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On the Kazhdan-Lusztig conjecture for
Kac-Moody algebras

By

Kiyokazu Suto

Introduction

Let A=(a;;); <i,j<s be an nxn integral matrix which satisfies the following
conditions (i), (ii) and (iii):

(i) a;=2 forall i=1,...,n,

(i) a;<0 if i#j,

ij=
(ii)) a;;=0 ifand only if a;=0.

We call such a matrix 4 a generalized Cartan matrix (GCM). For example,
the Cartan matrix of a complex semisimple Lie algebra is a GCM.

One can associate a complex Lie algebra g(4) to a GCM A4 (see §1 for detail).
If 4 is the Cartan matrix of a complex semisimple Lie algebra, then g(A) is the
corresponding complex semisimple Lie algebra, and otherwise g(A) is an infinite-
dimensional Lie algebra. We call g(4) a Kac-Moody algebra with the Cartan
matrix A.

Kac-Moody algebras were introduced by [5] and [8] independently, as a gener-
alization of complex semisimple Lie algebras. There are many theorems and
conjectures on Kac-Moody algebras which are generalizations of corresponding
results on complex semisimple Lie algebras. Among those, we study in this paper
a generalization, given in [3], of the Kazhdan-Lusztig conjecture on the composition
series of Verma modules. Let us explain this in more detail.

At first, we recall Kazhdan-Lusztig conjecture for complex semisimple Lie
algebras. Let g, be a complex semisimple Lie algebra, f), a Cartan subalgebra of
go> and b, a Borel subalgebra containing b,. Let 4, be the root system of (g, bo).
and p, € h¥ half the sum of all the positive roots with respect to b,. Let W, be the
Weyl group of 4,, and S, the set of simple reflections. We denote by My(2) the
Verma module with highest weight 2 e hd and Ly(A) the unique irreducible quotient
of My(4).

Any irreducible subquotient of My(4) is of the form Ly(u) for some u b such
that A—ue Z4, and that p=w(l+ pgy)—p, for some we W,. Every My(A) has a
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finite Jordan-Holder series, and so the multiplicity [My(1): Lo(1)] is naturally
defined. All the multiplicities [My(A): Lo(p)] for integral A, e h¥ can be computed
if [My(ypo—po): Lo(wpo—po)] are known for all y, we W,. Note that this index
is zero unless y<w, where < is the standard partial order on the Coxeter group
(Ws, Sp) in which the unit is the smallest element. About these facts, one may
refer to [4] for instance.

The following theorem on these multiplicities for complex semisimple Lie
algebras is well-known as the Kazhdan-Lusztig conjecture, which was conjectured
in [7] and proved in [2] and in [1] independently.

Theorem A [7, Conjecture 1.5]. For all y, we W, such that y<w, let P, be
the Kazhdan-Lusztig polynomial for (W,, Sy). Then, it holds that

[Mo(ypo—po): Lo(wpo—po)]=P, .(1).

The Kazhdan-Lusztig polynomials were introduced in [7], related to the base
change of Hecke algebras of Coxeter groups, and there were given the inductive
formulas to compute these polynomials.

The Kazhdan-Lusztig conjecture was generalized, in [3], to Kac-Moody algebras
with symmetrizable GCMs as follows.

Let H(A4) be the Cartan subalgebra of the Kac-Moody algebra g(4), and p an
element of h(A4)* which takes the value 1 on each simple coroot. Let W be the Weyl
group of g(4), and S={s,..., s,} the set of simple reflections in W. We denote by
M(4) the Verma module over g(A) with highest weight A € h(A4)*, and L(A) the unique
irreducible quotient of M(4). As in the case of complex semisimple Lie algebras,
any irreducible subquotient of M(4) is of the form L(u) (ue€h(A)*). Although M(1)
does not have any finite Jordan-Holder series in general, the multiplicity [M(4):
L(4)] is defined by means of local composition series as a generalization of that of
complex semisimple Lie algebras (see §1).

Deodhar, Gabber and Kac proved the following result in [3] analogously to
the complex semisimple case.

Theorem B [3, §5]. Suppose that A is a symmetrizable GCM, that is, A is
a GCM and there exists a non-degenerate diagonal nx n matrix D such that DA is
a symmetric matrix. Let A be a dominant integral emenent of h(A)* and ye W.
Then, all the irreducible subquotients of M(y(A+p)—p) are L(w(A+p)—p)
(we W,w=y), and the multiplicity [M(y(A+ p)— p): L(w(A+ p)— p)] is independent
of A. Here < is the standard partial order on the Coxeter group (W, S).

