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§1. Introduction.

In this paper we study the discrete models of the Boltzmann equation. It is
shown that there exist regular models with k moduli of velocities for an arbitrary
integer k>2.

Let M={v,,..., v,} be the set of velocities, i.e., the constant vectors in R3.
We assume that the linear span of M coincides with R3. The model M is essentially
three dimensional in this sense. First of all, we introduce the notion of the collision.
Let us denote by Z the set of all unordered pairs of distinct velocities. We may set

I={(v, vj); 1<i<j<m}.

Let a, BeX. Then, a=(v;, v;), B=(v), v)), for some i, j, k, I. The ordered couple
formed by a and § is called a collision, if

(i) a#p, ie., the trivial collision is excluded,

(ii) the momentum of o equals the momentum of g, i.e., v;+v;=v,+v,,

(iii) the energy of a equals the energy of B, i.e., [0} +[v;12=|v,|2+ |v)|2
It is usual to denote collision formed by « and § by a—f. We call « and B the
initial and the final states of the collision a— B, respectively. It is assumed in the
following that there exists at least one collision for the given model M. Now let ¥
be the set of all collisions for the model M. We obtain a partition of ¥ by the equi-
valence relation given below.

We introduce the group of transformations acting in M. We set

G={T; Te0(3), TM=M)}.

Here, O(3) denotes the orthogonal transformation group. G induces naturally a
group of isometric transformations on M, which we denote again by G. It is easily
seen that G is determined uniquely as the maximal set of isometric transformations
on M. Since M is a finite set, we may regard G as a permutation group. We define
that «a— f and a’'— 8’ are equivalent if these collisions are obtained from each other
by performing a transformation which belongs to G or by interchanging the initial
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and the final states or by applying these two kinds of operations successively. The
constants A¥} appearing in the definition of the collision term may be identified with
a “‘step function’’ subordinate to the partion of &, which is induced from the equi-
valence relation defined above (See [3] for details). Thus, if € consists of ¢ equi-
valence classes, we have g arbitrary constants in defining the collision term. The
general form of the discrete Boltzmann equation is given by

aF'i — I iJ ki j —
1.1 v P Fi=% Y (ALFF,—AYFF)), i=1,2,..,m.

ot 2 jiEu e
Setting F='(Fy,..., F,) and denoting the right-hand side of (1.1) by Q«(F, F), we
rewrite the equation as

3

(12) Lz gf; —O(F, P),
where Vi=diag (vi,...,v}), j=1,2,3. Q(F, F)='(Q,(F, F)...., Q,(F, F)) is called
the collision term. Here we understand that A} is set to be zero if the formal
expression (v;, v;)— (v, v;) does not correspond to a collision.

We say that (1.1) is regular if the following properties hold:

1°) The equation (1.1) is irreducible in the sense that the system cannot be
decomposed into two decoupled subsystesm.

2°) The collision term Q(F, F) is invariant under the associated transformation
group G. Namely, TQ(F, F)=Q(TF, TF) for any TeG, Fe R™. Here F is regarded
as a function on M.

3°) The stability condition for Maxwellians is satisfied (The precise statement
of this condition is given in §3. We refer the reader to [3] for detailed discussions).

Note that 2°) is always satisfied when A¥] is chosen according to the procedure
described above. The other conditions 1°) and 3°) can be verified without the
knowledge of A¥!. Therefore we may also say that the discrete model M is regular
by abuse of the terminology.

Our main result is summarized in the following theorem.

Theorem 1.1. Let k>2 be an integer. Then there exists a regular discrete
model with k moduli of velocities.

We shall obtain a certain refinement of this theorem in §3.

§2. Construction of the models.

In this section we define a series of discrete models and compute the dimension
of the space of summational invariants of these models. The regularity will be
shown in the next section. The models considered here are invariant under the
transformation group G=S,x 1. Here I denotes the group of order two generated
by the central inversion (For the notations of the symmetry groups, we refer the
reader to [2]). First we give two discrete models as follows.
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uP=(1,0,0), ui’=(0,1,0), u§’=(0,0,1), ui’=(-1,0,0),
uP=(0, —1,0), u{"’=(0,0, —1);
u@=(1,0,1), u@P=(0,1,1), uP=(=1,0,1), u@=(0, —1, 1),
u@P=(=1,0, 1), u@=(0, —1, =1), uP=(1,0, 1), uP=(, 1, —1),
u@=(1,1,0), uP=(-1,1,0, u@=(—1, —1,0), u@=(1, —1,0).

