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1. Introduction.

In  the previous paper [2], w e have derived the local energy estimates
for effectively hyperbolic operators of second order o f typ e  ( l  ) .  In  this
note, we shall derive the local energy estim ates fo r  effectively hyperbolic
operators of other t y p e s .  T h a t is  o f typ es (2) 1,  a n d  (1 ),, w ith  Op =x p + ,.
W e follow [2 ] quite fa r  an d  obtain the estimates which indicate the loss
of regu larity of solutions w hen they transverse a certain  hypersurface in
T* (R'). T h e  on ly d ifference in  t h e  p ro o f is  th e  treatm ent of the
quantitative condition in (2),,. W e use the same notations as in  [2].

L et u s consider the operators of following types.
p -1 p -1

-  E (x, (X,$) — Eer, (X,$)—O p (x (P) ,e ( P) )q p (X ,$),
(1 )1 —1

w ith  (ay," am (0, 'e(P) ) =0, 1_. _p5d, ( 0 , . . .  , 0, C,),
p -1

(2) pt -  E (x, — x1 + 1 ) 2 q1 (X,
1=0 p —  EEfr, (X, e) —g,, C(P+1) ) rp+i (X, e),

1= 1

with En (0, e) - 1 > a2gp /a4,) (0, 'e(P+1) ) = 0,1 — 1,
i=1

where q1,  r ,  i s  positive and  homogeneous o f  d egree  2 , 0  a n d  Op ,  gp  i s
non-negative, vanishing at (0, e), homogeneous o f degree 0 ,  2 .  Without
loss of generality, w e m ay assume that all the above functions are  defined
in Ix  W  x U, where U  is  a  conic neighborhood of I = ( — T,T), and do
not depend on x  i f  Ix l >R.

W e m ake th e  c h a n g e  o f  sc a le  o f  th e  variables ; 7)0= II- l ea, =
y, = fix„ y  =  p x , a n d  w e  e x te n d  q ,(p X , $ ), r ,(p X , ( f ix ,  V P )),
g p  (PX (P ) , e1 P + 1 ) ) to  q,(X ,$ ,p ), r,(X , $ , p ), 0 (x, $ , p ), g (x, $ , p ) coinciding
with the orig inal ones in

U(,u, e.) = Rx, lx l < 1 ,  le le l l<11, le >tt - 2} .
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These extensions w ill be c larified  in  th e  next sec tio n . T hen  w e a re  led
to  the following operators.

1
—  t 2 2 .‘7 . 1  I n  2 -  .  /  V  t  .  _.\

1' .
 t ? - . /  V  t  . _.\ .t. / ..  &  . .  \  -  /  V  t  ..\ ±

(1); P (P ) —  ç a  t t  1 = 0  i  '  Y i j  . 1 1 '  ç '  P )  i = l ç ' t  '  ‘ - '  1 - ') SU . 1 '  ç '  1 1 " P  j 1 9  ç '  I I )I

pT i(X , e , p ) pT o (X, e, p)e„

w here Ti (x, e, p )  denotes an extension of T,(pX, e) w ith  T ,(X ,e ) being
positively homogeneous of degree i in  e defined in  I x Rd X U, independent
of x i f  Ix I > R .  Obviously Y, (X)

From [1 ] , there exist real num bers l ,e M i  such that

(1.1)( 0 , <1, 1,
z=1

in  both cases (2) p a n d  ( 1 ) .  Especially, in  th e  case  (1 ); , w e take ei =
-1 ,  e = l .  U sing  these  num bers, w e put

(1. 2) Y (X) = x, -
1=1

H ere we note that
-1

(1. 3)Y ( X )  =  
p

Ea,Y, (X ), with some constants a ,
i-o

U sin g  Y (X )  i n  (1 . 3 ), w e define J (X , e, p ), J(X , C, p), (X, e, p)
an d  Illug + k ,, following the same formulas in [ 2 ] .  We denote by P ) (X, E)
th e  subprincipal symbol o f  P ( m . Since O(0,= 0 ,  g r a d  Op (0, '('')) =0,
gp  (0 , (1'+1

) )  = 0 ,  grad 4 (0 , ' (/'-' 1) )  = 0 , i t  is  c le a r  th a t  /.2- 1 /3 s( p ) (0, 0, 0, does
not depend on  p. H ence w e denote it by Ps (0, 0, 0, Then we have

