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Some limit theorems of almost periodic function
systems under the relative measure

By

Katusi FUKUYAMA

O . Introduction.

Kac-Steinhaus [6] obtained the following central limit theorem.

Theorem A .  I f  a  real sequence 12,1 is algebraically independent,

lim pR{x ; A /
1—n  i A/ 2 cos 2,x <a} = A /2

1-7S . e—:'-211c1$ , fo r  a l l  aE R 1 .
n

1 Here pR  denotes the  relative measure: pR(E)=1im
2 T

 p (E n [— T , T ]) when-
T - .c o

ever the lim it exists, where p  is  the Lebesgue m easure. Theorem  A  implies,

in particular, the relative measures of sets of the form -Ix ;
A/

1a  cos2pc<a}n
exists i f  RI is algebraically independent. Note that the fam ily of sets whose
relative measures is well defined does not constitute a  finite field and the relative
measure itself does not satisfy the countable additiv ity . S o  th e  space (R, pR)
is  n o t a  probability space in  th e  usual sense. B ut the central limit theorem
holds for (ArT cos 2,x1 on (R, P R )  as Kac-Steinhaus assert.

This theorem was extended to the case of weighted sums in  th e  following
theorem due to Salem-Zygmund [15] which is a  famous paper on the lacunary
trigonometric series.

Theorem B .  I f  a  real sequence {2, } is algebraically  independent and i f  a
real sequence { a,} satisfies

(0.1) a n = o ( A )  and  A „ T  0 0  ,  w here  A,--1-= a7+ • • •

then
1 n 1  lim p R fx ; E

A
c i f . /  2 cos A i x <  —

/2 e-;"cle , fo r  a l l  a E R '.
n J=1 — A 7r --

The purpose of th is paper is to  obtain  m ore general lim it theorem , for
example, th e  la w  o f  la rg e  numbers (LLN), functional central limit theorem
(FCLT) and the law  o f  th e  iterated logarithm  (LIL) for - V  2  cos 2 ,x1  under
PR. F o r  th is purpose w e u s e  th e  id ea of Salem-Zygmund (Lemma 1 ) and
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construct a  probability space and random variables w h o se  la w s  a r e  t h e  same
a s  th o se  o f  a lm ost period ic  functions under P R .  O f  c o u r s e ,  a  well-known
construction of such a  probability space is to u se  the  B o h r compactification of
R  w hich is a com pact Abelian group and  the  Haar probability measure o n  this
g r o u p . H ere w e give a  much simpler construction in section  2 :  w e  c o n s tru c t
a  probability  m easure P  o n  t h e  product space RB w here B  is  th e  se t o f  all
almost periodic functions, such that whose finite coodinate variables (e f i , ,  e f .)
(f ••• , f f l E B ) have the same jo in t law  as f, ••• under p R. So if  we want
to  study  about { A/ 2 cos 2,x } under p R , we can apply usual probabilistic methods
fo r random variables le , f-2 cos 2,.} on (RB, P).

T h e  first a im  is to  w eaken the condition on {2, }. W e introduce a  weaker
condition than algebraic independence w hich w e call t h e  signed sum  codition
("SS-condition", Definition 1). W e prove in  Lemma 2 th a t  fe../ . cos2 ; x1 is  i. d .
if  any only i f  { } is algebraically independent, and  th a t  fe../2 cc.s 2,.,1 is  a  equi-
normed multiplicative sy stem  (EM S) in the sense o f Definition 2  if  and  only if
{2; } satisfies the  SS-condition . E M S i s  a  t y p e  o f  multiplicative sy stem  (MS)
which belongs to a  category of weakly dependent random variables.

N ext w e prove th e  law  of large  number (LLN ). W e know  that LLN holds
fo r  i. d .  and M S .  T h e  results a re  transla ted  f o r  { A/2- cos 2 ,x}  u n d e r  p R to
obtain LLN in  a  weak form  (Theorem  1).

T h e  th ird  a ttem pt is to  prove th e  functional central limit theorem (FCLT).
FCLT w as first proved fo r  i. j. d. by  Donsker a n d  w a s  e x te n d e d  b y  Prohorov
to  the case of independent random variables satisfying th e  Lindeberg condition.
FCLT o f Donsker type for M S was studied by Kern° [ 7 ] .  Here we prove FCLT
o f Prohorov type for EM S (Theorem 2,3). N ow  w e translate these results into
a  theorem fo r  { A/- 2-  cos ili x} under p R (Theorem 4) a n d , fro m  th is , w e  d e riv e
other limit theorems (Theorem 5,6).

Finally we prove the law  of the  iterated logarithm s (LIL). LIL was studied
b y  Kolmogorov for independent random v ariab le s  an d , fo r M S , by Hungarian
school. U s in g  th e se  th e o re m s  w e  c a n  d e r iv e  a  w eak form  o f LIL under /IR.
W e also prove here th e  functional law o f th e  iterated logarithm s (i. e. Strassen
type theorem) for EMS.

T h e  author w ould like to  express h is heartly th ank s to  P ro f. S . Watanabe
fo r  his helpful comments and to  P ro f. N . M i lo  f o r  h is  va luab les suggestions
and guidances during th e  preparation of th is  paper.

