
A set â100(h) is defined analogously . Put

,_92(h)=091—(h)X,92 + 00(h).

The set .6, x ( h )  is isomorphic to 3 i ( h ) .  The mapping

).=

+0.
{ { - 1 ,  + 1 }, i f  Z e - h k < + 0 0 ,

{0} , if E e-hk— l_co.
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In  a  preceding paper [3 ] , we discussed phase transition in one-dimensional
Is ing  models. I n  th e  present paper, we consider the one-dimensional Widom-
Rowlinson models with the formal Hamiltonian :

H (a )=  E  ./(akuk+i) —  E  h k o l ,
k E Z k E Z

where 0=(0"k)kEze {-1, 0, +11 z  and

{ +0°
if cr = —1 ,

./(0)=
0 , if a=  —1 .

As for the Widom-Rowlinson models in higher dimensions, see [4-8].
Let 6 3

7: 711?,,,,, 1 b e  the conditional G ibbs distribution in the interval [ n ,  m ]
w ith  th e  boundary conditions a n ,  a n d  ar. + 1 . W e  show later that the limit
lim Oz:,1 1 1 .] exists for any constant boundary conditions o-

n _i =z . '  and 7 77,+ 1 = 7 .  Put
m - 0 - 0 0

m.4-1-co

lim
nr.—co
m->-Foo

Let g ( h )  be the set of Gibbs distributions w ith the potentials J  a n d  h =(h k)kEz-
Let g e x ( h )  b e  the  se t o f extrem al measures of the convex set g ( h ) .  It is well
known that

L e s ( h ) c { q , , , , ;  2- ', v=0, ±11 .

We prove the following Theorems.

Theorem 1. Put
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g=q,,,r; .51(h) gex(h)

is  an isomorphism.

The equality .3400(h)= {--1, +1 } in  Theorem 1 implies that q,,,, is no t ex-
tremal. In this case, q, , ,o is expressed as a  convex combination of measures in
g e x (h) ,92—(h)x,92 +co(h). The coefficients in the combination can be computed

+00
by an infinite product of m atrices. We prove in  Lemma 2 that if E e 'k < + 0 9 ,

a  product of matrices

1 1 0 \/ 1 1 0 \ 1 1 0

e -hn e -hn e - hn e - h n + i e -h n + 1 c hm e - hm

0 1 1 /\ 0 1 1 / \ 0 1 1

converges as n—>-09 and m—H-00. Denote the lim it by fr i- 07,. In what follows,
for a  3x3 matrix M  we denote its ( r', r)-component by M (7 ', r), i.e.,

IM (-1 ,  — 1 ) M (-1 ,  0) M (-1 , +1 )\

A I= M(0, —1) M(0, 0) M(0, +1)

\M(+1, —1) M(+1, 0) M(+1, +1)/

Theorem 2. 1 )  I f  .51L 00(h)= {0} and .3200(h)= 1-1, +11, then

q0.0=(1/2)(90, -1+40, +1)

2 )  I f  a  — (h)=-9 ,1+ 0„(h)= 1-1, +11, then

E 12±- 0:(z-' , 1-)q, ,( z - ' = -  ± - 1 )  ,
r==1

q0,0=c61 E

where Cr ' and co are normalizing constants, i.e.,

Cr ' =  E ,,-=±1

co =  E 1 t (7 '  ,  7 )
r ',7= ± 1

Theorem 3. 1 )  Assume that a l— (h ) or .3100(h) is equal to IC  Then, any
p G g (h ) is  a Markov chain.

2) Assume that a — (h )= 3 ,t+e..(h) -= + 1 } .  Then, a measure

p =  E (E 2r , , r=1,
s ',r= ± 1

is a Markov chain, if and only if

det .

