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The decomposition of the spaces of cusp forms
of half-integral weight and trace formula

of Hecke operators
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MaSarU UEDA

Introduction.

Let k  be a positive integer and N  a positive in teger divisible b y  4. For
an even character X modulo N , we denote by S(k +1/2, N, X) the space of cusp
form s w ith  w eigh t k +1/2, leve l N  and  character Z . Suppose k 2 .  For a
primitive form F of S(2k, N /2, Z2), we define a  subspace S(k  +1/2, N , X; F)  by :

1 (
1

 N , X )D  f  ; f  I t ( P 2 )= 2F (P )f
S(k N , X; F ) =

for a ll prime numbers p  N

Here, we denote by t ( p 2 )  the Hecke operator on S(k +1/2, N, X) and { 2 F ( P ) }  i s
the system of eigen values of F  with respect to  th e  Hecke operator T (p )  on
S(2k , N/2, X2 ). Then, the following decomposition is well-known :

( 1 )

1 1
S (k+ —" N  X) = ' "EDS(k+— N  • F2 F  2 ) ,

where the direct sum is extended over all primitive forms of S(2k, N/2, X2)(cf.
[Sh 1] Lemma 7). Note that we can also obtain a  similar decomposition for
the case k =1 after slight modifications. Then, from the decomposition (1), we
can expect that there exist some relations between traces o f t ( p 2 )  and traces
of T (p).

O ur m ain purpose in  th is paper is to  study relations between these two
traces for several cases . In  EN], S . Niwa already took up this problem for the
case of a cubic-free level N and the trivial character Xo . He calculated the trace
of the Hecke operator Ir(n 2 ) on S(k +1/2, N, Xo) for all natural numbers n with
(n, N)=1 and compared them with the traces of the Hecke operator T (n ) on
S(2k, N/2, X o ). Then, he found that these two traces have a simple relation.
For example, if  NI4 is  square-free, these two traces coincide.

We shall generalize these results in  § 1 and § 3. In § 1, we shall explicitly
calculate the trace of the Hecke operator on S(k +1/2, N , X) under the assump-
tion: X 2 =1, and in  § 3, we shall prove a relation between these traces.
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N ext, suppose that N = 4 M  w ith  (M, 2 )= 1  and X2 = 1 .  Then, in [ K ] ,  W.
Kohnen defined a  canonical subspace S(k + 1 /2 , N, X) K  o f  S(k +1/2, N, X ) and
some H ecke operators on that subspace (cf. § 0 (d)). Moreover, when M  is
square-free, he calculated the traces of those operators and found that those
traces coincide with the traces of the Hecke operators on S(2k , M, X0), where
Xo i s  the trivial character.

We shall also generalize these results in § 2 and § 3. In § 2 , we shall ex-
plicitly calculate those traces for any odd integer M  and prove a relation be-
tween traces in § 3. Moreover, in  §  4 , w e shall g ive som e exam ples of the
explicit decomposition of SU  +1/2, N, X) K ,  which is the sam e type as the  de-
composition (1).

The author wishes to express his hearty thanks to Professor H. Saito and
Professor S. N iw a for their kind advices and warm encouragement.

§ O. Preliminaries.

(a) General notations.
Let k denote a positive in teger. If zEC  and x EC, we put zx=exp(x • log(z))

with log(z).= log( z I )d- A/-1 arg(z), arg(z) being determined by —  < a rg (z )2 r .
Also, we put e(z)= exp(2rV -1z).

Let be the complex upper half plane. For a complex-valued function f(z )

on a=( ° _. , 7 = ( :  xv) 0(4) and zEk), we define functions J(a, z),
•

c  d
z )  and f  i [a ] k (z )  on by : J(a, z)=- cz+ d, j(r , z)—( - 1 ) - i / r ) (w z +  x ) 1 1 2

x x
and f l[a ] k ( Z ) =  (det a) k "J(a, z)' f (az).

For a natural number n , we denote by yo(n) the cardinality  of (Z/nZ)'.
P ut h(—n).= the class num ber o f proper ideal classes of the order with dis-
crim inant — n  in  th e  imaginary quadratic number field Q(/—n), w (— n)=a
half of the cardinality of the un it group o f th e  above order and h'(— n)=
h(—n)1 w(—n).

For a real number x, [x ] means the greatest integer m  w ith x _ m .  When
n =  H q  is  the decomposition to prime numbers q of a natural number n, we put

a (n )=  H
4171

For a finite-dimensional vector space V  over C  and a linear operator T  on
V, trace(T I V) denotes the trace of T  on V .

(b) Modular forms  o f  integral weight.
Let N  be a positive integer. B y  S(2k, N ), w e denote the space o f all

holomorphic cusp forms of weight 2 k  with the trivial character on the group
T=F0(N ).
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Let a G G L (R ).  If and a - '.r a  are commensurable, w e  d e f in e  a  linear
operator E rar], k o n  S(2k, N) by :  f lErar12k=- (det a) k - 1 E f Ita il2k , w here a i

runs over a  system  of representatives for T\l'aF.
\ r i

For a natural number n with (n, N)=1, we put 7 '  2 k [ r
( 0  d

a  0

/ `  _12 k 'ad=n

w here  th e  sum  is extended over all pairs of integers (a, d ) such  tha t a, d>0,
a id , ad=n.

( c )  Modular forms o f half-integral weight.
Let N  be a positive integer divisible by  4 and X an even character modulo

N  such that X2 = 1 .  Put p=ord,(N ), M=2 - PN and  r =r 0 (N ). T hen , there  is
Mo 2M° )

(the Kronecker symbol).

Let G(k +1/2) be the  group consisting of pa irs (a , yo), w h e re  a = (
a  b

)G
c  d

GL,- (R) and yo is a holomorphic function o n  0  satisfying ço(z)=t(deta) - k1 2 -1 1 4 J(a,
Z)" 2 w ith  tE C  and  I t I = 1 .  T he group law is defined by :  (a, gD(z))•(p, gb(,))=
(an, ço(19z)0(z)). For a  complex-valued function f  on  0  and  (a, ço)EG(k+1/2),
we define a  function f  ça) o n  0  by :  f 1(a, w)(z) -='- (z)' f(az).

By 4=4 0(N, X)=4 0(N, X)k+112, we denote the subgroup of G(k +1/2) consist-
aing of all pairs (r , ça), w here  (
c  d

)= 7 G T  and ço(z)=X(d)j(r, z) 2 " - '. We denote

by  G(k +1/2, N, X) (resp. S(k +1/2, N, X)) the space of integral (resp. cusp) forms
of w eight k + 1 /2  w ith  the character X on the group I", namely, the space of all
the complex-valued holomorphic function f  o n  0  which satisfies f  f  for all
G.Z1 a n d  w h ic h  is  holomorphic (resp. is  holomorphic and vanish) at all cusps

of T .  In particular, w e  w rite  S(k +1/2, N)=S(k +1/2, N, X) if  X is  the trivial
character.

N ow , for v=0 or 1, w e denote by 12. '(N, X) the set of all pairs (0, t), where
0  is  a primitive character modulo r with 0 ( - 1 ) = ( - 1 )  and t is a positive integer,
which satisfy the following two conditions :

(0.1). 4 t r 2 N .

(0.2). X = ( ° ( - 1 ) t )0  as a character modulo N.

T h en , w e  c o n sid e r  th e  th e ta  se r ie s  o f  th e  following type : h - (0; z )=
(1/2) E 0(m)m'e(m2z), w here zE  0  and v=0 or 1.

m eZ

For the case v=0, w e know  that  { h°(0; tz)l (0, t)GQ°(N, X )}  is  a C-basis
o f  th e  sp ace  G(112, N, X) (cf. ES-S]). F o r  th e  c a s e  v = 1 , le t  U(N, X) be the
subspace of S(3/2, N, X) generated by {12'(0; tz)I (0, t )e f2 t(N , X )}  over C .  By
V(N, X), w e denote the orthogonal complement of U(N, X) in S(3/2, N, X) with
respect to  the Petersson inner product.
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Let G(k + 1 / 2 ) .  If z.1 and are commensurable, we define a  linear
operator [Je J ik -F i/  on  G(k +112, N, X) and S(k+1/2 , N, X) by :  f ICZIeLnk+1/2=

f 1)2, where y) runs over a  system of representatives for 4 \ 4 e 4 .  Then, for

a  natural number n  w ith (n , N )=1 , w e put

/14 k-F1/2,N,z(n2 )

= -0 - 3 /2 E  a [J ((
a 2  0

) ,  (d / a) k  +1 1 2 )41a d , 0  d 20 + 1 , 2

where the sum is extended over all pairs of integers (a , d ) such that a, d>0,
a d  an d  ad=n.

For k = 1 , from [Sb  2 1 Theorem 1.7, it follows that h '( 0 ;  tz) with (0, t)
Ql(N , X) is  an eigen function of the Hecke operators T312, N, x(Y) fo r a l l  prime
numbers p x N .  H ence, w e see that U(N, X) and V (N, X) are invariant under
the action of the Hecke operators 1- -2 / ,,,,2 (n 2 ) fo r all natural num bers n  with
(n , N )=1  (cf. [Sb  1 1 Lemma 5).

U(N, X ) corresponds to  th e  space o f the E isenstein series through the
Shim ura correspondence an d  on ly  th e  elements of V (N, )0 correspond to the
cusp forms (cf. [ S t ] ) .  Hence, when k = 1 , we shall be dealing with V (N, X) in
place of S(3/2, N, X) and consider only the traces of 312, N, X(n 2 )  on V (N, X).

(d ) T h e K ohnen subspace.

