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Mixed problems for pluriparabolic equations

By

Reiko SAKAMOTO

Petrowski considered the well-posedness of Cauchy problems for evolution
equations with t-dependent coefficients, and introduced two typical subclasses
—strictly hyperbolic and p-parabolic ([1]). Volevich-Gindikin considered Cauchy
problems for pluriparabolic equation—the third subclass of evolution equations
([2]). Finally, Volevich proved the well-posedness of Cauchy problems for St-
correct evolution equations with (t, x)-dependent coefficients, where the class of
St-correct evolution equations is a  subclass o f evolution equations containing
the above three classes ([3]). O n  th e  other hand, there are little works on mixed
problems for evolution equations other than hyperbolic or parabolic equations
([4 ], [5]).

In this paper, the author considers the mixed problems for pluriparabolic
equations. She uses the energy method, where the main tools are the pseudo-
differential operators with weight functions ([6]). She uses two types of weight
functions and pays attentions to the separation of two types of symbols. To get
the energy inequalities, the choice of energy forms is based on the technique used
in [7].

A typical example of pluriparabolic mixed problems is given by

I 

at u = — au-Fa.;,u + f  (t>0, x> 0, — co  < y  < +  c o )  ,

ui x=0 = g (t>0, — c"°<Y< - Fcx)) ,

(x>0, - - 0 0 < y < + 0 0 ) .

More general pluriparabolic equations of order 1 with respect to 8, are investi-
gated under the name of ultraparabolic equations ([8], [9]).

§1. Pseudo-differential operators with weight functions.

1.1. F o r  =(o p2, • • • 5 p n )  (p,>0), we say that 2(e) (>_1) is a weight func-
tion if

la; 2(01 c c, .

Moreover, we say that a(x, e) E SZ, if
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187 IA  a(x, e)I C  2 ( e )m ' '  ,

Then we can define the pseudo - differential operator a(x, D x ) by

a(x, D ,)u (x) = (2rid a(x, C) ù(C) d C

(see [6]). Moreover, we say that a (x , e ) S Z ,(2 ) if

x(x, e) a(x, e)

for any 2, (x, e)Es,p satisfying supp [ ] c 2 .

Lemma 1 . 1 .  L et us assum e that a(x, o E S Z p (1 2 ) . For another weight func-
tion 2' (with same p), we assume
i) in 2,
ii) I 67D a (x , C) C 2''• p  A m-k i n  2 , f k _  a . p >  O.
Then we have

a(x, e) ( n- 4 )  S , . p (S2) .

P ro o f  Let k—a• p> 0, then we have

D.1(a (x, C) 2 - m+k )1

c ' D  a l  l8r2 - m-
1- k

2 ,1, ') •P Am -k  2 -m+k-ce•P

C

Let k—a • p50, then we have

1,4 D1(a (x, e) 2 - m+k)1.- C A' • P  C . •

Now we say that a(x, OE)E S T ( D )  for two weight functions 2, 2' (2' 2 ) ,  if
i) a(x, e)E (2 ),
10 a7D a (x , e)1 Am- k A'k''P in 2, if 0<a•p<k.

Lemma 1 .2 .  L et a (x , e )E S (D ) and  b (x , e )E S k,p ( 2 ) ,  then w e have
a(x, e) b(x, e) .k(12).

P ro o f  It is obvious that a b  E S Z ''(S 2 ). From the Leibniz law, we have

D1(ab) = E C ,  4_13, ) b(0, )
0 613'613

Cp, 13,  a(p...(3, ) 4 )

+ E , "BB' a ; -=̀;') ) b aki •0< e < ot

Let 0 Ga • p <k, then we have
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a ') b ( ) 4 - . . P  2 m - k) Am'

la( _f c) b (
(; ),) I _C 2m(2 P Am/ - k)

E b(j0 C(A 4  — — 4 ' ' ) * ( '  2m - k ) ( 2 4 - 0 3 '• P

0<csi<ca

therefore we have

la; Dil(ab)I C 2m +m /-k  . •

1 .2 .  In the following, we consider the polynomial

A (t, x ; r, C) = ad t , x ) =1 )

k + 11;111; =
J=1

=  E  ap,_k (t, x ; e) r ,
k=o

where {p1} are positive integers such that p i =•••=p 5
=1 , p .>1  ( j=s +1 , • • • , n ) ,

and ak , e g - (1?"+1). We denote p =(Pi, •  "  PO.
Let us denote e=(e', e"), where

=(e„ •••, e n)  an d  e" (e s . „ „  • • . ,  e n )  .