W e remark that the interaction J  is spatially homogeneous. Spatially homo-
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geneous interactions with finite values exhibit no phase transition. W e show
more generally that "slowly varying" interactions exhibit no phase transition in
one-dimensional higher spin systems. L et u s consider th e  following formal
Hamiltonian :

H (a )= 4;J k (a k , -7k+1) -

kE Z

where cr-=(ak)kez 2, •-• , NI z  and J k and h k are real valued functions defined
on {1, 2, • •• N } 2 and on {1, 2, ••• , N}, respectively. Put

a(Jk)= min { max I./k(a', 0') — J k (u ", 0 1 , max IJk(g, 0- ') — Jk(a, c")11 •
a' , a., a a  ,  a., a

We have

+00
Theorem 4. I f  E e - " k ) = E e - " k )= + 0 0 , then th e G ibbs d istribu tions with

th e potentials J = (J k ) and  h = (h k )  a re  u n iq u e fo r  any h=(hk).

L e t u s  prove these Theorems. For an d  (7 -•=(0'n, ••• 6 . . ) E
{-1 , 0 ,  + 1 } c7l  7 4 ], put

7Th 777
m 3 (4:71 0 n t + i ) =  E  fiakuk+ i) — h k a l  ,k=n-1 k=n

9F,'„'-'1 3 7 m + 1 (0') = E L n ' n u .+i) - 2  exP 1 —  In n ' n a  I a77 1 , 0 • .+1)}

where

am + i)= E  exp { —1Icn.m(a I en-1, 0- .+1)} •
o

The probability measure qS.nn ' 73
1 ,,,,+ 1  o n  {-1 , 0 , + 11E n 'm ' is called conditional Gibbs

d istr ibu tion . In order to compute 6 7
77•7 4

1 , 7 7 7 m + 1 ,  let us introduce the following 3 x 3 -
matrices :

e h k 0

1 1 1

0 en k  e hk

O k = e -hkQ k

/ 11 O \

=  e -h k  e -h k  e -hk

\ O1 1 /
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Furthermore, we introduce

m = f Q d

t  E

{() cOc+1••• d

if d_.c ,

if d = c - 1 ,

if d_>_c ,

if d = c - 1 .

For n < l _ r < m  and (os, 0-1+1, ••• a,-)G { - 1, 0, +1} [1 •7-],  we have

Or)

-=K.11;,- 1 (
71d- 11

rt-11 O ) Q  k ( 0 . C r  k+1)
11

N a am+i)/K11 1,,n(an-i, a m + i)

trvi )0-1=K k ( a k ,  k+1)
11

r ( a r ,
k=1

F o r o- =0, ±-1, let p ( 0 )  be the a-th  column of /7;.".
follows that

0- 7,L+1).

From /77=f1;1 1 - 1 0,„, it

P ( - 1)=p 7,-h-1(- 1 )+ e -"-k rn -1 (0 ) ,

P7(0)=P7 - 1 ( - 1)+e - h rip;h - J (0 ) - Fp;h - '( + 1 ) ,

PT(+1)=e - h rhP;-7 1 - 1 (C0H- P ,7`- 1 (± 1 ).

Therefore,
P ( -± 1)= .14( -± 1 )+s 7,-n ,

where s -= e-hk/X-'-1(0). Hence
k=r+1

P 7 (0 )= P ; ( -1 )+ P r , (+ 1 )-k s 7 + 4 '- '

-=P;"( - 1)+11 ; ' 1 ( + 1 )

--= p 7 - 1 ( - 1) - E p ( + 1 ) .

Lemma 1. The sequence of  vectors sl," converges as m -0 -00 ,
+00
E e -hk<+ co„

+ 0 0

P ro o f .  1) Assume E  e- h k -= + 0 0 . Since

./1-(0)=0;( - 1 )+P ;(+ 1 )+ 4 + 4 - 1

1 \

2e- h r

1 /
we have

1 \

2e - hr

1

nt nt

.= k -1(0)a e-h k
k=r+1 k=r+1

i f  and only  if
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Each component of the right-hand side diverges to +00 as m-+00.

2 )  Assume E e- hk <-1-00. We have

P'-'(0)=P ( - 1 )+P ;(+1 )+4+4 - 1

< p ;.(-1 )+p (+1 )+24

2p(0) +2s,

< 2(e hr+1+1)4 .

