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Mixed problem for evolution systems
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Reiko SAKAMOTO

(Communicated by Prof. S. Mizohata, December 14, 1983)

In the preceding paper ( [1 ]),  we studied a  general initial-boundary value
problem for single evolution equations. For example, such a type of equations
are derived from the system of equations in complessible fluid dynam ics. But,
it seem s more natural to construct a  theory of mixed problems for systems of
evolution equations, which we shall consider in this paper, making use of the
analysis in the preceding paper. The idea of the framework for systems owes
to the one for elliptic systems ([2]).

§ 1 .  Problems & Assumptions

1.1. P ro b lem s. L e t  L(t, x, y ; Dt ,  Ds , D y ) b e  a  Nx N-matrix B(t, y;
D t , D s , D O  b e a  m+ xN-matrix, whose entries a re  linear partial differential
operators, that is,

L(t, x, y ; r, e, x, y; r, e, N  7

B(t, y ; r, 7)) = (b 1 i(t, y ; r ,  e, j=1 ,• • •  ,  N

w here l, b 1 a r e  polynomials with respect to  (7, e, )2) w ith  g - -coefficients in
(t, x, y)eRix l?'><Rn - ' ,  where we assume these coefficients are constant outside
a  ball in R n + 1 .

O ur problem  is to seek a  vector valued solution with length N , satisfying

L (t, x , y ;D t , D s , D y )u = f in (-00, T)X1?! ..,

(P) B(t, y; D„ Ds, Dy)ulx=o=g

u= 0 for t < 0 .

on (-00, T)X Rn - ' ,

w here  f ,  g  are vecter valued given functions with length {N, m + } satisfying
f= 0 ,  g = 0  for t< 0 .  Our main result is

Theorem. Under the assumptions (A.1)-(A.4), (B.1)-(B.3), (A*.1) and (B*.1)-
(B*.2), the problem (P) is  H - -well posed.

1.2. Pincipal part of L .  Let {p)} be given integers satisfying

p(1)>p(2)> >p(/)>1.
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Let P  be a set of polygons in  {(a, s)E R 2 ; ci 0, s _ 0 } whose sides are constructed
of straight lines p " ) a± s= const. (i= 1 , ••• , 1), a = c o n s t . and s= const., involving
a = 0  and s = 0 .  Let NE P, then its vertices are represented by (o. , s) coordinates :

(0, 0 ) , ( t e" ) +  ••• + 12 ( ' ) ,  0), (p m +  ••• m (" ), •••

( 1 1 ( 0  m ( 1 )  + + m ( 1 - 1 )
) ,  (0, m ( 1 ) + ••• +m " ) )

some of which may coinside, where m ( " / p ( i ) = p " ) o r  p ( 1 ) =m ( 1 ) = 0 .  Here we
denote o- (N )= {m ( ' ) , • •• , m"}. Moreover we denote

Let

N ° = U  N 1 >, N  - = aN n  {p i) s= const.}

A(7, e, 72)=Ecia 2.7 c eP72'

b e  a non-zero polynomial, then we define the Nowton polygon NA of A  by the
comvex hull of AA U YA , where

AA= {(6, P+1 2)1); ao•p,=01

XA= {(47, 0); (a, s) ,A.A.I U {(0, s); s)E A l u  { (0 , 0)1

Now, let us consider N x N -m atrix  L(v, e, 17)=(1 0 (r, e , )7 )) with polynomial
entries. Denoting N t i i  for the Newton polygon of t1 7, e, )2), we assume

Assumption (A.1). For i, j=1, • •• , N, there exists a polygon S i E P , contain-
ing N i i i ,  where a(S i )= {sP ) , ••• , sV ) }

Denoting
e, .7))— E

( a.P+1 , 1) ESi

and
ni e r ,  e, E

we define the principal part of L  with respect to  {S1} by

Lo(7, e, 72)=(/?;(7', e, 72)).