Theorem 1. 1. For an y L E N , w e have

C (n, p, L) Se- 2 '00 1 IPw ul 12-Sx0+Se - 2 q111P 1101112,0dx0 ci nSe

+c2n5e-2q11111111-Ei.0dxo±c3 e- 2 x 411-0 01,11112,1/2dxo+c30 e- 2 x 0 e 11101141,-1/2dx0+0

-Fc403 5e- 2 1 00 11u112_,,dx0 +6.
403 1 2 5e_2x0 11D0uRLdx,, for CoC, 0 < p p o (n),

Go (n, L ) ,  u E C 7  x  Rd), w h e r e  C= 1Ps(0,0,0, 1+1, C0=C0(q1(0,
in  the  case  (1 ); and  C0 =C 0 (q1 (0, 7'1 (0, in  the  case  (2) I,.

Theorem 1. 2. For an y sE R, we have

C (n,  )Se - 2 x011P (0114s+ idx0. 03/2Se- 2 x08 11Doull!dx,+0 3 e- 2 x0e 111111.Nxo ,  for n  C OG,
uEC7 (I x Ra).

+ pT i (X, e, p) + pTo (X, e, p) CO3
tp (,) =e?,— te AY, (X) 2q , (x, e, p) - - i i. er , (X , e, p) -g(x,e, p)r,.,(X ,e,,u)±

(2) pi

Before to proceed to the next section, we make some general remarks
on  sym bols w hich w ill be used in  th is  note. From th e  definition, it is



Local energy integrals I I 661

easily verified that J ±  (X, $ , p)n satisfy the following estimates

(1.4) I (J± (X, $, te)')XI (X, E,

for a ll multi-indexes a E Nd+ 1 , T E Nd w ith  COE,7 independent o f p, 0<p51.
Since J(X , e, p)5<pe> - 1 1 2 ,  it is obvious that

(1. 5)(  (J±  (X, e, p )')W E J — IalS- 171 .°, n ER.

It is also clear that (ce,, (X, e, p)) 7,,$ belongs to j - laISHri.°. In  [2], we have
uesed J ,(X , e , p ), cr (X, $, p) which d o  not depend o n  x' = (x 1 , . . . , xp),
w hereas in  t h e  c a s e  (1)P, these sym bols depend on ly o n  (x 0 , xp , e)
a n d  in  t h e  c a s e  (2) p , J , (X, E, p ) ,  a (X ,  e ,  p )  d o e s  n o t d ep en d  on
x"= (x p + 1 , . . . , xd ). T hus w hen w e app ly the argum ents in  sections 5, 6
an d  7 in  [2 ], w e m ust exchange the ro le of variables suitably.

2. Preliminaries.
W e define th e  ex ten s io n s o f qi(pX, $ ), r,(pX , $ ), Op ( px (P), e(P) ) and

gp (px(P), VP+1)). Take 771 (s) EQ .° (R d )  with 05.)71 (s) 1 ,  )71(s) =1 fo r Is I 1,
(s) -=0 fo r  Is 2. Set

(2. 1) q,,,(X, $, p) = to,(pX, $) —q 1 (0, t‘) le 121 7)1(p- 1( I e 1 - 1 — 6)) 721(4 ,
q jx , =q,,i(X, e, +MO, e‘) 1612.

Obviously, it follows that

(2. 2) q,, 1 (X,$, p)E  (Es) e , p ) —q1(0,)I$1 2 1 - 021$1 2,
(p 2 17. (X) 2q1 (X,$, p)) 1,2E (Es)N 171 '1,  for

where C  does not depend on  p. In  add ition , tak ing in to  account that
q, (0, ) le 12 depends on ly on  e, it follows easily that

(2. 3) Op I/12y
1
 (X)2q op fp2y, 

( X )
 2q11 *  E ( E s)

Following the form ula (2. 1), r i (pX, e) will be extended to r ie ,  p )=
=r i ,i (X ,  e ,  p )+ r i (0 , ) .  T hen it is c lear that

(2.4)( X ,  $, p )E  ( E s ) ,  iri (x, 6, p) —ri (0, -5C 11 ,
ac:aiEk Wr i (X, $, p)} E (Es)1:ri, i f  k #i.

Furthermore, we see that

(2. 5) op tefri, i l — op telr } * E  (Es)1:ô.