Suppose that N =4M  and M  is  an odd natural num ber. T hen , X =( 111°

fo r  some positive d ivisor M o o f  M  (c f . § 0  ( c ) ) .  Put s= (  —

1  ). Then, the

Kohnen subspace S (k+1/2 , N, X) K  is defined as follows :

1
1 { S (k + N, 203 f (z)= n i a(n)e(nz);

)S(k+—
'

 N , X  -=2 a(n)=0 f o r  s(-1 ) 0 71- 2, 3(mod4)

In  particular, w e  w r ite  S(k + 1/2 , N ) K =S(k +1/2, N, X)K  i f  X  i s  the trivial
character.

Put 1 2 —  
4  1)  s k +1 1 2 e((2k +1)/8)) E G (k + -

1
)  an d  Q=Qk-F1/2,N,y=2

C4e410+1/2. Then, Q becomes a hermitian operator on S(k + 1 /2 , N, X ). Moreover,
from [K ]  Proposition 1, we know that S(k +1/2, N, X) K  is  the a-eigen subspace
of S(k +1/2, N, X) w ith respect to the operator Q, where a = ( - 1 ) E C k + 1 ) / 2 3 2 - V - 2 - 6 .

For k = 1 , from the definitions o f  S(3/2, N, X) K  a n d  U(N, X ), it is  eas ily
shown that S(3/2, N, X) K  contains U(N, X). Then, we denote by V (N, X) K  the
orthogonal complement of U(N, X) in  S(3/2, N, X) K  w ith  respect to the Petersson
inner product.

From [K ]  § 3 an d  § 4 , w e know  that S(k+1/2 , N, X) K  ( r e s p . V (N, X) K )  is
invariant under the action of the Hecke operators I" k+ 1/2, N  X (n 2 )  (resp. T312, N, y(n 2 ))
for all natural numbers n  w ith (n , N )= 1 . Hence, we can consider the traces
of those Hecke operators on S(k + 1/2 , N, X) K  an d  V (N, X)K.
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§ 1 .  The trace formula for the Hecke operator o f half-integral weight.

Throughout this section, w e shall use the sam e notations and assumptions
as in § 0 (a) and (c).

Now, we shall give an explanation of the Shimura's trace formula (cf. [Sh 3]).
W e take r= (a , h ) G(k+1/2) w ith  aE S L ,(R ) which satisfies the following

conditions :

(1 .1 ) F = 1 0 (N ) and a " I 'a  are commensurable.

(1.2) W e def ine a proper lif tin g  L  by:

L(1)=(1, X(d)j(1 , z)2k , i)E c(k +-2-), db) E P  and T h en , L(ara ")= --

z-L (r )r "  f o r all TET na - T a .

For th is  r , from  [S h  2 ] Proposition 1 .1 , w e  have the bijection : E a r
riar2—>L(Ti)DL(r2)E4z- 4, w here 4=40(N,X)k+1/2 and Ti, T ,E T .  Moreover, J  and
7-- '47 are commensurable. In the following, we denote by p*=(p, h(13; z)) the
image of p E r a r  w ith  respect to  the above bijection.

N ext, w e put z-'= ( a ' ,  h (a 'z )J (a ', z ) 2 ). Then, r '  also satisfies the condi-

t io n s  (1 .1) an d  (1 .2) w it h  respect t o  a  p ro p e r  lifting L ' :  rD r , _(
a  b

)--4
c  d

(7, X(d)j(7, 4 3 - 2 k ). Hence, 4' = 40(N, X)312- k and r' 21'7' are also commensurable.
From [Sh 3] Theorem 4.5 and the assumption : X2 = 1, w e  have the following

trace formula :

(1.3) trace ([4741 k + 1 1 2 1S(k+-1 , N, X))

— trace (rd 'r /Z1/ 13/2- k I k, N, X))

=  E  A C).
ceocrarir)

Here, the notations are as follows :
Let 0 ( ra r)  denote the subset of T a r  consisting of :  a ll sca la r e lem en ts, a ll
elliptic elem ents, all hyperbolic elem ents w hose upper fixed points (cf. [Sh 3 1
§ 3.6) are cusps of P  and all parabolic elem ents w hose fixed points are cusps
of T .  W e call tw o elem ents p  and P ' in 0 (T ar)  equivalent if : W hen p and
p i  are scalars or elliptic or hyperbolic, rPT - '-=P' for so m e  T E E ; W h en  p  and
y  are parabolic, 7/3'7. - 1 E Zr(P)/3 for some 7 E r , where Z r(P)=- {7 r  ri3=PrI.
W e denote by c r a r / r )  the set of all equivalence classes in  0 (F a l" )  with
re sp e c t  to  the above equivalence relation. For each C E O (F a r/ F ), we pick
any p  from  C . Then, the complex number J(C) is g iven  as follows :

( i ) If p._=(±-1, 72), J(C)=(1/8)(2k - 1 ) 1:  r0(N)1
( i i)  W h e n  /3 is elliptic, let ,z„E , b e  the fixed point of p,
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t io  zo )a =

10
, a  pa=(

0  A
) , n=ho;

and
a(13)=-#irErlrzo=z01.

Then, J(C)= { a(P)7)(1 —  2- 2 )1 - 1 .
(iii) W hen p is hyperbolic, let z0EQU{00} be th e  upper fixed point of p.

T ake an  element p*=(p, OEG(k+1/2) such that pESL o(R ) and th a t p(09)=zo.
Then, w e put

2- x

P*-1P*P*
1

= 0 2), 72) a n d  J(C)= — (1/2)1(1-2 - 2 )1 - 1 .

(iv) W hen p is parabolic, let zoGQU{ co } be the fixed point of 13 and a  an
element of r  w hich  genera tes i7EFIrz0=z0}/{±1}. T a k e  a n  elem ent p*= ,

(p, OGG(k +112) s u c h  th a t  pESL,(R) and  t h a t  p(00)=z0 a n d  t h a t  p - i  p =

(1
 

)
1\ 1 1\ \
1 .  W e  w r i t e  P* - 1 L ( a ) P*  =  

/ /  
1» e(6)) w i t h  0 < 3 1 and

p * _i p * p * = ( ± (01 72) w ith  x E R .  T h e n , fo r  p E r (resp. peEF), w e  put

J(C)=77 - Je(3.0(112-3) (resp. n-1 e(3x)(1—e(x)) - ').

Our purpose in th is  section is to  prove the following proposition.

Proposition 1 . (1 ) Suppose k 2. For all natural num bers n  w ith (n, N)
=1, we have:

trace (k+itz, N, x (n2)T. S(k N , X ))=T (s )+T (P )+T (e )+T (h ).- 

(2 ) L et n be the sanie as in (1). Then, we have:

trace(t,,,,  N .  x(71,2 )I V (N, X))=T(s)+T(p)+T(e)+T(h)+T(d).

Here, the terms T(s), T (p ), T (e ),T (h ) and T(d ) are given by  the formulas (1.6),
(1.9), (1.10), (1.11) and (1.12) in the following calculations.

Pro o f . For a  simplicity, we use the following notations:
W e put

r=--ro(N), 4=40(N, X)0+112, a(n)=(

and

r(k; n)=- (a(n), n 0 +" 2)E G (k+-2-1 ).

For a prime number p,
= 1d7 if p  is odd;

ordp(N)=Vp=i)=-  
p , if p= 2.

By Xp , we denote the  p-component of the character X  f o r  a n y  prime number
P IN  and, b y  f(X ,), the conducter of X . P u t



a o(A/-iii=

a,= 
{

1, if n is square ;

1. 0, otherwise;

if p=2;

otherwise.

and
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For a  natural num ber n, le t n=n,In i , where n o is  a positive integer and n, is  a
square-free positive integer.

Now, w e shall firstly calculate th e  tra c e  o f  th e  o p e ra to r  [4z-(k ; n)41 by
u sin g  th e  Shimura's trace formula (1.3). Secondly, by summing up them, we
shall obtain the trace of Th+1/2.N.x(n2) o n  S(k+1/2, N, X) and V(N, X).

Let :s."(n), 15(n), g(n) and 1;(n) be  the contribution from  the  scalar, parabolic,
elliptic  a n d  hyperbolic equivalence c lasses in  0=0(Tce(n )r /  F ) respectively.
Moreover, i f  k  2, G(3/2—k, N,X)-= {0} . Hence, the contribution from the trace
on G(3/2—k, N, X) occurs only w hen k = 1 . Then, w e put

c7(n)=trace(L61'1- '(n)L1'1112I G(1/2, N, X))

—trace([4r(1 ; n)413121U(N, X)),
where

r'(n )=(a (n)-1, n - 1/2 ) a n d  4' =4 0(N, X)112.

By using these notation, w e can w rite

trace([4r(k  ; n)4]I S(le N, X))

= (n )+ (n )+ e (n )+ h (n ) if k .2 ,
and

trace (Ezlz-(1 ; n)41 I V(N, X))

, g(n)±13(n)-ké(n)+E(n)+J(n).

Now, before calculating the each term, we give some remarks.

Rem ark (1.4). If an  equivalence class C E O  is not scalar, w e can choose
i _iban elem ent 
s = n ( a  ) from  C  su c h  th a t (a, c )= 1  a n d  th a t  c# 0 (cf. EN]

d b 01
Remark 1). Put p '-= np= ( a \ r (  0

n 2 )F iv,  then , there  ex ist u, y  a n d  E Z
d)

2 ( 1  
1)

E r.
such that Y = a i

( 0 1  0 70 )7 2

 w i t h  
a , = ( a  — u v ) 0. _

VE r  and There-i
fore, from  c (mod N ),

,8*=L(o-
i )r(k ; n)L(0'2)

-- =(0,X(a)1(0'1, z)"+ i )r(k ; n)(0"2, i(a2, z) 2 k + 1 )
—1\ -k-112 C

X(a) —a
\

z)
k + 1 1 2 ) .
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R em ark (1 .5). Suppose that p  is parabolic o r  hyperbolic. T h e n , P  h as a
fixed p o in t IC w h ich  is  th e  cusp of F . S in c e  c # 0 , we know ic# co. L et p =

(

IC K - 1 ) E SL2(R) a n d  p*=(p, J(p, z )k+i 1 2 )E G (k +1 /2 ) . T h e n , by calculating1 1
with attention to the signature of the branch, w e have

p* - Ip * p * , ( p - 1
, j (p -1 ,  z) — 1x (a ) (  1 A

- k- 1/27 c _
Z)k+1/2)a  ) a

X  (p z)k +112)

-4 ( 20-1 y 2)' ssggnn(2c) )X(aV a  
Yk-1/2 /  c \ 2 k + 1 1 2 ) ,

a )

where 2=(a— cx )/n, y =(— a+d— c-F2eK )/n and  sgn(x)=1, —1 according to
0, x <O.