Now let us define for N E P

0 .(N ) = { E { m(k)} k ,
k

_where ni(k) I p(k)— p(k),m w — m , p ( k ) j •  Denoting
k= 1 k= 1

A(r, e, 72)=detL 0 (7, e, 77)=

and
A0(7, e, )7)= E ,

p + 1 ,1 )E N 0

we assume
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Assumption (A.2).
i) Ao(z-, E ,

 2 )# 0  if  Imz-<—K and (e, Rn ,
ii) .A.0(0, 1, 0)*O.

Under this assumption, zeros of Ao(r, e, )2) with respect to  e are non-real if
Imz-G—K and 77E R n - j . W e w rite  m+ (resp . m ..) for the number of zeros of
A o (r, e, y ) with respect to  e w ith  positive (resp . negative) imaginary parts if
Ims-<—K and 72E R n - 1 .

Now, let M(r, e, 7)) be a  cofactor matrix of Lo(r, e, 72), i.e.

A(r, e, 7))
M(r, e, V)Lo(r, e,

A (r, e, )2)) .

Let der, e, y) be a polynomial and /17/(z-, e, y ) be a  NxN-matrix with polynomial
entries such that

A(7, e, y)— (d(r, e, 72)1171er, e, )2». ,
where Mo (resp. (d/C4)0 )  is the principal part of M  (resp. diC/i) w ith  respect to
{T1},  where

a(T;)-={m(k)—s5k)},
then we have

e, y)Lo(z-, e, )2)= fer, E, y) ,
( 71(r, e,

r o ( r ,  e, 72)-- .
A(1- , e, y ))'

Â'er,

where Eo i s  the principal part of î  w i t h  respect to R , where

(r ob_ fin- co,n i c o i (1,72 co+ ... +fivo = m) ,

774 (o/p (o = p co (p (o+ + fi (o_ p ) .

Let th ( r e s p .  hi_.) zeros of ;4(z-, e, )2) with respect to  e  have positive (resp.
negative) imaginary parts for Imz.<—K and y  R 1 - 1 ,  which we denote {en (resp.
{ e7}) and

771. ±

;1±(V, E, 77) = (1 -1  y))

Moreover we denote the i-th part of 21' w ith respect to  Si by

71( i ) (7, e, 77)=. E ei c i „ e v ,
y) 2, , - ( 17(i+i)+...+,7( 1),

( a . p - F i v i ) E N ( z )

and we assume

Assumption (A.3).
j)  ;4 (0 , e , y )# 0  for (E, (i= 1 , •• , 1- 1 )  and :4" ) (0, 1, 0)*0,
ii) p ( i )  is even and A m(r, E, 22)* 0 for Im O and (e, 22)E Sn - ' (i=1, •• • , l-1),
iii) p(i)=1 and zeros of 2i(t)(r, e, y ) with respect to y are real and distinct
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for (e, 72)E Sn - '.
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In general, let
P ( r, e, 77)=(Pier, e, 77), ••• , PN(r, e, 72))

satisfying
N p1cR C R 0 (R , R oE P),

then we define the standardization of p w ith  respect to  (R ; R o )  by

ps(v, C, n )— (g (z -, e ,  17), ••, e, 77)),
where

where

and

Let

pier, e , .1)) , 1 111 (zsk_il y2 i)pck)_ack)p i (r ,  c., )7),

cf(IR0 (R ))=Ia 1 01 1, u(Ro)= {19 ( 0
) }

IRo(R) ,  n  { (R 0 — (a , 49))n R 0l, I= {(a, 13); R o —(a, ) R } .
( a, 13) E 1

[ pu(r,.e, 77) ..• 77) 1 [ 77) 1 ,P(r, e, 72)=
PHi(r, C, 72)• - • PHN(7, e, 7) )J L 72)

satisfying
Np 1 i c R 1 C R 0 (R i, R 0 E P ) ,

then we define the standardization of P  w ith  respect to  (R1, •••, R H ; R o )  by

po=_

P i f

w here pr is  the standardization of p i  w ith  respect to  (Ri; R0).
Now, denoting l i = (/ i i  ••• / v ) ,  we define