Taking this result into account, they conjectured as follows.
Conjecture C [3, Conjecture 5.16]. There holds that
(M(yp—p): L(wp—p)]=P, (1)

for all y, we W such that y<w, where P, , are Kazhdan-Lusztig polynomials for
W, S).

We call this conjecture also the Kazhdan-Lusztig conjecture.

The aim of this paper is to prove that the conjecture above is affirmative for
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certain pairs (y, w), even if 4 is not necessarily symmetrizable. We explain this
in more detail.

Let A=(a;;)1<ij<n be @ GCM. Take a subset I of {I,..., n} such that 4,=
(a;j)i,jor is the Cartan matrix of a complex semisimple Lie algebra g,. Let b, be a
Cartan subalgebra of g;, b; a Borel subalgebra containing §;, and so on. Then,
g; and the Weyl group W, are canonicaly embedded into g(A4) and W respectively in
such a manner that §, =h(A4), h¥ =h(A)* and the set S; of simple reflections in W, is
equal to {s;|iel}. We define a category @ of g(4)-modules and a category O, of
g;-modules, containing all the highest weight modules, and define some exact
functors from @ to 0, corresponding to a decomposition of g(A)-modules as g;-
modules.

By applying these functors to a local composition series of a Verma module
over g(A4), we can prove

Theorem2.3. For any pair (A, p) in H(A)* xh(A)* such that A—ue Z4,,
we have the equality

[M(A): L(w)]=[M(A1h): Li(u]b,])-

We see that the pairs (A, p)=(yp—p, wp—p) (y, we W;) satisfy the condition
A—ue ZA; and that (up—p)|h,=up,—p, for any ue W,. So, if y, we W,, Con-
jecture C is reduced to Theorem A by Theorem 2.3 above. Thus, we have one of
our main results as follows.

Theorem 3.4. Let A=(a;;);<; ;<. be a GCM, and let I be a subset of {1,..., n}
such that A;=(a;;); j; is the Cartan matrix of a complex semisimple Lie algebra.
Denote by W, the subgroup of W generated by s; (iel). Then, for all y, we W,
such that y<w, it holds that

[M(yp—p): Liwp—p)]=P, (1).

Note that the symmetrizability of the GCM A is not assumed here.

Now we concentrate on the special case, that is, the case where A is a so-called
extended Cartan matrix which is one of symmetrizable GCMs. In this case, the
derived subalgebra g'(4) of g(A) is the universal central extension of a loop algebra
C[t, t71]®g, with t an indeterminate, for a complex simple Lie algebra g,, and
a(A) is the semidirect sum Cde<g'(A) for a certain derivation d on g'(4). We call
a(4) a non-twisted affine Lie algebra. There exists a subset I, of {1,..., n} consisting
of n—1 elements, such th: t g;,=g,. We fix such a subset I,.

We give a complete branching rule of Verma modules over g(A) as go-modules
(Proposition 4.2) by using the functors from @ to @, introduced before
Theorem 2.3. By this branching rule, the problem of computing the multiplicities
of irreducible subquotients of Verma modules over g(4) is reduced to the problem
of determining the branching rule of irreducible highest wiehgt modules over g(A)
as go-modules (see Remark 4.3). Solving this problem, we will get a useful tool
to study Conjecture C in full generality for this type of g(A).
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This paper is organized as follows. In §1, we recall the definition of Kac-
Moody algebras and some of their properties. In §2, we define certain subalgebras
of Kac-Moody algebras, which we call canonical subalgebras, isomorphic to some
complex semisimple Lie algebras. We prove some relations between highest weight
modules over Kac-Moody algebras and those over their canonical subalgebras.
Making use of these relations, we obtain a multiplicity equality (Theorem 2.3)
which is our main tool in proving Theorem 3.4, one of our main results. In §3,
we introduce a generalization of the Kazhdan-Lusztig conjecture after [3], and
then prove that the generalized conjecture is true for certain good cases (Theorem
3.4), using Theorem 2.3. 1In §4, we consider the special case where the GCM 4 is
an extended Cartan matrix. For such an 4, we fix a canonical subalgebra g, of the
Kac-Moody algebra g(4) and give a complete branching rule of Verma modules
over g(A) as go-modules (Proposition 4.2).

The author is grateful to Professor T. Hirai for his useful advice and kind
encouragement.