1 . Preliminary.

First w e define the "SS-condition".

Definition 1. W e  s a y  th a t  R I  s a t is f ie s  t h e  s ig n e d  su m  condition (SS
condition), if

rEN, n i < < n ,  im p lie s  +.2„,+ ••- +272,#0•
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Next we introduce several classes of multiplicative systems (1), (2) a n d  (4)
a re  d u e  t o  A lexits [1]). T hese  notions w ill play an im portant role in this
paper.

ESMS

EMS SMS

MS

Diagram 1.

Definition 2.
Let le i } be a  sequence of random variables.
(1) {ei } is called a multiplicative system (MS) if

E(e.,••• $.,)=-- 0 for a n y  n i < •••

(2) {e.,}  is called a  strongly multiplicative system (SMS) if

E(e7i1 ••• e4)=0

for any n i < ••• <n,- and a,e {1, 2} but at least one of a, is  1.
(3) MS {$.,} is called a  equinormed multiplicative system (EMS) if

E(V, i  •  V , r )-=1 for a n y  n i < •••<n

(4) SMS { e ) } is called a  equinormed strongly multiplicative system (ESMS)
if

Vi T )=1 for a n y  il l < • • • <71,

Implications among these are shown in the diagram 1.
Finally we give the following definition.

Definition 3 .  We first define a  probability measure P T  o n  R 1 a s  follows.
For a  measurable set E ,

1 
PT(E )=

2 T
 p (EnC — T , TD .

Next we define the upper relative measure /7 R (E ) and the lower relative measure
pf t (E ) for a  mesurable se t E  by

rtn(E)=lim sup P T (E) and teR(E)=11 inf P T (E).

pre(E)= PR(E)= ttR(E) if  the  upper and lower relative measure coincide.
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2 .  Main results.

Next lemma is essentially due to Salem-Zygmund [15].

L em m a 1 . Let f i ,  • • •  ,  f „ be almost periodic functions. W e define a mapping
( f „ • • •  ,  f m )  f rom  R '  to R n  by

••• f i i ) ( s ) = ( f i ( s ) ,  • • •  i n ( s ) ) .

Then there exists a probability  measure P f p ..., f .  on R n  such that

(2.1) p f n )
 - - - >  P1 1 ,...,1 7, a s  T-->co ,

where Pgi'"•.f 71 ) i s  a  image measure of P T  b y  ( f i ,  • - •  ,  fit).

We consider the  following family of probability measures.

{1:111 ,-, .1' 7,1 neN, neB •

Since this family satisfies the Kolmogorov's consistency condition, we can apply
th e  Kolmogorov's extention theorem to obtain a  probability measure P  on 1 0
such that

= P f  • • •  f n E N ,  f „  ,  f „ E B •

Now we define coodinate variables. Let f  be an  almost periodic function and
we write e f  as an f-th coodinate of the space (RB , P ) .  ef  i s  a  random variable
o n  (R B ,  P )  a n d  n-dimensional distribution P e f . ' '  ' e f n  o f  n  random variables
e f i , ,  e f 7., coincides w ith P f , ,  J .  f o r  ev e ry  n N  a n d  f i ,  • • •  ,  f „E B  and
furthermore, it holds

(2.2) pff,. I np 5 f f n(T —4 co) f o r  neN , f , , • • •  ,

From this we can say that the law  of the almost periodic function undes p R  is
roughly equal to th e  la w  o f  th e  coodinate v a riab le  o f  th e  probability space
(R B  , P ) .

Lem m a 2.
(1) fe , is cos Ai x}
(2) ie,2 cos 2; .}

is i. i. d. if and only i f  {2; } is algebraically independent.
is uniformly bounded E M S  if and only  i f  {2; }  satisf y  the

SS-condition.
( 3 )  For all 2.11' and aE[— V2, -V 2 ],

P ie , / cos 2, c <a1=-7/{xE[0, 1]; A/ 2 cos 27rx<a}.

A  weak LLN fo r  { A/ 2 cos 2,x } is stated as follows.

Theorem  1. L et {2; } be algebraically independent or satisfy the SS-condition.
Le t {ai }  be a real seaquence  such that

,i = a ,-I- • • • +an Î  0 0  (n—>co), an =o ( B O •



Then

1urn : I a,V  2 cos 25 x
.-•coI  D  n  j = 1

fo r  a l l  s >  .
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Next two theorems are  FCLT fo r  E M S . Denote by C  th e  space o f  all
continuous functions on [0, 1] with sup norm and a[C ] is its topological a-field.
Denote by D  the space of all discontinuous functions o f  th e  first., kind with
Skorohod metric and, a[D ] is its topological a-field. (Cf. Billingsley [3])

Theorem 2 .  L e t  iei l be a uniformly bounded EM S and fa i l b e  a  real
sequence such that (0.1) holds. Put S i =a,E,±  ••• +a ; e1 . We define a C-valued
random variable X n  by

(2.3) 11?S j  X  ( ) =
n A n and is linear i n  [ .A3+1

A,22 ] •
Then we have

2
X .- - ->  W  (n - 400).

where W . is the Wiener measure o n  C . Here denotes the convergence in dis-
tribution, i.  e. the law P x n o f X ,, converges weakly to W.