(s i=  E  SV' ) )
le=1

L,
L =-

11

L i = Cl i

LN

and L f  be  the standardization of L  w ith  respect to

S 0 d--(0, 1), ••• ,

Moreover, denoting

r 1  c  L iu k (r , C, 72)V - '  del
- B ik )  (1 - ' n) — L Zvi :20 ) ( r ,  e, 72)

=[
1 v (k) (1 , c)e,   d e l

2 „ i ã ( 1 ,  e )
we define



Mixed problem f o r evolution systems 213

g z i,k)(r ,
 )

2) ._ 1 2 1 ,10(z.., v )bik-H) biz)] ,
where

11 (r, e, 0)=e f f' I ' .. +14
- 1a+) (r,

Then we have

Lemma 1.1. rank .g2,1,k)(r, )2)-=-r-n +N—m + for Imz<0, 72E R ' 1.

Pro o f . For fixed (r, )7), we have

P u q r,  ; e ) L `  ke ,  n ) Q u e ) (r, n; e)=1:» k (v, ;  C),

D(k)er, 7) ; e).= 
[ el k ) (r,

(r, e)
where felk) (r, )2; e)1 are elementary divisors of L ( k) (r, e , n) as polynomials with
respect to e and

; e)=A(k)(r, C, n),
where A ( k)(r, e, )2) is divisible by Â ( k)(r, e, )2). Replacing L by D  in
can prove the lemma easily (see [21).

Assumption (A.4).
rank.gti,k)er, .0= gt +AT—m+

for Imz-- 0 and )7ESn - 2  (k =0, 1, ••• , 1), where g q ) =R ii ) (1, 0).

1.3. Principal part of B .  Let us consider boundary operators

B (r, e, )2)=- 1 b (7 , e ,
where we assume

Rik), w e

Assumption (B.1). N b z j c g i, therefore there exists 1?, P such that N 0 ,3 cR t ,
where

6r(Ri)= , •• • , rit)},
where

rP )<e 4 " ) -1 , IT ) <M ( k) ( k  =2, •-• , I).

Denoting

we define
B o (r, e, 72)=(14,(r, e, )2))z=1,-,m ÷ , 5=1,. ,N •

From Assumption (A.2)-(ii), we have detL0(0, 1, 0) 0, that is , the row vectors
o f  L(0, e, 0) spans a  (NM —m)-dimensional subspace in  th e  space spaned by

i-1 N -i-i
0 , e 5 - 1 , 0, • ,  0)1 H ere we say that B  i s  normal, if the

space spaned by the row vectors of
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C (e),
er nt

such that the row vectors of
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130 (0, e, 0)]
L(0, e, 0)

spans a (N —m_)-dimensional subspace. Here we assume

Assumption (B . 2 ) .  B  is normal.
Denoting

si = E sf,k)
k =1

we define { s ;, • • •  , s ;„ ,}  the complement of the set

s 1 + 1 , • • • , s2, .3 2 + 1 , • • • , • • • ,  s N ,  s N + 1 , • • •  ,  M -1 }

in the set

{ 0, 0 , 1 , • • - ,  1 , • • • , •••,
Denoting

and

we can find

r i =  E (i = 1 , • • •  , m + )
k=1

{r1, , rm + }U { r i . + +1, ••• , 7'70 ••• ,

are linearly independent.
Let us denote

= - [  , BBB =-

where /3° be the standardization of B  with respect to (R 1 , ••• , R„ ;
We define the k - t h  part of L o p a t in s k i matrix of (A, B ) by

R u o  ,  72) „ , (R a
( r  7 ,2)ba+i) b co )

where
1 c  B 5 ( 7 ,  e,  7 2 )ei   de)(k )(7 '  7 2 ).= ( 27ri A( r, n)

C m -N

J=1-a

Ls'

[B

and



Mixed problem fo r evolution systems 215

b ( k ) = (  1  ('  B (1, e, 0)ei - 1  

27ri et(k).,(1,
where

A T (r, $ ,O )=e i -E- - "4+itak)(7, C).