§1. Preliminaries for Kac-Moody algebras

We denote by C, Z and Z,, the set of all complex numbers, that of all integers
and that of all non-negative integers, respectively. For any complex vector space V,
the dual space of V is denoted by V*. We denote by #(X) the cardinal number of
a set X.

In this section, we recall the definition and some properties of Kac-Moody
algebras and of their representations (cf., [6] for detailed discussion).

1.1. Definition of Kac-Moody algebras

Let A=(a;));j=1,.,» be an nxn integral matrix. We call A a generalized
Cartan matrix (GCM) if A satisfies the following conditions (i), (ii) and (iii):

(i) ay;=2 forall i=1,..,n,

(ii)) a;<0 if ixj,

(iti) a;;=0 ifand onlyif a;=0.
In this paper, we always assume A to be a GCM.

For a GCM A=(g;;), there exists a (unique up to isomorphisms) complex Lie
algebra g(4) which has the following properties (i), (ii) and (iii):

(i) g(A4) has a commutative subalgebra h(A4) such that dim h(4)=2n—rank A

and

g(A)= X 8.
aeh(4)*

where

8.= {x € g(4) | [h, x]=a(h)x for all heh(4)},
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go=b(4).

(ii) There exist a linearly independent subset IT={a,,..., «,} of h(A4)* and 2n
elements e,,..., ,, f1,-.., f, in g(A4)~{0} such that

a) g,=Ceandg_,,=Cf; foralli=1,...n

b) [e, f;1=0if ixj,

c) bA)u{ey,..., en fi1,..-» [} generates g(A) as a Lie algebra,

d) for each i=1,..., n, we put a} =[e,;, f], then I1V={a},..., ay} is a linearly
independent subset of h(A) and it holds that a(a)=a;; forall i, j=1,..., n

(iii) Any ideal of g(A4) which intersects h(A) trivially is zero.

The Lie algebra g(A) is called a Kac-Moody algebra, and the subalgebra h(A4)
the Cartan subalgebra of g(A).

For each ael(A4)*~{0}, we denote by mult(a) the dimension of g,, and call
it the multiplicity of a. If mult («)*0, o is called a root of g(A4), and the set of all
roots of g(4) is denoted by A(A) and is called the root system of g(4). We call the
decomposition g(A)= b(A)+ }: 91 the root space decomposition.

We put Q= Z Zu; and Q+ Z Zzooz Q is called the root lattice for g(A).

A(A) has the followmg propertles

(i) AA)<=Q,u(—Qy).

(ii) For any aebh(4)*, mult(a)=mult(—a), in particular, a € 4(A4) if and
only if —ae A(A).

(iii) Put 4,(A4)=4(4)nQ,, and it holds that A(A)=4,(A)U(—4,(4))
(disjoint union).

We call each element of 4,(A) a positive root. Every element of [T<4 ,(A4)
(resp. ITV) is called a simple root (resp. a simple coroot). We define a partial order =
on h(A)* by

Azp ifandonlyif A—peQ, (4, ueh(4)*).
For all a, feh(A)*, we have

[ga’ gﬂ] Cga+ll >

and so the subspaces n.= Y g4, are both subalgebras of g(A4), and we have a
aed+(A)

triangular decomposition
g(d)=n_+bh(A)+n, (direct sum).
1.2. The Weyl group
We define involutive linear operators s; on h(A4)* by
sA=A—Ma)y; (1Sisn)
for all Aeh(4)*. Let W be the subgroup of GL(H(A)*) generated by S={sy,..., s,}.
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We call W the Weyl group of g(4). The pair (W, S) is a Coxeter system. For any
xebh(A)* and any we W,

mult () = mult (wa),

and so 4(A) is W-invariant.
We define the subset 47¢(A) and 4'™(A) of 4(A) by

Are(A)={wa;|we W, i=1,..., n},
Aim(A)=A(A)~4°(4),

and call each element of A7¢(4) or A4i™(A) a real root or an imaginary root, re-
spectively.

1.3. Category 0 of g(A)-modules
For any g(4)-module M and any u e h(A)*, we put

M, ={ve M| hv=u(h)v for all heh(4)}.

M, is called the weight space of weight u. If M,#0, p is called a weight of M.

We define a category @ of g(A)-modules as follows. The objects of ¢ are g(A)-
modules M which satisfy the following conditions (i) and (ii):

(i) M is h(A)-semisimple, ie., M= bZ(jA) M,, and dimM,<+oco for all

ne *

pebh(A)*.

(ii) There exists a finite subset {uy,..., y} of h(4)* such that u=<y; for some
u; for any weight u of M.