Weset M®) ={u®); 1 <i<m(k)} for k=1, 2, where m(1)=6, m(2)=12. We define
N,=MWMDyM?. Then N, is a model with two moduli of velocities. The com-
plete list of the collisions of this model is given in Appendix 1 (We have 192 collisions
for N,). Let .4, be the space of summational invariants. We recall that any sum-
mational invariant Y(¢,, ¢,...., ¢,g) satisfies

¢it¢;—d— =0

for all i, j, k, I such that (v;, v;)—=(v,, v,) is a collision of N, and vice versa. 47,
the set of all summational invariants of N, forms a subspace of ¥;=R'8. It is
shown by a straightforward computation that dim.4#,=5. Next we consider the
discrete model M ={u{3; 1 <i<m(3)}. Here, m(3)=8 and

uP=(1, 1, 1), u@P=(=1,1,1), uP=(—1, —1,1), u@P=(1, —1, 1),
uP=(—1, =1, =1), uP=(1, =1, =1), uP=(,1, =1), uP=(-1,1, —1).

The extremities of these vectors form the vertices of a cube. The extremities of 6
vectors uil),..., ul! coincide with the centers of the faces of the cube, while the
extremities of 12 vectors u{?,..., u{3 are the middle points of the edges of the
cube. We note that M) and M® are Broadwell’s 6- and 8-velocity models,
respectively. We define Ny=MM"y M@ yM® and denote by 47 the space of
summational invariants of N5. Then, #3c ¥3=R?%. We shall show that dim .45
=dim 4, =5. First we note that

ulD +u® =y 4 4P
and that
|u(11)|2+ |u(l3)|2 = |u(12)|2 + lu§2)|2.
Hence
@, uf) — @2, ug?)

is a collision of N; (Note that only u{®’ belongs to M® here). By applying trans-
formations of G, we obtain similar collisions. Each of these collisions contains only
one velocity of M3).  Any velocity of M is a component of one of these collisions.
Now we write down the defining equations for .4 and look at the coefficient matrix
C;. We may suppose that the first 192 rows of C; are corresponding to the collisions
of N, (It is enough to consider just one half of the 192 collisions because the restitution
of a collision does not lead to a new equation. But here we consider the whole system
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of equations without reducing the size). We assume also that the first 18 entries of
the vectors of #3= R?% correspond to ¥3=R'8. Let D; be the submatrix of C,
obtained by striking out the first 192 rows and the first 18 columns. Then the above
observation shows that D, contains an 8 x 8 submatrix which is identical with the
unit matrix after a rearrangement of rows. It follows that

rank of Cy>rank of C,+38,

where C, is the submatrix of C, corresponding to the collisions of N,. But, 47
has at least dimension 5. Hence dim #5=dim 4°,=5. We define M®,..., M
as follows. Let

u®=2u{" (1<i<6);

U =2, 1,1, uP=2, -1,1), u®P=2, -1, —1),

u® =2, 1, =1), uP=(=2, -1, =1), uP=(-2,1, =1),
u=(=2,1,1), uP=(-2, —1,1), uP=(1,2,1),
w®=(1,2, =), uP=(=12 —1), u®=(-1,2,1),

u(jﬁ)=2u(jz) (1 SjS 12) ;

u=2u» (1<k<8).
For k=4,..., 7, we set M® ={ulk); 1 <j<m(k)}, where m(4)=6, m(5)=24, m(6)=
12, m(7)=8. We define N,=M®Dy-..yM® for k=4,...,7 and denote by 4}

the space of summational invariants of N,. Thus, A, c ¥;=RmD++mb) Tt jg
shown that dim .4, =5 for k=4,...,7. We observe that

Ul +u® =uP +ul®
and that
S22+ w2 = [u? |2 + [uf?)2.

Therefore,

(g0, uf®) — @, uf?)
is a collision of N,. By repeating a similar argument as before, we conclude that
dim 4, =dim #3=5. Next we look at the following collision of N3,

(Wi, uf®) — (@, uf®),

and the collisions derived from this by performing a transformation of G. To
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proceed from k=35 to k=6, we consider
(g2, u) — @), ufE)
and the other collisions of N4 like this. Finally we notice that
(g2, ) — (w9, uf?)

is a collision of N, and by employing the same argument as above at each stage we
conclude that dim 45 =dim 4 =dimA5=dimA#,=5. For k>8, we define
M® ={uk: 1<i<m(k)} by u®’=2uk% (1<i<m(k)) where m(k)=m(k—4).
Let Ny=MMy ...y M® and let #} be the space of summational invariants of N,.
Note that 4 is a subspace of ¥,=RmD*+tmk) ]t is shown by induction that
dim 4, =S5 for any k>8. Since N,, k=2, 3,..., is a discrete model with k moduli
of velocities, the proof of Theorem 1.1 is complete if the regularity is established
for these models.