Since the  left-hand side is equal to eh k+ I(s '-4 ), we have
4+1.< slre

+0.
Since 11 {1+2(ehr+1+1)chk-F1} is convergent by our assumption, s ;" converges

k = r

Q. E. D.as m->+00.

Lemma 2 .  1 )  Assume E e-  h k < +co. The sequence o f  matrices 17;" con-
verges as m->+00. Put min /7;1 . It holds that

711-•-l-oo

/77t - (a, 0)=--/77
-t- (0r, -1)+17 71- 0 0 (o- , +1).

The sequence of  m atrices 17,t00 converges as r-++00 to

I I 1 0 \

0 0 0

\o 1 1 ,

2 )  A ssume E e 'k  < + 0 0 .  The sequence of  m atrices 17;,- 1  conv erges as n -

-0 ° P u t  l'.‘1 .;.=.1im 17;,- '. It holds that

K171-2(7', z-)=17172(z-' , r) i f  z-' =±1 ,

7 )._12- 17,01(-1 ,  7 ) + 1p-2( + 1,

The sequence of matrices 17L-2  converges as l->-00 to Ko.

P ro o f. 1) The first convergence is evident by Lemma 1. T h e  equality
0)=f7 7t - (o., -1)+17,-1- (a, +1) follows from p(0)=p;.n (-1)+p;" - 1 (+1).

Let us prove the second convergence. Remark that /7;1  is non-decreasing
in  m , because p (± 1 )= p (± 1 )+ s ; "  and p;1 (0)=1);"(-1)+p 1 (+1 ) are  so . F or
r '< m < r, we have

/7,-l-,-•=17;71/7 /7;117,t- .

Since 8.:1 is a  sum of positive vectors, p (o ) 's  are positive, i. e., /7;1' is a positive
matrix. Therefore, /7,t-  is bounded as 7-4+09, which implies that sP° is bounded
a s  r-4+00. Consequently, p,t0 0 (0)=pg-1)+p;(+1)+2s 7t -  is  b o u n d ed  as r->+00.
Therefore,
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+ .0 +00

E  e -  " k ii; - - 1 (0) E  e -  " k At"(0)
k=r+1 k=r+1

converges to 0 as r—H-00. Thus, we have
1\

11111 { p ( - 1 ) -1- s ,t - } =  O ,
r - +«,-  •  + . 0

0 /

0

lirn {P;(+1)+s -r'- } -= 0
r - + 0 0

\1

/1
{fi 00( - 1 )±g-'(+1 )} =

T-•+00

\ 1

2 )  Put H k = Since O k =lik K , we have

K - " ( I -A n = K - "(KHK • • • H i _,KH i _i K)

=H 1 _1 K II I _2 K • • • 11 K=- n •

By the  same argument as in 1), we can see that C2. converges as
n-+—oo and that

lim (01-41-2 ...)=Ko

Therefore,
lim 17 1_-;„1 = K - 1 (K K 0 )-= K0 Q. E. D.

Proof  o f Theorem 1 .  1 )  If  E e -  kh lim  (p .m] m+1 exists a n d  is in-0- 6

dependent of the choice o f a .
In  fa c t , we can see by the FKG inequality [1 ] that lim 6nn •mi ?„. exists for

r= + -1 . We have only to show that

lirn g Egn
n '] i? - 1=  lirn +1 •

1 7 1 0 0 + 0 0

L e t  II II b e  the Euclidean n o rm . Since pN±1)/Ils7II=P;(± 1 )/IlsT11+4"/Ils7II is
bounded as m---1-00, we can extract a  subsequence ini --1.+00 such that p ri(+ 1 )1