Moreover, denoting

le " Ip = (E
i=1 i = s + 1

we define

A(r, = ( I r 12 + I e I 2p)
1/

2 =  (c 2 +7- 2 I  2P)
1/

2

AV, e) = -(la l2+ 1e12)1129

A A T, =  (7- 2  4- 1 " 12p)
1

1 2

Moreover, we define

(r — i  ,

A 0 (C )  =  (1 +  IC l )', A (C ) =  ( 1 + i e'1 2)1/2

AV(e) = ( 1+  Di g  •

Immediately, we have

A (t, x ; r, ,

w here  q—(1/p 1 ,  •••, 1/p.).

Lemma 1 .3 .  A ssume that g ,  of  the roots of  A =0  w .r.t .  r,  f r are
inside of  P, and g 2 o f  those (u 1 --Hi 2 =11), -(1. ; I ; =, i + 1 ,...,,, are inside o f  r 2 ,  where I',
and r 2 are sim ple closed curves on r-plane contained inside o f  a circle with radius
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RA ,(R> 0) and dis(r„ =6 A o (8> 0) if e D .  Then we have

FL; Wi

A l = =  E x; C) ri
J=1 J=0

and

A, (r — r ;) = E  a, x; r i
j=141 +1 j=0

w here a i  k (t, x ; e)ESkzoi A 0 ,, , q (2).

P ro o f  Setting

c k (t, x; e) —   1  Ç  A T (t, x ; r, e) rk  
d  r

27ri J r1 A (t, x ;

we shall see ck ES k •1 ,, q •(12)• Since we have

81 A it, I A (t, x; r, (si> 0) ,
.0"; 8; D  A (t, x ; r,

for r r i , we have

I8 D X x; r
'I  . C / W - `̀ ' q

I. A (t, x; r, )

Therefore we have

18 ;̀ /),x ck(t, x; e)IC Ava-q

Especially when 0<a•q: I, since

a oe, Dft, x A T (t, x ; r
'm s c ,

A(t, x ; r , C)

we have

lac; .1x, x ck (t, x; e)I A C .  •

Lemma 1 .4 .  Let a(C)ES 11;0 1
, 4 , ,,(2), where 2C {A c A0 } (c> 0), then we have

{a (C)—a 0))- A0+1 E  S 4 . 0 ,(2) .

P ro o f  It is obvious that a(e' , 0)ESI
.k0 ,q (12), because A6(e)_c /VC ) in  D.

Then, we have

ci(e) = a(e)—a(e', = i E  l a t i  a(C ' , i") C1 ,

where I 'Èa" I I e" I . Since
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I ao  a(e) I C A6/1 - qi Ar 1 ,

we have

E ae; a(e ', e- ") e i I c E  Aôn - q i le ;Ij=$+1 j=s+1
A r 1 A6'

Moreover, we have

I I <  I a* (e)I ± 1 4 ( e '  0 )1aun ---- (fin
< c A ( / 1 - 0 . 4  Aloe — 1+  A 1 4 - 1 <  C  A (1 A loz —1

for 0 < a • q < 1 . •

Corollary. Let us assume

A (r, e) = ( 1-  --2- ; (0 )  ,

where -(ri (e', 0))- are distinct for e' eS s -1 . Then we have

r i (e ' , 0 )E (D)

from Lemma 1.3, and we have

• "i(e)=7" 0 ) e ,4  (a)

from Lemma 1.4, where 12 = I 1,1 (c> 0).

1 .3 . Let us specialize the direction of xr axis in  x-space, where we assume
A (0 , 1 , 0 , •• , 0 )*0 . We may assume A(0, 1, 0, •••, 0)=1, rewriting A(r, e)IA
(0, 1, 0, •••, 0) as A .  Denoting

we have

Moreover we denote

and

e =  (C, 772, = (C, 77) ,

A(r, C, 72) = E i (r , n) d .
=0

Ai(r, 77) = ( I 7- 12 + 172 I 2p)v2

72) =  ( I a' 12+ I 72' I2)112 ,

A l / (r, 72) = (r 2 + I 77" I ) 1fi

w here 77' = (772, • • •, 72,) a n d  72" = (77s+i, 770 •
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Lemma 1 .5 .  Let m, of the roots of A(r,C,7?)=0 with respect to C,-(C(r,72)}
be inside of r, and let the rest m, (=p—m,), {C,(r, 77))- be inside of r, for
(r, 17) E42, where dis(l` i , PO =SA, ( 6 > 0 ) .  Then we have

.1
A , = f i  (C—cicr, 77» = Cm l + b i i ( r ,  72) C m 1 + 1 + * * * + b l  , , , ( r ,  77)j=1

and

A , =H  (C  C  i(r 7 0 ) Cm 2H-b2  1 ( r ,  72) C m 2 +  • •• +
1)

2 m2 (z" 72),j=m+1

where

bii(r, , 27) S  4 , 4  (t2).