§3. Proof of the regularity.

Since the irreducibility is checked easily for all models constructed in
the preceeding section, it is enough to show that the stability condition holds. The
verification of this condition for the model N, is given in Appendix 2. To treat
the model N, for arbitrary k> 2, we proceed as follows. Let i be a positive integer.
Then there exist integers k, I such that i=m(1)+ ---+m(k)+1, where 1 <I<m(k+1)
(We set d(0)=0). Let v;=ulk*V for k>0 and n(k)=m(1)+---+m(k) for k>1.
Then, N, ={v;; 1<i<n(k)} for k>2. We write N=N, for brevity’s sake. Let us
assume that k>2 in the following. Thus N, is a submodel of N. The space of
summational invariants of N is denoted by 4. Hence, &/ ¥ =R"¥), Let
v;=(v;y, 0,5, v;3) for i=1,..., n(k). We define V/,j=1,2,3, to be the n(k)x n(k)
diagonal matrix with diagonal elements v, i=1,..., n(k). Then the stability
condition for N reads as follows: Let ¢ € 4. Let we S? and let V(w)= i] w;Vi.

=

Then, u¢p+ V(w)¢p =0 for some p e R, implies that ¢=0.

We take a basis of #". To be precise, we define ¢!,..., ¢5 as follows. Let
¢'e 7 be the vector whose entries are all equal to 1. We define ¢2, ¢3, ¢p*e v
to be the vectors obtained by projecting the velocities v;, i=1,..., n(k), onto the three
axes of R3, respectively. Hence the i-th entry of ¢J/*! equals v, i=1,..., n(k),
forj=1,2,3. Finally ¢°e ¥ is the vector whose i-th entry is given by |v,|2, i=1,...,
n(k). The set of vectors ¢1,..., ¢° defined above forms a basis of #". Now we
assume that

o+ V(w)p=0
5
for some pe R, we S? and that ¢e#”. We write ¢= > a,¢' and substitute this
i=1

into the above equation. Then we have

(3.1 igl ot 4+ Z é wjaiVj¢i=0.

i=1j=1
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Now let P be the orthogonal projection of ¥"= R"*) onto ¥5=R"?. We denote
also by P the n(k)x n(k) diagonal matrix corresponding to this projection in the
standard basis. Then, multiplying both sides of (3.1) by P, we obtain

5 5 3
3.2) Zl u,Pe + X Zl wo,PVIP$ =
= i=1 =

Here we used PV/=P2VJi=PVJ/P. The set of vectors P¢',..., P¢> forms a basis
of #7,. Therefore, (3.2) can be written as

where we set Y= Z o;Pp! and V,(w)= Z w;PVi. Since the stability condition
is already verlﬁed for the model N,, we deduce that y =0. Hence ;=0 for 1<i<5.

Therefore ¢= Z o;¢'=0. This means that the stability condition holds for the
model N. The proof of the regularity is completed.
Finally we consider a modification of the models N,, k=2, 3,.--. Let M® =

{u®, u®, ul®, uf®}. Then M® is a submodel of M®. The transformation
group for the model M is not S, xI but S,A4,, because the extremities of the 4
vectors of M form the vertices of a tetrahedron. We set that N,=M® y M®),
Then it is shown that N, is a regular model. We define N;=M® yM® y M3
and N,=N,UuM@®y...yM® for k>3. By the same argument as before, we
conclude that N, is a regular model for any k>2. The transformation group for
N,, k=3, 4,..., is also S,4,. Thus we obtain a refinement of Theorem 1.1, which
is as follows.

Theorem 3.1. Let k>2 be an arbitrary integer. Let #(G) be the set of
regular discrete models invariant under the prescribed transformation group G.
Then, if G is either S,A, or S, x I, Z(G) contains a model with k moduli of velocities.

The counterpart of this theorem for other transformation groups will be given
elsewhere. See [5], [6] for the case of G=A5 x I.

Appendix 1.

