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§ 1. Introduction.

L e t  A (t, z ; at, az)=(a, ; (t, z ; at, '9 z ) )1 ,,„ be a  matrix whose entries
are partial differential operators with holomorphic coefficients in a neigh-
bourhood o f th e  o rig in  in  C "  (n W e  a re  concerned  w ith  the
Cauchy-Kowalewski theorem for the Cauchy problem:

(C  P )
A (t ,  z ;  at , az )u=f(t, z ). .
5 1:72.; t=t 0 :----  sbi.k(z) k = 0 , 1 , ..., m 1 -1 ,  j=  1 , 2 , .. . , N

where tm „ m 2 , , m ,}  is  a given collection of non-negative integers and
a a( a a we denote z = (x, y ) ,  a,—  and d =—at az (ax , ay  )).

The purpose of th is article is  to  show that if the Cauchy-Kowalewski
theorem holds for the Cauchy problem  (C .  P . )  in  a  neighbourhood of
the origin, th e n  (C .  P . )  is  eq u iv a len t to  the Cauchy problem  for a
(m1, m 2 , . . . ,  m N )-norm al system  in at under some assumptions. Therefore
i f  mi >0 ( i = l,  2 ,  . . .  ,  N ) ,  the Cauchy problem  fo r  general system  is
equivalent to the Cauchy problem for the first order system  in  at .

Concerning this subject, M. M iyake [3] treated the ordinary differential
equations. K .  K itagaw a a n d  T .  S a d a m a tsu  [2 ]  tre a ted  the partial
differential equations under som e assum ptions. In case of the constant
coefficients T. Sadam atsu  [4 ] gave the necessary and sufficient condition
for the Cauchy-Kowalewski theorem to hold.

Our arguments are based on the treatm ents by K . K itagaw a and T.
Sadam atsu [2].

The author would like to thank Professor K . K itagawa for his helpful
suggestions and stim ulating discussion.

§ 2. Assumptions and Results.

First o f all w e define the formal order o f A (t, z ; a„ az )  by
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max E order a1 (1 ) (t, z ;  at, az)
n =1

where 7r is  a  perm utation  of ( 1 ,  2 ,  . . . ,  N J an d  order au (t , z ; at ,  az )  is
defined by sup [degree of au (t, z; C) as a polynom ial of 1- and CI and

t.z
order au (t, z ; at , az ) , —oe i f  au (t, z ; at, az ) 0. W e assume

A ssum ption I The form al order o f  A (t, z ; ai , az ) =771_0.
I f  th e  A ssum ption  I ho lds, then  by V olev ic 's  lem m a [ 5 ,  6 ] ,  there

exists a  system of in tegers ft s , }  such that

( j ) o r d e r  au  ( t ,  z ;  a„
( i i ) E t i — E s1 =m.

Let oiii (t ,  z ; at , az )  be the homogeneous part of order ti —s, of a,; (t, z;
a„ az ). W e assume

Assumption I I  T h e  hyperplane t =0 is non-characteristic for A(t, z ; a„ az ),
that i s ,  d e t  A(O, O ; 1, 0) #0 where A (t ,  z ;  z- , C) = (d, ; (t, z ;  7, C))1i..wv

Under the Assumptions I an d  II , we consider the C auchy problem:

A (t , z ; a„ az )11=f(t, z)(C. P.) au. = . 0 (z)(z) k=0, j= 1 ,  2 ,  . . . ,  N

in  S2=/ x where ml , m2, • • • , mu are given non-negative integers satifying
m1 +m 2 + +7nN =m  ( = the form al order of A (t , z ; a„ az )), is  a  nei-
ghbourhood of the origin in  C 2 a n d  4E1= ft E C  ; t I <60 ô 0 :

W e introduce the following definitions.

Definition 1. W e say that the Cauchy-K owalewski theorem holds for
the C auchy problem (C . P .)  a t  a  p o in t (to,  zo) i f  there exists a un ique
solution u(t, z ) E H N (LT(to, Zo)) o f (C . P .) fo r an y  f (t, z) H N  (U  (t o , zo))
an d  a n y  Sbi.k(Z) E H (U ( t„ zo n it = t 01 ) ,  w here U (to , z o )  a n d  LT(t o z o )
a re  neighbourhoods o f  (to,  zo)  in  Q  an d  H (U (t o ,  z o ) )  denotes th e  space
of holom orphic functions in  U(to, Zo). If the Cauchy-K ow alew ski theorem
holds f o r  (C . P .)  a t  a n y  p o in t in  Q , th e n  w e  s a y  th a t  th e  Cauchy-
K owalewski theorem holds fo r  (C . P .) in  D.

Definition 2. A (t ,  z ;  at, az)
a, when

is said to be (m1, m2, ..., m N )-n o rm a l in

ai i (t, z ; at, a2 ) =015 a +b1; (t, z ; a„ a 2j , j= -1 , 2 ,  . . . ,  N

where order bi i ( t , z ;  at , a2 )<7221 fo r  an y  i ,  j  and  3i ;  i s  K ronecker's a.
a,

Definition 3. W e say  th at A(z ; az )u=f  ( z )  is  u n iq u e ly  solvable a t  zo
i f  there exists a unique solution u ( z )  H N (U"(zo)) of A (z  ; az )u=-f (z ) for
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any f (z ) F (U (zo)) • I f  A(z ; az )u = f(z ) is  u n iq u e ly  solvable a t an y
p o in t in  0, th en  w e say  th at A (z ; a z )u =f  (z ) is  un iquely  solvable in O.