Theorem 3. Under the condition of Theorem 2, we'define a  .D-valued
random variable Y „ by

t A? A?+,i(2.4) f [ , 4  17 7.(t)=

Then we have
2

- ->  (n — c o ) i n  D .

Using FCLT for EMS, we derive the following theorems.

Theorem 4 .  Denote A n and S n  by

A 4 = a T +  + 0 , and  S„=--ai-V 2 cos 2i x+ ••• 4-an-V 2 cos2 n x

respectively. W e define a C-valued random variable X n  by (2.3) and a D-valued
random variables 17 „ by (2.4). Suppose {a i } satisfy (0.1) and {2, } satisfies the
SS-condition or the condition of algebraic independence. Then fo r  A E o lC ] such
that W (6A )=- 0, we have

lim p R iX  AI =lim  p R IX W (A ),
m- c o -

and for A E olD 1 such that w(aA)=o, we have

teR l Y n EA 1=- W(A)..n-co 
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Theorem5. Suppose { a,} satisfies (0.1).

12lim // R I m a x S a ) - -  e -
u 2 2 du

r

A n 3=1 —,V2r J o

1 
liMpRI max I SA _cr)-=1 

4  

E

-  ( - 1 ) k

 exp
(  — r 2 ( 2 k + 1 ) z  

i= 1r  k=1 2k-F1 8a° )

hold for all a>0 under the condition of algebraic independence. Under the SS-
condition the above formulas also true except at most countable values of a and if
p  is replaced by PR or p R , then the above formulas hold for all a.

Theorem 6. Under the condition of algebraic independence and (0.1), we have

lim pR {  1   E  a 3 < a }= -2  arcsin•Va
nA 7C

W e should guess that, under the SS-condition, Theorem 5 holds without
exceptional va lues o f a  a n d  also Theorem  6 holds. But we could not prove
these conjectures.

Next theorem is the functional law o f  th e  iterated logarithms (FLIL) for
EMS.

Theorem 7 .  Let {e ,} be  a  uniform ly  bounded EM S  and { a b e  a  real
sequence such that

(2.5) A = 0 +  - Ftg T co and 0 = o ( \log log

Put X n as (2.3). Then we have
(1) {X 2 /A /2loglogA } is relatively  compact in C[0,1] a.s. and
(2) P({The cluster of {X n R/2Ioglog A O  in C [0 , 1 ]}C K )= 1 . Moreover if

we suppose

(2.6) .2U-= 0+ • • • + a  t ooa n d  a  o(A4- 8 ) for som e 3>0,

then we have
(3 ) P ({The cluster of {XJ-V2loglog A O  in C [ 0 ,  1 ]} =K )=1 , w here  K =

IxEC[0, 1]; x(0)=0, x is absolutely continuous and .1(dxdt )2dt<1l.
0 

We derive from this theorem a  weak form of LIL for { ,s/2 cos2,x} under

Theorem 8. Under the condition (2.5),

lim lim pR S;{ m a x  < 1 + 4 = 1 Vs>0,-  n s in t  ,V224, log log i4:1

and under the condition (2.6),
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s i
t iR iS U p  2   }

J a n  2Ai log log Al >1— S =1 Vs>0,VnEN,

where S , ( x ) = a 0 /  2 cos 2 ,x + •••  a JA/ 2 cos /1; x .

3 .  Proof o f Lemma 1  and 2.

Proof  o f Lemma 1. Since an  almost periodic function is bounded, a range
o f  ( f , ,  ••• , f n )  is  compact. This compact set is  a support of PY1' - 'in )  fo r  all
T .  T h u s  {PY1 , - , fn ) }  i s  t ig h t .  So, to  prove the w e a k  convergence, w e only
have to  show the pointwise convergence of the characteristic functions.

P r ( f i , •  • • I n ) ( 7 1 , • • •  r n ) =.f exp(i z f r i )P411 - 'f  o(dz)
2=1Rd

1
.çr

2T
exp(i f ; (s)r)d s-r .J=1

Since the integrand of the last in tegra l is an alm ost period ic  function , by  the
existence theorem  of the m ean value of the almost periodic function (Cf. Bohr.
[411), th is in tegral converges as T  tends to infinity.

The proof of the lemma 2 is based on the idea of Kac-Steinhaus [6].

Proof  of Lemma 2. Proof of 3). By (2.1), w ith  a t  m o s t  countably many
exceptional values of a,

lim py:2-
 cos ,V 2 , a i _p;,2-2- cos 2 x[ c,e]

h o ld s . On the other hand,

lim P 0 8  .2 x ,L A/ 2 , a]
1

=1im /.2([ T ,  T ] n i x ;  ./ 2 cos .1.x [— A / 2 , a]})2T

= p fx c [0 , 1 ]; A/2 cos2rcxE[--A,7 2 , a]}.