N ext, we extend Op , gp . Choose )72(s) EC7 (R d - P+1 )  such that )72 (s) =1,
fo r  Is 15_1 an d  )72 (s) =0 fo r  Is 2. Let 723 (s) E C ,7 (R ) be equal to s for
Is I5_2 and equal to 0  fo r  Is I 3  and set

Z(x) 673(x1), 7)3(xd)), r (e,
, ,Y)3(ti - i cediE

pow tri cei e 1-1 —
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We define 0(x, e, p) =01(x, e, +02(X, e , p ) by
1(2.6)S b i ( x ,  $ , p )  =  E fisiz(x)RT(e, p)aalacop(o, "(P)),

10-01,2 a ! !

02 (X , e, p) = {Op( px(P), e( P)) - ,
1
, , poix)9(e C 1- 1 -la+PI=2 a  p

$. )aala'A bp(0, (P ) )1 712(P- 1  (VP ) le (P)) (x (P )).

Since Op(0, $'(P) )  =  0 ,  Op (.0 ) , V ) ) 0 and ( 62 0p/ a$2p)( 0, t'(P)) = 0,
( a20p /ax, a$ ,)(0 , (P)) = 0 ,  it fo llo w s th a t 01 (x, $, p ) . .  0, are, Sbi
w here x' = (x 1 , . . . , = (e1, • • • , p )  •  I f  02 '----- 0 , (x , e ,  p )  coincides
w ith  Op (x (P) , $( ) a n d  hence 0(x, e, O. As for 0 2 (x, e, p), it is c lear
that it belongs to (Es) g and then we see that agi3O belongs to (Es)?..-01"
for I i  I:<2. From this, it follows that

(2. 7) ag,i,(0qp)E (Es)biTIJ, fo r  Ir 15.2.

Following (2 . 6), w e extend gp(px ( P) , e ( P+1) ) to  g(x, $, p)=g i (x, e, p) +
+g2 (x, C, p )  which is non-negative. Since gp (px (P), e(P+i)) depends only
on  (x (P), C 1>), it is  c lear th a t aa„are ,gE (Es)?,---

0
171 ' '  fo r  Ir1 2 , and hence

(2.8)a a i , ( g r p + 0  E  (Es)U T1.1 f o r  11'15 2 .

Proposition 2. 1.
(x, $, p) = pCi(x, $ , p)ax .5,0,(0, I e + Ci (x, e, p) le

g(x, $, p) = pE i (x, $, $'(P+1)) 1$ + (x, $, p) ICI,
where Ci (x, $ , p), (x , $ , p) E ( E s ) g  a re  equal to 1 o n  U (2p, and
e i (x, $, p), (x, e, E  (Es)U•

In  view of th is proposition and (2. 2), (2. 4), it follows that
d

(2.9)o p  tçbqp } -op {çbqp} * -iE op (p C i ax.ac .sbp(0, ( P)) le 1 - 1 qp) E  (Es)1:ô,
.1 _I

d
op fgrp + i l  -op  lgrp + i l * T i Elop (pE i ax i de i gp ( 0 ,  (P+1) ) e rp+i) E (Es)

N ow we define T i (X , e, p). L e t 774(s) E C7 ( R d ) b e  eq u a l to  1 for
Is I 1 and equal to 0  fo r  Is I 2.S e t

$, du) = - (0, ) le 7)4(tg- 1 ( e  e  - 1 - $)) >24(x)
T o (X , $, p) =--To .i (X, e, p) + T, (0,

T i (X , e, e, p) +T 1 (0, $) !el-  2
i ( 1  - C ; ) axi ae i sbp (0, $‘(P ) )qp ICI ,

(in the case (1)p) ,

T i (X, $, =T1.1(X, e, p) +T1 (0, ICI - 4- 4(1 - E3 )a i 3Eigp(0, jOEIrp+1
(in the case (2) p),

where Ci ,  E  are the same ones in proposition 2 .  1 .  It is clear that

(2. 10) T (X , C,  p) E (Es)1:2, e, 15 C
T i (X , e, = T i(p X , $ )  in  U •
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In the case (1 );, Y (X ) depends only on x0 , x i f  we note the fact
which follows from (2 . 4) that

a9ie p  {er, (X , e, p)] e — 1,

one can proceed exactly in  th e  sam e way as in  sections 5 ,  6  and 7  in
[2].