We set
2 ={(v, v); 1<i<j<6},
Z,={(vs, v); T<i<j<18},
T 2={(v, v); 1<i<6,7<j<18}.

Note that MM ={v,,..., vs}, M ={v,,...,v;5}. We denote by ¥, and ¥, the
sets of all collisions which have the initial and the final states in X; and ZX,,
respectively. Similarly %, , denotes the totality of collisions whose initial and
hence finall states are the elements of X, ,. Any collision is contained in one of



the three categories ¢,, ¢, and €, ,.

for the model N,.

1) 6 collisions of ;.
(v1, vg) 2 (03,
2) 120 collisions of %, ,
(v1, vy) 2 (03, v7),
(v, v14) 2 (v2, Vy3),
(v2, v18) 2 (v3, Vy3),

(v3, v(3) 2 (vs, Vy5),

(v, v10) 2 (vs, v7)

(v, v1) 2 (vs, vy3),

(v, v16) 2 (v3, V14),

(v3, v14) 2 (vg, Vy5)s

(v, vg) 2 (v3, V10)s

(2, v10) 2 (vg, V7),

vy, v11) 2 (v, 013),

=2

(v3, V1) 2 (g, V13),

T

i

(v1, v17) 2 (v3, V1),

N

(v3, v12) 2 (vg, Vy3)s

n

(v, vy) U3, V16

(03, v14 (va, V1),

(1’2s (03’ vll)~

<
-

7

(05’

<
—

(v3, V14

(v3, V14 (v4, V10),

L S VO VA 2

N N N N N

(05’ Uy l)’

3) 66 collisions of €,.

(v4s 012

(v7, v13) 2 (v, 1),

(V125 V15) 2 (V14 Uyp),

(v7, v16) 2 (vg, Vy5),

(
(v7, v11) 2 (vg, vy2),

Vi6)s.
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The following is the complete list of collisions

vs), (v, V) 2 (v3, V6), (3, Us5) 2 (3, V).

(01, vg) 2 (v3, v15), (v, V1) 2 (03, 15),

(v1, V14) 2 (v, Vy5),  (V2, V13) 2 (g, Vy5),

(02, v1g) 2 (vs- V15), (v, V1g) 2 (V6, V7)),
(03, v13) 2 (v, V1), (vs, V15) 2 (v6, V7)),
(v1, v10) 2 (03, v18), (s, V7) 2 (v3, Vy8),

(v, v12) 2 (v, U1g),  (Us, V13) 2 (Vs, Vys),
(v1, v16) 2 (4, U15),  (v1, V16) 2 (s, Vs),
(v3, v14) 2 (vg, V), (V4 U15) 2 (6, V),
(v1, o) 2 (vg, 07),  (vy, Vo) 2 (s, Vg),

(v2, v10) 2 (vs, Ug),  (v4, V7) 2 (Vs, Vg),

(01, vyg) 2 (4, 013), (g, V1) 2 (Vs, V14)

(02, 12) 2 (vs, V14), (04, V13) 2 (Vs, V14),
(01, v17) 2 (v, V18),  (V1, V17) 2 (V6, V10),
(03, v12) 2 (V6, V10)s (U4, V18) 2 (Vs, V1),

(02, vg) 2 (vs, V), (v3, V16) 2 (4, Vg),

(02, v11) 2 (v, V16),  (Vg, V4 (ve> 1),

)
(02, V19) 2 (vs, V1), (V2, Vy7) 2 (Vs, Vo),

(03, v11) 2 (vg, Vo),  (vs, V1) @ (V65 Vo),
(v3, v17) 2 (vs, Vg), (V4, V10) 2 (Vs, Vg),

(vg, v12) 2 (6, V17),  (Us, Vy1) 2 (Vg, Vy7).

(v, v1a) 2 (vg, 013), (v, V1g) @ (vy0, Vy5),
(v7, v12) 2 (50, V13),  (Vg, Vy4) 2 (Vy5, Vyg),