Since the right-hand side is continuous in a , w e can  conclude  tha t there  is  no
exceptional values of a .  N ow  w e proceed to the proof of 1) and 2). We first
prove,

(3.1) c .s  21 • • e:/: COS 2 n X )

rj rn
= • .• r , C • • •  n C  p n 2 - i  +r 1, O pPj

Ù1 O P 71 = O 2 - 1

where i , , the Kronecker's d e lta .  By (2.2)

cos 2, e:/1 cos 2 n x)

= lim • •• x re p p v 2  cos , cos 27,)(d x )
T -c o
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T
-= l i M 2 ' ( 1 /  2 cos 2,x)ri •-• ( ,V 2 cos Ào x)rndx

- T

Expanding this formula by substituting cos x  w ith  ( e ix ± e 'x ) /2  and calculating
the limitation, w e  g e t (3 .1 ) . Let R I be  a lgebra ica lly  independent. Then,

• • •  
3

0.
2

P n - r n

holds and we get by (3.1)

E(C; i  C O s  A  • • • er.,,,1  cos À  x )
=

 E (V ri to s  2 1 x) • • • E(e; Acos A n x)

( n e N ,  r 1 , ••• , r n e N ) .

This implies that 1P v2 cos 2,x 1 is independent and 1) is proved. N ow  w e assume
the SS-condition. Let r 1= ••• r 5 = 1  in (3.1). The summation in the Kronecker's
delta is

(2p1-1)21 (p=0, 1, j=1, • •• , n)

and by  the SS-condition on {2; }, th is  su m m ation  n ev er v an ish . T h u s w e  can
conclude that

Ece..., cos 2 1 x  • • • cos ,x)=0 .

Let r 1= ••• r 5 = 2  in  (3.1). Summation is

2 (p2 -1)21( p i =0, 1, 2, j-=- 1, ••• , n).

B y the SS-condition this sum m ation equals to 0 if and only if

P2=1,• • •  ,  n .
This proves

E (e %  cos À1 Xe . !  cos À 0 x)
- 1 .

T hus the assertion of 2) is also proved.

4 .  Proof of Theorem 2 , 3  and 7.

In the proof of Theorem  2, w e use following inequalities. (Cf. Azuma [2 ],
Révész [13] and Takahashi [16].)

Theorem C .  (A z u m a's  inequality  and  R év ész -T ak ahashi's inequality.) Let
ien} be a uniform ly  bounded (le. I K) M S  and {a n }  be a real sequence. Put

• • •  +4 . and S n =ale i+ ••• + a n e n .  Then A z um a's inequality

1
E(exp {2.S n })_<exp(--2-2 2 A1K 2 )

holds and this implies R évész -T akahashi's inequality
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(4.1) P ( I S i l  ..yKA 7:A/ 2 )<2e -112V y O ,  W EN .

Proof  of Theorem 2.
[P a r t 1. W eak convergence of finite dim ensional distributions] W e  use

the  next theorem  due to D . L . McLeish [9].

T heorem  D . L e t {C,,.;; 1 -1 ? }  be a giv en triangular array  of random
variables and put T n -, ---i lL (1 + itC i ). Suppose for all real t,

( a )  E (T u ) - - >  1, (b) T .}  is uniformly integrable,

(c) E  C 4 , ;  — .1  and ( d )  max l C„, - - ->  0  .
:76 k n j 'L k n

Then we have

E Cn, ; N ( 0 ,  1) (n—›00).
k n

Now we p u t k r,-=n and C„,,= a j e,. T h e n  w e  have,A n

E(T n ) =1 , IT „I .- et 2 K2 1 2 a n d max I C i i , j 1  max l a i  I — * 0 .A n

Thus w e only  have to  check (c). Making use  of (0.1) and  the  orthogonality of
l 9 -1 1 , w e have

1 2(t
a  i'0 - 1 ) 0 (n—>D0).

T hus (c) is  p roved . N ow  w e  have  p roved  t h e  1-dim ensional CLT. A n d  we
can prove the multi-dimensional one using Cramér-Wold theorem (C f. Billingsley
[3 ] T h  7.7). T hus w e  have proved the  w eak convergence of finite dimensional
distributions.

[P a rt 2. Tightness]
W e prove here

(4.2) PI I X.(t)— X.(s)l a - 21 6 e x p (  6 1,( 2
/
1
1
t
2

s_ s ) (2>0) •

I t  is  standard th a t  (4.2) implies the tightness o f  {X „} (Cf. Billingsley [ 3 ] ) .  Let
t> s  and

s (./17/A4, A7+1 /,M,1 t (AVAL Al+1/A,I] •
Then

1
X ,i(t )— X (s )=--=

(A + 1
•-1-• ( a •  e •  ± • • • + a )A n ‘ t+ 2  t+ 2

ai+,

4 _ A 1tA . + 1 .

aj + , IV, j
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N ow  w e p u t p, q, by

A4 11  
A2

S q= (A 2 A 4 1),' A?, A;„

It is obvious that p+q-Fr=t— s. L e t  2>0, then

Ia
,Vp }.