Let Aeh(A)* and M a g(A)-module. We call M a highest weight module
with highest weight A if there exists v e M;~{0} such that

n,v=0 and M=U(g(4))v,

where for any Lie algebra a, we denote by U(a) the universal enveloping algebra of
a. Then, we have
M=% M,_,, M;=Cy,
aeQ+

and for a>0,
M =2 8485

where the sum runs over B,...,f;€4,(A), f;+---+p;=a. Hence, any highest
weight module is an object of @. The above v is called a highest weight vector.

For any Aeb(A)*, let I, be the left ideal of U(g(A4)) generated by n, and {h—
Ah) | heb(A)}. Then, M(X)=U(g(A))/I, is a highest weight module with highest
weight 4, and any highest weight module with highest weight 4 is isomorphic to a
quotient of the Verma module M(4).

M(2) has a unique irreducuble quotient, denoted by L(4). Any irreducible
object of ¢ is isomorphic to L(A) for some A1eh(4)*. As a U(n_)-module, M(4) is
a free module of rank 1 and any highest weight vector is a free basis.
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Each object in @ does not necessarily have a finite Jordan-Holder series, but has
a local composition series as follows.

Proposition 1.1 [3, Proposition 3.2]. Let Me® and Aelh(A)*. Then, there
exist a finite sequence 0=M,cM,c---cM,=M of g(A)-submodules of M and a
subset J of {1,..., t} such that

M;/M;_,~L(4;)  forsome A;2A if jelJ,
(M,{M;-),=0  forany p2i if je&J.
We call this sequence a local composition series of M at A.
Let puebh(A)*. Take a Aeph(A)* such that u=A. For any object M of 0,

let 0=M,cM,c---cM,=M be a local composition series of M at 4, and 4; (jeJ)
be as in Proposition 1.1. We put

[M: L(w]=#{jeJlu=4;}.

Then, [M: L(n)] is independent of A and the local composition series. We call
[M: L(w)] the multiplicity of L(u) in M. If [M: L(n)]#0, we call L(u) an irreducible
component of M. For any ueb(A4)*, L(y) is an irreducible component of M if and
only if L(y) is isomorphic to a subquotient of M.

1.4. Contravariant bilinear form

a(A) has a unique involutive automorphism w such that
w(h)=—h (hebh(4)),
w(e)=—f; (1=izn).
Let M be a g(4A)-module and B a bilinear form on M. B is called contravariant if
B(xv,, v,)= — B(vy, o(x)v,) (xe€g(A), vy, v,€M).

For any Xebh(A)*, L(A) has a (unique up to scalar multiples) contravariant
symmetric non-degenerate bilinear form, and the decomposition of L(A) into weight
spaces is an orthogonal decomposition with respect to this bilinear form.
Conversely, any highest weight module which has a contravariant symmetric non-
degenerate bilinear form is irreducible.

§2. Relations between highest weight modules over g(A4) and those over
their canonical subalgebras

In this section, we define some finite-dimensional subalgebras of g(A4), and prove
some relations between highest weight modules over g(A) and those over these
subalgebras. Making use of these relations, we have a multiplicity equality which
plays the principal role in proving the Kazhdan-Lusztig conjecture.

2.1. Canonical subalgebras and branchig rules for them
Let I be a subset of the index set {1...., n} of A. We put
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b= g Cof, Q= .ZI Zy;,

2.1 A;=4(A)NQ,, 4, ,=4,(4)NnQ,
ny = AZ Q+a Or=TNy_+b+n, .
xedr, +

We call I of finite type if A;=(a;;); ;o is one of classical Cartan matrices, that is,
the Cartan matrix of a complex semisimple Lie algebra.

In this section, we assume I to be of finite type. For such an I, it is proved by
using Serre’s structure theory of split semisimple Lie algebras, that g; is a finite-
dimensional complex semisimple Lie algebra which has the Cartan matrix A4;, a
Cartan subalgebra b, and a Borel subalgebra b, +n; , (cf., [9] and [6, Exercise 1.2]).
We call such a g; a canonical subalgebra.

We define a category 0, of g,-modules similarly to ¢ as follows. The objects
of 0, are g;-modules M satisfying the following conditions.

(i) M is h,-semisimple with finite-dimensional weight spaces.
(ii) There exists a finite subset {u,,..., g} of b} such that u<py; for some i
for any weight u of M.

The morphisms in ¢, are g;-homomorphisms.

