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W e d iscussed  non-charac te ristic  boundary  v a lu e  p ro b lem s for single
evolu tion  equations in  Part I ( [ 1 ] ) .  In  th is  paper, w e consider character-
fstic boundary  value problem s for sing le  evo lu tion  equa tions. U nder the
assum ption of m ildness o f c h a ra c te r is t ic , w e  c a n  c o n s id e r  th e  problems
in  th e  s im ila r  fram ew o rk  to  th a t in  P art I. W e  s h a l l  b e  s a t is f ie d  o n ly
to  show the w a y  to  g e t  th e  b as ic  e n e rg y  in e q u a lity , b u t  i t  i s  e a s y  to
g e t the existence and uniqueness theorem  i n  1-1 0 -sen se  b y  th e  similar
w ay  as in  P art I.

§  1 .  Assumptions.

Let A (t, x , y; r, e ,  V) a n d  {B ; (t, y ; 7 , e)
w h ere  w e  d en o te

Bi (t, y ;  r ,  OE, 72) -
B (t, y ; r, e, )2)

13 . + ( t ,  y ; r,  e, )7),

b e  p o ly n o m ia ls  w ith  respect t o  (r , e , 7 2 ) w ith  a - -coe ffic ien ts  in  Rn+1 ,
w hich  are constant ou tside  a  b a ll  in  1P+1. L e t N  b e  the N ewton poly-
g o n  of A  in  th e  sense o f P a r t  I , w h e re  w e  c o n s id e r  th e  follow ing tw o
cases in  unified m anner.

Case 1. T h e v e rtice s  o f  N  a r e  com posed o f  th e  o r ig in  and

Pi= (tti+i+ • • • +pi, m i+ • • • +m 1) ( i=0 ,

where

mi/tii =pi an d  P1>P2> • • • >P1 -- - 1 ( E m i =m,
i=1

Case 2 .  T he vertices of N  a re  composed of the origin, P1, P2, • • • , P1-1,
and

l ';.= (1 , m -1 ) , 1 3 =-- (0 , m -1 ) .
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The principa l part o f N  is

U

( U P U

in case 1,

in case 2.

Denotiong

A(t, x, y ; r, e, y))= E aa,w(t, x, Y)7°V7t,
(ul u i )

A,(t, x , y ; r , , E a (t, x , y )r 6e2rt,
(c,2-FlvDeNo

A ( `) ( t , x, y  ; r ,  e, 7,) = ac,„(t, x, y)r °

pi

( t ,  x, y ; e,

w e  assume

Assumption (A ').
i ) x, y ;  e, )7)# 0  fo r  (t, x, y ;  e, 72) E R°± 1  X Sn- 1

l - 1 ) ,
ii) pi is  e v e n  and il ( i) (t, x , y ;r, C , r ))# 0  fo r  (t, x, y; e, 72) Rn±lx Sn - 1

and Tm 7..<0 ( i= 1 , . . . ,  l —1),
iii) p,=-1, zeros of A 11 ( t , x ,  y ;r ,  C, 7/) w ith  respect to  7  are r e a l and

distinct for (t, x, y  ; e, )2) E R '' x
iv ) 4,(t, x, y ;1, 0) =0,
N O  zeros of Au ) (t, x, y  ; r ,  e, 72) w ith  respect to  e  are bounded if (7, 72)

is bounded.

R em ark . It fo llo w s fro m  ( i v )  th a t  (0 , 1 , 0 ) is characteristic w ith
respect to A(t, x, y ; r,  e , )9 ), and (N ) m ean s th a t it is  mild.

H ereafter w e on ly w rite  A(r, C , ry) instead o f  A(t, x, y ; r,  e , )7 ) for
simplicity.

