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On a short time expansion of the
fundamental solution of heat equations
by the method of Wiener functionals
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Hideaki UEMURA

0. Introduction.

Let (M, g) be a d-dimensional compact smooth Riemannian manifold and

p(t, x, y) be the fundamental solution of the heat equation —g—t u=Q,u with respect

to the Riemannian volume \/detg(x)dx where Q=%AM—|-h6, 4, being the

Laplace-Beltrami operator and 48 a smooth vector field. H.P. McKean and I.M.
Singer [6] studied the following asymptotic expansion of p(z, x, x):

0.1)  Qat)?p(1, x, x) = 1+k(xX)t-+ky(X)12 4+ +k,(x)t"+o(t") as t|}0

and obtained that

0.2) ky(x) = R(x)/12—div h(x)/2— | h(x)|?/2

where R(x) is the scalar curvature, div A(x) and |A(x)| the divergence and the Rie-
mannian norm of A(x), respectively.
In the case of #=0, they also showed that

03 ko) = (S R —IIR, (O + 1Ry () 720+const. 4, Rx)

where ||R;;(x)|| and [|R;;,(x)|| are the Riemannian norms of the Ricci tensor R;;(x)
and of the curvature tensor R;;;,(x) respectively. The universal constant of 4, R(x)

was found by S.A. Molchanov [7] to be 1_2126

(0.2) can be obtained by a direct calculation, but it is too complicated to obtain
(0.3). In fact, McKean and Singer avoided such a direct calculation and, instead,
they first determined the possible types of monomials in components of the curvature
tensor and its derivatives which will appear in k,, and showed that coefficients of
these monomials are universal, i.e. independent of a manifold and its dimension.
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418 Hideaki Uemura

Finally they determined them by computing on concrete manifolds.

In the present paper we give a probabilistic approach to computing above
ky, ky, +++. Our method consists of, first, representing p(e? x, x), €>0, as a
Wiener functional expectation E[@(e, x, w)] and then expanding the functional as

0.9 O(e, x, w) = ™4 Dyx, w)+eD,(x, w)+e2Dy(x, w)+---
4", (x, w)+o(c")) as €}0.

Then (0.1) can be obtained by taking the expectation of (0.4).

Since we are dealing with the fundamental solution, the above expectation
cannot be understood as the usual sense but as a certain sense of disintegration of
Wiener measure expectation. Recently, S. Watanabe [10] discussed such a gener-
alization of Wiener measure expectation in the framework of Malliavin calculus:
By introducing a family of Sobolev spaces formed of both smooth and generalized
Wiener functionals, the above expectation E[®(e, x, w)] and the expansion of @(e,
x, w) can be given a correct mathematical sense and the coefficients @,(x, w) can
be computed explicitly. Evaluating E[®,(x,w)] is reduced to computing conditional
expectations of certain multiple Wiener integrals and we obtain a general rule of
such computations in Theorem 3.1. This corresponds to the principle of “‘pairwise
contractions” in McKean-Singer [6] (cf. Also [2]), usually proved by appealing to
H. Weyl’s invariant theory, which enables us to determine the possible types of
monomials in components of curvature and its derivatives. Moreover, Theorem
3.1 asserts the universality of coefficients of these monomials.

Here, the author wishes to express his thanks to Professors S. Watanabe, S.
Kotani and T. Fujita for their valuable suggestions.

1. Asymptotic expansion of Wiener functionals.

In this section we summarize notions and results in S. Watanabe [9] as are
necessary for the further discussions. We use the notation of Dj(E), s€ER, 1< p<
oo, to denote the Sobolev space of E-valued Wiener functionals defined on the
r-dimensional Wiener space (W7, P), where E is a separable Hilbert space. Roughly
speaking, Dj;(E) consists of E-valued Wiener functionals F(w) which satisfy [|F||, .=
||[(I—L)*”F||,< oo, where L is the Ornstein-Uhlenbeck operator (the number operator)
and » is the norm of L?(E), the usual L?-space of E-valued Wiener functionals.
We omit E and write simply D; if E=R. Let HC W{ be the usual Cameron-Martin

Hilbert subspace of Wj;. The H-derivative D; DF(w)[h] =lim Mh)_—F(W),
240 3

heH, and its dual D* are well defined as continuous operators D: D3*(E)—
D}(HQE) and D*: D;*'(HQE)— D;(E), and L=—D*D. Here HQE is the
Hilbert space formed of all linear operators H— E of Hilbert-Schmidt type endowed
with the Hilbert-Schmidt norm. (cf. N. Ikeda and S. Watanabe [5], S. Watanabe [9],
H. Sugita [8])

Set D*(E)=N N DYE), D*(E)=N U DYE), D(E)=U N D;*(E)
sS0 1P >0 1K<pL>e 50 1KpL
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and D"(E)=U U D3*(E). For GeD~ and oD~ (or for GeD” and ©
$501<p<L<R

€D™™), G-0 (=0-G)eD™" is defined by -G +0, FPpo=p-«(D, G-F)pe
[resp.=5-«K®, G + F)>3~] where FE D>.