Definition 4. W e say  th a t A(z ; az )  is invertib le in  0  i f  there exists
a  m atrix  B(z ; az ) w hose entries a re  p a r t ia l differential operators with
holomorphic coefficients in 0 such that A (z ; az ) B (z ; az ) = B (z ; az )A (z  ; az )
=identity holds i n  0 .  W e denote B(z ; az )  b y  A ' (z ; az).

O ur a im  is  to  show that

Theorem 1. Under the assum ption I and I I ,  i f  th e  Cauchy-Kowalewski
theorem holds f o r th e  Cauchy problem  (C . P . )  in Q , th e n  th e re  e x is ts  an
invertible matrix  R (t, z  ; at , az ) su ch  th at R (t, z  ; at ,  az ) A (t, z ; at , az ) is
( " 11 3  M 2 ,  •  •  •  ,  mN )-normal in  a,.

To prove theorem 1, w e need the following theorems.

Theorem 2. I n  order that A  (z ; az )u =f  ( z )  is uniquely solvable i n  0 ,
it is necessary and sufficient that A  (z  ; a z )  is invertible i n  0 .

Theorem 3. If  the  form al order of  A  (z  ; az )  is —00, then A  (z  ; a z )u
f  (z ) has not a solution for some f  (z ).

§ 3. Preliminaries.

L e t  tti , be a  fixed system of integers and

E au ( t , z ; at , az )u., = f (t ,  z) i , . . , N.

W e set

aii (t, z ;  at, 6z) , 40 ,  z ;  at, ao+b u (t, z ; at, az)
_

d i ;  (t, ;  at, az) =  E (t, z ; 0z)6ttl - s1

te
k=0

and

t . - s  - ka„ az ) ,  E z; a z )at
,

k=1

where order dg!) (t, z ;  a z ) =k  an d  order bT(t, z ;  a z ) k. L e t u s  remark
th a t  A(t, z; 1, 0) = (d,7)  (t, z ; a2 )) = (di; (t, z)).

We differentiate E , u p  to  (s1 —l)-times

t .- s .+1 IE {â (t, z) a"t +  E bP1. 1) (t, z ;  a z )atri+l - ki
i= 1k = 1

() _/" S i —1, i=1, N

where bilm (t, ; FIE) =  E 6(03)(t, z ;  a z ) +bri) (t, z ; 02 ) )  and
h+p=k (h i )

denotes the binomial coefficient. W ithout lo ss o f  gen era lity  w e m ay
assume ti >m i , s1 > 0  for an y  i, j.
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sE di ;  (t, z)a t
ti  si+ E E bz/ (t, z; a z )a 141;k=mi

N z+ E d i ;  (t, z)a:ia '  ' u +ur f  E  E (t, z; a z )aN ;zr si +1<mi J = 1  0=0

C1 .1 .3' 2 , . . . ,  N.

We denote the system  a:E , =  a: f ,  ( 1 = 0 ,  1 ,...,  s i —1, i = 1, 2, ... , N )  by

A (t, z ; a z ) U (t ,  z )+ B (t ,  z ;  a „  a z ) u ( t ,  z )  = P t ,  z)

w here U (t, z) =-  ̀(a,m zi„i . • • , at"'NuN, a,m1+ 1u i, •  •  •  , a tm N 'uN , •  •  •  , a :'' 'up), f =
f N ,  a t i i ,  •  •  •  , a st i '  ,)  =m ax (i ; t = max t id  i '=  max ti ; s, =

max skl, A (t, z ; a z )  is  a  Es i x ( E t ;  —m) —square matrix whose entries are

p a rtia l differential operators w ith holomorphic coefficients and B(t, z ;
at ,  a z ) is composed of linear combinations o f  ui , a,m i =1 , 2,

N )  w ith coefficients of differential operators in  az .
W hen we put t =t o,  w e  have

A (to,  z ;  a z ) U(t o , z) =F(t o, Z)

w h e re  F(t o ,  z) =f(to, z) —B(t o ,  z  ;  at, a ) u ( t o ,  z )  i n  w h ich  w e  replace
a/t'u;  (to,  z )  b y  th e  in it ia l d a ta  ( Z )  (k = 0 , 1 , ..., m i - 1 ,  j= 1 ,  2, ... , N).

For the sake of simplicity, let us say that the Cauchy problem (C. P.)
is well-posed in  Q when the Cauchy-Kowalewski theorem holds for (C. P.)
in  Q . T h en  w e  have

Proposition 1. I n  o rd er th a t the Cauchy prob lem  (C . P .)  is  w e ll-p o s ed  in
D i t  is  n e ce s sa ry  and su fficien t tha t A(t o ,  z ;  a s ) u ( t o ,  z ) = F ( t o ,  z )  is uniquely
solvable i n  0 f o r an y  t0(It 0i< 6 0).

P r o o f .  L et t, b e  f ix e d . For an y  F(t o , z )  w e  ta k e  gii.k(z) =0 and the
corresponding f ( t ,  z). L et u(t, z )  b e  a unique so lution of the C auchy
problem ;

A (t , z ; a „  a z ) u = f ( t ,  z )
k=0 , 1 , ..., m ;  — 1, j=1, 2,

th en  (a;n iui , , atmN+luN , lup)11= 1° is  a so lution
of A (t o , z; az)U (to, z)=F(to, z ) .  Conversely, for any f ( t ,  z ) ,  h 0 ( z )  we
take  th e  corresponding F(t o ,  z). L e t U(t o ,  z )  b e  a un ique so lu tion  of
A (to, z; a z ) u ( t o ,  z ) = F ( t o ,  z).

