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Mixed problem for evolution systems

By
Reiko SAKAMOTO

(Communicated by Prof. S. Mizohata, December 14, 1983)

In the preceding paper ([1]), we studied a general initial-boundary value
problem for single evolution equations. For example, such a type of equations
are derived from the system of equations in complessible fluid dynamics. But,
it seems more natural to construct a theory of mixed problems for systems of
evolution equations, which we shall consider in this paper, making use of the
analysis in the preceding paper. The idea of the framework for systems owes
to the one for elliptic systems ([2]).

§1. Problems & Assumptions

1.1. Problems. Let L(, x, y; D, D;, D,) be a NXN-matrix B(, y;
D, D;, D,) be a m;XN-matrix, whose entries are linear partial differential
operators, that is,

L@ x, y;7, & n=Ui¢ x, v;7, & i jer,e v
B(t) y H T, E) n):(bl](ty y H T, E) 7})’[=1.~--.'m, j=1,-, N

where [;;, b;; are polynomials with respect to (z, &, %) with $>-coefficients in
(t, x, y)ER'XR*X R™*, where we assume these coefficients are constant outside
a ball in R™*!,

Our problem is to seek a vector valued solution with length N, satisfying

L, x, y; Dy, Dy, Dy)u=f in (—oo, TYXR?,
P) B(t, y; Dy, Da, D)ulz=0=g on (—oo, T)XR™1,
u=0 for t<0.

where f, g are vecter valued given functions with length {N, m,} satisfying
f=0, g=0 for t<0. Our main result is

Theorem. Under the assumptions (A.1)-(A.4), (B.1)-(B.3), (A*.1) and (B*.1)-
(B*.2), the problem (P) is H*-well posed.

1.2. Pincipal part of L. Let {p*®},_, .., be given integers satisfying

p(l)>p(2)> >ﬁ(l)gl .
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Let P be a set of polygons in {(¢, s)e R?; =0, s=0} whose sides are constructed
of straight lines p‘®¢-+s=const. (=1, :--, [), o=const. and s=const., involving
o=0and s=0. Let NP, then its vertices are represented by (g, s) coordinates :

(0, 0), (#(1)+ _l_#(t)’ 0), (@4 - +#(1>, mw), -
-, (#(1)’ MmO+ o D) (0, MDA - +m®y,

some of which may coinside, where m®/u®=p® or p®=m®=0. Here we
denote ¢(N)={m®, ---, mP}. Moreover we denote

No= QN“’, N®=3NN {p@¢+s=const.}.

Let
Az, &, ﬂ):Eaa/xvde#"]”

be a non-zero polynomial, then we define the Nowton polygon N, of A by the
comvex hull of A,\JA%,, where

Ag=A{(g, p+1v]); aspw#0}
Ai={(a, 0); (g, 5)€AL\UAO, s); (g, s)eA J{(0, O)}

Now, let us consider NXN-matrix L(z, & )=z, & %)) with polynomial
entries. Denoting N, for the Newton polygon of /;;(z, § %), we assume

Assumption (A.1). For i, j=1, ---, N, there exists a polygon S;€ P, contain-
ing Ni;;, where a(S)={s®, -, sfP}.

Denoting
Lijr, & )= X Cijomt’E*y”

(o, p+IVES]
and
lgj(fy £ 7]): > ocij,,#.jcdff“li”,

(g, p+IvNES]

we define the principal part of L with respect to {S;} by

Lo(z, & n)=WU{z, & 7).
Now let us define for NeP

a(N)={é1 Sé”’}f {m®},

l !
where m® /p®=p® 3 m®=m, 3 p*=p. Denoting
k=1 k=1

Az, & n)=det Loz, &, 77):(5 #EDEN%W?%#V
and
AO(T) E; 77):

AguT’E¥ N
(a-,/.H-ZM)ENO iae E K

we assume
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Assumption (A.2).
i) Aoz, § 7)#0 if Int<—K and (£, p)eR",
ii) A0, 1, 0)0.

Under this assumption, zeros of A(z, & %) with respect to & are non-real if
Imz<—K and neR™*' We write m, (resp. m.) for the number of zeros of
Ao(r, & 7) with respect to § with positive (resp. negative) imaginary parts if
Imz<—K and p€R*".

Now, let M(z, & 7) be a cofactor matrix of Lz, &, 7), ie.