P{ IX .(t)— X .(s)1.21.5.P{  
A  

1 A/q 2 1+ P I A .  I ai+2ei+2+ afe; I .v ./T + ,47--± ,v71

r VT- 2 +Pi rle,i+11>---A/17 ± ,vF ± ,‘/-7-,— r •I a 1

B y (4.1),
aL-1 2'

2exp ( 2 A u )--F 2 exp( 
22

21C( ,./P -H /q  ±../r )2)<  K2wiT, ± , / r ) 2

3+2 exp( a+1 22 
214;,,r K 2 (,./ p +-V q +-V r ) 2 )  •

Making use  of p<  an d  r<
A?, '

22
P{ IX .(t)— X .(s)1>= 2}<6 exp ( 2.1(2( ,v 17 + )2)

BY (-Vp +-V q +A /r ) 2 3(P+q+r) (4.2) is proved.

Now we proceed to Theorem  3. L et d  b e  th e  Prohorov metric on space D
and  X ., Y . be defined a s  (2.3), (2.4). Then,

d(X ., Xn(t)—  Y (t)1

1 n< max l a  e I.— A  ,=1

Thus under the condition of Theorem 2 and  3,

d(X ., Y.) ---> 0  a. s. (n--K)o).

T his proves that Theorem  3 can be derived from  Theorem  2.

Remark. In  th e  proof o f  Theorem 2 and  3, w e use  only the orthogonality
o f  {e.3-1 }, the  uniform boundedness and  the  multiplicativity o f  le,I.

In the proof o f  th e  first p a rt o f  Theorem 7 , w e need th e  next theorem  due
to  MOricz.

Theorem E. (M 6ricz  [101). L e t {C } be a  sequence of  random variables and
pu t
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b+ m
E ( C )

=S ( b ,  7 0 =  E , M ( b ,  m )=m ax S(b, ni)I andi=b+1
21-m 2

g(b, m )= A  E c .i=b+i
Suppose

P { IS(b, m)I e x p (  2 20  m ) ) V2>0, V b,m E N .

Then for some constant C i

f 22 \
PIM (b,

2 g ( b ,  m )  )
V2>0.

Putting C.,=a,e i  and m aking use of this theorem , by (4.1) w e have

(4.3) Pi m a x

P ‹ .1 4
E  a •eji=p+1

22
C i e x p (  

4K 2 (/4— iq,) ) •

Proof  o f Theorem 7  1).
Let a sequence p ( k ) }  satisfy i l ( 0 _1<O 2 ilii ck ,  then  w e have

sup s u p  X „(t)—  X „(s)I 60 su p  I  X p ( r ) (t)— X p ( r ) (s)II.p(r-i),igp(r)

W e denote A r (s, 3) for s> 0  and 5> 0 by

A r (s , 3 )= i s u p  X p (r )(t)— X p (r)(s )I 
 >  s

}
N/log log Ay., ( r )

W e prove here that
CO

(4.4) V s> 0 , 3 3 > 0 s u c h  t h a t  E P(A r(e, 3))<00
r=1

Once it is p roved , by  the Ascoli-Arzela theorem , the relative compactness be-
com es clear. N o w  w e  p ro v e  (4.4). T a k in g  n  large enough and fix  it. By
(2.5), for a ll 5>0 there  ex ists a  sequence of in teger 0=q(0)<q(1)< ••• <q (r)=n
such that

i = 1 ,  • ,  r , w h e r e  t. =  P 4 ( i )

2V , •

This implies (Billingsley [ 3 ]  p. 56 Cor),

P (  sup I X .(t)— X .(s) 72)5_ ± P (  supj=2 t i _ i s s s t i

=  P  max
j = 1 ( q (j_1)‹k q(.7)

Making use of (4.3), w e have

E  aieii=q(j -1 ) +1
>27-A  )_  3  n

AD2 2  

exp•=i 36.1(2(A ki,—  q(J1)
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< C  l e x  ( 722P7 2 K 2 6

N ow  w e put v=6A/21oglogA ( r ) ,  w e have

C 1  (1))5. ( r  1 ) , 2 , 3 6 . 0 6 .

00

Taking ô sm all enough w e have E P (A r (s, 6 ))<00. T hus (4.4) is proved.
r =1

In the proof of the la te r part of Theorem 7, we use the following theorems.

Theorem F (Révész [1 3 ]) . Let {en} be a uniformly bounded M S  an d  {bn}
be a real sequence satisfying

.13 7, co and bn =o ( 1 3 1 1

log log B n  )  •

Then we have
i n b ,e 0  a. s. (n—>00).

B,. 2 =1

Theorem G (Kuelbs [ 8 ] ) .  Assume that

P({X./-V2loglogi411 is relatively compact in C[0, 11)=1

and, f or all signed measure I) with bounded variation on [0, 1],

X 7,(t)dv
P  lim s u p  < K  = 1 .

-V2 log log

Then we have

P ({Tbe  cluster of  {X .R /21oglogA }  in  C [0 , 1 ]IcK )= 1 .