Let M (A1) be the Verma module over g, with highest weight Aebf¥, and L,(4)
the unique irreducible quotient of M, (1). As in the case of g(A4), every highest weight
module over g; is an object of @,, and so M (1) and L/(A) belong to @, for any
Aebf.

We consider the quotient §(A)*/Q; as additive groups. Let Aeb(4)*/Q;.
We define M4 for any object M of @ by

MA= ZM}.‘
ieAd

It is clear that M4 is an object of 0, and that M decomposes into the direct sum of
M4’s as a g;-module. We have

Lemma 2.1. For any A€b(A)*/Q,, the functor
0 3 M l'_“) MA € (91
is exact.

Proof. Let Me0 and N a g(A)-submodule of M. Since N;=NnM,, we
have

NA= Z(NnM‘)CNn(EAMA)’

AeAd

and so NAc N n M4, Conversely, take ve N n M4. It is written as
U=zvl (UAGMA).
Aed

Because N is h(A)-invariant, v,€ N for all Ae A and so UEAZA(N nM,;)=N4
Thus, N N MAc N4, whence NA=N n M4. This implies that
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Ker(p| M4)=N4,

where p is the canonical projection from M onto M/N.
On the other hand, p is a surjective g(A4)-homomorphism so that

p(M;)=(M/N);
for every A e h(A)*, and so
p(M1)=(M[N)".
Therefore
MA/NA~(M|N)4
through p, which implies the lemma. Q.E.D.

For an element Aeb(A4)*, we denote by [A] the residue class containing A in
h(A)*/Q,. We have the following lemma which explains what M4 is for a highest
weight module M over g(A) with the highest weight A.

Lemma 2.2. Let M be a highest weight module over g(A) with highest weight
lebh(A)*. Then, M is a highest weight module over g, with highest weight
Alh;.  Moreover, we have the following isomorphisms

(2.2) M ~M (A1h)),
(2.3) L(A)™M ~ L(41hy).
Proof. Let v, be a non-zero highest weight vector of M. By definition
U(g,)vo = MUAT,
On the other hand, if u is a weight of M, then

Mﬂ:z g—ﬂl'“g—ﬁqu’

where the sum runs over f,..., f;e 4,(A), B+ +B;=A—n. This implies that
M,cU(g,)v, for pe[4], because if fy,..., 8;€4,(A) and B,+--+B;€Q;, then
Bis--., B;€4;. Hence we have

U(gy)vo =M,

This proves the first assertion of the lemma.

It is clear that U(g,)v, is U(n, _)-free if M is U(n_)-free, which implies (2.2).

Let B be a (unique up to scalar multiples) non-degenerate contravariant sym-
metric bilinear form on L(1). Since the weight space decomposition of L(4) is an
orthogonal decomposition with respect to B, we have B(L(1)4, L(4)®)=0 for A and
© two different residue classes in h(4)*/Q;. Hence, the restriction B|L(A)4 is
non-degenerate. Thus, we have a non-degenerate contravariant symmetric bilinear
form on L(A)*). On the other hand, L(4)l# is a highest weight module with highest
weight A|h,; as we have proved above, so that L(4)!*] is isomorphic to L, (4|b,) as
is stated in (2.3). This completes the proof of the Lemma. Q.E.D.
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2.2. Multiplicity equalities

Now we can prove the following theorem, using the above two lemmas. This
is one of our main results, and plays the principal role in proving the Kazhdan-
Lusztig conjecture.

Theorem 2.3. Let Ic{1,..., n} be of finite type. Let A, A’ e h(A)* and assume
A—2'€Q,. Then, there holds the following equality for the multiplicities

24 [M(2): L(A)]=[M(A]b,): Li(A'|bp].

Proof. 1f A% A, the left hand side of (2.4) is zero. On the other hand, if A2 A’
and A—A' e Qy, then A|h, &2 |, and so the right hand side of (2.4) is also equal to
Zero.

Assume now A=A, Let 0=MocM,<---cM,=M(2) be a local composition
series of M(4) at A’, that is, there exists a subset J of {1,..., t} such thatif jeJ, M}/
M;_,;~L(A; for some A;= 4, and if jeeJ, (M;/M;_,),=0 for any p=1".

Let jeJ. Then, 124, because 4; is a weight of M(4). So, 1;—1'€Q, because
0<A;—A'<A-1€Q;. This implies [A;]=[A]=[4] for any jeJ. So, by Lemma
2.1, (2.2) and (2.3), we have a filtration of M,(4|b))

0=MHcMPMc...cMM=M(A|b)
such that for every jeJ
M!:,'}']/M,[i}'—]l ’!(Mj/Mj— 1)[“ = LI("{J | [)I) .