Let F(w)=(F,W), -, F,(w))&D>(R% be given, equivalently F;(w)& D=,
i=1, «--,d. The Malliavin covariance o(w)=(o;;(w)) of F is defined by o;;=
{DF,, DF;>y, i, j=1, +++,d. If F is non-degenerate in the sense that o(w) is positive

definite a.s. and det s(w)"*€ N L2, then for any T € S'(R?), a tempered Schwartz
1<p<eo

distribution on RY, its pull-back T(F) under the Wiener map w— F(w) can be
defined as an element of D™ and, for every G& D>, the natural coupling
- KT (F), GOpe= p-={G+T(F), 1>p=, which we denote also by E[T(F)-G] or
E[G-T(F)], coincide with T(¢) where ¢ € S(R?) is given by ¢(x)=E[G|F=x]* p(x),
p(x) being the C>-density of law of F. That x— ¢(x) is C = can be deduced from
the expression ¢(x)=E[G -6,(F)] and continuity of pull-back.

Let F(e, w) be a family of Wiener functionals indexed by e, 0<e<1. If
F(e, weD>(E) for all ¢ and, for every s>0 and every 1< p<<oo, ||F(e, W)||,,=
o(¢") as ¢ | 0, n being a fixed integer, we say F(e, w)=o(e") as € | 0 in D*(E). In
a similar way, we can speak of F(e, w)=o(¢") in Ij“’(E), in ﬁ“”(E ) and in D™=(E).
For instance, F(e, w)=o(e") in ﬁ“(E) if for every s>0 there exists p=p,E(l, o)
such that F(e, w)E Di(E) for all ¢ and ||F(e, w)||, ,=o(e").

Let F(e, weD>(E), 0<e<1. We say that F(e, w) has the asymptotic expan-
sion

(1.1 F(e, W)~ fyw)+efi(w)+---+€" f,(w)+-- in D*(E) as ¢} 0
if ;€ D>(E), i=0, 1, -+ exist such that, for every n,
F(e, w) = fw)+efi(w)+--+&"f,(w)+o(e) in D°(E) as ¢ 0.

Asymptotic expansion in the space D=(E), b"”(E ) and D~=(E) can be defined in a
similar way.

Let F(e, wED=(R?), 0<e<1. We say that F(e, w) is uniformly non-degene-
rate if F(e, w) is non-degenerate for every ¢ and furthermore

(1.2 lim ||det a(e, w)™|,< oo for every p&(l, o),

el0
where o(e, w) is the Malliavin covariance of F(e, w). The following theorem is due
to S. Watanabe [10].

Theorem 1.1. Let a family F(e, wyED>(R?%), 0<e<1, be uniformly non-
degenerate and has the asymptotic expansion (1.1). Then, for every TES'(RY),
T(F(e, w))E D~ has the asymptotic expansion in D™ as € |, 0:

(1.3) T(F(e, W))~Do(W)+e®,(w)+---  as €} 0 in D™=

The coefficients @ (w), i=0, 1,--- are computed from the formal Taylor expansion
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of T:
(1.4) T(F(e, ) = TU)+OTUNe ek )
+ L OTUN St Syt )@ (i o)

e

bo] ] )
— 7 ... —T), 0T(fy)-
ol oy o

(eﬁ+e%+--~)=g(5%:r)(ﬁ,)-ff if we write efyteft e =(fY e, f9), and
PTGV efit it I@(ehit et )= 31 (s T) fofief. o) is a sum

axiox’
of the coefficient of € in (1.4). For example, ®,=T(f,), ®,=0T(f,)f; and

0, — g(av(ﬁ,m@manf;)f;.

where 0T is a distribution derivative of T, i.e. 9T: :(

Corollary. With the same assumptions of the above theorem,

(1.5) E[T(F(e, w)]~E[@®W)]+eE[®,W)]+++ as e}0.