11s7ill converges. On the other hand, by Lemma 1,

P;-"i( - 1 )/11s1-a ill — P7i(+1)/114`4

=  {p ( — l) — /fr(+ 1 )} ---> 0 a s  m;  œ

Thus, lim PM+1)1Its;'•111, w h ich  w e  d en o te  b y  f ir=

0
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!MO) . Therefore, we have for r=H-1,
\fir(±1).,

l ; 1ir!.947'-'n(uo ut+i, , a r )

rK12- 1 ( 72-1, u t)fit/ 0. Ok(ak, k+1)11;ni(a, r)/114 1 ill
= lim 10=1

=K 1 - '(a n -i, al) 4f1 0k(Clk, k + 1 ) f i r ( a r )/  K lh - 1 1 7 71. - 1  fir ( (T n-1) •k=1

T h e  right-hand side is independent of 7.

2) In case E c h k  < + 0 0 , lim q,Enon,1
2.

1 
= lim  ez' 71,13, 2 i f  a n d  only if  r7=72.n  n

In  fac t, w e have by Lemma 2,

lim ni „acn• ( +1, a r )
m-•+.0

=K fi 0-vi( „ ai) kh=
1,C2k (ak , k+i)f1,t - (a , 1r)1K1- -7- (an-i,

A ssum e lim q[n.m3 =  i i 1 1 1 mi3,-2, from which it follows thatn7-4— 'n - 1 ' , 2 " - •  '

11.7t00 (67-, 71)/Kfir(un--1, 71)=fi,t-(an-17 z -2)/K] 00(a_1, 72),
i. e.,

72)=K1-1;h(un-1, r1)1K11 0 0 (u .-1, r2 ).

T h e  right-hand side does not depend on a n  which implies that fr , '(r 1 ) and i);.'(r2)
a re  proportional to each other. B ut, it is easy to see that they a re  linearly in-
dependent if  r 1 #7 2

•
+co

3) In case E e - hk<+00, q , , 0 is no t extremal.
In  fac t, w e have

qe,0(0. 1, a 1 1 , • •  ar)— K fIL2 (7 ', al) k
rl k(a k, k + i ) r1 ;-F - (ar, 0)/Kt/t:(z- ', 0)

Therefore, by Lemma 2,

ae , 0 (a k = 0 , k = 1 , 1+1, ••.)

r
= l i M  K fIto le r ', 0)14

- 1

k  1  1  , t - (0, 0)IK f tco'ss (z-' , 0)=0.
r-H-co k

Consequently,

4,-.0(ak = 0  fo r a ll but finitely many k  . ()) =0 ,

which implies that q, , ,0 is  no t extremal (Theorem 1 in  [211). Q. E. D.

Pro o f  o f  T heorem  2. 1 )  A ssum e n_c..(h).= {01 a n d  ...9400(h)=
W e h a v e  q 0 ,0 = ( 1 /2 ) ( 9 '0 ,- 1 + 4 ( ) ,+ 1 ) ,  since q0 ,0 i s  invariant under a transformation

k •

ills./11)(a n _1, 7 )
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2) Assume -92— (h )= .34 ,-(h )= {-1 , + 1 1 .  In th is case, w e have

, , (7 1 ,  O1+1, ••• ,

=K 1 .1 2 . ( r',  0 - 1):±11
1 0(ak , c f k +i)f l 1,-, 7 )1 K f i t Z ( r ' ,  z-).

From it follows that

K/7L;(0, ce)fP- - - (ar, 0 ) 1 K f I t ( 0 ,  0)

=  E , Oft ,t - (a „ r)I K 17±:(r/ , r)
r ' , r = t 1

=  E „JP:2er' , 1)11 7t - (a r , r)1.11.±(r' , z').
r ',r= ± 1

L etting (y/ =- z-', cr,-=-7 and letting 1—>—co and r--->-1-00, w e have by Lemma 2,