Lemma 1. 1. Under the A ssum ption (A ') ,  w e have
i) 4 1 (1, 0) 0,
ii) A(1) (r, e, )7) =0 <51( 0  (0, 6, 7))

E +•(e1-1 ,i = o  

where

0 = r + 0 ) ) - '    (1, 0) 7);J=i

and cri (e , 7 )) is  a  homogeneous polynom ial of  order j  w ith  respect t o  (e,
iii) )2 ) *0 an d  cr,n 1 + „+ „,,_,(e, 72) # 0 f o r  (e, Sn-1.
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P ro o f. i  )  S in c e  a:, (1 , 0 ) =0  from  (A ') -  ( iv ) ,  w e  have

A (1 ) (r, 1 , 0) = dm _m i (1, 0)z-mi-1- • • • + 4 _ 1 (1, 0)7,

whose zeros a re  d is t in c t  fro m  (A ') -  ( i i i ) .  H e n c e  w e  h a v e  al-1(1, 0)
40.
i i) L e t  u s  denote

A ( )̀ (7, e , E e i (r, j) e»' ,

where 0;  (7, 72) is a  homogeneous p o ly n o m ia l o f  order j  with re sp e c t to
(r, )2) (j = 1, , m),

o
01 (r, 7?) = 4_1(1, 0)r+

aa
E m  ( 1 ,  CO )2i

u/Zi
= 4 _ 1 (l, 0)0(r, 22),

and

72) =r;(7)) (i>7771)•

Deviding 03 (r, 72) by 0(r, )2) for j=  1, , m 1,  we have

0 ; (7 ,  72) = 0 (7 ,  72) 0 3-2(r, 72) + 7'5 (72),

w here 3 _1 ( r ,  v )  is a  homogeneous po lynom ia l o f order j-1  w ith  respect
to ( r, 72) a n d  ri (v )  is a  homogeneous polynom ial of order j  with respect
to 72. H e r e  w e  have

24(" (7, e, 22) =0 (7 , 22) {6 ° e r n '  + 6 1 (7 , 7 2 ) en ''+ •  •  •

• • • +0 72)em + {r2 ( 72)  e m  ±  •  •  +r,,,( 72)}
=0(r, )2) 2i.`" (r, e, 12) ±r(e, 77),

where 00 =4 _ 1 ( l ,  0) +0.

Now we shall show  that r(e, 22) 0 .  In  f a c t ,  if  n o t , we have

r2 02) -= -= (72) 0 ,  rh (2°) 0  (7 2 °E  S"- .2 ).

Since

0(r, 77' ) = 7 -  - 1 - (i1° ), 1 1- (2° ) KM,
w e have

Am (or, C, 
O )

 =0 (r, 77' ) tO0 em -1 ± 6 1 (7 ,  27')em - 2

.............. + 0-h-2 (Z., 22° )  r n - h + 1

(6 /1-1(T1 7f )  - Frh eV °
 ( 7 ,  72° )  e m -h  + • • • )

in { r  < M  a n d  r#r(72°)1, where t h e  coefficient o f  em - h  is unbounded,
w hich  is the co n trad ic tio n  t o  (A ') - ( v).

By th e  c h a n g e  o f  v a r ia b le  7 to 0 =0 (7 , 72), we have



708 Reiko Sakamoto

where cri (E,
order j.
i i i )  Since
A (1 )e  ) 2 )

A(1) ( r, e, =,se(" (0, e, )2)
)7) 0 ' " •

is  a  homogeneous polynom ial w ith  resp ec t to  ( e ,  7 ) )  of

0 (r, 72) = r — r( i) ,  w e  h a v e  th a t  t h e  coefficient o f  r m l in
is  equa l to  th e  coefficient of Om '  in  0,2/ (1 ) (0, e, )2), th at is,

( V) =a. +..4- ea
••=11- ••+•9-1e , •

O n the other hand, since r -=r(72) is  the sim ple root o f A.( 1 ) (r, e , 7 2 ) , we
have

a
mi-F--Emi-i(e, '2)  = s i ( ' ) ( 0 ,  e ,  V) #  0 .  •

Now we consider of A (r, e, 7) ) ,  whose Newton p o lygo n  is  N , whose
p r in c ip a l p a rt i s  N 0 . L e t  u s  denote

=  t N  ( 0 ,  I)} n N.