P ro o f  It is proved in the same way as in Lemma 1.3. •

Lemma 1.6. Let b(r, (12), where S2 c AI} (c> 0). Then we
have

{b(r, n ) — b ( , 0 ) } (D) .

P ro o f  It is proved in the same way as in Lemma 1.4. •

§ 2 .  Cauchy problem for pluriparabolic operators.

2.1. Pluriparabolic. Let us consider a polynomial with respect to (r, C):

A (r, e) = ad t, x )  e ,
k +E. j/Pj614

where adt, x )E..B - (Rk ÷1) and adr, e)=constant outside a ball in Rk +1 . Let us call

v
A o(r, e) =- ad t, x )  r

k + E j/ P J -I ,
k

as the principal part of A (r, e), considered in § 1 .  Let us use the same notation
e =(c', e") as in §1.

Assumption (A ) . A is pluriparabolic, that is,
i) Ao(1, 0)*0,
ii) the roots f r .,(e))- of A o(r, e) = 0 for C S '' satisfy

Tm r i (e) c I e" I p  (C >  0 )  ,

iii) the roots of Ao(r, , 0)=0 are real and distinct for

First, we consider the 0-Cauchy problem:

A (t, x; D 1, Dx)  u (t, x ) = f (t, x )  i n  RI  x ,
(C P)

u(t, x) 0 i n  (—co, 0)xRn .
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Theorem 2.1. There exist r> 0 , C > 0  such that for u  .11 - ( R " )  and r>ro,
we have

11/2 I I(Di — ir) k D till
k

IKD t - r)k till
k
k +  E 'j  I I  - 1

CIIA " - 1 1 2 A(Dt - i r , , ,

where E' means the summation about j for which p i =1.

By the usual way, energy inequalities of higher or lower orders are obtained
from the basic energy inequality stated in  Theorem 2.1. Therefore, concerning
to the dual problem, we have the following existence theorem:

Theorem 2 .2 . For f 1 - 1 - (Rn+ 1 )  with supp[f] C It ,  there exists a unique
solution u G 11- (Rn+ 1 ) with su p p [u ]c  ft 0 ) satisfying

A(t, x; D t — ir, D x ) u(t, x ) =f  (t, x ) i n  121 xR" ,

where r> ro.

2 .2 . Energy inequality. We denote, for 7 =C  — ir (r 1),

D' {(a, e) x  ;  A"(r, 61 A ('T

D" {(a , E R1 x R" ; A"(r, e) e, ,

D ;  = D ' { la i (e' , 0)I A(r, e))-

U D .
J=1

Taking e„ 62 small enough, we have

Aar, C)! M (z. --i- ;(0) I c A(r, e)'  i n  D"U Dô .

Denoting

Ao(r, (r—ri(e)) A i(r, e)
we have

C)! c A(r, e) l  i n  /3; .

Since tz- i (e ' , 0)). are real and distinct, we have from Corollary of Lemma 1.4

A ar, e) = -(r-0- 1(e", 0)+Y- i (e))1 in D ' ,

where

r i (e', O)E S ko. (D ), AO G S 14,,(D') ,
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and

1m i•-1(e) C I e"  I p.

Now, let x(r, 0 be a C - -function with support in D; is defined by

x (r
,

 e ) (  — r  i (e', 0)) 0  (  A "(r,
A(r, e) \ C) /

where 0(s) is a  C - -function with support in e-neighbourhood of the origin, OS
ç(s)S 1, and 0(s)=1 near the origin. Then we have

Lemma 2.3.

z e r ,  E ( 1 , 0

Set

T(r, = ( r , « c —Re r i (e))—i(r -Fim .(e))1
—i(1—x(r, 0) A"(r,

= x(1- , ( c
—

R e
 ri(e))

lx(r, (r +Im ;(e))+ (1 — x  , A"(2- , 0}
T '(r, TAT, ,

then we have from Lemma 2.3

Lemma 2.4.

i) T'(y, 0 G SIZA " , (1, 0 ,
ii) T A D ,  G , (1 ,q ) and T "(r, 0 -_c A" (c> 0).