1/K /It(0 , 0)= 2, , , ,/ f it :(7 ',  7 ) ,

i .e . ,  2, ,,  r ) I  K  f o " , ( 0 ,  0).
W e can see by the same argument that

q E 7 )/ K 1 irr :s (7 ', 0)} qp ,Q .  E .  D .
r= t1

Proof  o f  Theorem  3. Let p = , E Put ;,,,,=2 , , ,,IfItZ(7 ', r). We

have

P(at, c11+1, , O r )
r - 1

=  E al) H  Q k ( a  uk+i)ftit"(ar, r)/fit:( 7 ' ,
r ' , r = t 1 k=1

r - 1
=  H Q k ( a k ,  k + i )  E fi7±- (a r , z - ) at)

k=1 r ' , r = t 1

r - 1
=  H Q k (ak , ak +i)L (ur, at) ,

k=1

w here  L (ar, a1) -=  E z),,, ,K.0:(7', at). Since
7 ',2 - =±1

r - 2

tg(0'1, "• , (7 ,-1)= n k(0' k, ak+1)0,--IL(ar-1- 0'1),
k=1

w e have

p(a, z, at+i, , ar)L (ar, 0 - 1 )1 0 ,1 1 -(ar, al)

= p(ur I a l ,

Consequently, for a', a =0 , +1 ,

tt(arl (71= a , ar-i) — P(6,10 - i=0 " ', c r- i)

a)(2,-11 , (ar-i, Or)

(L (a r ,  a )  L(o- r ,  a ') \
X E 77)det±1 L(72, a) L(72, a')  )
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L et a r = 0 .  If  th e  right-hand side vanishes, then

(L (0, a) L(0, a ') )
E 72)det =0 fo r a ll a .

L(72, a )  L(72, a')

Since d e t  r _i # 0, the  above is equivalent to

( L (0, a) L(0, al
det =0 fo r all n

L 02, 0-) L 0 7, a')

Let a l - 0  a n d  a r = - 1 .  If  th e  right-hand side vanishes, then

( L ( -1 ,  a )  L (-1 ,
E n)det .

72-0, ±1 L(77, a) L(7) , a')

T he  minor determinant in  th e  left-hand side with 72= 0  vanishes by t h e  above
a rg u m e n t. That with 77= - 1  also vanishes evidently. Therefore, we have

( L ( -1 ,  a )  L (-1 ,  a '))
det .

L(+1, a )  L(+1, a')

Summing up all these, we see that fo r all a  an d  a '

tt(ariat=a, ar-i)=P(0 - 7-10- 1= e ,

if  and  only if  all minor determinants o f  L  with degree 2 vanish, i. e., rank L=1.
It is easy to deduce from rank L= 1 that rank (, r r, D)= 1 , e ., d e t

Q. E. D.

To prove Theorem 4 , we introduce notations concerning positive matrices.
F or a  positive  matrix A , le t  0 5 (A ) be the angle between th e  i-th and  j-th  col-
umns o f A .  Put

0(A)=max 00 (A ).
J

For a positive matrix B--=(b i ; ) ,  put

p(B)=. min -VbkiboAbkibti) •
f ,  k , i

T h e  following is a  key lemma to th e  proof o f Theorem 4.

Lemma 3. For positive NXN-matrices A  and B , it holds that

tan 0 (A B ) {1 — (N -1 ) - ',o(B)} tan 0 (A ).

P ro o f .  L et a i  a n d  ei  be th e  i-th columns o f  A  and  A B , respectively. We
have

b k k

where B = ( b ) .  Let and  < , > be the  Euclidean norm and  the  inner product,
respectively. It is easy to see that
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i112 11c — <c c ; >2

E (b k ib l i —bk i b ti)(b p ib v— bpA i)(< ak , cip><cti,a,>—<ak,a,Xcit,ap>)
P<4

_<sin2 9(A) E  bk ib u —bk i b ii I I b n ib o —bp j b o  I II a k II II a 1111 a 91111 a211
kp<4

=s1n2 0(A)( E b k ib o — bkibii I Ilak II Ila111)2

c; >=(N-1) - ' , i ll'V bkibk; a k•--Vblibi ;