Consider the case (2) p . Since Y (X ) does not depend on x", one can
apply the same roasoning to following operator,

/5(#) P2 i
c,
11 ( 2qi (X, e, .4eir i .1 ( X  e 11)

g (x E, p)r t , i (X , e, p) e, p) p T ,( X ,  e, t )e,.
Thus, the only term  which must be considered is9 r 1 (O, In the
next section, we shall treat this term.

3. Observations on r ( 0 ,
W e start with the following egality.

(3.1)2 I m  ( i n (n —1/2) Mw, I „(n —1/2) (D o — ifliv) =--
-= — 0;(Dv, (D 0 —i0)w) = 2011I ,i (n —1 /2) Aw11 2 —

—2Re (a0 I(n —  1/2) D i zo , I ”(n — 1/2) D,w)
+2Im ([I„ (n — 1/2), D i ]D,w, , I n (n —1/2) (D0 — ie)w)
+2Im (Un (n —1 /2) , (Do —i0) w, I„(n —1/2) D i u)).

Consider the second term  of the right hand side o f  (3. 1). If we note
that

a(4(n — 1/2) D i a; (n  —  1/2) I n (n — 3/2) D i a ;  0 , for n>16,

it follows that

—2Re (aoi„(n — 1/2) I  (n — 1/2) D i a,7u)
(2n —1) Re (I ,z (n —3/2) D1a,7u, I „(n —1/2)D i a,;11).

On the other hand, from the expression

n (n —1/2)* In (n —3/2) - .I„(n —1)* (1 ±b)l n (n — 1), with b epSN,

this is estimated from below by

(3. 2) (2n —1 —C(n) p)111n(71-1)Dicçul 12,  modulo C(n, p, L)IIu112-L.

Now consider the last two terms of the right hand o f (3. 1). Since

(U n (n —1/2), I) sf]) =i(n — 1/2)e i L (X , 6, pg_ (X, 6, p) n - 3 / 2 ,

where L(X, E, p) = {2)6( —Y(X)<tte>1 1 2 ) - 1 1
 —

2 x ' (  y ( X ) < 4 > 1 / 2 ) y ( X ) < p e > 1 1 2 ,

it follows that
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I „(n —1/2)* [1„(n —1/2), 1) ; ].=i6; (n —1/2) I„(n —1)* (L+b)I „(n ,
b E

O n the other hand, taking into account that L (X , e, p )= 1  on the support
of a,ï, for n_>_ 16, we get

/„ (n —1/2)* [I n (n —1 /2) , D ;] D i cr „-
—1/2)/„(n-1)*(1 b) 1 „(n —1)D3 a ; ,  b  p ,S M

and  this implies that

(3.3) I r i ( [ I  n (n —1/2), D i ] D I ce,-;.u, I „(n — 1/2) (D o  it9) tr;11) 1
▪ —1/2)11/„(n — 1 ) D5a,Tul111/„(n —1) (1) 0 —i0)oçu11+
+ C (n)filiin (n  — 1)Dia,Tull 2 +C(n)/111-Un —1) (D0 -0) Le;n11 2,

where ri =r 5 (0, Thus, the last two term s a re  estimated by

(3.4)2 r  i si (2n —1)11I „(n 1) Act,Tu11111,, (n — 1) (Do — i0)a;n11+
▪ C (n) I.1 111  n(n —1) 13 i cçull 2 +  C(n) (n —1) (.130 — i0) a,711112 .

From the assumption (1. 1), there exists 0<a<1 such that

3 4( r 2 )  =8<1,
5=1

then w e see from  (3. 2) a n d  (3. 4) that

— E 0,7 (D;a,Tu, (D0 —ie) a;7u) Er ; 11I „( n /2)1—1/2) 5a; u11 2 +
; =1 ; =1
+ (2n —1) (1 —5 —C (n) p) ; III „(n D iatil 12 —

J=1.
— (2n —1) CS C (n) !Oil' n (.130—i0)ce,71‘112.

A fter having done the same arguments for 0;2' (D;cr,Tu, (D o — i0 )au ), it
follows that

Proposition 3. 1.

— E E 0 ( r  ; Ma i0 )  a u )  2 O r1 ill/„(n —1/2) D5a,n112 +j=1 j=1

+ —n — 1 /2) Di cr, u111 +(2n — 1)(1 —3 — C(n)P) E (n — 1)D5crul 12 +
+11J+ ( —n —1)Di a,u11 21 (2n —1) (8+C (n) 1.1)11n11 1, modulo C (n, p, L) 11112-L.