Lemma 2.5. There exist r o> 0 and C> 0 such that

, Dx ) T(D i — ir , D.)

f or ue.11 - (R 1 x R ") and r> ro .

P ro o f  W e denote T =T  (D f —ir,  D x )  and e.c.. We consider the integral
form in R 1 x R" :

(Tu, u)— (u, Tu) = ((T' — iT")u, u)— (u, (T' — iT")u)

= -((T' u, u)— (u, T' u)) { (T" u, u)+(u, T" tt))- .

Since

r* — E  (a!) - 'idi>0

we have from Lemma 2.4
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J ( T '* u)I -- ClIA" 112-212 uir r i l iA " v 2  uir
l(T" u , u )+ (u , T" cljAm12 uli 2 —C 7- - 9-11A" 12 u112

w here 9= min qi . Therefore  w e have I I Am P uC I  A" - 112 Tull, if  r is  large

enough . •

Proof  of  Theorem  2.1. Let us define A; from A . in the same way that we
defined T = T ;  from T.—v ; ( 0 .  Let i f  have the same properties as x i  and moreover
suppridc Ix i = 1 }.  Let us denote • as the product of operators and denote 0
as the product in symbols. Then we have

11A" - vViti • Aou l  I . C11 A"1/2 - 1 u l  I

iiA" -1 1 2 (Ti 0A;0,—T1•A;•ii) uli CiiA" 1 1 2 -1u i i

and moreover from Lemma 2.5

11A" -1 1 2u l i  •

On the other hand, we have

11(A"v2 •ATii —ifi •A" 12) i i  ull CIIA"112 - ! uli

and

ii,-4;•A"1/2•ii A"112•;i1uil •

Let be  the localization symbol on D6, then w e have the estimations of
IIA" -1/2 (xo•Ao— xo°A0) /ill etc. in the same way as in D .  A n d  moreover we have

11/1"- v2 A0 •4 clIA"-112 A M i o ull

Hence, summing up the estimations of {i f w e  have

I I A"V2u l  5  CI I A" - 1 /2 Aul I . •

§3 . Initial-boundary value problems for pluriparabolic operators.

3 .1 .  Problems and results.
Let A  be  a  pluriparabolic operator defined in  §2. We consider the initial-

boundary value problem for A in a half space x,>0, where we assume the bound-
ary {x,=0)- is non-characteristic of A in the weighted sense, i.e.

Assumption (C): A 0 (0, 1, 0, •• • , 0 )  O .

From the Assumption (A), the roots of A0=0 with respect to  ei are non-real
when lm r <0 and ( f 2 , •••, e) E R ''.  Hence, the number ,u+  of the roots with
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Tm e 1> 0  and the number At_ (it+ +A L --,u )  of the roots with Im e1 <0 are indepen-
dent of variables. We denote

floe r, e) A + ( r, , e) A j r ,  C),

where the roots of A ±  =0 are in {lm.
Now, the boundary conditions are given by

B P t ,  N u !  xi =o = =1, '• • , A+)

where

B i (r, E x) .h
13+ E v j / p i r j

(r1 u - 1 , r i * r k if j * k ) ,

where b  h v (t, x) ..B - (Rn+ 1 ) and b . ;  h v =constant outside a ball in Rnv".

j o ( r ,  e )  =  E bi , ,(t, x ) 'Ch

We say that

is the principal part of B i . Moreover we say that

-13(r, e) Ai(r, C2, •••, en)Mri - 1 e )

is the standardization of B .  Here we introduce the Lopatinski determinant

R (r, ez, •••, en) =  det [  1 B io ( r ,  e) d
2 r i J  A + (r, e)

and we assume

Assumption (B) (Uniform Lopatinslci Condition): R (r, C2, ••• , en)* 0  for
f i r a  r 5 0, ( e 2 , e)eRn - i, (r, C)*o} .

Theorem 3.1. Under the Assumptions (A), (B ), (C), there exists
bers r0 and C such that we have

((u))+111u1115C flIA" - 1 1 2 ,  D.) x f t )
+P

+ E  <14(Dt —ir, Dx )u>12 ( R ix R n-1) , x 0 )-
j= 1

f o r u  1 -r ( R 1 x 1 r,)  and r> T, where

= E < ( D i — ir) h D u>12( R x R .-1), x =0

111u1112I I A Ç " P ( A — i r ) "  D vx  14 112'...2 (RIx.RT)•
h-Fv•q P- 1

positive num-
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We can get the energy inequalities o f higher orders or lower orders from the
above Theorem 3.1 in  the  same way as in  the  hyperbolic case ([7]). Moreover,
we can get the same type of energy inequalities for the adjoint problem. Hence we
have