W e say that a polynomial is composed o f low er order term s w ith respect
t o  N ,  i f  i t s  N ew ton p o lygo n  is  co n ta in ed  in N ',  a n d  w e den o te  it
1 . o . t. (N ').
Since

A(1- , e, =rf' + a; i (e , O r " ' • (,),)) 7 ' 3 1 + 1

+A e +1. o. t .  (N ')
)2)'̀ ap°)2 )0  (r, )2 )P - 1 + • • • ce, )2)0(r, 72 yni+1- 

+8(z -, )2)d ( !) (0(r, C, L  o . t. (N '),

w e  have

A (7, e, 0= 0(7, od (o(r, 7)), e, )2) + 1. (h t .  (A n ,

where we denote

cri (e , 7) ) = a;(e, +m,_1-1).

Since au) (0, e, )2) = A (i) (0, C, )2) ( i= 1 , .  .  .  ,  1 - 1 ) ,  w e h ave  from Lemma

Proposition 1. 2. Under the assum ption (A ')  f o r the  po ly nom ial A , d
satisf ies the follow ing condition, w h ich  is  the assum ption (A ), stated in  Part
I, for the poly nom ial d .
i ) am i + ) 7 ) 0 (i =1, ,l— l)  a n d  a , )2) #0

f o r  (C, )2)
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) (0, e, 27)# 0 ( i=1 , . . .  , 1- 1) f o r  (C, E  Sn- 1  a n d  1m G  0,
iii) zeros o f  du) (0, e, 7) )  wtth respect to  0  are real and distinct for (e,

E  Sn- 1 .

Now let
- -a (0, e, 71) C ce—e-/ ( o, Y)))11 (6-61(0, 0) (722 +  ±m_ -=m — 1), where

j--1
lm E  (0, )7). - 0 if lm —K and )7ER 3 - 1 . Let B ( t', e, 27) = {B. ; (r, C, )7)} ; = ,, ..,„±
be boundary polynom ials, an d  le t u s  denote

Bi (r, 6, 7i) =- a i (e(r, e, 27),

B (r, e, )7)=R  M T , )7), e, )7).

L e t  R 4 (0, e, )7) b e  th e  standardization o f  a (0, e, )  w ith  respect
t o  91(0, e, )7). Let R (i) (0, /2) b e  t h e  i-th Lopatinski determinant with
respect to  ( d ,  ..4), then  w e assume

Assumption (B'). R ( ') (0, 77) #  0  (i = 0, 1, . . . , 1) for Tm 0 0 an d
1)E S' - 1 .

§  2 .  Energy Inequality

2. 1. I n  th is  section, w e consider d ifferen tia l o r  seudo-differential
operators in  th e  shifted form :

= A (D — ir, Dx , Dy ), B y =B(D t — ir, A , D y) 9  •  •  •  •  9

where r is  a  la rge  p o sitive  param eter. D enoting

A' = [N —(1, 0)) n N, A (' = (0, 1)} n  ,

we define

111u1112— E I l<° D D XU112

(c, s + A ) EN'

111u1112(-1)---- E 11<er AD,>salt1112 ,
( a . s  A) erl"

where

<Or> = 10( Dt — ir, D,) < Dy > = ( I Dy l2 +1)+.

It follows from th e  definition o f  above tw o norm s that

MOW =10 7 01'c-1>+ II<Dy>sDNI12.

N ext, we shall introduce boundary norm s :

(0) 2 =  E  <<0 7>I<D ,X
s+ A) E 1■1,

04 2(-1)=" E <<617>c<DyYMII>2,
s+ A) E
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and

II)»  2 = " f9 IT U ») + r q l+ ,=  El _+ <<Dy>s D'102

2.2. W e rem ark that

= .94 (Or ,  Dx , D y ) + A i (0„ D x , D )
=Or d  (07., D x , D ,)  A 2 (0„ D x , D y ),

p li;. =-  ale r + a!(e„ D x , D y ),

where A 1(0, e, 71), A2( 0 ,  e, 7)) are  1. 0. t. (N ')  a n d  ato, C , 7 ) )  i s  1. 0. t.
(N"), where N" {N — (0, 2) } n N.