Let je=J. Then, by definition, any weight of MWP/MW, ~(M;/M;_ )4 is
of the form u|b,, where u is a weight of M;/M;_, such that u—1"€Q; and p2 A’
Hence, (M'A/MP4))) =0 for any u' =2 1’| b,.

Putting these together, we see that the series

0=Mi M a e M =M (2] b))
is a local composition series at A’ |b;, and so
M (21h): LA [bp]=#{jeJ | 4;|h;=4"|b;}.

On the other hand, for any jeJ, [A;]=[A'] and so ;|h;=A"|h, implies 1;=41".
Therefore

#lieJA;10,=21h}=#{je]|4;=4"}
=[M(4): L(1)].
This proves the theorem. . Q.E.D.

§3. A partial solution of the Kazhdan-Lusztig conjecture for
Kac-Moody algebras

In this section, at first, we recall the Kazhdan-Lusztig conjecture for complex
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semisimple Lie algebras, and then introduce a generalization of it to Kac-Moody
algebras after [3]. Making use of Theorem 2.3, we prove that the generalized
conjecture is true for certain good cases (see §3.3).

3.1. Kazhdan-Luszitg conjecture

Let g, be a complex semisimple Lie algebra, ), a Cartan subalgebra of g,
and b, a Borel subalgebra containing b,. Let p, be the element of hF which takes
the value 1 on each simple coroot corresponding to b,. Let W, be the Weyl group
of (g0, o) and S, the set of simple reflections. For each Aeb§, let My(1) be the
Verma module with highest weight 4 and Ly(A) the unique irreducible quotient of
My(2).

The following theorem on multiplicities of irreducible subquotients of Verma
modules is well-known as the Kazhdan-Lusztig conjecture, which was conjectured in
[7] and proved in [2] and in [1] independently.

Theorem 3.1 [7, Conjecture 1.5]. For all y, w in W, such that y<w, where
< is the standard partial order on the Coxeter group (W,, S,), let P, be the
Kazhdan-Lusztig polynomial for (W,, So). Then, we have

[Mo(ypo—po): Lo(wpo—po)l= Py,w(l) .

Note that the computation of multiplicities of irreducible subquotients of Verma
modules with integral highest weights is reduced to the case in the above theorem
(cf., [4], for example).

3.2. Generalization of the conjecture
In the case where A4 is a symmetrizable GCM, Deodhar, Gabber and Kac proved
the following result in [3] analogously to the complex semisimple case.

Theorem 3.2 [3, §5]. Let A be a dominant integral element of bh(A)* and
yeW. Then, all the irreducible subquotients of M(y(A+ p)—p) are L(w(A+p)—p)
(we W, w=y), and the multiplicity [M(y(A+ p)—p): L(w(A+ p)—p)] is independent
of . Here p is an element of h(A)* which takes the value | on each simple coroot
and = is the standard partial order on the Coxeter group (W, S).

Taking this result into account, they conjectured as follows.

Conjecture 3.3 [3, Conjecture 5.16]. For all y, w in W such that y<w,

[M(yp—p): Liwp—p)]=P, (1),

where P, , is the Kazhdan-Lusztig polynomial for (W, S).

VW
We call this conjecture also the Kazhdan-Lusztig conjecture.
Note that the polynomial P, and the multiplicity [M(yp—p): L(wp—p)] are
both equal to zero if yf£w.
3.3. Main theorem

Making use of Theorem 2.3 in §2, we can prove the following theorem which



254 Kiyokazu Suto
implies that Conjecture 3.3 holds for some pairs (y, w).

Theorem 3.4. Let I be any subset of finite type of {l,..., n} and W, the sub-
group of W generated by s; (iel). Then, for all y, w in W, such that ySw, we
have the following expression for the multiplicity:

[M(yp—p): L(wp—p)]=P, (1).

Proof. Notations are as in §2. It is clear that W, is isomorphic to the Weyl
group of (g, b;), whose standard order as a Coxeter group is the restriction of <
in (W, S). And so, by Theorem 3.1, we have

(*) Py,w(l)=[Ml(}’P1 —pn): Liwp;—p))]

for all y, w in W, such that y <w, where p, is half the sum of all elements in 4, ,.
On the other hand, for any ie [

pi(ai) = p(ai)=1-1=0.
Hence, we have (p;— p)|b; =0, which implies that
Wpr—=p)=pi—p
for all ye W,. Therefore, it holds that for all ye W,
Yor—pr=y(p+p1—p)=pr
=yp+pi—p—pr=yp—p-

From this and the fact that yp, —wp, belongs to Q, for any y, w in W,, we see that the
right hand side of () is equal to

[M(yp—p): L(wp—p)]
by Theorem 2.3. Q.E.D.