Theorem 3.2. Under the Assumptions (A), (B ), (C ), there exists a unique solu-
tion

u  H  (R 1 x ) ,  supp [u] { t  0)-

for the problem:

A(D t —ir, Dx)u  = f f o r  (t, x) E R1 x ,

I (D— i r , Dx)  u  =  g  (j = 1, • • • , it )  f o r  (t, x) /2 1 x att.,
for any given datas:

f H " ( R 'x R ) . supp [ f ] c ,

1 gi  E H - (R n ), supp [gi ] c  {t 0}

where r>  ro.

3.2. (H-P)-property. We say that

P(r, C , 27) = Ch +c,(z, 77) Ch - ' +c,(r, 77) Ch - 2 +•••+c,,(z-, 77)

is a polynomial of C of order h with S„.,,,q (U)-coefficients, if
i li) ci (r, 77) E S (U

1m cf (z, 77) Ai- -i+ 1 ES (U) .

Here we denote

r , C, 27) -=  Ch+Re ci (r , 77) 
c h - 1 +

 + R e

P"(r, C , 27) =1m  c i (r, , 27) Ch - l + ••• 4-1m c h (r, 77) ,

then we have

C, 77) P '(r, C, 77)+ iP " (r , C, 77) •

We say that P  has (H-P) -property in  U, if the  roots C(r, 77) of P = 0  satisfy
the following properties ( P )  o r (H ) .  We say that C (r ,  n) satisfies th e  property
(P )  i f  1Tm C A, in  U (c> 0). We say that C(r , 77) satisfies the property (H ) if

PAr, C(a, 72%0), 77)1 c  AÇ' A t '  in  U.

Moreover, we say that P  has (P ) -property in  U if all the roots of P=0 has the prop-
erty (P) in U, and that P has (H)-property in U if all the roots of P=0 has the prop-
erty (H) in U.

Denoting a e-neighbourhood of (te , xe , re, 77o ) by

ch(r, , 71)
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CI, = -((t, x , r, 77)E  x R" x x  R " - 1 ; t -to 1 2 +  x -x o  1 2 < s 2 ,

I r -r01 2 + 177 -7701 2p< 6 21 ,

we define the corresponding conic 6-neighbourhood by

U, = 1(t, x, A r, 2q2 722, Ag. 77n ); (t, x , r, 77) e  CI„ 2>01 .

Lemma 3.3. L et P(r, C , 77), Pi (r, C , 77), P2 (r, C , 77) be ploynomials of orders
h, hi , h2 with respect to C with SA ,,,(U)-coefficients, and

P(r, C5 77 ) =  P l( r , C9 77) P AD , C.,  72
)

where the distance between the roots of  P1 =0 and the roots of  P2 =0  is SA, (S>0).
Then, P has (H-P)-property in  a conic neighbourhood of  (t0 , x 0 , 7,, 776, (E U )

P i  and P, have (H-P)-property in a conic neighbourhood of (to , x 0 , r0 , 77,;, 0) (E U) .

P ro o f  Assuming that P  has (H-P)-property near (t,, x„,
see that Pi  h a s  (H-P)-property near (4, x0,

ro, , 0), we shall77ô
ro, 776, 0). Let (a , C1, 72') be real and

Pi (a, C1, 72', 0)=0, then we have

P(a, C„ 77', 0) = 0

and

1P"(r, C„ 77)1 c  AV At - 1 .

On the other hand, we have

I P " ( r,  C1, 72)1

= I P V (r , C1 , 72) P 6(r, C1, 77)+P i(r, C1, 77) PAD, C1, 77)1
In ( r , C1, 77)1 1P2(6 , C1 , 77', 0)1 +C Af' z  At - 2  .

Hence we have

1 Pl i (r, C i , 77) 1 A t ' '

in a small conic neighbourhood of (ro , nô, 0). •

Lemma 3.4. A o ( r,  C, 77) has (H -P)-property  i n  a  conic neighbourhood of
(t0 , x o , ao , nô, 0), where (ao , 7)ô)ES' - 1 .