The C auchy problem :

a;T i = a»Ifi(t, z) i =1, 2 , ... , N
aj:11.iit=i0 =0:1,kW 0 . . k - r n 3 j= 1 , N
aNi l,= ,0 =the corresponding elements o f U(t o , z) —1 1 5_.j- N

N  i- s i+1 - 1
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has a unique solution u(t, z ) , since the system  a:i.E1 =-a:ifi ( i=1 , . . . ,  N )  is
a  (t„  t 2 , , t N ) -n o rm a l system  a n d  t =t o is  n o n -c h a ra c te r is t ic . This
solution u (t, z )  is  a lso  a so lution of the C auchy problem:

A(t, z ;  a„ a)u=pt, z)
95.i.k(z) k =-0 ,1 ,..., m i - 1 ,  j= 1 , 2 , ... , N.

Q. E. D.

§ 4. Proof of theorem 2.

In  th is  section we prove theorem  2 . S in c e  it  is  c le a r  th a t  A (z ; az )u
=f ( z )  is  un iquely  so lvab le in  0  if  A (z ; a )  is  in v e rtib le  in P ,  w e  show
that the inversibility of A (z ; a) in  0  follows from the un ique solvabilty
o f  A (z  ; az )u = f (z) . H enceforth  w e assum e th a t  th e  fo rm al o rder of
A (z; az )  is  n o n -n egativ e . A s snown in  §6, we need not this assumption.

Lemma 1. I f  A (z; az ) u =f ( z )  is uniquely solvable i n  0  and the formal
order o f  A (z ; a z )  is positive, then det ,61(z C) =0 f o r any  z e  0  and C C 2 .

Pro o f . Let the formal order o f  A (z ; a )  b e  m  ( > 0 ) .  I f  there exists
z° E  0  an d  C'E C 2 su ch  th a t d e t ii(z °  C°) #0, then by the suitable change
of variables, w e m ay suppose that th e  form al order o f A (z ; a )  is  eq u a l
to  m  a n d  th a t  x = 0 is non-characteristic  fo r  A (z az ). According to
C, W agschal ([6 ] théorèm e 4 . 1 ), there ex ists non-negative in tegers 711,
n2 , . . . ,  n N  satisfy ing  n1 ±n 2 +  d - n N =in  such that the C auchy problem:

A (z ; a z )u=f (z )
a!ttil-0=0.i.k(Y ) k = 0 , j = 1 ,  2 ,  . . . ,  N

has a un ique so lution for a n y  f ( z )  an d  ch k (y). Therefore the solution
of A (z ; a)u=f(z) is  n o t unique. Q. E. D.

L e t / (z ; C) (/1(z; C), / 2 (z ; C), ,  /N(Z ; C )) b e  a  left null vector of
A(z ; C) and ii (z ; C), /2(Z ; C), . . . , iN(z; C ) be homogeneous polynomials
in C an d  irreducible. W e  p u t /, (z ; C) = E /, a (z)Ca (i= 1 , 2 , ... , N),

lthen the following degree relationsa i = r

. . . = r N +t i —sN  ( j =  1 , 2 , ... , N)

hold, where we drop the term s rk -Ft i —s1 i f  lk(z; 0.
/(z; C ) can  be d iv ided the following two cases :

10 ) there exists i 0 su ch  th a t ii0 (z ; C) =-/10 (z) %0 holds
2°) degree /i (z ; C) >0 holds for an y  i  if l  (z ; C) 00.

A t first w e treate th e  c a se  10 ).

Let
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0

• • •

1

li(z •, C) 
110 (z; C)P(z ; C) =
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0 • 1

and  P(z ; az) = P (z ; C) ,  then P(z ; az) is invertib le a s  fa r  a s  /Jo (z)
and  the order o f th e  (i„ I) -entry in  P(z ; az )A (z ; a) is less than
( j= 1, 2, ... , N ) .  Therefore the form al order o f P(z ; az )A (z ; az )  is less
th a n  th a t  o f  A (z ; az ). I f  w e  p u t  A' (z; az) = P (Z ; az ) A (z ; az), then
A (z; az )u=f (z ) an d  A/(z ;  az )v =g(z ) a re  equivalent a s  fa r  a s  1i0 (z) #0.
I f  a  so lu tio n  o f A  (z ; az)v=g(z) is  rep resen ted  b y  R (z ; az )g (z ), then
R(z; az )P (z; az)f(z ) i s  a solution of A (z; az )u = f  ( z )  as far as  1 10 (z)
is satisfied where R (z ; az )  is  a  m atrix of size N whose entries are partial
differential operators.

S e c o n d ly , w e  tre a t  th e  c a s e  2°). T h ere  ex ists  i, su ch  th a t rio =-
min trt ; /, ( r i ,o ) (z) 0 1 .  I n  f a c t  if  4(,,,0) (z) 0 for an y  i, then  /1 (z ; C), /2 (z
C ), ... and /N (z ; C) have a  common divisor 27. This contradicts that 11,  4,
. . . ,  IN  a r e  irreducible.

Let
1 o

<io

GioQ.(z ; C) — 4(r i . 0) (Z)
e  1

_ 
r '0 • • 1

(Z)

0

IN (rN  0) (Z) e rN-rio
( z )

• 1

then Q(z ; C) and  Q(z ; az ) =Q(z ; C) I c =az a r e  invertible as far as /i00 (z)
is satisfied, where = (r10,  0 )  a n d  /,05 (z )  i s  the coefficient of er '0=-C' in
/0 (z; C). W e define la) (z ; C) =/(z ; C)Q- 1 (z ; C), then i-th  component of
/a) (z ; C) has a  form 22 E rzA (z)Cs ( i# i o)  and the degree o f  e (z ; C)

IA 1 =r, -1
Hence /f1) (z ; C), , 4 0

1)_1(z ; C), ki )-Fi(Z ; C), , 1M) (z ; C) have a  common
divisor 72.