Now, we shall begin th e  calculation o f th e  each term.

1. The calculation o f  g"(n).
Obviously, F a(n )F  contains a  scalar element if  a n d  only i f  n = 1 .  I n  that

case, since (+1)*=(+1, 1), w e have

K(n)=-- 
{ 2P - 4 (2k — 1)M11 (p+ivp,

0, otherwise.

Therefore, the contribution to the  trace  o f 1" + 1 / 2 , N , n  2 ) on S(k +1/2, N , X) and
V (N, X ) is :

(1.6) T (s)=n 31 2 a.§'(n/az)
0<al no

=50(A/770o - 1z-4(2k -1)/un (p+i)/p

2. The calculation o f  15(n).
Now, a ll F-equivalence classes for the cusps o f r a r e  represented by the

number t -
1,  where t  runs over the  set :

t=c H p1>0; 0 _ e =e 2, <Ei and runs over a  system o f  repre-
S= PIN

sentatives, which is prime to N , fo r  (Z / TT pm' z)..
P IN

1 0L et ./12= (
1

). T h en , th e  stabilizer o f t - 1  in  F/{ ±1} i s  genrated by

a = _ 1—ut u u i

—ut 1 1 ± u t )0 1 ) A 1 ,

w here u  i s  t h e  least natural num ber such that ut 2 -- -0 (mod N ), namely, u=
fl p' — 2 e . H ere, the meaning o f th e  sym bol H ' is a s  follows :
P IN P IN

if n =1 ;
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For any complex number a(p), w e put

a(p), if the prime number p  satisfies the condition 2e<i);
ai(p)=

1, otherwise.

Then, we define fra(p)-=  H  a '(p ).
P IN piN

Let us w rite out all parabolic equivalence classes in 0 = 0 ( r a ( n ) [ / [ ) .  Let
13i be tw o parabolic elem ents in ( F a ( n ) F ) .  Then, from the definition of

the equivalence relation, it is easily seen that, if  p  and pi a r e  equivalent, the
fixed point of 13 must be [-equivalent to the fixed point of p i . Hence, we may
assume th a t the unique fixed po in t o f p  is w i t h  t E S .  Then, w e have
ATiliAt_.±n_1(on for some non-zero real number r. Hence,

--=- np=-1-A t ( o
n z.) A ., = ± (n— tr r

n± tr)7 .

S i n c e  r
(1 Ov M z ( Z ) ( c  d

a  b

); c==-0 (mod N), N )=11
O  712) t  (a, b, c , d)=1, ad— bc=n 2.

1we see that 48, Er( i
0  n 2  

i f and only if  t2 7---- 0 (mod N ) and (n, r ) = 1 .  In that

case, 7 becomes a multiple of u. Put x = 7 /u  and /9'(t, x).—
( n — t x u x u

—t2x u  n +t x u ) .

Suppose that such elements Pi(t, x l ) and j3 /(t, x 2)  a r e  equivalent. Then,
from  th e  definition o f  th e  equivalence relation, there ex ist 7, and 72 in the
stabilizer of t - 1  in  /71-1-11 such that rirov , xori=Pv , xo. Since that sta-
bilizer is generated by cr, we can write  1 1 = ± 6 a  a n d  72= + a ' w ith  a, bEZ .
Hence,

p'(t, x2)=- A2(o
n  x

 n
2 u )AT 1 ---TT1r,y ( t , xor,

t on= ± e - aPV , xi)
± A (

o- a= n
)

Therefore, we have x2= x i ±bn.
From the above results, a  system of representatives of all parabolic equi-

valence c lasses in  0  is formed by the matrices 13(t, x)=- n '/3 '(t, x ), where t=
II pe runs over the set S  and x  runs over a  system of representativatives for

PIN

(Z /n Z )‘  which satisfies the condition x Here, by the suitable choice of the
representative, we may assume that 41x and that (C, n)=1.

Now, we shall determine the number J(p)=J(C ) fo r  th e  equivalence class

C  containing the matrix p = p i1(t, x). Let p = , ( u
o
i l2

 u
°_,/,)E S L ,(R ) , then, we

1 1 ) 1  x /n \have p-la p =

( 0
13

1
S in c e  =1+(x/n)(a — 1), w e have to-1iSp=.

( 0 1  l •

Next, we take a  l i f t  fo* G(IH-1/2) o f  p ,  th en , w e  m ust determine the
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n u m b e r s  and y  such  tha t p* -1 1,(a)p*=(( 0
1 1

1 ), e(3)) w ith  0 <3_<1 a n d  that
1

P* - 1 P  P * = ( (  
x/n

0 1 ) '  7 7 ) .  From an elementary calculation, it is easily shown that

3 and y  are invariant when we replace p* b y  t-i
y z 2 ) .

(( 1 1
( z + l More-

p b
over, if we write n _,ta  \

'  from the definitions o f  th e  le tte rs, w e  haved i
e#0 and (a, c)=1, and then, t- 1 , (a—d)/2c and a—ct - i=(a+d)/2=n. Therefore,
by using the Remarks (1.4) and (1.5), we obtain :

( \-k-112( —exu-
72=X(a)(

- 1
-

k i/2

—
a

) ( 
c

—
a

)=X(n—txu) n—txu ) n—txu )•

F rom tu=C H pin— (e.' — e )  and 41x, we have txu —=0 (mod 8 H p ) .  Hence,
PIN p i M

(

)= ( - 1 1 )  a n d  ( —
t z x u ( - 1 ) (   P x u ( - 1 v   x u  \ .

n—txu n n—txu n A n—txu

Moreover, from § 0 (c), we have a square-free positive divisor M o o f  M  such

that
 X _ ( M 0 )

 o r  ( 2 M ° ). Hence, we have  X(n— txu)=Z(n). Thus, we obtain

y=X(n) Fill) k+1/2 (  xnu  ).

In  a  similar way, w e have

e(3)=Z(1 + u t ) (  
—1 \-k-112/ —UP

1+ut ) 1 + u t
)=X(1-Fut)(

1
—
+ u t

1 ) - " + " 2 (1 iffut)

= Z ( l + u t )

( 1 +
- 1 -

u t  )
j i l u  

( l + u t  )  •

\  k + 1 / 2 , p  v

From these results, the value of 3  is calculated as follows :

Case ( i )  (p = 2 ) .

3={
1, if  e2 1;

(1i2) — (( - 1) k / 11)( M0  P M
Hi ( ;  Y ,

Case (ii) (p=3).

1, if f(X2)14 ande 2 #1;

1/2, iff ( ) 1 4 and e2 =1;
3=

1, if f(X 2)=8 and e2 *2 ;

1/2, if f(X 2)=8 and e2 =2.

Case (iii) (p=4).

1, if f (X2)I4 ;

0= 1, if{ f(X2)=8 and e2 #2;

1/2, if f (X2)=8 and e2 =2.

if e2=1
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Case ( iv )  (p>= 5).

(3=1.

Now, we can determine J(19). Obviously, c o n t a in s  p=p(t, x) if and only
if n =1. I n  that case, w e have 72= 1 .  Also, from the assumption 41x, we have
e(6x)=1. Therefore, we obtain :

(1/2)—(3, if n=1 ;
./(P)== —1)k-1/2(  x u X(n)(—

n
)e(3x/n)(1—e(x/n))-1, if n>1.

Before calculating 15(n), w e prepair the following two lemmas.

L em m a (1.7). W e have the following equalities.

E  H , ( A y . (p inince,v-e) ) , ( p [ v / 2 ] + (  P  y h E --1)/2]) .
A f  71 p i A f r n

piM

E  Hi n  y H ço(pnlin(c, ( p /2i+ n  y p v - 1 ) / 2 1 ) .

M e p 5 v p  p i M (  pp i f ! P I M
p i f !

Pro o f . It follows from some elementary calculations.

Lemma (1.8). W e have the following equalities.

(1 ) E  ( -

4 a
)e(4a/n)(1—e(4a1n)) - 1

cl E (Z InZ ) x n
—(1/2)30 (A/Te )so(n), i f  n=1 (mod 4) ;

— n h'(—n), i f  n.=-3 (mod 4).

( 2 ) E ( .)e(2a/n)(1—e(4a1n)) - '
aE (Z InZ ) x n

0, i f (mod 4) ;

( (

2
—n- )-1 ), \/— n h'(—n), i f  n w 3 (mod 4) .

( 3 )
(  4 a  

)e(a/n)(1—e(4a/n))-'
a E (Z / n Z ) ,  n

1 (112)A/ n  h '(-4 n ), i f  n 1 (mod 4) ;

(1/2)(1— (-- ) )/  — nh'(— n), i f  n 3  (mod 4).