(0115 15) 2 (13, Vy6), (7, Vg) 2 (vg, Vy9),

(v7, v11) 2 (vg, v13), (7, V11) 2 (Vy0. V14),
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(v7, V1) @2 (g5, Vy7), (7, 1) 2 (Vg6 Uyg)s  (Vg, V13) @ (0o, Uy3),
(vg, V12) 2 (V15 V1a)s (Vg V12) R (Vys, Uy7), (Ug, Vy3) 2 (Vys, 018)’
(vg, U13) 2 (19, U14)s (Vg U13) @ (Vys, Uy7), (o, V13) 2 (Vy6, Vyg),
(10, V14) 2 (Uys, D17), (Vy0s Vyg) @ (U6, Vyg)s  (Uyss Uy7) @ (06, Uyg),
(011, 013) 2 (013, V14), (U7, Vy9) R (g, Vy8), (g, Uyg) 2 (Vy3, V7)),
(010> V12) 2 (V17, U1g)s  (Ve, Ug) 2 (U7, Vy3), (Us, Vy7) 2 (Vy0, Uyg)s

(012, V16) @ (U140 V17)s (Vg, 012) @ (Vyg, Vy1)s (g, Uy() 2 (V46 U17)-

Appendix 2.
We use the argument of Cercignani [1]. We have, by definition,
o=, 1, L, L L L L),
¢*='1,0,0, —1,0,0,1,0, —1,0, —1,0, 1,0, 1, —1, =1, 1),
¢3=%0,1,0,0, —1,0,0, 1,0, —1,0, —1,0, 1, I, 1, —1, —1),
¢*=10,0,1,0,0, —1, 1,1, 1,1, -1, =1, —1, —1,0, 0, 0, 0),
¢S=r(1,1,1,1,1,1,2,2,2,2,2,2,2,2,2,2,2,2),
for the model N,. We set
¢°=(1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0, 0, 0),
and use ¢°, ¢'....,¢* as a basis of 4,. Note that ¢°=2¢'—¢°. Let peA,
and let ud+V(w)p=0 for some pue R, weS% Then, substituting ¢= ‘Z ot
into this equation, we obtain e

4 4 3
(Al) ZO#O‘:W"' 20 2 wjaiVj¢i=0.
i= i=0 j=1

We denote by & the set of 20 vectors ¢, Vigi, 0<i<4, 1<j<3. Then, a set of
13 elements of & is linearly independent and every set of 14 vectors from & is linearly
dependent. To show this, we note the following equalities

Vig3=V2¢2, Vig*=V3¢2 V2p*=V3¢3,
(A.2) ¢t =Vip!, j=1,2,3,
PO=2¢1— (V'@ + V23 +V3¢*),
and set
Yr=V1g0, Y2=V2¢° Y3=V3¢O, Yr=Vig!, YS=V2¢!,
(A.3) Yo=V3¢!, YI=Vig2 Y8=V2¢2 YO=V32, Yl0=V2¢3,
Yll=V3¢3, Y12=V3p+ yY3=¢!,
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We define B to be the 18 x 13 matrix (Y',..., ¥13), where !,..., y!3 are the columns
of B. We compute the rank of B and conclude that B is of full rank. Hence y',...,
W13 are linearly independent. The expressions for other vectors of &% by means of
Yl,..., 13 are already given above. This completes the proof of the assertion.
We substitute (A.2) into (A.1) and use (A.3). Then, we obtain

W 0! + w0002 + w30l + (w0 + pay )Y
F (@0 + poaY® + (w30 + porg WO +(— pag + w0y’
+ (@05 + @ )Y + (w30, + 00 Y0+ (— potg + w03 10
+ (3003 + W0 Y '+ (— porg + w3 W 2+ (2uotg + pa, W13 =0.
Equating the coefficients of y¢, i=1,..., 13, with zero, we get
T(u, 0y, w,, ws)‘f’:O,

where ¢ ="(ay. ay,..., a,) and T=T(y, w,, w,, w;) is the following 13 x 5 matrix,

fw, 0 0 0 0 7
w, 0 0 0 O
wy 0 0 0 O
0 w, ¢ 0 0
0 w, 0 u O
0 wy 0 0 u
- 0 o 0 O
0 0 w, wy O

0 w; 0 o
—-u 0 0 w, O
0 0 0 w; w,
L -4« 0 0 0 w; |

Let D, be the 5 x 5 minor of T formed by the 5 rows including w, as an entry. Then,
it is shown that D, =w3. We define similarly D, and D; and observe that D, =w3,
Dy=w3. Since w}+wi+w}=1, one of the three minors D,, D,, Dy does not
vanish. This implies that the rank of T(u, w,, w,, w;) is 5 for any ue R, we S2.
It follows that «;=0 for i=0, 1,...,4. Hence ¢= ﬁ;} a;¢0'=0. This is the desired

result. The proof of the stability condition for N, is completed.
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