O n the otherhand, th e  degree o f th e  (i„ j) -entries of Q(z ; C)A (z ; C)
a re  t 1 — sio b y  th e  degree relations. I f  w e define  Aa) (z ; az)=.Qu ; ao
A (z ; ai ), then the formal order of A(1 ) (z ; a) is  eq u a l to  th a t of A (z ; az)
and  we may define Jim (z ; C) =Q(z ; C)2i (z C).

Let

A") (z; C) =
/ dl" (z ; C)

cig) (z ; C)/
where e ) (z ; C) is  a  row vector

(i = 1, 2, ... , N).
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Since /(1 ) (z ; C) is  a  left null vector of it"  (z ; C),

41> (Z • C)P ) (Z • C) = — E /1"(z ; C)di (z ; C) = - E /.;(z; C) dP) (Z ;

holds where /;(z ; C) 4 1) (z ; C) /77 (jk /0 )  a re  polynomials in  C. Therefore
we can represent c20

1) (z ; C) = 72d (z ; C) and  (/1(z ; C), r2 (z ; C), , ; C))

(1 0 (z  ; C) -/ 0 (z ; C) ) is  a  left null vector o f  a  matrix

For A (1 ) (z ; az) =

ce(z ; az ) +bi(z ;  az )

ay d(z ; az) i a (z  ; az)

62P(z ; az )+b,(z ; a.)

we define an extended matrix

/ di1) (Z ; az ) d- bi(Z ; az) 0
• • •

of size (N + 1) : .sati (z; az)
c(z ; az)

• • •

— 1 , then we may

di‘P (z ; az ) +b N ; 2 )
bi o (z; a)

0

  

cif') (z ; C) 0
• • •

d(z ; C) 0
• • •

tik ) (z ; C) 0
0

define d i (z ; C) =

      

T h e  fo rm al o rder o f  d i (z ; az )  is  e q u a l to  th a t  o f  Au )  (z ; az)  and
det d i (z ; C) =det AG)  (z ; C) =det (z; C) O .  F urtherm ore (/1(z ; C), V2 (z ;
C ),. . . ,  V AT (z ;C), 0) i s  a  left nu ll vecto r of .52/ 1 ( z  ; C) an d  th e  degree of
/(z ; C) is  less than  that of 1i (z ;C) (ikio)•

Continuing the above procedures, we have finally an  extended matrix

ai(z ; az )
• .  •

d,(z; az)
131(z; az ) ki (z ; a z )si (z ; a.)=

0
of A (z  ; az )  a n d  a  left null

• • •

pi(z; az) o ki(z; az,)
vector (1.

1 (z ; az), 12 (z; az ),..., 1N(z; az ) , o ,..., 0 ) of
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; C)
0

d(z ;C)
dAr (z ; C)

ki (z; C) which satisfies (z C) = /Jo (z)

0 "..

ki (z ; C)
ft 0 for some io,  where a, (z ; C) and  ,8;  (z ; C) are  row vectors of length N.

We define
1 0

(z; ; C) ; 0
. 0 < jal0(z) 1,o(z)

1
0

1
a n d  •9 (z ; (z ; C) then according to  the case  1 0 ) ,  th e  formalc=az ,
order o f  .9 (z ; az ) d(z ; a z )  is  le ss  th an  th a t o f A (z ; az ) an d  .9 (z ; az )
is invertib le i n  0  except certain fin ite analytic hypersurfaces.

C onsequently w e h a v e  th e  fo llow ing proposition w h ic h  p la y s  an
essential role in  our considerations.

Proposition 2. I f  det ( z  C )  0 ,  then we can degrade the formal order
of  A (z  ; a) .

Exactly speaking, there exists a  m atrix  P (z ; az ) or g (z; az) such that the
form al order o f  P (z ; az )A (z ; a z )  o r ,9 (z; a z) si" (z ; a) is less than that of
A (z ; az ) ,  where P(z ; az ) and .9 (z ; az )  are invertible i n  0  except certain
finite analytic hyper surf aces and si (z  ; az ) is  an  extended matrix o f  A (z  ; az ).

R em ark  1 . In  particu lar, in  case  o f a  m atrix o f ordinary differential
operators, w e can degrade th e  form al order w ithout the change of the
size o f the matrix under considerations.

Concerning the preceding proposition, w e  ad d  the following property
a s  lem m a, which we u se  in  §6.

L em m a 2 . In  order that A  (z  ; a z )u =f (z) is uniquely solvable in 9 ,  i t  i s
necessary and sufficient that si (z  ; a z) U  F (z ) is uniquely solvable in  0  as far
as l,o (z ) #0 are satisfied.