§4. Branching rules for Verma modules over non-twisted affine Lie algebras

In this section, we consider the case where the GCM A4 is a so-called extended
Cartan matrix. In this case, g(A4) is called a non-twisted affine Lie algebra. As
the subset I in §2, we take the most natural and maximal one in the sense that the
derived subalgebra of g(A) is the universal central extension of the loop algebra C[t,
1]1®g;.

For this subset I, we give a branching rule for Verma modules over g(A)
considered as g;-modules.

4.1. Non-twisted affine Lie algebras

Let g, be a complex simple Lie algebra and let b,, by, W, and S, be as in 3.1.
We denote by 4, and 4, . the root system of (g,, bo) and the set of positive roots in
4, corresponding to by, respectively. Let {«,,..., ¢} be the set of simple roots in
4,,+ and 6 the highest root. We define an (I+1) x (/+1) matrix A=(a;5)o<; <1 by
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2(ai7 aj)/(ai’ ai) lf 1 § i, .]é l,
=200, ap)/(6,0) if i=0 and 1=j<I,
T| —2a, 0@, ) if 1Si<I and =0,
2 if i=j=0,
where (-,-) is the bilinear form on b induced by the Killing form K(-,-) on g.
Then, A is called an extended Cartan matrix and is a symmetrizable GCM, and the
Kac-Moody algebra g=g(A) is called a non-twisted affine Lie algebra. In this
section, A will always denote the extended Cartan matrix given above.
The non-twisted affine Lie algebra g has a simple realization. We describe this
realization without proof (cf., [6, Chapter 7], for example). Let C[t, t7'] be the

algebra of Laurent polynomials in t with coefficients in C. As a vector space, g
is isomorphic to

§o=Cd@Cc®(C[1, 17']1® 80)
and the bracket in g, induced by this isomorphism is given by
[ayd+bc+P,®x, a,d+b,c+P,®x,]
=Res ((dP,/dt)P,)K(x,, x;)c+a ((dP,/d)®x, +
+a,(dP,[dt)®@x,+ P, P,®[xy, x,]

for a;, b;e C, P;e C[t, t7'] and x;eq, (i=1, 2), where for Pe C[t, t™'], Res(P) is
the coeffitient of t~! in P.

We identify g with §,. Then, we have an injective Lie algebra homomorphism
from g, into g:

go3x — 1®xeg,

and so we may (and do) consider g, to be a subalgebra of g. In these identifications,
the Cartan subalgebra h=h(A) of g is Cc@® Cd®h,. We regard h¥ as a subspace of
bh* by
Mc)=Md)=0 for Aebhd.

We define 6 e h* by

o(c)=0, d(d)=1 and 6|b,=0.
Then, we have

oo (=the O-th simple root)=6— Y c¢q;,
187!

where ¢; are positive integers, and «; is the i-th simple root for each i=1,..., I.
Moreover, we have

Ad=A4(A)={a+jd|aecdo, je Z}U{jo|je Z~{0}},
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4,=4,(A)={a+jolaedoU{0},je Z, j>0} U4, ;
9u+js=1/®8o,, for aed, jelZ,
8,s=1t®b, for je Z~{0},

where g, , is the root space in g, corresponding to o € 4.

4.2. Branching rules relative to g,

Notaions are as above. We take {1,..., I} as a subset I of the index set {0,
I,..., 1} in 2.1, then it holds that g;=g,, h;=b,, 4,=4, and so on. In this section,
we write Qq for Q;, My(A) for M,(1) etc. We put

Ug =2 Ot (a+js)

where the sum runs over a€ 4, U {0} and je Z, j>0. Then, u, 4 is subalgebras of
n., and we have

Ny =My 4 +1Ug ¢ (direct sum).

For any Aeb*, the set of all weights P(M(A)) is contained in A—Q,, and so if
Aebh*/Q, and M(2)1+0, then we have

A=[1—0a] for some a€Q,

Since ap =9 modulo Q,, we can take jé as a above for some non-negative integer j.
Thus, M(A)1=M(A)*=%1 (je Z,,) if M(A2)1#0, and so, in the rest of this section,
we determine what M(A)l4~7%1 is as a g,-module, that is, we give a branching rule
for M(4) as a go,-module.