Here, the above sum is ex tended over a  system  o f  representatives for
a E (Z 1 7 2 2 )'

(Z /n Z )" . W e shortly  write E  fo r  this sum.
a

Pro o f . Since e(a/n)(1—e(a/n)) - '-= —(1/2)+(V-1/2) cot(7r a/n), w e have

E ( -
4 a

)e(4 a/n)(1 —e(4 a /n)) - 1  = E (f2 -)e(a/ n)(1—e(a/n)) - '
a n a n

(1)

( 2 )
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= — (1 / 2 )(f2 ) + ( 'V - 1 / 2 ) ( fiz )cot(7ra/n).

Obviously, t h e  f ir s t  te rm  is  e q u a l to  —(1/2)50(A/n )93,(n). If n 1 (mod4), the
second term  is equal to  z e r o .  I f  n-=_—_3 (mod 4), w e have

)cot(2ra/n)=(2n/7)L (1, ( ))= 2 4./n h'(— n).

Thus, w e obtain th e  equality (1). W e can also apply th e  similar procedure for
the cases of the equalities (2) and (3).

Now, w e  re tu rn  to  th e  calculation of 13 (n).
F irst, w e  suppose n=1 and shall calculate j3(1) fo r  th e  Cases ( i )-(iv).

Case ( i ) (p=2).
In  th is case, w e have:

.AP)=1 —1/2, if e,#1; 1

(( -1)k / 4)( 0  ) 71-,13;(  p ) ,  if e2 =1

Hence, 15 (1)=151“ 2  w ith  j31= — (1/2)x#{P(t, x)ISD t such  tha t e2 #1 } and  P2
=

—1
(( - 1)V4)( )E i  I r ( ) ,  w h e re  t h e  s u m  E i i s  e x t e n d e d  o v e r  a l l  themo P o /  p
m a tr ic e s  p ( t ,  x )  s u c h  t h a t  e2 =1. B y  u s i n g  t h e  Lemma (1.7), w e  have

H ( p / 2 7 + p [ ( v - 1 ) / 2 ] )

P IM

1 5 2 = ( ( - 1 ) V 4 ) ( - 1 » ( r
in(1 -1)) 

E
 r i ' (  —1

)
pm in (e ,,— e))

05e, p i M  p pim
p iM

— 1  \ /  — 1 N.= ((-1 ) k /4)( )    p ' - ') ' )  •
0 PIM

Case ( i i )  (a=3).
In  a  sim ilar w ay a s  in  th e  calculation of j i  of the  case  ( i ) ,  w e have:

ro(1)= — (3/2 ) H (P " 'd - P "').
p IM

Case (iii) (p = 4 ).
In  a  sim ilar w ay as in  the  case  (ii), w e have:

f  —(1/2) H (P "' ' + Y ( ' - . 1 ) ":), if f (X2)14 ;PIN
— 2 II (Pt 4 2 '+ Y ( ' - ' ) /2 '), if f (X2)=. 8

pi m
Case ( iv )  (p 5).

In  a  sim ilar w ay as in  the  case  (ii), w e have:

15(1)= —(1/2)H ( p C 2 1 2 ]+ p [ ( - 1 ) 1 2 ] ) .

P IN

and

N ext, w e suppose n > 1 .  I n  t h e  fo llow ing, since 4 1 x , w e  w r ite  x=4x 0.
Then,



Similarly, we have :

1)2/2)(  m
i
o )X(n).0 T hi(

(( -1)k /2)(1—(--))X(n) Ah T
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.10)=X(n)(—n1  )k 
-1/2( 4xn

ou

e ( 4 5 .2 c o / n ) ( 1  — e ( 4 x 0 / n ) ) - 1  •

Now, w e shall calculate fi(n ) for the Cases ( i )-(iv).

C ase ( i) (p=2).
In th is  case, w e have 15(n)=15 1+ j31 w ith

\k -112
131=-X(n) /

E  E (  4x ou 

 )e(4x 0/ n)(1— e(4x 0/ n)) - 1

n  ) x 0 E (Z In Z ) C n
pIN,e2#1.

and
( 2-1/2 4x0u)

2 =X (n )  E  En x0E(zinz)x 0 6p 5 p C n
pIN,e2=1

X e((2—(-1)a)xo/n)(1—e(4x0/n))_ l

w h e r e  (-1 )a =( - 1)k (7,1 ) Ir( — 1  Y
/V /0 p i M p •

From  the Lemmas (1.7) and (1.8), It follows that :

+ptc , -1)/2]) ,, ii n ==- 1 (mod 4);- - 30(A/TT)Ço(n)pg r (P / 2 1

J
t 2( —1) 2 X(n) h'(—h'(— n) H  ( p / 2 ] + ( k ) p [ ( - 1 ) / 2 : ) ,

p im n
if n  3 (mod 4).

4n)pili(pC,/2]+(  p
n

  ) p , - 1 )/ 2 7) ,

if n  1  (mod 4);

h'(—n) H (p [42:+y2ypc_1),2 ,),

if n (mod 4).

Here, w e used the identity :

e(3x 0/n)(1—e(4x0/n)) - 1 =—e(-- xo/n)(1—e(-4xo/n)) - 1  •

W e note tha t these  expressions also fit fo r  the case n=1.

C ase ( i i )  (t2=3).
In a sim ilar w ay as in the Case (i ), from  the Lemmas (1 .7 ) and (1 .8 ), we

obtain the following results :

— ( 3 1 2 ) a 0 ( . .  /  n  ) ç o ( n )  
p p i i (pp../ 2J +  p , - 1 2 ] )

if f (X2)1 4  and n 1  (mod 4);

Rn).=

3( —1) 2 X(n) h'(— n) prit(p c 4 2 3 ± (An  » [ ( - 1 )/2 1 ),

if f (X2)1 4  a n d  12= - 3 (mod 4);
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_(3/2)30k/n (D) („n ) .2g f (p/ 23 +pE(v - 1 )1 2 , ),

if f (X2)= 8  a n d  n =1 (mod 4) ;
23(-1)k )X(n) (—A /f h' n )  H (pE4 " + ( l ) p c ( ' - ')/23 )(—
n

,
piM

if f (X2)= 8  a n d  n =3 (mod 4).

W e note tha t these  expressions also fit for the case n=1.

Case (iii) (p =4).
In a sim ilar w ay as in the Case ( j ) ,  f ro m  the Lemmas (1.7) and (1.8), we

obtain the following results :

(1 /2 )30(1/}F)çc(n) iit(PE 5/21 +  p C ( Z - 1 ) / 2 ] )

p  

if f (X2)I 4  a n d  n = 1  (mod 4) ;

i)kx( n )A/Thi ( _ n ) H (p[z/2]+(lin  ypE(5-1)/2) ,
p iN
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if f (X2) I 4  a n d  n --=_3 (mod 4) ;

—23oWn *(n)plit(p[viu+pc(v- /2])

if f (X2)= 8  and n 1  ( m o d  4) ;

2(-1) k (1 + ( -
2

))X(n) A/7 T h'(— n) (IP 12 :4-( 1 )--) pc ( 1 - 1 ) )”) ,
piM

13(n)=

if f (X2)= 8  a n d  71 = 3  (mod 4) .

W e note tha t these  expressions also fit for the case n=1.

Case ( iv )  (11 _5).
In a sim ilar w ay as in the Case ( i ), from  the Lemmas (1.7) and (1.8), we

obtain the following results :

( 1/2 )5 0(1/ 2T )ç o (n )r j,  (p :i '/ 2 3 +  p t ( -  1 )  i" )
P IN

i f  n =1 (mod 4) ;

( - 1)kX(n),\/i h' ( —  n) H ( p C Z / 2 ] + ( q h [ ( 5 - 1 ) / 2 ] ) ,

PIN n

:115 (n)=

if n =3 (mod 4).

W e note tha t these  expressions also fit for the case n = 1 .

Finally, w e must calculate the contribution to the trace of k +1 I2 ,N ,x ( n 2 )  on
S(k +1/2, N, X) and V (N, X). But, that is easy calculation if we use the identity :

E  aç9(n/ a2)=n.
o<a I no

The results are as follows :

(1.9) For n (mod 4),

T(p)= p,+ p, with
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Pi=---(1)2)(30(.vn )nk -1 /2 H  ( r / 2 ] + p [ ( - 0/2])
pim

2, if p=2;

3, if p=3;
X

4, if p=4 and f(X 2 )=8;

or
and

—1\ n2P2=31((-1)k/2)( )X(n)n1 
pHi m (P E 4 2 3 + ( P "  ) /0

X E  h'(-4n/a 2 ).
0<a no

For n (mod 4),

PyT(p)=(-1)kX(n)nk - i n (
n

p i"+ (—  p E ( - 0 / 2 3 )  E  h'(—n/a 2 )pim o<ai no

(1/2)(5—(71
2 ) ) ,  i f  p=2;

3, i f  p = 3  a n d  f(Z 2 )14;

3 ( i-2i ) ,  i f  p = 3  an d  f(X 2 )=8;

2(1d-( 1) ) ,  i f  p = 4  a n d  f(X 2 )=8;

2[ P1 2 ] -E( )2E ( P- 1 ) 1 2 1 , if  p S ,  o r  p = 4  a n d  f(X 2 )14.

3 .  The calculation o f é(n).

Let C be an elliptic equivalence class in  0 .  T a k e  =r1. --1( a  1 )

d
)E  C suchc 

that (a, c)=1 and that c#0.
Since N  is  divisible by 4, has no elliptic p o in t. Therefore, by using the

Remarks (1.4) and (1.5), w e have

J(18)=.1(C)=(1/2)X(P)C(13)
- 2 k - i (1— c o \ - 4 , - 1

) ) w ith  X(13)=X(a)(D

and
\ -112

)= ( a  ) JO , zo)1 1 °

= (
:

/ 2 (2A /72 ) 1 (A /2n+ a+ d-i-sgn(c)-V d —2n) .