2. An application to solutions of S.D.E..

In this section we apply Theorem 1.1 to the case that F(e, w) is obtained as a
solution of a stochastic differential equation (S.D.E.). Consider the following
S.D.E. on R? over the r-dimensional Wiener space (W73, P).

dX,(w) = & 33 Lu(X,())odw™(t) + *Lo(X (W) dt

2.1
Xo(W) = xo

where x,= R?, ¢,0<e<1, is a fixed constant and L,=(L}, -+, L) with L C7(R?),
a=0, 1, -+, r, and odw®(¢) is a stochastic integral of the Stratonovich type. Here
C(R®) is the totality of bounded C=-functions whose derivatives are all bounded.

We denote by X*(¢, x,, w) the solution of S.D.E. (2.1). Note that X(%, x,, w):g
X*(t, x,, w), and we will treat X°(1, x,, w) instead of X'(¢? x,, w). Then it is easy
to see that, for each fixed x, and ¢, X°(1, x,, w)E D=(R?) and it has an asymptotic
expansion as ¢ | 0 in D>(R?):

.2) XC(1, xg W)~ fo(W)+efi(w)+--+ as ¢ 0 in D=(R?)

and moreover f,(w)=(f3(w), +-+, f4(w))€ D*(R?), p=0, 1,-++, are obtained explicitly.
These facts would be proved in the following Proposition 2.1. To describe them,
however, we have to introduce the following notations: For m, m*& Z such that
m>1, m*>0 and m*<m, and k= {k(1), k(2), ++-, k(m*)} C N satisfying 1 <k(1)<
kQQ)<+-<k(m*)<m if m*=1 and otherwise being empty, we set
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(2.3) F(m, m*, k) = {i = (iy, =+, i) €{0, 1, =+, r}™;
;0 iff jek}.
For i=(i,, i+, i) € F(m, m*, k), denote the multiple Wiener integral S, w) on

(W5, P) by

2.4) Sit, w) = S:odw‘l(tl) S:‘odw‘z(tz) S;’”"odw‘m(t,,)
where w°(t)=t, w(t)=(w'(t), wi(t), ---, w'(t)).

Proposition 2.1. For each fixed x,&R? and ¢, 0<e<1, X*(1, xo, ), the solu-
tion of S.D.E. (2.1), belongs to D=(R?) and it has an asymptotic expansion as € | 0
in D=(R®) as (2.2). Moreover f(w) is given by

@.5) Jow) = x,
fwy= X 23 (W 00 Vi) Ly )(xo) S¥(1, w)
m2>1, m*>0 i€ F(m,m* k)
m*+2(m —m*) = p p= 1,2, «--.

where V, is a differential operator corresponding to L,: V,,(x)=L,f,(x)—ai,.
xl

Proof. Applying 1td’s formula to (2.1) repeatedly, for any / we have

(2.6) X*(1, x0, W) =xo+ 3] > eI, oees oV )Ly )(x0) SU(1, w)
1ns*'£OSI i€ F(m,m* k)

1 oo
+ 5 3 e Cogii) [Mednir)
3*23- € F(m, m*,

...g;’”'l(l/’_mo eee 0 Viz)(Lil)(X:m)odwi"'(tm) )

1 ¢ t
It is easy to see that Si(1, w) and S odw'i(t,) S 1oa’w"z(tz)---g ( V; owoV ) (L)
0 0 0

(X7, )odwin(t,) belong to D>(RY) and that m*+2(m—m*)>I+1 if m>I+1 and
m*=<m. Therefore X*(1, x,, w) has an asymptotic expansion as ¢ | 0 and Jr(w)
can be obtained as a coefficient of ¢? in (2.6).

From now we assume that a"'(x)zé Li(x)Li(x) is positive definite at x,.
a=1

Then X*(1, x,, w) is non-degenerate for each e, so for all x&R? we can define
8. (X%(1, x,, w)) as an element of D=, but it is never uniformly non-degenerate.
However, setting F(e, w)=(X*(1, xo, w)—fy(w))/e, it is easy to show that F(e, w) is
uniformly non-degenerate, so in this case the smooth density p(e?, x,, x) of the law
of X (1, x,, w) exists and has the asymptotic expansion when x=x, because, first,
P (€% Xo, Xo0) = E[8,,(X*(1, xo, w))] = e ?E[8,(F(e, w))], secondly by Theorem 1.1,
0,(F (e, w)) has an asymptotic expansion, and finally by Corollary of Theorem 1.1,
E[0,(F (¢, w))] can be expanded as ¢ | 0: We set
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27 (7Y% (€, Xy, Xo)~ Co(Xo) F€Co(X0) + €%y () +-+++ as ¢}0.
We describe c,(x,) explicitly in Proposition 2.2 with the following notations:

A j
When m,, m¥, k, are given for all v=1,--, j, i€ II F(m,, m¥, k,) is defined by
v=1