P ro o f  Let (ao , Co , 77g) (4z0) be real and Ao (ao , C0776,0)=0, then we have (CO377 )
* 0 .  Denoting

Ao(r, C, 77) = II (r - rk(C, 77))

since -(rk (Co , 776, 0))- are distinct, there exists a number 1(0 such that

ao = rko (Co, 27 , 0 ) •
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Therefore, we have

Tm Aa r, C, 7 7) = Tin (r - r  k 0 (C , 72)) Re kit 'k  (r —r k(C , 77))

+Re (r — rko (C, 77)) 1 na kt i o
°(r — rk(C, 77))

Hence the rest of the proof will be carried in the same way as in Lemma 3 3 •

Let us consider the behavior of the roots of Ao (r, C, 77) with respect to C in

{lm r...0 , e /2" , (r, 72)* 0 }

which is devided into three parts:

0 Tm r<0, 72 ER" - 1 ,
0  ( r ,  ) E R " ,

(r, 72')* 0: real, 77"-0 .

In case C  and 0 , the roots C  of Ao(z-, C, 72)=0 are non-real. In fact, let C be
a  real root, then we have Im r <0, (C, ) E R  and 240(r , C, 77) = 0  in case 0,
which is a contradiction to the Ass. (A). In case 0, let C be a real root of Ao (r,C,
72)=0, then we have (r, C, 72) /?"- ', 7 2 "*0  and Ao (r, , C, 72)=0, which is a contradic-
tion to the Ass. (A). Hence we shall consider only the case 0  in the following.

Let us fix (us , 726) e  S s ',  and let {C1)- ; =,,...,, be the real roots of A o (ao ,C, 776, 0)=
0 with respect to C, whose multiplicities are {V. From Lemma 1.5, Lemma 1 6,
Lemma 3.3 and Lemma 3.4, we have

Lemma 3.5. We have the local factorization

Ao(T, C, 77) = P(r, C, 72) P1(7- , c, 72)...Pd(r, C, 72)

in  a conic neighbourhood U  of  (as ,  776, 0), where P  is  a polynom ial of  C of  order
h(=p— Eh ; )  with (P)-property and P . is  a polynom ial of  C of  order h;  w ith (H)-
property, satisfying

P / r o ,  C, 726, 0)  =  (C—C i )hi

§ 4 . Energy estimates.

First, we can easily get energy estimates for P with (P) - property, that is,

Proposition 4.1. Let P(r, C, 72) be a polynomial of C of order h with (P)-property,
then there exist r 0 >0, C>0 such that

h -

E
1 P+  (Dt — ir,D x) u>. 

± ±  !LAI -
 - 1 1 2  D 1 P +(pr — ir ,  D.)k =0

P(Di— ir, , D.) till

k = 0
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and

xl P_(D t — ir, D.)ull
k =0

P(Dt— ir,

<11.1- "
1

(D
t
 — ir D  )u>1x

f o r u .1 1 - (R1 x R 1) and  r> ro, where A 1,  D.2 , •••, D .) and  P=P + P_.

Next, we consider energy estimates for P  with (H )-property. To get energy
estimates, we shall see that the method used in hyperbolic case ([7]) is applicable
also in our case. A s is shown easily, we have

Lemma 4 .2 .  Let P(r, C, 72) be a polynomial of C of order h  with (H)-property,
satisfying

P(c0,C,77 6, (C CY ,

where (c e , Co , 77,ç) is real and Ia 0 12 +172ô1 2 = 1 .  Then we have

P(T, C, 72) ---- (C — 00 A i) h ±c i(r , 77) (C — Co At) h - 1 ± —  +CAT, 72) ,

where
i) c ( r , , 77) ,

1m c (r, 77) Al - le
iii) 1 1m ch (r,72)I c Af' (e>0).

Moreover, denoting cf,' —Im ch , we have

Lemma 4.3. There exist c> 0 and C> 0 such that we have
i) Re(cf/ u, ATH-hu) cjIA '1/2A ri+h u 112 c R

i f  a ,  c h (a 0 , 726, O)> O,

ii) —Re(eir  u, A r l +h u) cllA f" 12 112   CR

i f  a ,  ch(co, 726, 0) <0 ,

where

R id  _ g/2), L  = D .,  —C, A,
k =0

1

and

4/(D t —i r, Dx „ •••, D i ) ,  A , = A l (Dt —i r, Dx 2 , •••, D e ), ••• .

Proposition 4 .4 .  L et P(r,C, 72) be a polynomial of C of order h with (H)-property,
satisfying

k =0
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P(7, C, n) (C—00 A 1)
0 -1--ci ( i - , 77)(C—00  A i)"+ ... - kch(7,72),

where

c i (r , ' ) I ( j , • • • , h) .