W e proceed to the next s t e p . Consider [ a ,  N .  Here, obviously

a ([a;, D i ] )  = _ n iny(x) < 4> 1/2) <t i e> 1 / 2 , ( X ,  p)+ i6 in i i 2 x(1) 

an d  w e rem ark  th at /(X, C ,
 p )E J - 1 - 2 N S 0 , - N ,  fo r a n y  N E R ,  T h en  it is

c lear that one can  express

(3.5) i n (fl —1/2) *I„(n —1 /2)[a;, DJ ] —=e50 1 2I„(n —1)* (l,+b i ) I n (n —1) -=
ei nv21. „(n —1) * (12 + b2)J+ ( —n —1), bi ttSV2,



L ocal energy in tegrals I I 665

where

11 (X, e, p) =x '(  —nl "Y ( X) <pe>1") <pe>112J_ (X, e, p),
12 (x, e, p) = z(i) (-72 1 /2 Y (X) (tte>1") (<11 e>,1- (X, e, I+(x",e, p)).

x <pe>112,14. ( X , e, p) •

From proposition 6. 1 in [2], we know that

(3.6)1 1 1 ( X ,  e, p) I C, with C independent of n,

then this fact and (3 .5 )  sh o w  that (since cr,t H-cr; =1),

(3 .7 ) Iø ; ( [a ;, Di ]Diu, (Do —i0)ce:u) I 5n 1/2 (C+C(n)p) (111„(n D ia;ul 12 +
+I1J+( —n —1).Di a,1- u1121 +n t i2 (C+C(n)P)11/n(n — I) (D0 — i0)a;u11 2 .

On the other hand, one can write

[ a ; ,=  2  [ a ,7 ,  D ]D;  H-qr,

where r (X, e, p) =n e (— n uz y  G r( p e>2) <tie> for any N R .
Therefore we get

/n (n —1/2) */n (n —1/2)r -- ,=.- n/n (n —1)* (ii +b i ) I ,i (n —2) =-
=-nin (n —1)* (12+ W .* ( —n —2),

where l,(X , C, p) belongs to J°S°.° and satisfies the estim ate (3. 6). Thus
the same procedure gives that

(3.8) I 0,7 (ru, (Do —i0) a,7u) 15.n 2 (C +C (n )P ) n(n —1) (Do —i0) cr,7111 l2 +
+7012 (C+C(n)P)Illu1112,2.

Summing up, from (3. 7) and (3 . 8), it follows that

IŒ; ([a;, Dnu, (1),—i0)a,Tu)1-5n 1/2 (ci d-C (u) 1.1)11in (n - 1) (Do — i0) Lçull 2 +
+ n 1/2 -h C (0/ 1)  tili(n — 1)Dia;u112 ±1J+( — n — 1)D i a,Tul 121 ±

n3 1 2 (c1 +C(n)ti)H lul I I2n,2,
modulo C(n, p, lu 12-L.

Since the estimate for 0 ';(•••) is obtained sim ilarly, we have

Proposition 3. 2.
E Dflu, (D 0 —i0)a,u) 15' n112 (ci + C (n) n1/2 (ci + C (n) p) x
x  (III ,,(n —I) D + IIJ ( —n —1) Di a,-;u1121 +/73 1 2 (ci+C(n)p)111u111,i.2,
modulo C (n, p, L)

Combining propositions 3. 1 and 3. 2, we obtain finally

Proposition 3. 3.

— E Eft (a,r i D.lu, (Do — i0)au) —  (2n — 1) (8+ c2n 1 / 2 ±C (u) —=1
—7P/2(cl+ C (n)te)1 I lul I ro,
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f o r n no(ci), dao(n) , modulo C (n, tt,

N ow we com plete th e  proof o f  theorem  1. 1 in  c a s e  (2) 0 . In the
inequality of proposition 7. 5 in  [2 ] , w e take 3, 3 1 > 0  sufficiently small so
th a t  3+6 1 4-8<1. T h e n  o n e  can  ab so rb  th e  r ig h t  h a n d  s id e  of the
inequailty in proposition 3 . 3 , an d  th is fact proves theorem  1. 1. Here
w e recall that 8  depends o n  In (0, an d  accordingly, C , (in theorem
1 . 1 )  m ay depend also o n  tr i (0,
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