A

(28) i= ( m s "% i(j)) = (il.l’ "t il,mp iz,p R} l; m,)
and we denote i=(i(1), i(2), +++, i(my+++++m;)), and by {k(Q1), k(2), -+, k(m¥+
+m¥)}, we mean the empty set if mf+---+m¥=0 and otherwise the totality of

@.9) k() = k(=SS m¥)+ 3 m, when SIm¥<I<31mk.
v=1 v=1 v=1 v=1

Forie f[ F(m,, m¥, k,), define the multiple Wiener integral S lc(t, w) on (W§, P) by
v=1

Ke))

(2.10) Sit, w) = S, w)-S<x, w) - ST, w) .
For i’=(i(1"), -+, i(n))EF,= {1, ---, d}", define

a”

(2.11) ot =W.

Then by Theorem 1.1 we have
(2.12) 0o(F (e, w))~2 ¢ 2 2 2 __a: S L0V 5 (w) ...f;;;i’)(w)
as ¢} 0 in D~

and by Corollary of Theorem 1.1

@13) ) = (22)"’222 2 ~E[0' (LW 3 (W) -+ £ (W)]

j=1 4, Ve
where f,(w) is as in (2.2) and

214) A,=4{p=(py, . P))EN’; py++++p;—j=n,p, =2, -+, p;>2}.

In (2.5) we have the explicit description for f,(w), p=0, 1, ---, so it is easy to
see that f,(—w)=f,(w) when p is even and otherwise f,(—w)=—f,(w), and that
ai'b‘o(fl(—w))=(—1)f6i'6o( fiw)) when i'eF;. Thusif we change w to —w in
(2.13), we can easily see c,(x,)=0 if n is odd. Now putting (2.5) to (2.13) we obtain
the following Proposition 2.2.

Proposition 2.2. ¢,,(x,) is given by
@15 culx) = @0 33 pIpIPIPY IV, ooV, LI )0)-

: j—,E[ai (32 L,,(xo)w"(l))sf(l, w)l
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where A,, is as in (2.14) and

(2.16) B = {(my, m¥)€Z? v=1, -+, j; mf+2m,—m¥) = p,,
1<m,< p,, 0<m¥<m.}
(2.17) C = {k, = {ky(1), =, k(m¥}CN, v=1, -, j;
1<ky(D)< e <k (m¥)<m,}
A j
(2.18) D = {@, i) ]I F(m,, m¥, k)X F;}
V=1

Especially in the case of r=d, denoting L as a matrix ((L;(xo)) then
det L0 by the assumption for Li(x,). Thus, for i’ EF;, 8'9, (Z‘, L, (x)w*(1))

/l l

2 (L™H77 97 6y(w(l)) where (L™ ‘)“ *H (L“)’“‘/”(“) if we express i/ =(i(1"), -

i(j )) and by (L7 (i, j)-component of L !, Therefore we have the following
proposition.

Proposition 2.3. In the case of r=d, c,,(x,) is represented as follows;

(2.19)  c(x0) = (22)** 2 PIDIDIPIDY,

¥, ooV, JLE) L ')“oj E[670,(w(1))S¥(1, w)]

where A,,, B, C, and D are as in Proposition 2.2.

3. Computation of E[ai/ao(w(l))Sﬁ(l, w)l.

We consider the d-dimensional Wiener space (WE, P) and compute
E [31'30(“,(1)_)53(1’ w)] by the following methods: First we note that

3.1) E[073,(w(1))S¥(1, w)] = (—1)8" E[8, (w(1))S*(1, W) ;o

when i’ €F;, and that

(2  EBw(1)SL w)] = E[S{1 w)|w(l) = x]-(2n)74" exp(:'%'z) .
Set w(t)=w(t)—tw(1)-+1x, then
(33) E[S(1, w)|w(1) = x] = E[S¥1, w)]

and finally F [S"A(l, w)] can be computed by the definition of the stochastic integral,
i.e. SAi(l, w) is approximated by the step functions, that is the multiplication of the
form w”(t)—w"(¢’), and the expectation of this type can be computed easily.

It is more convenient to use I1td’s stochastic integral instead of Stratonovich’s
one. So in the following, S ’A(t, w), first introduced in (2.4) and (2.10), is defined
by Itd’s integrals. It is clear that the same conclusions of Theorem 3.1 below remain
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valid in the Stratonovich case with different universal constants.
First, we consider E[Si(1, w)|w(1)=x]. For this we introduce some notions.