Now le t u satisfy

Ar u =f for (t, x , y) x x Rn-  ,
(P)i

then  w e have

.1 4,1 u x O  =g for (t, y )R 1 x ,

s i r v =f 1 for (t, x, y) x RI+ x 1P- 1 ,
(POI

a t
T
ly 1,o = for (I, y )  e R 1 x R"- 4 ,

where

v= Ou, f 1  = f — A 1u , g 1 = 07g— at r ulx=o .
Concerning to th e  problem  (P1) ,  w e  h a v e  th e  fo llow ing inequality

from P art I.

Lemma 2.1. There exist positive constants r o  a n d  C such that

r+  '1111v111(_D+w („ ) _c(1 -k<gi>) for

Since

<A><org>+<at, Tu>_<org>+cr- q'qu»),
w e  have

Corollary.

7 11110 ,u111(-1)+ 0
7 71(_4)

-5C(r- - " 1 11f11 +<Org>+r + q 1 111u111- hr g i qu>») for

O n the other h an d , since

Or d  =f —

w e  have
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Lemma 2.2. r i ld r ull5C(11f11+111ulll)•

2. 3. N o w , le t u s  denote

(0 2 -Fa107- 3 + • • • +a m _2 ) 07 + am-i. + T,

MI= , 4 "er+P+atr ,

w here d 1 is 1 .0 . t. (S '') an d  at is 1. o. t. (y" ), where ,4/- —  ( 0 ,  2 ) 1
n x , then  w e have

a,n _i u =- F,
( P2) 1pujx=0 =G,

where

F -=<.510 —  si L r u — (07-
2 + • • • + cr. - 2 )v,

G= ( aqu— al T u—.4trIv)! x =ù.

Since

am_i(e, 72) = d o ,  e,

P(e, e, )2),
(P2) i s  a n  e llip tic  b o u n d ary  v a lu e  problem  satisfying t h e  Lopatinski
cond ition . H ere  w e have

Lemma 2.3.

E II<Dy>s M u ll+ E  <<D y Y  MU>
s+2=m-1 s+A=m-1—+

5C {11F11 +<<Dy>+G> +Hull)

Since

11F11511dr ul I -Fc tr- 1 111u111+111v111(_1,1
C fr- q1 11f11 +r + q1<erg>+r - g1iliu111+r -" 1 qu»)1,

<<D,>+G>5<<D ,,>+ g> C tr + giqu> »+ r q1 CO» (-1)1
5 C ql I I I +r + qi<0 rg> g>

+1 q 1  111u111-Fr q1 qu>»),
w e have

Corollary.
E  I I<Dy>sMul I +  E <<D y>s

s+1=m-1 s+2=m-1—+

tr  aillf II +r ql<org>+<<D,>+g>
+r- q 1 111u111+r q1qu>>>1
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From th e  Corollary o f  Lemma 2. 1, Lemma 2. 2, an d  Corollary of
Lemma 2. 3, we have

r+  g i l I lui 1 i + ((( uk
..c .' V +  5 1 11f I I +<647g>+r+ 5 i<<D),> 0

+r "111u111+7, quN.
Hence we have

Theorem. There exist positive constan ts Ti a n d  C  such that

r+ g i liktiii+ ((<11 ))>
—5.0 tr + 4 1 11A(Dt — ir, Dx , D y )ull

±<0(D
1 —ir, Dy ),R 4 ( 0 (Dt—ir, Dy ) ,  Dx , Dy )u>

+7-4 -q 1 <<Dy>4 . 0 1 (0 (Dt — ir, Dy ) ,  Dx , D y )u>1
f o r  7'._ h.
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