A, & ) )
A, & ) )

Let d(z, & 7) be a polynomial and 1\7I(z', §, ) be a NXN-matrix with polynomial
entries such that

M(T’ 5; 77)L0(T, 6, 77)2(

My(z, & 9)=(d(z, & p)M(z, & 7)),

where M, (resp. (d]VI )o) is the principal part of M (resp. am ) with respect to
{T;}, where
o(Ty)={m*®—si¥},
then we have N N
M(Ty ey W)LO(T, E; 77)=L(Ty 5} 1]) ’
A, & ) )
A, & )

Gowt’68”,

ﬁmam=(

Az, & =

(v.m-zw)l)eﬁ"’

where [, is the principal part of I with respect to N, where
o(N)y={m®, ... , b} (P4 - P =mm),
MW p»=p® (V4 +a=p).

Let 7. (resp. #.) zeros of ;1(‘:, &, 1) with respect to & have positive (resp.
negative) imaginary parts for Int<—K and € R"!, which we denote {£f} (resp.

{&71) and
ﬁxnam=g@—ﬁmm»
Moreover we denote the i-th part of A with respect to N by

A9 (e, g, p)=

and we assume

> a, T"&“ﬂ"r'(ﬁ(i“)”'"'“7([)’
~ . v
(o, p+IVDEN (D) #

Assumption (A.3).

i) A, & n#0 for ¢ neStt G=1, -, [—1) and AP(, 1, 0)0,

ii) p®isevenand 171"”(1', &, n)#0forImz=0and (§, p)eS* (=1, -, (—1),
iii) p®=1 and zeros of AV(z, &, 7) with respect to ¢ are real and distinct
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for (&, p)eS™ L

In general, let
p(T, 6) n)z(pl(f) 5, 77)y Tt pN(T; Ey 1}))
satisfying
N,,CRCR, (R, REP),
then we define the standardization of p with respect to (R; R,) by

¥, & N=(p¥(z, & n), -, pi(z, & ),

where
pHE, & = TLE—il 1P ptz, & ),
where
oIr(R)={a®},  a(Ry)={B"}
and
IRO(R):( QEI{(Ro—(a, BINRY, I={(a, B); Ry—(a, P)DOR}.
Let
Pn(f, &) - b (z, & n) Pl(T, & )
P(r,$,77)=[ o7 A 7]]=[ 27 ]
pmz, & ) pun(z, & 1) pu(z, & 1)
satisfying

Ny, ,CR.CRy (Ri, ReEP),

then we define the standardization of P with respect to (R, -+, Ry; R,) by

: pt
pr=l i |,

pi

where p¥ is the standardization of p; with respect to (R;; R,).
Now, denoting /;=(l;; -+ l;x), we define

L, 1; l
= i |, L= | (=g )
LN Eﬁ—;_sili

and L¥ be the standardization of L with respect to
(Si, SiA(0, 1), -+, S0, m—s3); I

Moreover, denoting

[l (L¥*@, & pé?
BP(z, 77)-—[ 2‘:1'8 ) d&]j=1

_ 1 L*(k)(l,e, 0)51‘-1
bﬂ”’[%g a®(, & de]

=1,
J=1,0 M

we define
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RP(r, )=[ B (z, nbFE> - b7,
where

APz, & 0=+ FiaP(c, §).
Then we have

Lemma 1.1. rank R{P(z, p)=m N—m, for Int<0, ne R,

Proof. For fixed (z, 5), we have
P&z, p; §LP(, & nQP(, ;8)=DP®(, 1; 8,
efP(zr, 9 8)
[ ?wmnﬁ)}

where {e{”(z, 9; &)} are elementary divisors of L®(z, & %) as polynomials with
respect to & and

D®(z, ;5 6)=

+IIei(z, n; 6)=A® (g, § 1),
where A®(z, & 7) is divisible by ;l"”(r, &, 7). Replacing L by D in R, we
can prove the lemma easily (see [2]). ]
Assumption (A.4).
rankR P (z, p)=m N—m,
for Int<0 and y=S™ % (k=0, 1, -, I), where R{P=R{"(1, 0).