Definition 3.1. Suppose all m,, m¥, k,, v=1, -+, j are given, so is {k(1), +--,
k(m¥+---+m¥)}. The set 7 {k(1), «+, k(mf+-+-+m¥F)} is called a collection of
singles iff m¥-+---+m¥—*¥ is even, ¥z denoting the power of 7.

Definition 3.2. Suppose A be any set whose power iseven 2/. Then g, is
called @ pairing decomposition of A iff o,={a;, A} U+ U {ey, i} where {a;, f;
i=1, «,I}=A. Here the order of the sets {a,, B}, -, {a;, B;} is arbitrary.
Especially when A= {l, ---, 2/}, we denote o, instead of 4, and when 4= {k(1),
oo, k(¥4 +m¥)}\z, o, instead of g ,,.

Now ¢ denotes tUo,, ie. ¢: {k(1), oo, k(mF+4 oo +m¥)} = {ry, =+, ri} U
{a, B} U -+ U {a,, B} where 2I+h=mf+ - +mf and {r,, -, 1} @, -+, @,
Biy ovs B = (), -, kit P}

Lemma 3.1. Suppose all m,, m¥, k,, v=1, -, j, are given. Then for all
A j
iell F(m,, m¥, k,) and x€ R",
v=1
(3.4 E[Si(1, w)|w(l)=x] = % A(D)Bicapicay *** Fitapicap X 0 ++e XMW

where c(¢) is a universal constant depending only on m,, m¥, k,, v=1, -+, j, and ¢.
Especially c(¢) is independent of d.

For the proof of this lemma, we need the following two propositions.

Proposition 3.1. Let w(t) be the 1-dimensional Brownian motion, and Ww(t) be
the 1-dimensional Brownian bridge on [0, 1], i.e. w(t) =w(t)—tw(l). Then for all
t;,€[0, 1], i=1, -+, 21,

EDH)) -+ ta)] = 33 1T B )i()
where oz,=‘éj {a;, Bi}-

Proof. The following fact is well known;

(1), =, w(t,))~N(Q, v;;) where v;; = (LAL)(1—1 V).

So, this proposition can be easily proved by derivations of a characteristic function.

Proposition 3.2. On (W4, P), set w=W, ---,w¥)& W{. Then for all t;€]0, 1],
i=1, -, 2,

E[WO(t,) - W (1) = 23

!
Ta1 i=1

E[wi(aj)(twj)wi(ﬂj)(tﬂj)] ° af(wj)l'(ﬂj) )

Proof. Let 6 be a decomposition of the set {I, -+, 2/} into a union of d dis-
d
joint subsets, i.e. 6: {1, -+-, 2/} = U 4; where LdJA,= {1, -+, 2[} and 4;NA4;=¢ if
j=1 j=1
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i#j. Then

d

E[ﬁ)i(l)([l) SRS ;(zl)(t l)] _ H [me]‘-;!‘,ﬁ)i(u)(t“)]alqj "]'__:‘]::n(l —‘6,4”,,4") .

Here, 0,,=1 if i(e)=i(p) for all @, fE4;, and otherwise §,,=0, and 1—4, , =0
if i(e)=1i(p) for some (a, f)E(4,, 4,), and otherwise 1—0, , =1. Because
E[W'(t,) +-- W'(t441)]=0, it suffices to assume that each A4;, j=1, -, d, has even
powers. Now, for all a,;={a,;, 8,} U+ U {a,, 8}, we set 8, the totality of § such
that for each i, 1<i</, there exists j satisfying {e;, f;} C4;, and we denote

g Af:vgl {a;, B;}. Then by Proposition 3.1,

E[WO(ty) -+ WEN1,)]

a . i
= 02 3 LI EDW ity )W ity )-8, (=044,

gAl...gAd )
! .
=221l E[W )ty JWEXtg )]+ 84, -+ 84, 11 (1—04,4,) -
21 O i= mzn

Noting that, on LiJ i where B;, j=1, ---, n, are any sets,
i
1=(1-1p) - (A=15)+3 A—1p) e (1151,
iJ
+ %},(1_181) NV (1_11,")13’,1314_....{_13l |
it
i
where 1;; denotes the indicator function of Bj, and ™ the exclusion of the i-th
component, we can easily show that

2004, 00 0, I1 (1 =04, 4.) = Outwpitay *** Oitwpics,) -
6a e

By

Therefore we obtain the assertion of Proposition 3.2.