Here, z 0i s  the fixed point of
0We put w =

( - 1  \  and r * = T U r w  and  W( 19)= Z r .(fi) : Z r (p) I , where0  1 )
Z1.(13) (resp. Z r(P )) is  the centralizer of 13 in  T *  (resp. 1"). W e note that, in

2EPI2J+2[(p-1)123, p_5,if p = 4  a n d  f(X 2 )14;

X
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the elliptic case, the equivalence relation is the usual F-conjugacy relation and
that any elem ent of r *  ac ts on T a(n)T ' by m eans of the in n e r automorphism.
Then, it is  easy  to  see  J(wpw)-=-J(p) and, from the definition of J(p), w e have
fi— P)=J(P). T h e re fo re , w e  have ê(n) J(9) J(wI w) = (1 / 2)E i( J( 13) +
fiwPw))=E2(J(1S)+J(wPw))W(9) - ', w here p in the sum  Zi (resp. Z2) runs over
all representatives for the elliptic T (resp. T*)-conjugacy classes in P . M oreover,

s in c e  n 1 3 ( a b
 )
 (

0  n 2

1  0
) I

r w e  h av e  c--7-_0 (mod 4 )  and ±1 (mod 4).
'

H ence, p  i s  n o t  F*-conjugate t o  - p .  Therefore, w e have 'e(n)=2Z 2 ( J(P)±
J(wpw))W(p) - 1 , w here  p in the sum  E , runs over a ll rep resen ta tives for the

elliptic F*-conjugacy classes in 0  w hich is congruent to  ( 1 * )  modulo 4.0 1
Thus, by using :  I C(p)1 =1, we obtain :

'j(n)=z3x(p)E (p)w .

Here, E  (p )_  (c(p )-2k  + 1  c(13 )2k -i)(c(p )z  co)-2)-1 .

Now, w e shall give all representatives for the elliptic F*-conjugacy classes

in  0  w hich is congruent to  ( 1  * )  modulo 4, by using th e  m ethod in  [H] (or
0 1

[D-M] chapter 6).
Let t  be an integer such that I t I <2n and th a t t==- 2 (mod 4 ). W e w rite  t2 —

4n2 =m 2 u, w here ni is  a positive integer and u i s  a  fundam ental discriminant,
namely, the discriminant of som e im aginary quadratic field. T h e n , le t  f  be a
positive in teger such that f 1m  and th a t ( f ,  n)=- 1, and let e be  a  representative
for (Z/ H .p-Pz ) which satisfies the conditions :plu

(e, Nn)=- 1, 1 (mod 4 )  a n d  F1(e) --0  (mod NJ')
with

p= p p =- ordp(f ) a n d  Ft (X )=X 2 —tX±n 2 .

W e put

S ( Ç ) = 1
f the prime divisor p  of N  such that t2 -4n 2 -0 (mod p2 P+1) }
 and  th a t  F2(e)---=0 (mod p'+2P+!)

and let S  be a  subset of S(e).
For these t, f , e  and S , we define the m atrix  ço-=0 ,  f ,  e, S ) by :

(f  - 1 Ft(e) H P ' Ft(e ) i I PpES

— f  H  P ' I F t( e ) f - 2  I 731 )
p e S

•t — e

Z  Z -=1-1(ROzZ,)" XG QAIço7=Qrç010eQAMoreover, we put R-=( \  U
Z

and A =RnQ[yo], w here  q runs over a ll prime n u m b e rs . Then, w e  have the
bijections :
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TwQ,Cçoi'nGL2(Q)/Qiço1" -=.- 'QACçoix/{(QACçarnU)Q[40] 1

the proper ideal class group of the order A

(cf. [H ] or [D-M] Chapter 6). Hence, we can choose a  system  161 of repre-
sentatives for r\UQAIWYnGL2(Q)/Q[yo] x a s  follows :

For the double coset corresponding to the principal proper ideal class with
01 0ithe above bijection, w e take 5= ( ). In the other ca se , th e  corresponding

proper ideal class contains a prim e ideal P  of A  such that (P,nN (t 2 - 4 n 2 ))=1
and that # A/P is  a prime number p .  Then, there exist the elements vGQA[40] '
and uGU such that P-=A v  and that u v e G L 2 ( Q ) .  I f  necessary, by multipling

some element of from the left, we can see that uv=( P  C I )  or ( 1 i )  with0  1 0  p
o j < p .  Then, w e take 3= uv.

Now, when t, f, e, S and ô  vary  under th e  above conditions, the matrix
form s a  complete system o f  representatives for the elliptic T*-

conjugacy  classes in 0  which is congruent to  ( 1 * )  modulo 4.0  1bW e write the above le =n - 1 (
a
c  

e l
)

.

 T h e n ,  b y  u s in g  tn e  above conditions

an d  th e  inequality : F t(e)>O, w e  have (a, c )= 1  an d  c > 0 . Hence, we have
n )-1 (-Vt-F2n -H/t-2n). Therefore, C(S) and _T(j3) depend only o n  t,

and so we write C(P)=-Ct and 17(P)=-Et•
N ext, since Z r .(p)=3A"6 - 1 ,  w e have W(13)=w((t 2-4n 2)f -2 ) and, by using

the same method as  in  [N ] p . 196, we have

x (n _ia o _i) , x ( ) (  t-Fp2n 

Therefore, we obtain :

f o r  3= ( P

V )  1) or
; , )

J(71) == :]/EtEtaXt 2 - - 4 nW -2 ) -1 E1]X(0t f E

1 , . „  ( 1  ( : ) .n  o = 0  1 )  '
6

( p  ) '  if 5= ( 1 )  ° \VO1 1 )

S in c e  t+2n  

can be considered as the genus character on the proper ideal

class group of A(cf. [N] p. 196-197), the last sum is equal to the class number
h((t2 -4n 2 ) f - 2 )  or zero, according as  td-2n is  square or not.

Thus, we may assume that t+2n=s 2 w ith  s > 0 . Then, t2 -412 2 =s 2 (s2 -4n )
and C,=(2,0.1) - '(s+(s 2 -4n ) 1 1 2 ). By using : ICt =-1, we have E ,=-72 - k +"'s - ir k (s,
n ), w h e re  - k(s, n ) is defined a s  follows : L et x  and y are the solutions of
X 2 — sXd-n = O . Then, we define

7t. h ( s  f l ) _ ( x 2 k -1_ y 2 k x y ) - 1

xE
or 'p)
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Finally, we discuss
/./e\ll F t( e ) I p \

X ( g 9 ) =  X ( ) S C P E S e ) .

Since ( f , t -2 n ,  t+2n) divides some pow er of 2, w e h av e  th e  following decom-
position : f= 2 P 2fif2 ,(fif2 , 2)=1, f>0, f2> 0, f ils,(f i, .32-4n) f  ( s 2 - 4n)

and ( f i , s)=- 1 .  From e  1  (mod 4) and the reciprocity law, (

- 

), (1=1, 2).

P u t t' = t/ 2 . Since 0.=•F1(e)=- (6 —t92 (mod f T f ) , we have e =  (mod f Hence,

Ct ' 2f s2-4n e t' s'
f i) = ( )  and  also (T .2 )= ) , (T ,  )=1 .

f / 2 v2/ .32 -4 n  \Therefore
f i

N e x t, b y  u s in g  t h e  sa m e  a rg u m e n t in  [N ] p . 198, w e  c a n  p ro v e  th a t
e( t H i ) 1  fo r  p s a n d  th a t  ( p )
p
2 s 2 - 4np fo r  a n y  o d d  p rim e  p

e s . Therefore,

, X ( ÇD )=.- ( s2 7,4 n) X ( e ) ( 1 ) P2

(.3 _
f

 4n  ) ,c(e) (  )P2pEisT(e) ( 1 + ( pe) )

_ ( s 2 —f  i4n  ) 26(e)(  y 2 1 _0  +3,9(4  pey )

(s2—f i 4n  ) x2(4  ) P 2 ( 1 +32(4  e2 )p)

x  x p ( e ) ( i+ a p ( q   2s 2 —p  4n  y)
pim

H ere, fo r any  prim e n u m b e r  IN a n d  a  representative 77 o f  (Z /p'.+PZ) such
th a t .F1(72)==-0 (mod p 2 P), we define

if s2(s2-4n).- - 0 (mod p21' ) a n d  F,(72)-=- 0 (mod pri - 2 P+1 ) ;J 1

O, otherwise.

x ii(e) ( 1 ± 4 ( 4 2 e - 4 n
T h e  quantity fo r any  prim e number pIM  (resp. X2(e)

2 p2(1-1-32( ) ( T
2  ) ) )  depends only o n  e  m odulo pv+P (resp . e modulo 2P+P).

Therefore, we have :
/ .32-4n \

X(v))-=--  f i ) 1It cp(s, f ).

Here, we define
2s2-4n .EXp(22)(1 -4- 407)( if P I M ;

cp (s, f)= {
EX 2(1))( ) P (1 + 3 202)C 1 ) ,  i f  1)= 2  ;

a p (7 ) ) - ---



Cusp form s of half-integral w eight 523

w here the above sum E ,  run s o v e r a ll rep resen ta tiv es 72 o f  (z / p , +Pz ) such
th a t F2()i)==-0 (mod p' -"P ) and besides that  2-=1 (mod 4) in the case p=2.