1.3. Principal part of B. Let us consider boundary operators

B(z, &, ﬂ):[bij(‘l', g, 7])]1::!,~~~.m+. j=1,,m
where we assume

Assumption (B.1). Nbijcﬁ’, therefore there exists R;€ P such that NbijCRi,
where

U(Ri)z {rél), ) rél)}’
where
riP=mP =1,  rPsSm® (k=2, -, ).
Denoting

b; (T = biio o ToEEDY

(T, 3 77) (a,yi—lEvI)ERi ijopy I3 n,

bl (7 — biio TP ELDY

2T, & ) (U‘#;‘p}”eﬁ ijomTlErY”,
we define

Bo(z, & m=%(z, & N)i=t,.my. jmtren »

From Assumption (A.2)-(ii), we have detL,(0, 1, 0)0, that is, the row vectors

of L(0, & 0) spans a (Ns—m)-dimensional subspace in the space spaned by
i—1 N—-1—1

— —_—
{©, ---0, 7%, 0, -+, 0)} 41, ¥ jo1.... - Here we say that B is normal, if the
space spaned by the row vectors of
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BO(Or &r 0)
L, &, 0)

spans a (N7 —m_)-dimensional subspace. Here we assume

Assumption (B.2). B is normal.
Denoting

we define {s, -, sk} the complement of the set

{sy, 141, -, M—1, sy, So+1, -+, =1, =+, sy, Sy+1, -, m—1}

in the set
N N N

NP P _

0,01 ,1,-,m—1 -, m—1}
Denoting

l
ri:kz‘lrék) (Z=l- ) 7n+) ’
and
{rly Tty 7’m.'.}\J{r’m-.).+lr ) rm} ={S{, Tty S;n}y
we can find
Erm++1 Ci1 s CIN
C®)= :
Em il cmo1 " Cmow

such that the row vectors of

By(0, &, 0)
L@, & 0)
c®

o) 2]

where B* be the standardization of B with respect to (Ry, -, Rm,; N.
We define the A-th part of Lopatinski matrix of (A, B) by

are linearly independent.
Let us denote

R(k)(f, 7])=(.‘R(k)(‘t', ﬂ)b(k+l) b(l)),
where

B & e )

1
BW(c, 7]>=(2—m~8 Az, & 7)

and
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1 SB*"”(I, £, 0)&/1

b =(Ger ) g

2nt d&)

j=1,, mf’
where

AP(z, & 0)=ErT++Rlng®(z, &),

Denotiong R@=R™(1, 0), we assume
Assumption (B.3). rank R‘®(r, p)=, N for Int<0, yS"2 (k=0, 1, ---, ).

1.4. Example. Let us consider a linearized operator for compressible fluid
without viscosity, that is,

t+aé aé, aé, ag; 0
aé t+aé 0 0 Bé:
Lz, §)=| a& 0 7+a§ 0 B&.

aé, 0 0 7+aé Bés
0 B&:  B&  B&  tHaf—ik|é|®

where §=(§, &, &), a=(a,, a,, a)ER® (a,<0), a>0, x>0, |a,|<a. Let
pP=2, p®=1,

{sfP=-=s{V=0, s{P=2}, {sfP=-+ =s{P=1, s{?=0},

then we have
H, a&; ﬂfz aé; 0
a; H, 0 0 ,851
Lo’—_ afz 0 Hz 0 .352
afy 0 0 H, B&
0 0 0 0 H

H\H} —aé HH, =aé.H,H, —a&sHH, *

—aéH \H, (Hy+a*DH, a*6.6:.H, a’6,6:H, *

M=| —a&HH, a'&6H,  (H—a8)H,  a&bH,  *
—absH H, ETIVA a*6.6.H, (Hs+a6)H, *

0 0 0 0 H,

where )
1=t—ik|§|?, Hy=t=a§, Hy=(r—ab)’—a;|§|?,

therefore we have
A=detL,=H,H}H; (m=6, m,=2, m~=4),

A=H H,H; (m=5, m.=2, m~=3),
A=H,, A®=—ix|E|"H,H,.

01000
B—[OOOOI]’

then the Assumptions (A), (B) are satisfied.

Let
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§2. Energy inequalities.
2.1. Norms. Let N be the Newton polygon of A and
K'={N—©, )} NN,
then we define basic norms for a scalor function u(f, x, y)€ H(R*X RLX R™™!):
HNulllP= X3 IKD>7<D > DEull?,
(0,8+u)EN"'
(uyr= 3 DD D4uy?,
(g,8+p)EN'

where
Dp*=|D/|* 7, <Dp*=|Dy|*+1,

2 — 2 2 2
=], g luldtdxdy, r=f L ultdidy.
Now let us define
Slgk)_*_gl(k):m(k) (k':l, - 1)’
7,51)_}_7{1):1,‘};1(1)__1 , rt(k)_l_i:ék)zﬂ(k) (k=2, CEEIN l) ,

and we define polygons, belonging to P, by
oS)=1{8®, -, 5} (=1, -, N),
o(R)= {7, -, 7P} (=1, -, my),
Now we define a norm weighted by S for a vector valued function

f=(f1, =, FAEH(R'XRL{XR™™)
N
Msf= 5 | 5 KDS DY DEfI,

and a norm weighted by B for g=(g1, =, gn,)EH(R'X R™?)
. m+
Argt=3Y 2 . KDpKD'gp*.
j=1 (6. 9)ERj