Then there exists Ko as follow s. For any 0<x </c o ,  there exist G > 0, (3,c> 0, 7- ,,>
such that we have

h-i
E  < A 1-1-1 u > 2
:1=h

+ 11/V."/2 A t i - 1  1 ,1  u112
j =0

h
GI! M f  - 1 P pu ir E  < A /I - J - 1  L i  u > 2

j o

f or u c l -P(R i x R +),0<6 <8,, and r> r„ ,  where
C )  h + =h_=h12 (([h is even an d  a, ch(a0, 77, 0 )> 0 ),
CD h+ =h_=h12 f  h  is even and a, ch(ao, 726, 0)<O),

h+ =h _ +1 = h + 1

2
(([h is odd and 8, ch(ao , 776, 0)>0),

h+ +1— h
- 

— h + 1  ( i f  h is odd and a, ch(ao, 726, 0)<O),
 2

and

P = P (D i —i r ,  D i ), A ,  =  A,(D t — ir, D m 2 , •••, ••• .

First, we introduce energy forms, which will be used to prove Prop. 4.4:

= 2 Im(Pu, u)

= 2 Im({Lh+cf L 0 - 1 + • • • + e }  u, M - 1 - 1  L 1 u)

— 2  R e e { c l '
L h -2 + ...+ c } A 1 1  L1 0

la h - 1  U, A1- 3 -
 
1 L1 u>+<Lh - 2  u, A t i - 1  L1 +1 u>

+ • ••+ < L 1 u, .0-101

+ / K cf  L h - 2  u , A1-1-1 u>+<cf  L " u , u>

+« +<c  L 1 u, L"-2 u>]+•••—•••

—[<c;„ u, 11.13-j--1 u>+...+<cç, L 1-1 u 5 u > ] }

+ VI

= W i + 1 Vi + V  (j = 0, 1, ••• , h) ,

then we have

L em m a 4 .5 . i) We have

I C(R + V )  (j = 1 , • , h) ,
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IV0- F2  Re(c' u, u)I C (R ± V ) 9

where R is the same one stated in Lemma 4.3 and

h

V  = E HAI"/2 Asi—k-1 Lk ull 11A1' 112 Al—k- 1  L k  unk =0 k =1

ii) We have

lk V 1 5 -0 3 ) ( W ++W-)

where c(6)—>0 as

h  —1

W +  =  <Air  k _1 Lk u >2 9

k =0

and

h-1
E L k  .0 2

k = h+

iii) In case 0, 0, or ED, we have

Woi 137+2 WI-j2  •

Lemma 4.6. There exists ao as f ollow s. For any o<a<ao, there exist c(a)>0
and C ,> 0  such that c(a )--0  (as a,o) and

E HAI/112u 1 1 2 : .  c(a)IIM/1/20 2 +  CAI I Ai' - 1 12 Pujr+R) .
1=1

P ro o f  First we remark the interpolation inequality:
h

A1/112 A ll—C  ± H 1  A l " 1 2  A T 1 L h Uil l I I  A f / 1 1 2 U l l e1=1 1=1

(0. 3 .6. <1), that is,

EliA1/112 • v .A  Lh ull+ellA1/1 2

for any e > 0 . On the order hand, since

P = L h + ciL h - 1 ± - - kch,

we have

11M"P Ar'A T I  P tin + A T' ck L" un)

P  un+ c(a )±' nA i n I2 A t - 1  Lh - k  ull +C Rv2

Hence, applying the interpolation inequality to the second term of the right hand
side of the above inequality, we have



in case @, C)
in case CD,
in case CD.

w+
W +

W+
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11A1/ 1/2  AT' L h  ull 5C(IIAV - 1 /2 P -R1 /2)

+c(a) (11A1"12 AT1 LhA t - 1  uii)

Therefore, taking a° small enough, we have

IIAÇ"i2 AT' Lh ullsc(linv - v2  p A 1 - 1

Moreover, applying the above inequality to the interpolation inequality, we have

IÊ II A 1'2 A 1 1 L ul Ii=1

C3(I I Ai / P  1411+-R1/2)+C(6 )1IA•1" 1 2 U l  I • •

Corollary. We have

R C  r" (11A1' 1/2 A1- 1  u112 +11A1' 112P u112)
and

V_(c(6)d-c8 r 2 ')11A1"/ 2P  u i r

Lemma 4.7. (see [7]) T here ex ists xo as  f o llow s. For an y  0 <tc <K0 ,  there
exist positive constants {aj =2 ; ( ))- such that