Denotiong R ( ' ) =22 ( 1 ) (1, 0), we assume

Assumption (B.3). rank gt ( k) (z-, )2)=M + N  for Irny 0, 72e Sn - 2  (k =0, 1, • ••, 1).

1 .4 .  Example. Let us consider a  linearized operator for compressible fluid
without viscosity, that is,

7+ ae ae, a$2 ae3 0
ae, 74-ae 0 0 Pei

L(7, e)= ae, 0 2-1-ae 0 fie2
a$ 3 0 0 r+ae 18E3
0 13e1 /3 2 fies 7+ ae Klei 2

where e=($ 1, Co, eo), a=(ai, a2, a2)E R 3 (a i< O ),  a > 0 , 0, I ail <a. Let
p  (1) =2 p(2) = 1,

{s(2)= ....  = 4 1)=0, s '

then we have

=2},{ s (2)= • • • =.s.P) =1,

H 2 a C2 fieo aeo 0

sP =0} ,

ae, H, 0 0 fie,
Lo = ae o 0 Ho 0 fies

ae o 0 0 H2 fies
, 0 0 0 0 H,

=ae2H1H2 — ae3H1112 *
(H3-Fa2 ei)H1 a 2 e2e2H1 a2e1$3111 *

a 2e21H1 (H3—a2 e)H 1a2e2e2H 1 *
— ae2H2H2 a 2 C2C2H2 a2$3e2H1 (H 3 H -a 2 a H 1

0 0 0 0 H „
where

—itcl el' , 112=7= ae , 112=(7—ae) 2 —a2l e  ,

therefore we have

A=detL 0 = H i l / W o ( m =6 , m,_=2, m -  =4) ,

=H 1112 113 ("M =5, "M+ = 2 ,  - =3) ,

A ( 1 ) =H 1 , A 2  = ICI 2 1/3113
Let

B =[ 0  1  0  0  0
0  0  0  0  1 '

then the Assumptions (A ), (B) are satisfied.
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§  2 . Energy inequalities.

2 .1 .  Norms. L et g  be the Newton polygon o f A and

St'=- {g—(0, 1)} n g ,

then we define basic norms fo r  a  scalor function u(t, x, y)c I--P(R' X  R!,.x R ' )  :

Mui (2 = IKD t>c<Du >8 Inur
(a, S +p)E N ,

((u))2= E <DtY <DO s Di1 u>2 ,
(a, s+p )E N ,

<u>2 -.=

where
<Dt>2=1D2 12+12,

u112--).u N t d x d y , ,
1 1 1 , R

+

Now le t u s  define

>2=  I Dy I + 1

u .R1x
1 2 d t d  y

s ik) +.§1k) = 73-„, (k) (k , ,

r  ii) + FT ) rhci) r ' PP)  =1 7h ( k )  (k = 2 , •  ,  1) ,

and we define polygons, belonging to P , by

.( )=r { 1 ) , • • • , g
( 1

) } ( i = 1 ,  • • •  ,  AT),

a ( k i ) = ••• , F lo }  (i = 1 ,  • • •  m + )

Now we define a  norm weighted by g  fo r  a  vector valued function

f  = ( f . • • •  ,  f  N )Elf - (R i x R x  R f l - ')

AV 112 = E „ II<Dt>a<Dy >s/Àfi ll2

( a ,S + p ) E S J

an d  a  norm weighted by f?' fo r g=(g i , • • , g n i+ )ETI - (
771+

<
21-

1
-
2g>

2 =  E E <<Dt>u<D y >sgi >2

j= 1  ( a ,S ) E R i

2 .2 . Problem ( P ) .  L et u  satisfy

( P )  { L u = f in R 1 x 1271 ,

g o n  .121 > Rn - ' ,

(P)
{ E u =  f in Rix R 1

+' ,

13111, 0 =g o n  Rix R n '
where

[ t ] ,
i l =  L i f  x = 0

_LNf. Ni x=0 -

x Rn - 1 )

then u  satisfies also
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Now let us denote
E=E0 - F Ei, B 5 -=.134,14-B1

where i o (resp . In )  is  a principal parts of r, (resp. B 5 ) and

[21'
Lo= .•. ,

then we have the basic energy inequality :

Lemma 2.1.