+ E (b k ib i i + bk i b ( i+ 2 (N -1 ) - 1 A /bkibkiblibi;)<ak, at>
k<I

cos 0(A ) , (bkibi i +bk -i bti+2(N-1)-vbkibk i btibu)akttllaill •

Therefore,

tan 0 i i (A B )=-i 1 1 2 11c — <ci, c J >2 1<c i ,  j >

E I bkibt i —bk i b ii I a ad a 111
tan 0(A ) E (bkibt i +bk i b i i+ 2 (N -1 ) - ' ,V bkibkjb/ibuYlakIl 11a111

le<1

From an inequality for x >0

(x 2 -1 )1{ x 2 +2 (N -1 ) - Jx +1}  <1— (N -1) - 1  min (x , x - 1 ) ,

it follows that

I bkibu — bkibti I / ibkibl i ± bk ibti+2(N - 1) - 1 - V bkibkibiibul

_-_ 1—(N- 1 - 1  min { A /bhibiA bkibii) , A /bkib/d(bkibti)

Thus, we have for any i  and j ,

tan O ( A B )  {1—(N-1) - Ip(B)} tan 0 (A ).

For a positive matrix A , let A  be a  matrix with the  normalized columns of
A , i.e., the i-th column of A is equal to w h e r e  a i  i s  th e  i-th  column
o f  A .  L e t A* be a  matrix with the normalized rows of A .  L et {Q0-.<k<+.
be a  sequence of positive m atrices. Put as before

Hg = M c ,  ••• Qd .

Lemma 4 .  I f  p (Q  k )= -+ 0 0 , then 17 r(i, j) converges as m— H- co to a  limit
which is independent of  j. I f  E p(Q k )=-Fo e , then 1 7 r( i ,  j )  converges as n -4 -0 0

to a  limit which is independent of  i.

Pro o f . Let Cm be the  convex cone spanned by the  columns of HT, i.e.,

Cm
+

x ipT  ; ,
j=1

Q. E. D.
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where p 7  is  the i - th  column of H .  From 11 7,4 4 4 =17 7N n t ,  it follow s that Cm D
+D .

Cm '. W e  have only to  show th a t  r)  Cm is  degenera ted  to  a  half line. But,
m=1

this fact is clear from

lim  tan e ( / / 111)= 0

which we can see by Lem m a 3. Q. E. D.

Proof  o f Theorem 4. Let us consider the  following formal Hamiltonian

H (a.)= E  Jk(crk, ak+i)—  E h k(uk)
k EZ k EZ

w here 0-=(60kEzE {1, 2, ••• , N} z  and J k a n d  h k a r e  real valued functions. Put

k=(e -  k ( ' '  ° ) + 4  k ( c ") ). , c=1,2,....N •

F o r  n < l _ r < m  a n d  (a1, (71+1, ••• 7) E2 ,  • • • th e  conditional Gibbs
distribution is expressed as follows

,,tn. m J ( )
Va n _ i , a i n +1\ , /, y , , r1

r—I

cr1)11( k(a k, k +1)11r(ary  am+i)
k=-1

am+i)

—1f h -21* (ern-i, kr11 1 (  k ( 0 ' k , k+i)1Y (ar , 6.+1)

I l tn-21*.111- '17N6 n-1, am+1)

On the other hand,

p(C2 0= m in  A /Qk(a' y a)Q k (r' y W  IC/k(z' ,  g ) (  k ( 0 ' '  , r)}

1m in  exp —  {— J k (e , cf) — Jk (r' r)+Jk (7 ', c r) - E f k (e ,r)}

› ..e -au k )

From  
+.
E e -8 (J k ),E e -5(.10=_4-00, it follows that

lim (I /), lim  f t ( a r ,  1 m + i )  and
77t - b-1- 0 ,

lim (Iin+i)

are independent of the choice of a n ,  and a ,  ( L e m m a  4). Therefore,

lim m-Fi(a t, o'/+1, ••• , ar)

is independent of the boundary condition ((I ,1 , a m + 1 ), which implies the unique-
ness of the Gibbs states. Q. E. D.
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