Proof of Lemma 3.1. Let w(t) be w(t)—tw(1)+tx=w(t)+tx, and let #'(t)=t,
then by (3.3)

E[S'(l w) | w(l)=x] = E[S'(l w)]

— E[so dwi(l) (tl) S dwx(Z)(t ) Som yheeemi— 1dwi(ml.i....+mj)(tm1+m+mj)]

(where as for each d(m*=+m+) y—=] ... j—1, the integral is taken on [0, 1])

= lim >} lim 3>} .- lim 3N

144120 4y 145190 dpltpcry  Mmpteermgl?0 D b 1 pCony e dmj— 1)

E[Aﬁ’i(l)(tp(l)) AW("".’_".+mf)(tp(m1+--~+m;))]

where 4,= {0, 1/2°, -+, (2"—1)/2%, 1} is a division on [0, 1] such that 4, 4; if i<j
(i.e. 4; is a refinement of 4,), t,)E4,, t iy E4;|t ;-1 if we denote by 4|2,y a
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division on [0, 7,»] by 4;, but especially 4;|tsimttmp> ¥=1, =+, j—1, divisions
on [0, 1], and 4w M(t 5y) =Wt ) — Wt 51y) in Which 5,y is the next point of
Zpv) in A\,ltp(\,_l). Then
E[Awi(l)(tp(l)) Awi(ml+m+m’.)(tt(m1+~--+nti))]
= E[Awi(k(l))(tﬁ(k(l))) Aﬁ’i(k("';k+m+m?))(tp(k(m’,"+'--+»t’}5)))]'P1(t)
= ET} E[Aﬁ’isal)(tp(ml)) ot ‘m’i(d')(tp(a,))dﬁ’i(81)(tp(51)) ot Aw‘(s’)(tp(p,))]
LS IR LA X 1))
= ? E[AW @0(t y(0) AW (1 )] +++ E[AW ED(t 500 ) AW (2 504 5)]
*Oitapite”*Oitapits) P A 2 1))
= %‘ Py(t)8itapitay ** Ditapicap + X' o+ Pl
where Py(t)= (’u“(l:]):—O) (t 5w —1,») Which depends only on m,, m¥, and k,, v=1,--+, j,

P(t)=P(t) TI (*juen—1Iaen) Which depends only on Py(#) and 7, and Py(r)
(v ; kODET)

depends only on P,(t) and ¢. So P4(t) dependsonly on ¢, m,, m¥, and k,,
vy=1, ---,j, and is independent of 4. Thus

E[Si(1, w)|w(l)=x] = % (8)* Oiapitep *** Oitapicey X' +o XMW

where c¢(¢) is a universal constant which depends only on ¢, m,, m¥, and k,,
y=l1, e, J.

Example 3.1. In the case that j=2, m=m,=2, mf=m§=1, and k(l)=
k2(1)=2’

EIsL wy ity =x) = EL([|d, " adw@e ([ dey [ avop)iwy=s

1 1 iomoi
= — Bip; L yi@yio
7 o w+ 2

Example 3.2 (Levy’s stochastic area). In the case j=2, m=m,=2, m¥=
m¥=2, and k,=k,= {1, 2},

E[Si(1, w) | w(1)=x]

1 o o 3, .
= £l [ v [P aveup ([ awo @ | oo wn=x

1 1
8 Oimit - 0:wia Oiito— 5T 0wt Oii(

N

1 o 1 o 1 o
— i X DX O = 81000 X D X' — = 8,59 X D x"W
4 1 1 12 3 3 12 3 :

1 o iy 1 o e 1 .y
BET Oii X'® x“”-l-ﬁ i X @ x'® —z‘ai(l)i(z) x'® x'd
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_|_% X D@ i (®)
Now consider Lévy’s stochastic area A(t, w), i.e. for we W}
(3.5) A(t, w) = %( S;w‘(s)dwz(s)—-S;wz(s)dw‘(s))
and let’s compute E[A(1, w)?|w(1)=x]. By (3.5)

A wy = L[ woaoy -+ woaeey

1
0

1
—([ o) v,
0
so, by the above equation, we obtain
ELAQL, wp | w(l)—x] — L 4 1xI°
12 12

Remark 3.1. This can also be obtained by the following way:
Let K(x, ))=E[exp{n/—144(1, w)} | w(1)=x], then by M. Yor [11]

2. (2 2 2\ x|
K(x, 2 =(_ h<—))- {(1—_coth_)—}.
(x, 2) 5 /sin 5 exp > )

Especially K(x, )=K(x, —2), so E[A(1, w)**!|w(1)=x]=0, and E[A(1, w)?| w(1)=x]
_ b Ix]?
RETRIETR

Finally we treat E[(870,(w(1))Si(1, w)]. Before stating the theorem, we
introduce the following notation: Suppose m,, m¥, and k,, v=1, ---, j, are given

and mf+---+m¥+n=2I. Let A={k(l), -+, k(m¥+---+m})} U {l’, ---,n’}, then we
denote 4+ instead of o, i.e.