___C(1- q1 "11E0(Dt—ir, D ., D 0 )a11-1- - <13t(Dt — iy, D ., D y )u>)

The proof of this lemma is omitted, because it is essentially proved in  [1].
On the other hand, w e have by the definitions of norms

Lemma 2.2. ri(Dt—ir, Ds, Dy)ull---c111u111,
<B1(D0 —ir, Dx , D 0 )u>__C1 - q1<u>.

Hence we have from Lemma 2.1 and Lemma 2.2.

Proposition 2.3. There exist 10 >0 and C>0 such that

1u 1 2 'Illa1114-<u»

C fr- ( 1 " ) q1 11E(Dt — ir, Dx, D 5 )ull +<B 5 (Dt — ir, Dx, D On>)

fo r r>r o an d  uE1-1- (R 1 x R7).

Therefore we have

C oro llary . There exist r o >0 and C >0 such that

r ( 1 1 2 ) q 1 11111 1l1+ < u »

<C {1 " 2 ) q1 11A:s1L(Dt—ir, Dx, D5 )ull +<;12-d3(Dt—i1, D ., D y )a>}

fo r  r>r o and uE11- (R 1 xR+).

2 .3 .  Adjoint problem (P * ) .  Denoting

L(D t , D x , D„)= _f s,(Dt , D y )Dsx
- i ,

(,)— ( y )1. 2 (1:21xR7+'), < y >-< >L 2 (1?1 ,<R , - 1
)  I

we have

(L(D t —ir, D ., D y )u, v)—(u, L*(D t +ir, D x , D„)v)

Dy )D', - ju, v)—(u, Dy)v)}i=0
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s- 1
E  E Dy)v>
j=5 k  = 0

s-1 s - k -1
E <Du, j

- 1 -  kjI(D t + ir  D
k=0 j=0

_ . ( [ B(D t —ir, D x D y )1 [ C (D t± ir, D x , y ) 1  \
U,

y
—z

C(D) B'(Dt-kir, D x , D y ) I

Hence we have the adjoint problem :

L*(131-1-ir, D x , D y )v=0 in ,
(P * )7.

Dx , D Old x =y =0 on

w h e re  w e  assume the Assumption (A.1) is satisfied also by 'I ,  ( : Ass. ( A * .  1)).
Denoting

, = ( b er- , N

w e assume

Assumption (B*.1). Nbl,CSP .

B'
Denoting B '=[

L *
]

, 
we define for Im and 7.7e Rn - 1

r  1  c B '""(? , of i-1  (41
(k)(z= 21*(k)(i , E,Ti)

1  ç   B '" ) (1 , kE, 0)f 5 - 1

1 1 '( k ) = [27ri ie i* ( k ) ( 1 ,

and

where

(k) ,  -77 ) —  ( g 1 (k) (T. , 5,;,)b/ (k+1) ...b/ (l))

71 'I" k) ,  , ) , e, 72),

e ) = i7-(k ) (z.,

Now we assume

Assumption (B*.2). rank ge ( k) (1=,

for I m E O ,  eS n - 2 (k =0, 1, • • • , 1).

H ere w e have

Proposition 2.5. Under the assumptions (A *.1 ), (A .2 ), (A .3 ) and (B*.1)—
(B*. 2), we have the energy inequality for the problem (P*),:

( " 2)(11 11101+ <7) (1/2)q111 A g L*(D t+ir Dx, D)11

+<)h , 13'(Dtd-ir, Dx, D y )n>) (r ro).
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By the usual technique, it follows the theorem stated in 1.1 from Proposition
2.3 and Proposition 2.5.
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