Proof. It suffices to prove this lem m a in case that A (z ; a ) = (z ; a
a n d  .szi(z; az ) =si,(z ; az ). F o r a n y  F(z) = (Fi (z), F2(z), • • • , FAT...1(z))
we take f ,(z )=T , (Z ) (i i 0 )  and f 0 (z) =-  ayFo (z)+FN+1(Z) • L et u ( z )  be
a unique solution of A (1 ) (z ; az ) f ( z) , then  U(z) =- (u (z), (Z ; az ) u (Z) —
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Fio (z ) )  is  a solution of .911 (z  ; az)U=F(z)•
Conversely for a n y  f ( z )  w e  tak e  F, (z) = fi(Z ) (i# io ) a n d  Fu+1(z)

a,F 0 (z) =A (z) and let U(z) =`(Ui(Z), • • • , U 4-1 (z ))  be a unique solution
o f  .911 (z ; az)U=P(z), th en  u (z) = t (Ut(Z), ,  UN ( z ) )  i s  a  so lu tion  o f
siu) (z ; az )u —f (z ). Q. E. D.

Remark 2. L e t  sifi(z ; az ) U (z ) =F (z ) h a v e  a  so lu t io n  o f  th e  form
R' (z; az ) F(z) for an y  F (z )  where R'(z ;  az )  is  a  m atrix of order (N+ 1),
whose entries a re  p artia l differential operators. I f  w e take F(z) = t(fi (z),

• • • 5 6
1 • • • fN  ( Z ) 5  f 0 (z )), th e n  .9/1 (z ; a z ) U  F ( z )  h a s  a  so lu tio n  o f

t h e  fo rm  R' (z ; az ) F (z) Ir  (z  ; a z ) f (z ) a n d  u (z ) = ( IN( Z )  =

( j
 0 z

0  ) az)f(Z)=R(z ; az)f(z) i s  a  so lu tio n  o f Au )  (z ; az) u =f(z)
where I N  is  an  identity  m atrix  of o rd er N  an d  R(z ; az )  i s  a  m atrix of
order N  whose entries are  p artia l differential operators.

Proof  o f  T heorem  2. A s shown in  §6 , th e  form al order o f  P(z ;
A(z ; az) or (z ; az ),szi(z ;  az ) is  n e v e r  — oo. W e apply Lem m a 1 and
Proposition 2  repeatedly until that the formal order becomes 0.

Let d o (z ; az ) be of the formal order 0, then according to K. Kitagawa
an d  T . Sadam atsu ([2], proposition 1 ) w e have

sio(z ; ai ) - - -

A 1 (z )

A 2 (z)
• •

0
 

•  A p(z)
w here A i  (z) .  •  ,  Ap ( z )  a re  sq u a re  matrces whose entries a r e  functions
and  we denote A—B when a  m atrix B is obtained from a  m atrix  by the
exchange of rows an d  columns of A .  Hence det ( z  ;  C )  is independent
of C.

1f A  (z ; az )u = f(z) is  un iquely  solvable in 9 ,  i t  must b e  det ,s210 (Z ; C)
0. In fact, by lem m a 2, ( z  ;  az) U =F(z) must have a unique solution

for a n y  F ( z ) .  It is  c lear th at ,sio (z  ;  az ) U = F (z ) h as n o t a solution for
some F (z) provided that det .210(Z ; C) =-0. Incidentally, if  det ; C) 0,
then using the fact mentioned above, d0 (z; az ) is invertib le i n  0  except
certain finite analytic hypersurfaces and  U(z) =-.sa/6-1 (z ; az )F (z ) is a unique
solution of d o (z ; az ) U =- F (z) .

Taking account of Rem ark 2 , there exists a  m atrix R(z ; az )  of order
N  such  that u(z) = R (z ; a..),f(z) i s  a  so lu tion  o f A (z ; az)u =f (z). The
coefficients of partial differential operators in  th e  entries o f R(z ; a z )  are
holomorphic i n  C .  In fact, the construction of R(z ; az )  shows that the
cofficients a re  meromorphic in t9 .  O n  th e  otherhand b y  the assumption,
A (z ; az )u = f(z ) has a un ique so lution  u ( z )  H N  (U' (zo)) fo r any f  (z)

(U (zo)) at every  z , i n  0 . Therefore the coefficients are holomorphic
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i n  0.
Since u(z) =R (z ; az ) f ( z )  is  a solution of A (z ; az )u=f (z ), it is easy to

show th a t  R (z ; az )A (z ; a z ) -=A (z ; a z )R(z; az ) =I N  h o ld s  i n  0 ,  namely,
A (z ; az )  is invertib le i n  O.

§5. Proof of Tgeorem 1.

In  th is section we prove theorem  1. If th e  C au ch y  problem (C . P.)
is well-posed in  Q, then it follows from  Proposition 1 th a t A(t o, z ;  a z ) U
=F(t o , z )  is  un iquely  so lvab le in  0  for an y  to E/ an d  from Theorem 2,
th ere  ex ists a n  invertib le  m atrix  R(t o ,  z ;a )z )  su ch  th a t U(t o , = R  (to,
z ; az)F(to, z )  is  a unique solution of A (to,  z ;  az)U=F(to,

The coefficients of the entries in  R(t o, z ;  a z )  are  holomorphic in  to in
th e  sam e m anner a s  those o f R (z ; az )  in  th e  preceding section. Here
le t  u s  rem ark  th a t w e  tak e  th e  le ft n u ll v ec to r /(z; C ) i n  §4 th a t  of
A (t o, z ; C) restricted at t =t o.

N ow then we had in  §3

A(t, z ;  az )U (t, z )+B (t, z ; at, az)u(t, z)

w here th e  en tries o f  B (t, z ;  a„ a z ) w ere  th e  linear com binations of
N ) with the coefficients of differential operators

in  az . For a n y  t E/ w e app ly R (t, z ; ao  on the above system of equa-
tions, we obtain

U (t, z )+R (t, z ; az )B (t, z ; a„ a )u(t, z )=R (t, z ; a2 )1(t, z).