(3.6) {k(1), -+, k(mik_'_"'-'_m;k)} U{l, -, n} = {al’ /91} U--u '{ab Bit-

Remark 3.2. All ¢ can be decomposed as follows: = be a collection of singles
on {k(1), ---, k(m¥+---+m¥)} such that its power is less than n i.e. z: {k(1), ---,
k(mf+--+mP}={ry, -, 73} and h<n. o, be {e;, B} U+--U{a,, B,}. Define
6! as a pairing decomposition on {ry, **+, 74, 1’, +--, n'} such that each partner of
7o i=1, - b issome v’ (1<v<n), ie. of: {r, =, 7). 1, o, 0’} ={aypqy, Bpir} U -
U {e, B} and {a,,, =+ @5} ={ry, . 7} Then for all - there exist , o,, and
o! as above such that Y=o, U a.

Theorem 3.1. For all lAEIJI F(m,, m¥, k,) and i’ €F,,
v=1

E[078,(w(1)S¥(1, w)] = (2m)% %1 c(¥)iapicey *** Ficapiep
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if m¥+-+m¥+n=2I and otherwise 0, where c(y) is a universal ‘constant which
depends only on r, m,, m¥, k,, v=1, «--, j, and n.

Proof. As stated at the beginning of this section

E[O/2w(D)S (L, )] = (~ 1707 E[SH1, w) w()=x] @) exp ( —12L)

x=0

So, by Lemma 3.1
G7)  ESL wlw()=x] = %} (B)itwpicy *** Oitwpicp X' e+ XMW

and ¢=o0,U r for some collection of singles z. Therefore if n<<h, or n>h and n—h

o 2
is odd, 8¢ x M. xR exp(%) =0, and if n>h and n—h is even

x=0

_ 2
(3.8) 8 X1 wou X0 exp< |2xl)

—_ -h)/2
= (=D 3itepan ** Sicapitep
or

x=0

where o/ is as in Remark 3.2. Thus, combined (3.8) with (3.7), we can conclude
the proof of theorem.

4. Main theorem.

In this section, we consider the asymptotic expansion of the pole p(¢, x, x)
as t | 0 for the minimal fundamental solution p(z, x, y) of the heat equation
Z_uzé 4dyu on a Riemannian manifold, 4,, being the Laplace-Beltrami operator.

t
Note that p(#, x, p) is the density of the law of X, with respect to the Riemannian
volume, where X, is the minimal Brownian motion on M starting at x at t=0. In
the previous section we studied the solutions of S.D.E. on R? as Wiener func-
tionals. We first state a localization result which reduces our problem to that of

S.D.E. on R®.

Lemma 4.1. On a Riemannian manifold (M, g), for any fixed point x,& M and
positive numbers v, R, 0<2v<R, such that W(x,, v+R)={yER?; | x,—y| <v+R}
is in a local chart of x,, let X, be the minimal solution of the following S.D.E. on M

{ dX, = Ly(X,)odw™(t)+Ly(X,)dt

X, = x,

where (a*')=LL* is elliptic, X, be its minimal diffusion on W(x,, R), p(t, x,, y) be the
density of the law of X, with respect to the Riemannian volume, and p(t, x,, y) that of
X,. Then there exist positive constants c,, c, such that for all y & W(x,, R—2v)

2
(@1) Pt 3 )20, 50 )< S exp(—6 2 ).
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Proof. Let t(w)=inf {t>0, X,& W(x,, R)}. By R. Azencott [1], there exist
positive constants ¢, ¢’ such that

r\¢ , V2
Pe(w)<t, | X,—y| Sr>3c(7) exp(—c'2)

where r <y/2 and |x,—y|+2v<<R. Noting that

b2, X, ) = 113’1 PX, e W(y, r)lvol(W(y, r)),

B, x5, y) = lim P(X, € W(y, r), t(w)>t)[vol(W(y, 1))
and "

P(X,eW(y, r))—P(X,EW(y, r), t(w)>1) = P(tW)<t, X, Wy, r)),
we can easily conclude (4.1).

Remark 4.1. By the above lemma, it suffices to treat X, instead of X, in our

problem, and X, can be identified with a minimal diffusion on a compact subset of
R‘. So, again by the above lemma with M=R?, we can replace X, by a diffusion

X, on R’ obtained as the global solution of S.D.E. on R? whose coefficients
coincide with L,(x) in a coodinate neighborhood of x,.

By Remark 4.1, it is enough to analyze %AM-diﬁ’usion on a local chart of x,.

