 5 ) ,  a ( X24,

X 35 )  are orthogonal to  each  o ther. For exam ple a (X 12 , X12) J,. a ( 4 ,  X 2 4 )

follows from the equation ER ( X 12 ,  X 1 3 , X 1 2 , X 2 4 )  =  <a ( X 1 2 ,  X 1 2 ) ,  a ( X 1 3 , X 2 4 )>

- <a (X 12 , X 2 4 ) ,  a ( X12, X13) > = <a ( X12, X 12 ) ,  a (X13, X 2 4 )  >  = 0  and a (X 1 3 , X24)
( X 15 ,  X 2 3 )  follows from the equation R ( X 13 , X15, X 24, 

X
2 3 )  =  <a  ( X 1 3 ,  X24),

a(X 15, X 23) >  
= 0 . Hence {a ( X 1 2 , X 1 2 ) , •  •  • , a ( X24, X 3 5 )) fo rm s an orthogonal

b a se  o f  th e  n o rm a l space R 6. L e t  (e5 , e1 2 3 4 , e1 2 3 5 , e1 2 4 5 , e1 3 4 5 , 
6

2345) b e  an
o rth o n o rm a l base of le  such that

(4.4) a ( X12, X 12) l l e o ,  a ( X 1 3 , X 2 4 ) 11e1234, a ( X 1 5 ,  X 2 3 )  11e1235

a (X14, X 2 5 ) 11e1245, a (X13, X45) lle1345 , a (X24, X35) lle2345.
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rW e put e ,p a = s g n ( p q  
s

i  k  i )e p „„ as  in  § 1 . Using Lemma 4.3 and the Gauss
equation in  fu ll detail, we prove

Lemma 4 .  4 .  a(X i i , X 11) 11e0 a n d  a(X , i ,  X N )Ile d k i  f o r d is t in c t  i ,  j ,  k
and 1.

P ro o f. We first prove that a (X ,,, X 2 3 ) 1 1 e 1 2 3 5 . F r o m  the equalities R ( X 12 ,
X 2 3 , X 1 2 , X 2 5 )  =  R (X 13 ,  X25, 2 2 4 , X 1 3 )  R (X 14 ,  X 2 5 ,  X 2 5 ,  X 1 3 )  = R ( X 1 3 ,  X 2 5 ,  X 4 5 ,

X 13) =- R (X 24 ,  X 1 3 , X 3 5 , X „) = 0  and  Lemma 4. 3, w e h a v e  easily  a (X 13 ,  X 25)
e1234, e1245, e1345, e2345.  S in ce  the d im ension  of the norm al sp ace  is  6,

w e have a(X 13 ,  X 25 ) //e42 33 . I n  t h e  sam e w ay , u s in g  the G auss equation
an d  Lemma 4 . 3 , we can prove that

a ( X14, X 2 3 ) ll e
1234, a (X14, X35) lle1345 , a ( Xis, X 24) lle1245

(4.5) a ( X i5 ,  X 3 4 )  11e1343 ,  a ( X 2 3 ,  X45) 11e2345, a (.V25, X 3 4 ) 11e2341

a (X 34 ,  X 34 ) Ile,.

N ext w e u se  (4 . 4 ) , (4 . 5 ) , a (X 13 , X25) //e1235 and the G auss equation once
aga in . T h en  w e  o b ta in  a(X 12 ,  X 35 ) //e1335 , a(X12, X 4s) 116'1245 and  a(X i i ,  X 1 i )
fie, (i # j ) .  F o r exam ple from  the equalities R  ( X 3 4 , X 3 5 , X 3 4 , X 1 2 )  =  R  (X 1 3 ,

X 1 2 , X 2 4 , X 3 5 )  =  R (X14, X 1 2 ,  X 2 5 ,  X 3 5 )  
'=-R ( X 1 3 , X 3 5 , X 4 5 , X 1 2 )  R ( X 2 4 ,  X 3 5 ,  X 3 5 ,

X 1 2 )  = -  0  w e have a (X 12 ,  X 3 5 )  le°, e1231, e1245, e1345, e2345 an d  hence a (X12, X35)
11e1235 . Also from th e  equalities R (X 14 ,  X 1 3 , X 2 3 ,  X 1 3 )  =R(X 155 X 1 3 , X 2 3 , X 1 3 )

R ( X 1 4 ,X 1 3 , X 2 5 , X 1 3 )  R (X 14 ,  X 1 3 ,  X 3 5 ,  X 1 3 )  =  R ( X 3 4 ,  X 1 3 , X 3 5 , X 1 3 ) =  0 ,  we
have a (X 13 ,  X 13 ) 11e5. F in a l l y  a(X 12 ,  X 3 4 ) 1 1 e 1 2 3 4  can  b e  p ro ved  in  th e  same
w ay , u s in g  th e  equalities R ( X 1 3 ,  X 1 2 ,  X 1 3 ,  X 3 4 )  =  R  ( X 1 5 ,  X 1 2 ,  X 2 3 ,  X 3 4 )  =  R
(X14, X 1 2 ,  X 2 5 ,  X 3 4 )  -  R ( X 1 3 ,  X 3 4 ,  X 4 5 ,  X 1 2 )  -  R ( X 2 4 ,  X 3 4 ,  X 3 5 ,  X 1 2 )  -  O. There-
fore w e have a(X , i ,  X 11) leo and  a(X i i , X 0 1) Ile1351. q. e. d.