2.2. Problem (R). Let u satisfy
Lu=f in R!XR?,
(P)

Bu|z-o=g on R'XR"!,
then u satisfies also N 5
{ Lu=Mf in R!'XR%,

Bu|,.,=g on R!XR"1!,
where
g

~ B i,
L=ML, B=[ ] 9= L‘fﬁl”"
LNlez:O
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Now let us denote
Z::ZO-i_Eh B“=B§+Bf.

where [, (resp. B%) is a principal parts of (resp. B*¥) and

. T[4
L0:|: .'- ~ |
A

then we have the basic energy inequality :

Lemma 2.1. 7| |ull|4+ < u»
=C-u| Eo(Dz—ir, Dz, D)ul|+<B§(D,—iy, Dz, D,)u))

The proof of this lemma is omitted, because it is essentially proved in [1].
On the other hand, we have by the definitions of norms

Lemma 2.2. IZ.(D.—iy, Dy DUl ZClllulll,
(B¥D,—ir, Dz, DY)ud<Cracus.

Hence we have from Lemma 2.1 and Lemma 2.2.
Proposition 2.3. There exist y,>0 and C>0 such that
YR+ <uy

<C{y- || L(D,—iy, Dz, D,)ul+<B*(D,—iy, Dq, D,)ud}
for r>7, and ue H*(R'X R™).

Therefore we have

Corollary. There exist 7,>0 and C>0 such that
7PN+ <u
<C{y- 0| As L(D.—iy, Dy, Dull+<AxB(D,—ir, Ds, D,)ud}
for r>7, and ue H*(R'X R?).
2.3. Adjoint problem (P*). Denoting
L(De, Dz, Dy)= 33 £,Dy, D)DY,
(=0 r2rixrn), <=, dremixre-ny
we have
(L(Di—i7, Dy Dy)u, v)—(u, LX(D,+iy, D, D,)v)

8 . ;
= 2 A(L{Di—iy, DD u, v)—(u, DL~ LHD, 44y, D)}

J
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s-1 §-j-1

=i > (Dhu, D3Ik L¥(D iy, Dy
j=0 k=0
§-1 s-k-1 )

=i 2 <(Dku, X DIk LHD+iy, D)
k=0 j=0

<[ B(D,—y, Dsz)] [C’(Dﬁ-ir, D, Dy)] >
=1 u v).
C(Dy) B'(D+iy, Day D)

Hence we have the adjoint problem:

i { L*(D,+iy, Dy, D v=¢ in R'XR?,
"\ B(D+ir, Do, D0loco=¢ on R'XR™,
where we assume the Assumption (A.l) is satisfied also by ‘L (: Ass. (A*.1)).
Denoting
B'(z, &, 7)=(bi;(7, E )izt me j=1,-n N »
we assume
Assumption (B*.1). Ny, V.

Denoting B’=[§*], we define for Im7=0 and 7€ R*!

_ 1 B/ﬁ(k)(f & ﬁ)éj_l :|
) N | =\ 2 NS TS g
'O 1) [271:2'5 A*E(E & 7) a7 Jel e T ey
1 B#to1 E 0)Fr o
1 (k) — LY M

b [27':1' S ax®(, &) d5]1=1,~~~.ﬁt;’

and
RIP(E, §)=(B' P(F, F)b *V .’ D)

where

Axd(z, & 5)=A%(, &, 1),

ax®(z, H=a®(z, §).
Now we assume

Assumption (B*.2). rank ®'®(z, 7)=m_N
for Imz=0, 75" *(k=0, 1, ---, I).
Here we have

Proposition 2.5. Under the assumptions (A*.1), (A.2), (A.3) and (B*.1)—
(B*.2), we have the energy inequality for the problem (P*),:

rama|p)|l4+ o> <Cly~ 4?4 AgL*(D +iy, Dsy, Dyl
+{ A% B (D,+i7, Do, D)0} (r=70).
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By the usual technique, it follows the theorem stated in 1.1 from Proposition
2.3 and Proposition 2.5.
NArRA WOMEN’S UNIVERSIUY
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