For j=0, M(A)* is isomorphic to My(A| h,) as proved in Lemma 2.2 already,
and so we assume that j>0. We write < the lexicographical order on Q with respect
to the coefficients of o, oy,..., ;. It is clear that if o, € Q and a<p, then a=<p.
Let v, be a non-zero highest weight vector of M(4). Then, we have

Lemma 4.1. For any positive integer j,

M(2) 4-idl= ¥® »® U(Mo,-)8p, — s " 881 —nyaVa

€00 (v, )
where 3 denotes the summation taken over B,..., e AgU {0}, ny,..., ny€ Z5 o~
{0} suc(}yz’ﬁlat
Bi—n6=--=p—nd,
By—nd)+-+(B—mo)=y—jo.
Proof. By Poincaré-Birkhoff-Witt theorem, we have
M@A)=U(n_)v,
=U(n,-)U(uo,-)v,
=UMmy, Jn+ ¥ X 2) UMy, -)8p, - mes** 81 —niali

JeZ yeQo (v,J
Jj>0



Kazhdan-Lusztig conjecture 257
and this sum is direct since M(4) is U(n_)-free. Q.E.D.

For a positive integer j, let 44(j) be the set of elements y in Q, which can be
written as y=f,+---+f; for some B,,..., B;€ 4o U {0}. We define a subset D of
(4+:~4o)x Z by

D={(B, k) e(4,~4p)x Z| | sk=mult(B)},
and for each element x € Q,, we put

Py)=#{t: D — Zsola= 3 (B, k)B}.
(B,k)eD
Then, Zy(a) is the number of partitions of « into a sum of elements of 4,4,
where each element  of 4, ~4, is counted with its multiplicity mult ().
Recall
M= 38 M(Qy'= & M(s)
Aeh*/Qo jeZz2o

as noted in §2. Now, we have the following proposition which, together with the
above decomposition, gives a branching rule of M(4) as a g,-module.

Proposition 4.2. For each positive integer j, we put

AO(j)={y1""’ vs}v k<m lf yk>)’m’

where s=44,(j). Then, there exists an increasing sequence 0=MO c...cM® =
M(@)A=i8) of go-submodules of M(A)4~78) such that M®|M&-1) s isomorphic
to the direct sum of Py(—y,+jo)-copies of My(4|bhy+7y,) for every k=1,..., s.

Proof. For each k=1,..., s, we put
M®= % Z U(no,—)gﬂm—nmé'”gtﬁ—nlévl’
1spsk (vp,J)

where v, is a non-zero highest weight vector of M(1). By definition, M%) is (b, +
ng,_)-invariant. For any o€ 4, ,, we have in U(g)

9a8p,-n,6 < (8 gp,,—npa] +88, 1,604

C Ot 8,-npst 88, —nps9as

and so, by the ordering of y,,..., y,, M%) is also n, ,-invariant. Hence M®) is a
go-submodule of M(A)[4~/%1. By Lemma 4.1, we have a U(n,,_)-isomorphism

M®[ME=D ~ (yZI)U(nO.—)gﬁm—nmJ'"gﬂ‘ -maVa-
ks

Hence, M®/M®& -1 is a frec module as a U(n, _)-module, and any basis of V=
2 (710./)88m — s *88, —msU2 @S @ complex vector space is a basis of M®/M*~1D a5 a
U(ng,_)-module. Therefore, it suffices for the proof of the proposition to show
that the dimension of V over C is equal to Z,(—7y,+j6). In turn, this holds because
0=0,®2Z6 and so (B;—n8)+---+(B,,—n,0)=y,—jé if and only if B, +---+B,=
vy and n;+---+n,=j. Q.E.D.
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Remark 4.3. If A, A’ e h* are integral and A= 1', we can write A — A’ =a+jé with
some « € Q, and some non-negative integer j. Then, by the results of §2, we have

(*) (M) Lo(A 1ho)]= 3 [M(A): LAADILLATY " Lo(4' | Bo)]-

Azi"2
The left hand side of () can be computed by Proposition 4.2, Theorem 3.1 and the

translation principle in the complex semisimple case. On the other hand, the
coeffitient of [M(A): L(4")] in the right hand side of () is equal to

[L(A)A: Lo(A' 15o)] =[Lo(A" | Bo): Lo(A' [ ho)] =1

by (2.3). Hence, if we determine the branching rule of L(A") as a go,-module for
every integral A" e h*, we can compute [M(4): L(1")] inductively.
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