Furthermore suppose that

Ço X „(t)cly
P 

\
lims

-
u p   =1.,

V 2  l o g  l o g  

Then we have

P (iT h e  bluster o f  {X ,I-V 2loglogA 0 in  C[0, 1]1=K )=1,
where

c o n
K 2 , 0= E[0: W (t AO -1 )(12)(0

2 ]  =
tA s A 0 - 1 dv(t)dv(s).

0  0

( W (t) denotes the standard Brownian motion.)
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Proof  o f  Theorem 7 2) and 3).
Put N=1 1)1([0,1 ]),

sb!in) (t) =

0 f o r  tE[O,  Al 1 1

A;,  ( i.A
J

 ,  ) f o r  tE   41 -1 2 4 ) 1 a n da 5 U 21;, ' 211.,
1 otherwise

 

cj" ) = r05n) ( t)dv(t).

W e have

X n (t)= 1

A n  J =1

Weak convergence of X ,  implies

and X n (t)civ(t)=  1 a  cçn) e  .A n  .7=1

2
li M E[(Ç X n(t A  - i)dv(t)) 21-= E R :B  (t A  0 ')dv(t))]= .

0

T hus w e have
n

(4.5) lim  E(aic(n))2=1-Q,i.A z 3 =1 '

Ic.r ) I N , (4.5) and (2.5) implies

B
a j c = o

(A/loglong B„) '

This implies (Theorem F)

Since

w h e r e  13;.,= p i (a1 c )2.

i n
 E (ai cy'))2 (e.1-1) —> 0p--•1

T hus by  (4.5) w e have

• n
 E  (ai c,P))2 e3.1=1

N o w  w e  u se  th e  m ethod  due to  T a k a h a sh i. (T a k a h a sh i [1611)  P ut 2n =

K,7,1
1A/2 log log A4. M aking  u se  o f ex (1+ x)exp(

2

2 + 1 x 1 0) (1 x 1 <1), taking
large enough r,

E[exp(  2p(P O - )
') E  ciPco)a — ) cPm 0a1e;12 (1+2s) I C 2' 1

2
2 1 ) ( r )

A P ( r )  . 1 = 12 1 1 q ( r )  j = 1

23 K 3 Po - )<exp(  P
AT  E  1cjP(r))a; 13 (1+2e) K " 2 1 ) ( r )

.2=1
2

exp( 23PA
c r ) K 3  

N 3 m ax 1 ai  1 —(1-1-26) 
riper) i s p c o  2

a. s..

a. e..
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=exp (log log in ( r ) o(1)—(1+26) log log .11 ( , ) )

Since this is a  term of convergent series, by the Beppo-Levi's theorem we have

Thus we have

Ern 2 ( , )
r

, 1 ÇXp(r)c1-1)—(1+6)K,2„,) ,

Ap( r )  0

oXp( r )dv
lim sup -V2 log log a. s.

For given n , take r  as p (r -1 )<  n  .p ( r ) .  Then

X ( t )  ( d
j o A / 2  lo g  lo g  .71?,

v t )  f  
X p  0 .0 )

-V 2  lo g  lo g  1 4 ( r )  
v(dt)

X .(t )— X p ( r ) (t) ( d o
.)0 ,\/2 log log A;„

1 1  1

+( ( r ) ) .f o X p ( r (d t ).)v

A/2 log log ./U, A/2 log log A;

This latter term clealy tends to 0  a. s . as n -4 0 0 .

The former term I

1  AP(r)
-‘/ 2loglog ./1,;(,-_1)( A. •ÇOiX P ( r ) (  A T r )

t ) X  p(,)(t)} v(dt)

+(
A p ( r )  

A. ÇoX p ( r ) v(dt)

The first part tends to 0  a. s .  as 0  1 by equi-zontinuity and the second part
also tends to 0  a. s .  clearly. Thus we have proved

1X„ ,c11)
lim sup 

,V2 log log A;„—

Next we prove 3 )  under the condition (2 .6 ) b y  the method o f Révész [18].
First we put

p(r)
Z r = E  ai cp(r+1))ei .

J=1
Then

Z r  r i
( t A  A 

A 2 ( r )  
 )C1 (t)

A p ( r + i ) r 'p (r+ i)
n 1 

and we have
1 p (r )

lirn 9 E  (a  i c y (r+1))2=_10. 0
r - c °  t i i ) ( r + 1 )  i = 1

a. s.
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Making use of this and calculating in the same way as before, we can prove

Z n  lirn su p  h., A

) ( n + 1 )  l o g  l o g  A ( „ . 1 )

5 _K , ,

-v G i i i  

Now we prove for any s >0,

a. s.

p (n + 1 )
E  a i clyn+1)$i

(4.6) i = p ( n ) + 1  o. a. s.V(2-8)./4 ( , 1 ) log log AI, ( n .,.1 )

These two formulas imply that for any s >0,

P(n+ 1)E a J cP; (4 +1 ) e; ?. (K 2. o)(2— s) — K ! ,  (2 +))

X .V.iff,(n+i) log log At, ( n + 0 i .  o. a. s.
For any 3> 0,

V(IQ, 1 K , o)(2— ) (2+ ) v '(2— ô)  K..1

by taking 0  large enough and s  small enough. Consequently we have
51

X n di)
lim sup ° > K a. s.,V2 log log 24;2,—  "

The last part of Theorem 7 is  p roved . N ow  w e p rove  (4.6). We introduce
the following notations.