The first N  components of this system of equations can be represented by

E bu (t, z ;  a t , az)uJ =gi(t, z)J=1 (i =1, 2, ... , N)

where order b 13 (t, z ;  a t , az) ‹n z , fo r a n y  i ,  j  a n d  g1, g2, . . . ,  g N  a re  th e

first N  components of R (t, z ; a z )f (t, z ).
Let R (t, z ; az ) z ; a , a . ) ) 1 i . ; „  we define r1 (t, z ;  a„ az ) by

z ; a z )fk (t, z )= rii ( t, z ; at, az).f.i(t, z) (i=1, 2, ... , N)
k=1 j=1

a n d  R (t, z ; a„ a) = (r1 (t, z ;  at, az ))i,,,N , then R (t, z ; at , a )  is inver-
tib le in  Q  (K . Kitagawa an d  T . Sadamatsu [2], proposition 4 ) an d  R(t,
z ; at, az)A (t, z ; at, az) i s  (mi, m2, • .., mN )-normal in  at.

§6. The format order -co.

In  this section we treat a  matrix A (z ; az )  whose formal order is — 00•
Before th e  proof o f  Theorem 3 , w e show  the rem ainder o f th e  proof
o f  Theorem  2, n a m e ly , t h e  fo rm a l o rd e r  o f  P (z ; az.) A(z ; az ) or



{  ax vi + E c i ;  (x, y ; ay )vi =o
vi (0, y ) = s b i ( y )

i =1, 2, ..., m
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(z ; az ),szi(z; az )  never becomes —00 provided that the unique solvability
of A (z; az)u=f(z).

A t first we prepare two lemmas.

Lemma 3  (G . Hufford [1], Thoerem 4).
If  the f orm al order of  A (z ; az )  is then we have

A(z; 0 ) ' 0 ii2(z ; az)
az) B (z ; az )

where Âi (z ; az )  and 212 (z ; az )  are  N 1 x (N i +r) — and (N 2 + r) X  N 2-matrices
respectively and N 1 d-N2 +r =  the siz e of  a m atrix  A (z ; az ) N„ N 2 0).

Lemma 4.
L e t  Â (z ; az) be a  (N +1) xN — matrix  of  the f orm  ( Ael ac .,N) )  whose

entries are partial dif ferential operators. If  the form al order of  A(z ; 6 2 )  =m 0
and det ii(z; C) X0, then there ex ists z° at w hich  Â(z; a ,)v=g(z) has not a
solution for some g(z).

P ro o f .  The solution v (z) =`(vi(Z), v2(Z), , vN (z )) of Â(z ; az)v=g(z)
satisfies E  c;  (z ; az)v; —go ( z )  and A(Z ; az)v=`(gi(z), •  •  •  , gN (z ))  where
g(Z) = t (go(z), g N (z )). Let g (z )  = -- `  ( g o ( z ) ,  0, . . . , 0 ) and v (z ) be
a so lution of A (z ; 62 ) v = 0 .  If  th e  form al order o f A(z ; 6 2 ) =7 n 0  and
det Â(z°; CO) 0, then  by the suitable change of variables w e m ay suppose
that the formal order of A(z ; 6 2 ) =m a n d  det A(0, 0 ;  1, 0) 40. According
to  K . Kitagawa an d  T . Sadamatsu ([2], Théorème 3), there exists non-
negative integers n„ n2 , . ,  n N  satisfying n1 +n 2 + ... + n N =m, so that v(z)
is  a solution of the Cauchy problem:

I
C E b i ;  (x, y ; a ,  ay )v; =_o i=1, 2, ..., N
6!vilx=0=0;,k(Y) k=0, ni —1, j=1, N

=1

where order bi i <n ;  fo r  a n y  i ,  j  a n d  v ic e  v e rsa . Therefore it suffices to

prove this lemma when A (z ; az )  is  a  first order system  in  az . Let y (z)
be a solution

then 6 v,(0, y )  (k =1, 2, ... , i = 1, 2, ... , m) a re  uniquely determined by
P.; (y)1 7=1.

O n the otherhand, le t E  be the left hand side of the first equation of
Â(z ; az )v=g(z ) a n d  we differentiate E  u p  to  m-times w ith respect to  x :

ni

E (x, y ; 6 y )v1 =_6g0 (x, y) k =0, 1 , . . . ,  m
3=1
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I f  Â(z ; az )v—` (go (z), 0, . , 0) has a solution,

E (x, y; ay)vilz=o=a.tgo (0, y) k =0, 1, m.1=1
m ust hold. We substitude a!v,(0, y )  by the functions which a re  determined
above, then we have the system of ordinary differential equations :

(y, WO; (Y) = a!go (0 , y) k  =0, 1, ..., m. =  d
d
y  

Since w e can take go (0, y °) (k  =0, 1, , m, 1=0 , 1, )  arbitrary,
tak in g  A(z ; az) = (hkAY, Dy ))11,,;,„ a n d  repeating th e  above reasoning,
the above relations are not compatible. Q. E. D.

From now on  w e treat the case th a t th e  form al order of A(z ; az ) =
and  that there exists P(z ; az )  o r  .9(z ; az )  so  that th e  formal order

of P(z ; az )A (z ; a,)  o r  .9(z  ;  a3).s21(Z ; az ) becomes —oo, where .91(Z; az)
is  a n  extended m atrix of A(z ; az) appeared in  §4.