Combining all the above results, we obtain :

( s 2 -4 n  J(n )= -22 - k+3 1 2 E s ' r  k (s , n )E h t(s 2 (s 2 - 4 n ) f - 2 ) H cp(s, f )
J ) P I N

Here, the integer s  runs over all even integers such that 0<s then, we
can  w rite  s 2 -4 n = m T u  w ith  m1 > 0 .  P ut On =ord p (sm,) f o r  a n y  prim e number

s  H  p - o r d p (3 ) .PIN and  s'= Similarly, for f ,  f2 and m ,, w e define the number
p IN

f ; ,  f  and 771. . Moreover, we decompose s '= r ( s ')u ( s ' )  and 71i = 7 - ( M D U ( 7 7 2 0  such
th a t (r (s ') , s ', m ;)= (r(m ;), s ', m ;)= 1  and th a t  u(s') and u (m ) divide some power
of (s',

Under these notations, w e easily  see that f ;  runs over the set A 1 =1.Z2f; ;
0 < f ; i r ( s 1 )  a n d  (n  u)= 1} a n d  t h a t  J̀r ru n s  o v e r  th e  s e t  ./12 = {Z  pf ; 0<
J - 17-(m ;)} . Moreover, we introduce the following notations :

d

{ 1 - (
( O ,  PO

-
u

) p - ,  if Op=pp;
p p =

1, if Op= pp.

op ( - ± Y P ,  i f  p iM  and
np(0) , --  E  P ° P - PPc p (s , f)d p (ep , p p )X P

pp=0 1, o th e rw is e .

Pls;

Here, w e rem ark  tha t the  last sum  depends only on O .
Now, observing that c p ( s ,  f )  depends only on pp =ord p ( f )  w h e n  w e  f ix  s,

w e have

Eh'(s2(s2-4n)f-2)
( . 3 2

 .1

H  c p ( s ,  f )
1 ) P IN

=  E  E ( 1 )E( 2)1/  H p2 (°
P - PP ) (s 'm W ;f ) 2u)pp o p P I N

PIN

x ( s '
 f i

4 7 1 ) pl jA r c p ( s ,  f )

=  h' (u)u(s')u(m ;) H n ( 0 )
41u (s ')u (7711 ) g P IN

X E ( 1 ) (TU  ) ( r ( e )  f
 4 1  (r(P)  I f l ) (

1—
( —qU ) q - 1 )

x E ( 2 ) (r(mp/f ) H ( 1-- ( -
n )q - 1 ) •

ql (7- (m1)/J)

Here, the notations are as follows : f ;  (resp. f ) in  th e  sum E(') (resp. E( 2 ))
runs over the set A, (resp. A z)  and g  denotes a prime number.

From an elementary calculation, we see that the part of the sum E ( ')  is
e q u a l to  r ( s ' )  and the part of the sum E( 2 ) is equal to  a u (r(m;))(cf. §O (a)).
M o re o v e r , o b se rv in g  th a t  g lu ( s ' ) u (m ; )  i f  a n d  o n ly  i f  g l ( s ' ,  m ; )  and  that
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s 'u ( s i ) r ( s / ) , p-ordp(s), w e have
PIN

é(n)=—  k + 3 1 2 E7 k (s , n)ht(u)u(mpa„.(r(mD)

x
(  u ) o _ i ) 11 ip_ordp(n n p (9 ,)} .

01(3',-1) q P IN

Therefore, the contribution to  the trace o f 14 k+1/2,N, x (n 2 ) on S(k +1/2, N, X)
and V(N, X) is  as follows :

T(e)=nk - 3 1 2  E  aé(n/ a')
o < a l  no

E a 2 k  - 2 2r k ( s ,  n/ a 2 )121 (u )u(m 'i )a .( r (m ) )
0<ct I no s

x  H  (1 ( ) q - ) i p_ordp(s) np op )} .- a i
qt(,,m1) q P IN

Here, s, u , mi ,  e tc . are defined in the sam e w ay as ab o v e , w h en  w e  replace n
w ith  n/ a'.

Now, w e put g =as, fiz i =am i , :i =ax and 5 = a y .  Then, w e have that and
5  are the solutions of X 2 -- Xd- n=0 and t h a t  g 2 - 4 n = r -n7u. Since (a, N)=1,
ord n gfil i ) ,  Bp . Hence,

T ( e )= - ,K E  , E " ) 7 rk(Ss" , n)l2/(u) f it  fp - °'dn(g)n p (0 p)}u(m0a,,,(r(m0)

X  11  (1— (—u )q - ')

= - 7:13 , n V C (u )II  { P - ° ' dP( ' ) np(Op)}piN

x  E  u (m D a u (r (7 2 2 D )  H  ( 1 _ ( ) q 1 ) .
0<al(s-,n0) 01 0 '  , q

Here, g' in the su m  E ( 3 ) (resp. E( 4 )) ru n s  o v e r  a ll e v e n  in te g e rs  su c h  th a t
2A /rT> g> 0 and th a t  a g (resp. 2 A /7T> g'>0).

W e  observe t h a t  an  integer a  divides the odd part of (g', fiz i )  if and only
if  a l(g , no ). Hence, from an elementary calculation, we have

E u(n/Dau(r(mD) H  (1— (— u)q-1 )=au ,(,72 ,  H p - o r d p ( f h i ) ) .

0 < a  I ( , no) 01(0', V1)q P I N

Therefore, rewriting the notations : Mi-->t, e tc ., w e  ob ta in  the following
formula :

(1 .1 0 ) T(e)=— E mir k (s, n)hi (u)ao(to) H  { P ' r d n( s) nn(ep)} •
P IN

Here, s  in the sum E (e) runs over all even integers such that 2A / n  >  s> 0 . The
other notations are as follow s: L et x  and y  be the solutions of X 2 —sX-En-=0.
Then, 7r0 (s, n )= (x 2 '—  Pu t s 2 - 4 n = t 2 u  with a positive integer t
and a fundamental discriminant u .  Put t o = t  p - °'17" ) an d  0 = 0 ,= ord n (st) for
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any prime divisor p  o f  N . T h e  constant n(0) is def ined in the same way as in
the above calculation. Finally , w e rem ark  that the explicit determination of  the
constant n(0) needs an elem entary  but very  long calculation. So, we omit it.
For the explicit value o f  the  constant n(0), see the A ppendix 1.

4 .  The calculation of li(n).
i bL et C  be a  hyperbolic equivalence class in  0 .  Take p = n _ c  )

E  C  s u c hd
that (a, c)=1 and  th a t c # 0 . Let ii b e  th e  upper fixed p o in t  o f  13 w hich is a
cusp of rand 2(j9)=- (a— cic)/n. Since K=(2c) - i{ a— d— sgn(a+d)((a+d) 2 -471 2 )1 1 2 1,
we have : sgn(2(19))=sgn(a+d) and

2(19)=(2n) - 1 { a+d+sgn(a+d)((a+d) 2 -4 n 2 )' 12 1.

Moreover, by using th e  Remarks (1.4) and  (1.5):  1 w1 2 e c
j ( p )  j ( c ) (1 / 2 )/ ) x(a

sgn(c)

have
s g n ( a + d )

)

( )
(

a
— 1) 2 ( A ) - k - 1 1 2 ( 1  Â ( p ) -2) -1.

a r

Hence, we h a v e  fi—p)=Ap) a n d  J(w pw )=( a
l )sgn(a+d)J(13), w here w =

( - 1  0 \
0 1) .

L et r .  and Fv(p) b e  t h e  sam e a s  i n  t h e  ellip tic case. T h e n ,  w e have
ii(n)=EIRS)=-*Ei./(wPw)=( 1 ) 2 )Ei(J(P)+AwPw))=( 1 ) 2 )E2CAP)+J(wPw))=( 1/2 )
E 3 U(S) -1- ./(— p)+ J(wpw)+  j(-2E PLO) = E3(J(19)+J(w19w))= 2E4(J(P)+J(wPw))
WC8) - 1 =4E4J(19)W(P) - 1 , where p in  E i runs over all representatives fo r  th e
hyperbolic F-conjugacy c la s s e s  in  o, p i n  E ,  runs over those such  that

(  )- 1a  sgn(a+d)=1, IS in  E , runs over those such that a ± d >0  a n d  that

1 (mod 4), a n d  13  i n  t h e  E i runs over those fo r  th e  hyperbolic F*-conjugacy
classes in 0  such that a+d >0  and  that a (mod 4).

Thus, we obtain :

(n)= —2E4X(P)W(P)-
14 ) -  k  -1  / 2 (1  A ( 19) - 2 )- 1  w ith  x(p)=X(a)(71c )•

L et t  be a n  integer such that t=-2(mod 4) and that t>2n and that t 2-4 n 2 is
square . T hen , we write t 2 -4 n 2 --m 2 w ith  m > 0 . F o r these t  and  m, le t f , e , S
and go, b e  the  same a s  in  th e  elliptic c a se . B u t, fo r  simplifying th e  calculation,
we assum e the additional condition : e#1.