7)02+1)in =  E  ( a i c 7 ( 1 + i ) ) ) 2
j= p (n )+ 1

1 p(n+ 1)
n n

E  a ic jp ( n + 1 ) ) e
L / n  :1 P (f l)+ 1

P( 4 +1 ) / ,  +  it cri cP;
( " " e ;a n =  H  y

j= p (n )+ 1 Dn

1 p(n+1)
Pn=" n2 E  (a/C5 P ( n + W e i) 2

J=P(70+1

Wn, m(S, t)=E(exp fi s n+it ),,+.1)
Fn ,m (x , Y )=P Inn<x, 72n+.<31 1.

The next lemma which is the generalization of lemma 1 in  [18] will be proved
later.

Lemma 3 .  Suppose that

si 8 +1t1 3  

o ns (n>=1 11)

1f o r some 3G (0 -

3 )  where C>0 an d  nE N  are  constants depending only  o n  O.
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Then we have

Son,t ) — e x p (  s 2 ± t 2   )1 ‹ c   s1 3 -1-103 4-1
\ 2  / 01'6

where C is a constant depending only on O.

W e can derive (4.6) by m aking use of Lemma 3 in the same way as  Révész.
W e  s ta te  a  sum m ary o f  t h e  m ethod o f Révész f o r  convenience. Lem m a 3
implies

(4.7) y) 1 S.x —  eXP ( 122 ± V 2  )2 — BndlidV OI" . a

fo r  some constant a > 0 and  B > 0 . I t  is  an application of the next theorem due
to  Sadikova.

Theorem H  (Sadikova [1 4 ] ) .  L e t F (x , y )  an d  G(x, y )  be two dimensional
distribution functions. Denote the corresponding characteristic functions by f(s, t)
and g (s , t ) .  Suppose G has a bounded density function. Furthermore, set

1(s, t)=f(s, t)— f(s, 0)f(0,

Xs, t)= g(s, t)— g(s, 0)g(0, t).
and

Then
CT CT

sup 1F(x, y)—G(x, 3 1 )1 C1
y -T  -T

1(s, t)— (s ,  t) 
St dsdt

C 2

CT
J -T
f T

3
J -T

f(s, 0)— g(s, 0) 

f(0, t)— g(0, t) 

ds

C,
dt+

f o r any T>0 where C 1 , C2 , C, and C, are positive constants.

N ow  setting A n ={72,i , -V(2—s) log log D41, (4.6) c a n  b e  d e r iv e d  f ro m  (4.7)
by m aking use  o f the  following extension of second Borel-Cantelli lemma.

Theorem  I (Rényi [1 1 ] ) .  Suppose that events A i , A2, • • • satisfy

P(Akr\A ; )
P(24)=c0 and liminf  k = 1  1 = 1 2 =1 .n=1 E

(

P (A ) )
i=1

Then we have
P(lim sup A 0=1.

71.

N ow  w e only have to prove Lemma 3. W e first recall a basic formula.
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v=(1+i x)exp x
2

2 ± r(x )) and M O  -5- I xl s V x

Put
(  a  ,c ,3 (2+1)e

R n (t) =  E  r t
.7=13 0 1 )+ 1D r , )

Then we have

R (t)1 5 -  P (En+1) aiCI P " + 1 ) ) 13

i = PC n)+1.

<  t  3 K 3 N  P (it+ 1 )
E 1(71

L in i= x 7 0 + 1

= itl3K3N
D„

Thus for large n,

1 K3Arlt13 
Rit(t)1 t r K 3 N  A <

i l i t ( n + t )  — 6 "

Since

exp ,,-Fit =a n(s)an+ nt(t) exp 52 g -Ft2134 'm  --FR„(s)+R n + ;n (t)2
we have

m(S, t) — exp s 2 +
2  

--= E[an(s)an+.(t)(expl s 2 1 3 -1 -
2
t 2 g " R n(s)+R n+,,,(t)}— exp s 2 +

2
 t2 }-)] .

Making use of lan(s)15_exp (s2/3V2), w e have

s 2 (13 71- 1 ) ± t 2(git+ny — l )exp(R,(s)-1- Rn + ,,,(t))—exp
2

exp (Rn(s)+Rn+.(0) - 11]

-F E [ 1 —(exp  s 2 ( I3 n — 1 ) + 2
t2(19 n+m — 1 )  )

If (I t 13+ I s18)5_1, then I R,,(s)+Rn+n,(t)1 1. Making use of I  ex —11 2 l xio b t

(x 1) , w e have

exp (R,,(s)+R,,+,,,(0)-11]-52(Rn(s)± R 7,+ ,,(t))

-
2 K 2 N

( I I 3 +1 sl s ).—  0 6 n

Theorem C implies that

P(1 ,3 - - 1 1 ,  
 A /  2  ( 1 0 + 1 )  