C ase 1°)
Let

1 0

i l c z ;  a z ) 1 I  ( z •  a) 
110 (z) zl. )

0 1

and  P(z ; az )A (z ; az )  b e of formal order — co, then th e  (io,  r(i 0))-entry
of P(z ; az )A (z ; az )  must be 0, where rE/7 0 and  17, is  the set of permuta-
tions o f  {1, 2, ..., N I sa t is fy in g  E  o rd er a,.(,) (Z ; az ) = m. I n  f a c t , if

,=1
(i0, r(i o))-entry is  n o t 0, th e  form al order o f P(z ; az )A (z ; az )  is non-
negative because of the i-th row of P z ; az)A(z ; az) to be that of A (z; az)
(i#jo)• T h is  contradicts that th e  form al order o f  P(z ; a z )A (z ; a z ) is
— co. H ence w e have by Lem m a 3,

/ Ji (z ; az ) B(z ; az)P ( z ; az)A (z ; az) — el A-2(z; az) 1

(
I bi • • • bN,\al\

az) = A lcz; az) : ,  , 12(z; az)=
aN i f \A ,(z ; az ) I

and  A ,(z ; az )  are the square m atrices of the size N 1 a n d  N , respectively
an d  N 1 ± N 2 ± 1 =N  (r-=1 ). H ere w e m ay suppose th a t  th e  ( i„ r0 (i0) ) -
en try  o f  A (z ; az )  is  tran sfo rm ed  to  t h e  (N1 4-1, N1 +1)-entry b y  the
exchange of rows an d  columns, where r, is  a  fixed permutation in /70.

Further w e rem ark that th e  (i, ro (i))-entries (i i„) o f A (z ; az)  are

Pcz; < i0

where A i (z ; (Z  ;  az)
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transform ed to  those of A i (z ; az )  o r  A2( ; az ) a n d  consequently the
fo rm al o rder o f A i (z  ; az ) is  n o n -n egative  if  A ,(z  ; az ) is  n o t em p ty
(i = 1 ,  2). S in c e  it  is  c le a r  th a t  A (z ;  a z ) u = f ( z )  h as  n o t a solution if
A2 ( ; az )  is em pty, henceforth  w e assume th a t  A2(z; az) is not em pty.
L et u s rem ark  th a t th e  fo rm al o rder of A2(z ; az )..nz an d  th e  s iz e  of
A2(z ; az )  is  less than  that of A(z ; az ).

Furtherm ore we have det ; C) .=0. I n  f a c t ,  i f  d e t  A 2 ( ; C)
th en  by lem m a 4 , there ex ists z° at which A:2(z ;  az )v=-g(z) h as  n o t a
solution for some g ( z ) .  This contradicts the solvability of A (Z ; az)u=f (z)•
If det .f °12 (z ; C) -=0, w e  c a n  d e g ra d e  th e  fo rm al o rder o f A2 ( z ;  az ) by
means of Proposition 2.

case 2°)
For A ( z ;  az ) w h o se fo rm al o rd er is  m , w e construct a n  extended

m atrix of A(z ; az) :

and

a ( ;  492)=
az) *

B ( z ;  az ) K ( z ;  az )

(k lu ; a) 0 \
(K u ; az) —

0 ki( ; ag)/

0

1licz; 
110 (z)

IN(z; az) 0

i,o u).9(z ; az) — • • • 0

1
0 •

1
and let .9 (z ; a,)  ( z  ;  az )  be of form al order — co.

According to lemma 3 , w e have

(z  ; az)a ( ; az) —(
a f i c z; *  

I *
where 1 1 ( z ; az)

\ *  K ,

(k , , 0  )
1 3K 1 = ,  an d  K2 =  k i l  •  • ) ,  here { i l , ip} n • ..

0 • kip \ o • k 1

0

=95, {i1, • • • , ip }  U  { j1 5  •  •  •  5 =  [1 , 2 , ..., 11 and d 1 (z ;  az) are the square
matrices of the size N1(N1 d-N 2 + 1 = N =  the size of A ( z ;  az)).

S im ila r  to  case 1 0 ) ,  w e  m a y  assume t h a t  t h e  (i0,  r o (io))-en try  o f
(z ; a)  is  tran sfo rm ed  to  th e  (N1 -kp+1, N1 ± p+ 1)-entry and th a t the

formal order of .szli (z ; az ) is non-negative (i = 1 , 2 ) .  Let us remark that the

az)),

.4 ( ; d )= ( d 2*
a, bi • • • br.,,A-a

)aNi + p  f * K2

< i0



(Let A (z ; a)= ••• 21.(z; a ) = I • .• n
aN ,(z ; a ) , aiN(z; u=)

a,(z ; a.) azo(z; a,)
a n d  A , ( z ; 0,) =
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formal order of 1 2 *  ) 7'n  and  that the size of .912 (z ; 3,) is  less th an0  K 2 —
that of A (z ; az).

K2(
0

z; c)F urther det (
d

2

(z
;

) C )
and in th is case we can degrade

0
the formal order of ( j i 2  *  )  by m eans of Proposition 2.

Continuing the above arguments, w e fin a lly  reach  to  th e  th ree  cases
whether Â(z ; a,)v=g(z) has a solution or not:

( i ) the formal order of A (z ; 3,) is 0
(ii) A (z ; 3,) =a(z ; 0 ,)  is  a  scalar differential operator

(iii) A(z ; a,) is  o f the  form

a
k, 0

•

0 k 1 /  •
cA((zz.; °aa,) .,%)where Â(z ; = and  a(z ; 0,) 00.

I t  is  o b v io u s  th a t  Â(z ; a,)D=g(z) h a s  n o t  a  s o lu t io n  in  e a c h  case.
Consequeently we can conclude that P(z ; a,)A(z ; a)  or g (z ; a)si(z ; a)
is  no t of form al order —00.