Z  Z \
T hen , we know that QACgoiNext, le t  A =Q[T]nR w ith  R = Z

{(11(A0 z  Z p)x x REgc]x)Crço]" } is isomorphic to t h e  proper ideal class group of
1the  order A .  Then, for the principal proper ideal class, w e set ô = (  0 )

1). 
In

the  other case, any proper ideal class contains a  prim e ideal P such that #A /P
is  a  prim e number p  and  that (p, nN(t 2 -4 n 2 ))=- 1 .  S o , there exist vEQ A [go] x

. 1*and  u U  such that A v =P and  th at GL 2(Q)3uv = or with 0.<_j41  1 ) V / p l
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< p .  Then, we set a = u v .  Here, U  is the same as in the elliptic case.
When these t, f , e , S  and {3} vary under the above conditions, the matrix

a  b
d

)  forms a  complete system o f  all representatives for the

hyperbolic F*-conjugacy classes in 0 ,  such that a± d >0  and that a  1 (mod 4).
Therefore, we have

(n )=, — 2 E E E Z E Z (7 1 -1 6 0 -1 )w (n -1 3 0 -1 ) -1 4 ) -  k  2 ( i_  w s0)-2)-1
t S

Moreover, in the same way as in the elliptic case, we may assume that t-F2n
is square. Then, we write t-F2n=s 2 w ith  s> O. Hence, we have :

kn)--= — E Z Z E 4 ) - o - 1 / 2 (1t  f S
—2(0 - 2 )- *(7n/f)x(s,o)

n -1,4-2/2 E 5 - l y 2k -1( x - y) - 'Eçp(s(s 2 -4 n ) 1 1 2 f  1)11 c(s, f ),
P I N

where x  and y  are the solutions of )0—  sX +n=0 such that x > y ,  and the
constant c ( s ,  f )  are the same as in the elliptic case •

We can deduce the contribution to the trace of 1-4 k+1/2,N, X(n 2)  on S(k +1/2,
N, X) an d  V(N, X ) by using the same method a s  in  th e  elliptic case. The
results is as follows :

(1 .11) T (h)=n° 31 ° E  aii(n1a 2 )0<a, no

= — E ( h ) ( (s - 0 / 2 ) 2 0 - 1  f l m ( 0 ) ,
PIN

where s  in the sum  Ech) runs ov er all ev en integers such that s > 2 . / n  and that
s2 - 4 n  i s  square. T h e  o th e r notations are as f o llo w s: Let t=(s 2 -4 n ) ' 12 and
60 =0,=-- ordp(st) fo r  any  prime div isor p o f N . T h e  explicit value of the constant
m ( 0 )  is giv en by  the A ppendix 2.

5 .  The calculation of d(n).

Put pN=CN  —
0

1 ),r N-=( N,N 1 1 4 (— , V  — 1z))G G(112) and LI" - 40(N, X(—
N

) )  .
1/2

Then, from [Sh  2 ] Proposition 1.4, we know that r N  induces an  isomorphism

between G(112, N, X) and G(112, N ,  X ( ) ) ,  and  v7,71 4":-
N =Z 1 '. Hence,

riv'ZI"r(0; n)4 1'z-
N =4'1 -7,1 7(0; n)r N 4'=Sz i(n)41'.

I f  we write  4 " r ( 0  n)4" , y4re , (disjoint union), w e  h ave  ZI'r'(n)S ,

U4Pr7,71- N. Therefore, as an operator on G(112, N, X ), we have :

77,71 14"r(0 ; n)4"11/27N=L4'r i (n)S11/2
and

trace([4'r/(n)Z1/1! G(1/2, N, X))

=trace([4"r(0 ; n )4 "  G (1 /2 ,  N, X ( 1 7 ) ) ) .
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From [Sh 2] Theorem 1.7, it follows that, for (0, t)E,S2°(N, h°(0 ; tz)

is a n  eigen function o f  t 1 / 2 , N . x ( n ) ( P 2 )  f o r  an y  prim e  number p x N  a n d  that
the  eigen value is o(p)(i+p - ').

L et n= H p t.
p l  n

T h en , we know the  following equalities a s  operators :

[4"r(0 ; n)4"]= [4"(( ni " ) 4 1

—II714 1 10 p02t)' Y/ 2 )4 1 1 1 and for

[4 101 )' Pri2)211

=[4 ''((ol  p°2) P1/2)4 1[1 il ((01 p °2-2)' P̀ r-1)/2)J 1
P2 F± P '  i f  70= 2 ,

P2 L/11
l

0 P(`-2)12)41'
(cf. [N ] Introduction).

From these results, we obtain inductively that, f o r  (0, t)ES2 0 (Ar, x (N )) ,

if

h°(0; tz) has th e  eigen value 0 (n ),0 7  (p'+p—i) with respect to th e  operator

[4"2-(0 ; n)4"].
We can also discuss the  case of U(N, X) in  a  sim ilar way a n d  obtain that,

f o r  (0, t)ESP(N, X), h'(0; tz )  h as t h e  eigen v a lu e  0(n)ViTy[ (y+pr - ' )  with

respect to th e  operator [4r(1 ; n)ZI], where n= H p t .  Moreover, {12° (0; tz)1(0, t)
pl n

Q°(N, x(-
N

))} a n d  {11'(0; tz)1(0, t)ES2 1(N, X)} a re  C-basis o f  G(1/2, N, Xn )

and U(N, X) respectively (cf. § 0, (c)).
From the  above results, we have

c7(n)=IE0a,(X(—
N ) ;  0)0(n) — Ei a 1(X ; sb)0(n) 1 ,1(P' +  P ')

H ere, n=-11pr. F o r v=0 o r  1, 0 in  the  sum  E, runs over a ll primitive cha-

racters with 0(-1)=-(-1) 2' a n d  a ,(X ; 0) is  th e  number o f  a ll  positive integers
t  which satisfy the conditions (0.1) and  (0.2) (cf. § 0 (c)) with respect to X and 0.

F ro m  t h e  equality : a 0(X ; 0) ,  a o(X(—
N  

; , it f o l lo w s  th a t  c7(n)=

E*a*(X; 0)0(— n)V 7T 11(p' + pr - '), where 0  in  th e  sum E* runs over all pri-

mitive characters a n d  a*(X ; 0) is th e  number o f  a ll  positive integers t  which
satisfy the conditions (0.1) and  (0.2) (cf. § O (c)) with respect to X and  0.

The contribution to th e  trace  o f '7'3/2, N,x(n2 ) o n  V (N, X) is a s  follows :

(1.12) T(d)=n - E  ad(n/ a 2 )
0 < a  no

=n - ' 1 2 E  aZ* a*(X; 0)0(—n/ a2)(n /
a 2 ) 1 I 2 ( h r + p 7 - 1 )

0<al no P l(n ja 2 )
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-=E * a* (X ; 0)0( —  n )  E H  (PH - P'
0<ai no P I(n /a 2 )

= E * a * (X ; 0)0( — n ) H ( P ' 1- 1)/(P - 1).pin

Here, n= H p -  and let E* and a*(X; 0) be the same as above.
p in

N ow , the proof of the Proposition 1 is completed.

§  2 .  The trace formula for the Hecke operator on the Kohnen subspace.

Throughout this section, w e shall use  the  sam e no ta tions and  assumptions
as in  §  0  (a) and  (d), and  m oreover, we suppose th a t  n is  a n y  positive integer
such  that (n, N)=1.

O ur purpose in  th is  section is to calculate the  trace  o f the  H ecke  operator
k +112,N ,X (n2) on  S(k + 1 /2 , N, X) K  a n d  V (N, X)K.

L e t P r = P r 0 + 1 1 2 ,N , x =(a— (r)1 ,,  J + 1 /2 , N , X )3 ) be  the orthogonal projection
from  S(k+1/2, N, X) onto S(k+1/2, N,X) K .  (c f . [K ])  T h e n , we have :

(2.1) trace(Tk+1/2.N, x (n 2 )  S(k-14 ,  N ,  x ) )

-=trace(1 0 + 112, N , X (n 2)P r  S (k+ N, X))

trace(1k-F1/2.N, X (n 2) Q=(A/ 2 /6)(— S(k -I- I " N  X ))2 

+(1/3) trace(/' k+1/2. N, x(n 2 ) S(
1

k+ - y , N, Z)),

where Q=Qk+1/2.N,z. (cf. [K])
F o r  a  sim plicity, w e w rite r=r 0 (N), X)0+1I2 an d  n=i4n 1 w i t h  a

positive integer n o and a positive square-free integer n 1 . T hen , we have :

(2.2) k+112.N,x(n2)Q=nk- °'° a[Jr(k ; n /a 2)4]Q0<ai

w here r(k ; n ) is  th e  sam e a s  in  §  1 . Hence, from th e  results of § 1, it is suffi-
cient to calculate the  trace  o f the  operator [Z1z-(k ; n)LI]Q fo r our purpose.

W e can prove th e  following lemma by modifying th e  proof of the Lemma 1
[K] § 4 .

Lemma (2.3). We have, as elements of the abstract Hecke algebra,

J((
1  0

0 722), n
k +110 ) 4  • ■J k+112, 4  J ( ( 4  4 1 7 2 2 ) , s k +1 1 2 e ((2 k +1 ) /8 )n k +1 1 2 )4

fo r  any positive integer n with (n, N)=1.

From this lemma, we have :

(2.4) [4r(k ; n),I1]Q= -s  k  -1 /2e
( (2k +1)/8)[4vo(k ; n )J],
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where G(k+1/2)B2- 0(k ; n)=(ao(n), 0+ 112 )  with cro (n )=
( n - 1

0 n  )•
Let L  be the same proper lifting as in the condition (1.2) of § 1. Then, it

is easily shown that r o(k ; n) satisfies the conditions (1.1) and (1.2) w ith respect
to L .  H ence, w e have the bijection: r a o (n)r Bcriao(n)a2—L(a i)ro(k ; n)L(0 2)

Ar o ( k ; n)ZI, and denote by p * the image of p r a o (n)F.
Now, we shall calculate the trace of the operator [4r 0(k  ; n )4 ] by using

the Shimura's trace formula (1.3) in §  1 . Since Ta o (n )I ' has no scalar element,
the contribution to the trace from the scalar elements is zero . Let 1.5o(n ), "é0(n)
a n d  0(n )  b e  the contribution to  the trace from  th e parabolic, elliptic and
hyperbolic equivalence classes in  0 = 0 (1 a 0(n )F / F ) respectively. M oreover,
when k=1, we put

j0(n)=trace([4'7( n)S 11/2 I G(1/2, N, X))— trace(14r0(1 ; n)4)312IU(N, X)),

where 1- ,(n )= (a 0(n) - 1 , n - 1 1 2 )  and J '= J o (N, X)012.
By using these notations, we can write

trace([4z- o(k ; n)41

if  k .2 ,  and

tracep r o(1; n)ZI]

1 \\
N, X ) 130(n)-Ho(n)- lio(n) ,

V  (N , X ))=  o (n )+  o (n )d  o (n )-F  0(n) ,

Before calculating the each term, we give some remarks.