 )._<2 exp (—Ms).—

(by (2.6)).
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Using this estimate we have

1—exp 
s 2 ( p . - 1 ) - F t 2 ( P " . . - 1 ) )

2

.32(10+1) t2 (K 2 +1)  \
P — — )  1ex - ( -V 2 D;,13- V  2  D . ,

E [

+2 ((s2+t2)(K2+1) )  1exp 2 (exp (—DV)+exp

There exists a constant E>0 and N i  such that for n >

s2 (K 2 +1) _L   t 2 (K 2 +1) s2 d-t2  

[2 D O n  "

Thus

I The former part I <2E S 2 ± t 2  2 E   I  t13 ± I s ls  + 1  

Ono — 0013 •

On the other hand

I The latter term I exp ((e+t2)2(K2+1)
 D 3 )

1e): 

Thus the proof is completed. 0

5 .  Proof of Theorem 1, 4, 5, 6 and 8.

Proof o f Theorem 1. Making use of (2.2), we have

a cos 2 -x w £  a c o s  .x
p ip j = , p B n  j =1  ) (7 ,_ + 0 0 )

Since (— co, —e]U[s, co) is a  closed set, it holds that

r ia fX  ;
1n E (2.0/ 2 cos 2; x1_. 6)-

B 0  :7=1

i n
=lim sup P r {x ; B n a i -V 2 cos 2.0c

T-.co

s_pf D
n  

E (11e„,27 c.. 2 .x
i n

j=1

Since {2; }  satisfies the SS-condition, IÊ  
2 co. 2 i x l  is a  uniformly bounded EMS.

By the weak law of the large number for orthogonal sequence we have

i l l n  P
1 „ in

10i
2

 1 
 cos 2

j ,--=
el .

This completes the proof.

Put St -=- aie,cos •-• +a i e,- 22 c02 _i x and define a  C-valued random vari-
ab le XI',  and  a  D-valued random variable 17 1̀, as the same as (2.3) and using
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S t in stead  o f S i .

Proof of Theorem 4. Convergence in  C a n d  D  a r e  p roved  in  t h e  same
w a y .  So we prove only the convergence in C .  First w e proved th e  following,

(5.1) p ;IT   p ( T c )

A m apping from  R ' to  C  to  m ake a  linear interpolation of the subsums o f  n
variables i s  a  continuous m apping. So by (2.2), (5.1) is  p ro v e d . B y  th e  The-
orem 2, w e hahe

(5.2) > j (n--› 0

By (5.1) and  (5.2) w e have  fo r A E  °IC]

inf P -
7Tn(if t ), inf 13 ' n(A )

T—co

By th e  definition o f  th e  low er relative measure,

lim inf tin{ X „E .

Thus we have
inf ;JR { X „E inf .

Thinking about A', w e have

IV(ile lim sup p11 iX n e,4"1.--L-limsupp n iX „EA } .

I f  w(13.A)=o, we have

lim p R IX „ e  A =lim 1.7. R { n E A  = W (A).

Proof of Theorem 5. W e prove only th e  p a rt of max S i . R e s t  i s  p r o v e d
in  t h e  sam e  w a y .  W e  d e n o te  b y  su p  th e  m apping from  C  to  R  defined by
sup (x) , -sup x(t), xe-C (1=10 , 1 ]). Since sup is a  cotinuous mapping, we have

t E l

(5.3)P , , X n  > ( T o o )

and

(5.4) p s u p > ( 1,00 ).

Since TIT'o has a  continuous distribution, w e  have

(5.5) lim PsuP A 9q0, a)=1im Ps`w [0, a ]  Ws""[O, a ] .
12 - - o o - • c o

A nd by (5.3)

(5.6) P '''P  A n[0, (r lim inf PFP x n[0, a)
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slim  sup PF P  X n [ 0 ,  a] - _P s "  1 7 i[0, a].

B y  ( 5 .5 )  a n d  ( 5 .6 )  w e  c a n  c o n c lu d e  t h e  l a s t  p a r t  o f  t h e  theorem. If
P s 'P -q { a } = 0  (it is true except at m ost countably m any exception a for all n),

lim X n [0 , a ]= 1 " " 1 [0, a] .

So w e have to  p ro v e  th a t  P '" " I{ a } = 0  fo r a ll a  under the condition of alge-
braic independence.

psup t P {S,L=aAn}
1=1

T hus w e  have to  prove that SP  has the  continuous law , bu t it is clear because
th is  law  is  a convolution of continuous laws o f  Ê  co. zi .r•

In  the  proof o f  Theorem  6 w e use  the  following Lemma.

Lemma 4  (Cf. Billingsley [ 3 ] ) .  Let P be a probability measure on (D, o[D])
and P , T1 {0}=0 fo r  du-a. e. t. T h e n

1) h : D-4=1: h(x)-- 9 /{ tE [0 , 1] ; x(t)>O1 is c [ D ] / B  -measurable.
2) Discontinuity set of h  is P-null set.

Proofs o f Theorem  6 and  8  a re  o b ta in ed  by  th e  sam e  m etho d  a s  others.
So w e om it the details.
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