Now we prove Theorems 2 . 3  and 2 .  6 .  W e put a(X i i , X 1 i ) =a 13 e0 (a i i =
a11 )  and a (X 1i , X k i) ( b 1 3 5 1  -  b1 151 -b u n, -  b5213) for distinct i ,  j ,  k  an d  /.
W e first assume that a  satisfies th e  G au ss  equation of SO(5) : R (X ,  Y,
Z , W )= <a (X ,  Z ) ,  a  (Y , W )>  -  <a (X , W ) ,  a ( Y ,  Z ) > .  T hen from  the
equation R ( X 11 ,  X ik ,  X 41 ,  X ik )  =  <a (X 13 ,  X 11 ) ,  a (X i k ,  X i k )>  =  1, w e  have a1 ;

a15 = 1. T hen 1=a 11a15 =a 11 a11 a n d  w e  have al k =a l i fo r  d is t in c t i, k , I  and
hence ai k an =a ik

2 = 1 . Considering the action of 0 (6) on  the no rm al space,
w e m ay pu t au  =  1  fo r  a l l  i ,  j  ( i # j ) .  Next, from the equalities R (X „,
X 1 4 , X 2 3 , X 2 4 ) R ( X 1 2 , X 1 4 , X 2 3 , X 3 4 )  = R  (X 1 2 , X 1 3 , X 2 4 , X 3 4 )  =  1, w e  have b13 24

b1423 b1231b1423 =  b1234b1324 =  I. Hence we have b1234 = b 1 3 2 4 = - b 1 4 2 3  =  ±  1 . By the action
of 0 (6) on  the norm al space w e m ay set 1)1234 = /01324 = b1423 1 . In the same
w a y  w e  h a v e  1)1111 =1  fo r d istinct i ,  j ,  k  an d  1. T h e n  th e  so lu tio n  a ,
w h ich  w e obtain  in  th is way, just co incides th e  o n e constructed at the
end of §1 and therefore we complete the proof of Theorem 2 . 3 .  Next we
assume that a  satisfies the G auss equation of S O (5 , C ) /S O (5): -R (X ,Y ,
Z , W ) =<a(X , Z ), a(Y , W )> -<a ( X ,  W ) , a( Y , Z ) >. Then from the equ-
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ality X , X ,„ X ,)  = < a  (X 5 , X 15) ,  a (X ,, = — 1, w e  have aq

a16 = — 1. H ence in  th e  sam e w ay  a s  above w e obtain  a,6
2 = —1, which

does not ad m it a  re a l so lution. H ence the Gauss equation o f  S O(5, C) /
SO(5) does not ad m it a  r e a l  solution in codimension 6 and therefore SO
(5 , C) /SO (5) cannot be isometrically immersed into R "  even locally.

q. e. d.

§ 5 . Final remarks.

L et a : V x V ---->R 6 (V = 0  (5 ))  b e  the solution of the G auss equation
o f S O (5) in  co d im en sio n  6 . U sin g  a n  elem ent q ESO (5 ), w e  d efin e  a
new sym m etric bi-linear m ap a ,: V  xV ---->R 6 b y  a,(X , Y ) =a (A d(g) • X ,
Ad (g) • Y )  for X , Y E V .  T hen it can  be easily  verified  that a ,  is  a lso  a
solution of the G auss equation . H ence by T heorem  2 . 3  there ex ists a
L ie  group homomorphism p: S O(5) - 4 0 ( 6 )  such  that a,(X , Y) = p(g) •
a (X , Y ) fo r X, YE V and g E SO (5). W e differentiate th is equality. Then
w e have

(5. 1) a ( [X, Y], Z ) +a (Y , [X , Z ])= p(X ) •a(Y , Z ) for X, Y, Z EV ,

where p: (5)--->  0 (6) is th e  differential o f p : SO (5) — >0  ( 6 ) .  B y  an
easy ca lcu lation , w e can  p rove that p  is  equ iva len t to  a  sum  o f the 1 -
dimensional trivial representation and  the identity representation of 0 (5).

The solution of the Gauss equation of SO (3) (resp . SO (4)) in codimen-
sion  1  (resp . 2 ) is  un ique and  hence it also satisfies (5. 1), w here p  is  a
triv ia l representation in  th is c a s e .  Therefore in  the cases n =3 , 4 and 5,
th e  least codimensional solution of the Gauss equation o f SO (n) satisfies
the condition (5. 1) for some representation p  of o (n).

In  the case n  = 6, w e can  prove that in codim ension _.15 there does
not exist a solution of the Gauss equation of S O(6) satisfying the condition
(5. 1). O n  th e  other hand the solution of the G auss equation which we
construct in  § 1  satisfies (5 . 1) for any n ( w h e r e  p  i s  a  sum  of the
1-dimensional trivial representation an d  th e  irreducible representation of
degree ( n

•)  In  particu lar S O (6) admits a solution of the G auss equation4  
in codimention 16 which satisfies the condition (5. 1 ).  We can also prove
th at S O (6) does not adm it a solution in codim ension  7  b y  a  similar
method a s  in  § 3 .  B u t  a t  th e  p resen t tim e w e know  neither th e  least
codimension in  which the Gauss equation of S O(6) admits a solution nor
th e  least d im ensional E uclidean  space i n  w h ich  S O (6) can  be lo ca lly
isom etrically  im m ersed . (W e rem ark that the double covering space of
SO(6) is  iso m etric  to  S U  (4) a n d  S U  (4) can  be globally isom etrically
imbedded into R 32 [5 ].)
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