A t the sam e tim e w e have

Proposition 3 . L et A (z ; 3,) be a  N ' xN -m atrix  whose entries are partial
differential operators with holomorphic coefficients in  9 , th e n  A (z ; a)u=f(z)
has not a solution for some f ( z ) ,  where N' >N.

Proof.

where a,(z ; ao a re  row vectors of length N  a n d  1  io <i i < .  <

iN <N '.
If A(z ; a,)u=-f (z ) h as a solution, Â(z ; a,)v=g(z) has also  a solution

where g(z)— (f, i ( z ) , . . . ,  sf, N (z)). L e t  th e  form al order o f A' ( z ; 0,) is
non-negative, then by Lem m a 4 there exists z°E 0  a t w h ich  Â(z ; a,)v -
g(z ) has not a so lution for some g ( z ) .  If th e  form al order o f A'(z ; az)
is — co, then applying Lem m a 3 rep eated ly  un til th at th e  formal order
o f A ,(z; A-2(z; uu=g(z) h a s  n o t a so lution , w h ere  Â2 (z ; 0)=
( c(z ; a ) )

A,(z •; a,) T he exceptional case is  th a t Â2(z ; 0 ,)  is em pty, and  in  this

case it is  c lea r th a t Â(z ; a,)v=g(z) has not a solution. Q. E. D.
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Using Lem m a 3 and Proposition 3, it is easy to prove Theorem  3.

§ 7. Examples.

L astly  w e  g iv e  tw o  exam p les . W e ca ll th e  typ e  o f C auch y d ata  o f
(C . P .) in  th e  preceding sections the (m1, m2, • • • , mN) - type.

Example 1.

A  (  2 a N -  (6 +l) 6t -Fy 2a!-F 1 67+ ( y ax —1) a, — x (x —y )a2x +1
at + xax —1dt+ax

The formal order of A  is  3  and the hyperplane t = 0 is non-characteristic
for A .  The 4 types of the Cauchy data are possib le.

The (3 , 0) -type.
Let ft1, t2 ; s, £ 2 1b e 14, 4 ; 2; 3) , then

0 —x(x—y)a!-E1 y0„— 1 0
0 xax — I 1 0 0

A= 2 0 —x(x—y)0!-F1 y a x  —1 1
0 0 xax —1 1 0
1 0 0 xax —1 1

is invertible and  the C auchy problem of (3 , 0 ) -typ e  is  w e ll-p o sed . W e
have an  invertible

R a  (x, ;  a) — a(x , y ; a)b(x, y ;  a) —1 )
—b(x, y  ;a)

( R - 1 =
( —b(x , y ; b(x, y ; a)a(x , y ;  a) +1 )

—1 a (x ,  y ;  a))
where a (x ,  y ;  a) = a, +x0 —1 a n d  b(x, y ;  a) ,  a,— (x —y) ax an d

63, + [(2x —y —1) ax + . . . 0 iRA s (3 , 0 )-n o rm al in  a,.
61+ {(x —v —1)ax +ay +1} at + . . . 1

The (2 , 1) -type.
Let It„ t 2 S , .521 be 13, 3  ; 1 , 21 , then

/ 2 y a x  —1 1 \
A= 0 1 0 is invertib le and  the C auchy problem o f  (2 , 1)

\ 1 xa, —1 1 /
type is  w e ll-p o sed . W e have an  invertible

R
1 — at + (x —y)a
0 1

(R -1 = (1
0

a,— (x —y) a x  ) )
1

and

R A = ( 6 +  ((x —y —  a + a,+11 a, + 1
a t +  x a x  _ 1 ) is (2, 1) -normal in  a,.at+ax
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T h e  (1, 2) -type.
a,+1 I

A = 1 0
\ ax1

type is well-posed.

2\
0
1 I

is invertible an d  th e  C au ch y  problem o f  (1,

W e have

2)

R 1 2a,-2ax+ay+1 —1 ) )  and=I\ —1 2a5 -2a,+a„+1 1
a+xt a—i.xRA=rt ,

— (y2+2) -I-a! m ,+ a x —i a.-E{(2.x -y — 2) ax+ ay } at + .. . )  iS  
( 1

2) -normal in  ai .
T h e  (0, 3) -type.
L e t  ttl , t 2 ; s,, s2} b e  (4 , 4; 3, , then A  is not innvertible. In fact,

th e  formal order o r  A (z ; a ,) is  2  a n d  det (z  ;  C ) =  (y2 +2),e2 - 4  X0.
Hence the C auchy problem o f  (0, 3) -type is not well-posed.

Example 2.

A  ( a x a,-1
\ m y -El a2y j

A  i s  i n v e r t i b l e  ( A - 1 ( 
—(a

a;

 + 1 )  
— y —(axa 1)

)), namely, the Cauchy pro-=

xay
blem o f (0, 0) -type for A  is well-posed.

Let w = ax u ay v, then At(u, u) = ( f ,  g )  is equivalent to

du=
I 0 —1 ax

1 o ay

u I f

ax a, — 1  j w \ 0

T he formal order of d  is 2 and (72, —e, 1) is  a  left null vector of d.
/1

Taking .9 = 0
\ a,

.szr  is invertible.

00 \
1 0 w e have

—axl j
Further we have

,9
/ 0

= = 1
\ 0

—1
0
0

ax

a,
— 1 /

and

u=au—(ax a,-1) g  a n d  v = — (a„ay  +1)fd-a;„g.
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