2 11-1 Wh-1+ 2h -3  Wh-3+ • • • +
ii) 2 h - 1  W h - 1 + 2 h - 3  W h -3 + • •  •  + 2 2 W

iii) W h - 1 + 2 h - 3  W h - 3 +  +  2 0 W  -

Proof of Prop. 4.4. From Lemma 4.3, 4.5, 4.6, 4.7, we have

2 h - 1  4 - 1 +  2 h-3  1 1 - 3 + •  •  + 21 4. - 20 4
W+ —C,c(R-E-Vd-c(a) W ) + 1 1 A 1 / 1 / 2 A 1  /4112

in case C),

2 h - 1  I h - 1 + 2 h - 3 +  + 2  1 1+  2 0 10
W - 1 C  W +  — G(R-+ V -  c W ) +  HA" /zu 1 1 2

in case 0,

2 h-1 'h - 1 + 2 1-3 1 1 - 3 +  . . . +  2 1 h  204
--3 kv_—K w+ V - P c ( a )  W ) + 1 1 A l .' 112

in case 0,

2 h-1  1h - 1 +  2 h - 3  4 - 3 +  +  2 1 11+  2 0 4
—iv W+ — G(R±V-I - c(a) W)+11.A1/ 1 1 2 A r i  uir

in case CD, for 0<x<x 1 ( W= W+ + W_).
On the other hand, since
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E  I -112 P (HA Pull - FM /112 A li - 1  ttli + R 112)i.0
_ Ce(ilA i ' v 2 Pull 2 H- R)+ 6 11A1"/2 A 1 u112

we have

W_ — /C W+ +1111.i./1  IVI - 1 14112 - C„(11AV- I f2 P t11 2 +R+V -1--c(d) W ) .

For fixed x, taking 6,, small enough, we have

/C-1 --W  — i W + + 1 1 A 1 " 1 2  A1 - 1  Ull 2  . -CKI1A1 /  - 1 1 2  P uir

for o<a<a,, and r>  r . •

§ 5 .  Boundary energy estimates under the uniform Lopatinski condition.

Now we remember the local factorization o f A, i n  a  conic neighbourhood
U of (c70 , 776, 0), discussed in §3:

Ao(z- , C, 72) = P(z - , c, 77) P1(7, c, 72).—Pd(r, c, 77)

where P is a polynomial of C of order h with (P)-property and P ; is of order h with
(11)-property. L et if , b e  the extension of A, by the  representation o f  th e  right
hand side. Using the usual notation of P =P + • P_, we define

VP =  A Ci-1 A° ( i  =  1 ,  " ' ,P ,

; = ( j  =  1, •••, i = 1, •••, d) ,Pi

VT;  =  A  ( j  = 1, i =1 , ••• ,d )
Pi

and

Lemma 5.1. We have

t (c l. 4 -1 3 A 1 CP.-2 ,  . . . 9 A S -1 )

c .(r , n ) y jr , C, 71)+C_(r, 72) C,

where

C ,(r, 77) E .

Now, we denote

Bo  = (B 1 0 , ....... 5  B f j ,  0 )



Mixed problems for pluriparabolic equations 463

then we have

B ar, c, 77) = B+ (r, 77) v+(r, C, 77)+ B+ (r, 77) v+ (r, C, 77),

where 134r, and de t B+ (ro , vg, 0 )*  0  from  the Uniform Lopatinski
condition. Therefore, there exists a  conic neighbourhood U of (1-

0 , 7A, 0) such
that I det 77)1 c (c >0 ) . Let h, be extensions of B+ outside of U, preserving
the above properties, and let

/ ja r , C, 77 )  =  +(r 77) v+(r, C, 77)+ 11 -(r , 71) V -(r, C, 77),

then we have

V+ (r, , C9 72)

, 77) .i3,(r, C, 77) — k- 1(r, 77) i3+(r, 77) v-(r, c, 77)

e'+(r, 77) ho(r, C, 77)+ e -(r , 7 7 ) v -(r , c , 7 7 ) ,

where C, E S °'1- A 1 ,q '

Taking tc small enough in Proposition 4.4, we have

Proposition 5.2. There exist C>0, S o >0, r 0 >0 such that

E  <(Dt —ir)k u >

+  E  1 1 A 1 " / 2 (Dt —ir)k D v.

.c(11AV - v2
 A till +<ho u>)

f o r u 1-1- (R i x R ) ,  0 < a < a 0 an d  r>7. 0 .

Proof o f  Theorem 3.1. I n  the same way as in §2 , the proof is carried by
applying the above Proposition 5.2 to  the finite number of local factorizations of
A o .  •
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