So taking a normal coodinate with center x, and extending this coodinate to the

global Euclidean coodinate of R, it is enough to study the solution of the following

S.D.E. on R? over the d-dimensional Wiener space (W¢, P);

“2) dX it = ed™(X7)odw™(t)+e%t(X5)dt

' X;=0

whete X1 (X, X%, v, X149, o) =g 709, ol =~ 87T~ (5
x

a“"(x))‘a“"(x) in some neighborhood of 0 and both ¢"(x) and o¥(x) belong to

Cr(R?). Here {I'};} are the Christoffel symbols and (g*) the inverse of (g;;).
By Cartan’s formula, we have the following expansions of a(x) and o,(x) in
the normal coodinate. (cf. B.Y. Chen and L. Vanhecke [3])

1 iy.f 1 iy.f
(4.3) Opq(.x) = 6pq—z % R,,-“—x x]—ﬁ = hV,'Rqukx x"xk

I 7 .
120 i.§1 <37%j R”’“~? 2 Rsiijsqu)X‘xfx"x’—I—oﬂx|5)

(@) o3 =~ 3 Rux 5 CaRy— 67 Ry '

1

—16 g Ripiq Ruprdx x x+0(| x |4
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where 7 means the covariant derivative and values of monomials in components of
the curvature and its derivatives are taken at the origin. Now we can apply above
results to obtain the expansion (2.7). Then,

o) = @) (=2 Raxo) JE[ 2 000wt weepa |

1
0

(5 Reanx0 JE[ 2 2s000) [ [ wis)0awe(s)0aw0) |
= R(xp)/12.

Similarly we can compute c,(x,) to be i;—o(%Rz(xo)—l|R,-,-(x0)||2+||R,-,-,,,(xo)||2)

+4R(x,)/120. This computation is elementary but quite complicated, and for
higher c,,(x,) it is, of course, too much complicated. So we would give some
informations for ¢,,(x,) in the following Theorem 4.1. Before stating the theorem,
we introduce the notion of order.

Definition 4.1 (cf. P. Gilkey [4]). R be a totality of monomials in components
of the curvature tensor and its covariant derivatives. A function ord: R—N is
defined as follows:

ord (7, ", Rijw) =2+m, and ord(RR,) = ord(R)+ord(R,), R, R,ER .
If ord(R)=m, RE R, then we say R is of order m.

Theorem 4.1. ¢,,(x,) is a linear combination of the contractions of the elements
in R of order 2n. Moreover the constants of this combination are universal, i.e.
independent of a manifold and its dimension. Here, a contraction means a contraction
of all indices with respect to a pairing of them.

Remark 4.2. Theorem 4.1 is not new, in fact, M. Beals, C. Fefferman and
R. Grossman [2] and P. Gilkey [4] have showed the same theorem by first determining
the order of elements of R which appear in ¢,,(x,) and then appealing to Weyl’s
invariant theory to show that these elements are given by the contraction. Our
assertion is that this theorem can also be proved by the probabilistic methods.

Proof of Theorem 4.1. Fist we determine the order of elements of R which
appear in ¢,,(x,). By Cartan’s formula we have the following expansions of ¢?%(x)
and o%(x) in (4.2):

o?(x) = 6,4—]—% Repajpg X 1 x"i40([ x]")
=

4.5) .,
@, n
ob(x) = 3 Riyarse ol ¥]7)
b=
where R, ... ;5 [1€SP. Ry, ..5;] is @ symbolic representation for a linear combination

of elements in R whose order is j[resp. j+1]. So if we set (V;, m\,°"'°Viv 2)~
-(Lﬁ(v"i))(xo):R,.(,,v(l))...i(kv(,,,;),,.(,,/)(xo) in Propositions 2.2 or 2.3 applied to (4.2), this
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is a linear combination of elements of order p,—1 in R. Consequently, by (2.15)
or (2.19),

2n
(4.6) Cn(X0) = 2m)"2 33 3] 213333 Riyithtmt -4 m3ita )it (¥o)

j=14,,
1

J!
where the sets A4,,, B, C, and D are as in (2.14), (2.16), (2.17) and (2.18), respec-

E[678,(w(1))S*(1, w)]

j . .
tively, and Ri(lz(l))---i(k(m’f+~~-+m’}‘))i(l’)-'-i(j’)(xo)zvl_]l: Rty )ity m¥0iv(Xo), 80 it is a

combination of elements of order p,+:--+p;—j=2n. Now we apply Theorem 3.1
to evaluate E [8"'60(w(1))S:'(1, w)] which completes the proof.
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