Rem ark (2.5). W e have

{
a  b

r  (4  4 1 2) r  ___ -1/1 2(Z ) D C  d ) ;  ad —bc =-16n 2 , c :=0  (mod16/11),

a -_-- d - 0 (mod4), (a, M )=1 and (a ,  b, c, d)=1.

(cf. [K ] § 4 Lemma 2).

R em ark (2 .6). Let p=(4n) - 1 ( c
r i

 d
b ) F o (n )T .  If (b, d)= 1, then, we have:

p* s g n(d)d v -1 \--k-1/2/ s 
A
Nt a  \

—sgn(c) A b A  b  ) b m o r e z + d )/ 4 n ) ' 12 ) ,  where M o i s  the

square-free positive divisor o f M  such that X=( /II° ) ,  and sgn(x)=1 or —1,

according as x O  o r  x < 0 .  We can prove this assertion by slightly modifying
the proof of [K ] § 4 Lemma 3.

a  bR em ark (2 .7). For an elliptic or hyperbolic matrix A=G d )  /11 , (Z ) .  Put

t= a + d  and f= (a — d , b , c ). Then, t  and f  (and also the signature of c  i f  A
is elliptic) are invariant under the SL 2(Z)-cojugation. Moreover, every elliptic

o r hyperbolic F-conjugacy class in  r a o (n )F  contains an element (4n)-1( a  b\
d)

with d>0, (b, d)=1 and (b/ f , (t2 -64n 2)/f 2)=1, where t= a + d  and f= (a— d,b ,c)
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(cf. [K.] § 4 Lemma 4).

A =('2  bRemark (2 .8 ). Let A = C  
d

)E M 2(Z )  be a n  elliptic o r hyperbolic matrix

such that ad— bc=16n 2 , t=a-l-d=-0  (mod 4 )  and (a, b, c, d )= 1  and th a t f =
(a— d, b , c )  i s  a n  odd integer. For th is A , we define a set D(A ) by :  D(A )=
{SL,(Z)DB  I (4n) - '1 3 'A B E ra 0( n ) r} .  Then, operates on  D(A ) by multi-
plication from the right and we have :  # D (A )/r= H 'ep (t, f ) ,  where

pip/
p v -1 (p + 1 ) if  ,o v;

1 PP X #{ (Z / p' Z )D x  x 2 — (t/4)x±n 2 0 (mod y +P )}  if p < ;

with v=vp=ordp(M) and p-=- pp=ordp(f ) . The proof o f this assertion will be
given at the Appendix 3.

Now, we return to the calculation of the each term.

1. The calculation of 15 0(n).
By using the Remark (2.5) and the same argument as in § 1, we can write

out all parabolic equivalence classes in 0 • T h e  result is as follows : Put

H pe>0 ; 0_<e=ep_<ordp(M)-=v=vp andM
C runs over a  system of representatives, such
that (C, N)=1 , for (Z /  f i  f ' Z Y

pim

For t= 4 C  peeg, we write u =  f r p ' - "  and /;'(t, x)=(4n)-1
( 4 n — t x u  x u

pof vim — t2xu 4224-txu)'
where the symbol fr  means the same as in § 1. Then, a system of representa-

pim
tives of all parabolic equivalence classes in 0  is formed by the matrices 7(t, x),
where t=4C H pe runs over the set g  and x  runs over a  system of representa-

pim
tives for (Z / 4 n Z .  Here, by the suitable choice of the representative, we may
assume that x>0.

Now, we shall determine the number fip)=fic) for the equivalence class
C  containing the matrix p= x). The stabilizer of w h ich  is the fixed

( l
—ut u1 0

point of p, in r /{ ± 1 }  is generated by
(7= - 1 1 t 2

Put 11,-=(t 1 )  and

1/2 0 1 1p=.24,(0 u - 112
- )

' 
Then, we have v ic rp =(

0  1
)  and, since p =1+(x/4n)(d — 1),

/1 x / 4 n \
P  1PP - - -A 0 1 » u112

13 1/-1/2
Let p*-=(A t , j(A t , z

) 2 1 z + 1 ) ( (

) '
tu =Ai) (mod H p ), we have :

pim
p* - 1 1,(6) p* =p*-1(11,, z)2k+1)((01 241) ,1 ) ( A v  j ( A

k +1) p*,

= (( 1. 10 1 , 1 .

p(t , f)=

u - k 1 - 1 /4) ,  then, since t - -0 (mod 4) and



where x in the sum
Then, we have :

A0= (1 / 2 )E  S U   V' — 1\ k+1/2 sn —1 \k+112}
lk )    ( xux x xu —x) —

Ex runs over any system of all representatives for (Z/4nZY
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Moreover, we note that (xu, 4n d-tx u)=(x u, 4n) -= .1 . Hence, by using the Remark
(2.6), w e have

e n v  n \ / -1\-k-112
V j  V X U A M o i x u )

((cz+d)14n)k4112) w ith p=(4n) - t a

dl'

Here, we used the assumption x > 0 .  Therefore, we have

_i p * 0 * = . ( ( 01 x/41n) , (Ex nu   ) ( L o x  yk-112) .

Finally, since a 0(n) f ' ,  w e have always p t r .  Thus, we obtain

J(p)=(  8
x

n
u m n o  X x 1

1

4 r+1/2 e(x/4n)(1 — e(x/4n)) - '  .

Since e(x/ 4n)(1—e(x/4n)) - 1 -= —(1/2)-KV-1/2) cot (r xl4n), w e have r),(n)=
15 1(0+15 2(n) with

i(n)= — (1 /2)( E ( 6 n  ) E (  
€n y + 1 / 2

osepg, p  c u x x
p lM

2(n)=(4/ —1 /2)(  ‘
71,„. E  E (   6 n   ) E(  6 n   X  — 1  _ )k+112

cot (7rx/ 4n).
J 00 oze p .p u  / x \  x xu

p IM

A 0= E ( 6 n ) ( - 1
\k + 1 1 2

a n d  B 0=E ( 8 n  ) ( )0+1/ 2Cot x / 4n) ,x x xu x \  x  A  xu

and

Put

= ( 1  / 2 ) E
(  sn  . 1.1 —1) k+1/2 ( V+112}

± E  
x X  ) 1 \  XU — X U )

, (1/2) ( 61
x

1
x

6
u )(1 -Fe(-1 )Y  — 1)=0+ s(-1 )* (1-1-x )

= (1- I e(-1 ) k -V —1) (f1 )30(A/ n)w(n)

where 3 A / )  i s  the same as in  § 1. Sim ilarly, by using th e  Dirichlet's class
number formula, we have:

Env  —1\1?-1-1/2
(6n X r "  2cot(-7rx/4n)}Bo=(1/2)Ex x xu cot(rx/4n)d-
\ — X — X U

=(1/2) )cot(rx/4n)X
_1 \ k+1/2 6 (  _1 \k+112 }

x xu I —xu I
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=(1/2)E n co t(rx / 4 n )( 6  ) ( 1  E (  1 . )
k 1,/ —1)

x x xu

=2(1—e(-1)/Y 1)( h '(-4n ).

Hence, by using the Lemma (1.7) in §1,

15  i(n)= —((l+ s( —1)Y-1)/2)30W n )go(n) 2 1 1 ( p C , 1 2 1 ± p L C , - 1 ) 1 2 1 )

and

/52(n)-=(A/-1+e(-1)k)( n  )A/72 IC (  4n) ri (p '' , "+ ( YPE( - 1 ) / 2 ) .pim

Therefore, in the sam e w ay as in 3 1, we have :

(2.9) a
o<a I no

E  15 0(n/ a')

=—M-F-s(-1)Y-1)/2)30(-Vn)nk-t/21-1 ( p r ,/ 2 7 + p v - 1 ) / 2 ] )
pim

d_( _F e ( - 1 ) k)(  n o  ) n k-inu f (pc42]+(  p n  ) pa—i)/2)

X E h '(-4 n / a 2).o <  , o  

2. The calculation o f  éo (n).
Let C be an elliptic equivalence class in  0 .  B y  u s in g  th e  Remark (2.7),

w e can  take  p=(4n) - 1 (
a  b

)E  C w ith  d#0, (b, d)=1 and (b/ f , (t° —64n2 )/ f2 )=1,
c  d

w here t= a + d  and f= (a— d, b, c). W e note that Itl <8n because C is elliptic.
F ro m  th e  Rem ark (2.6), w e have  : pis)=J(c)=(112)x(p)c(p)- 2 k - 1 ( 1  C ( p ) - 4 ) - 1

sgs gni(id(c) )  )(  ma0 and () (db ) (  be )
w i t h  x(p) _=( C p )= ( —

b
1  )  " 2  ((czo +d)/40" 2

( b
1 )  u 2 (4A/77) - l( Vt+87z-Fsgn(c) ,Vt-8/2). Here, z,,E ,  i s  the fixed point of 43.

P u t  w —
(  1  

t

0\ T _  a  —6
0 l hen, since wpw—___ (4n)

,

 (— c, d ) ,  we have X(wpw)= eX(p),

C(u) PO= — ,V œ ic ( ie y i  a n d  i(wPw)=((s( - 1) k -V - 1 )/2 )X(P)C(P)" +1 (1 — c(p) 4) - i .
Hence,

Jo( n)= E  J(P)= E 2( J(P)+J(wP w))

___(1/2)E 2 x0 )(c (p rz  k +1 6 ( 1 ) 1 TA /  ic(p2k-i m i3 )2  c ( 13)-2)-1 ,

w here P in  E , runs over all representatives for the elliptic F-conjugacy classes
in 0  and p  in E , runs over those such that c>0.

Put 2(t)=(Vt+8nd—Vt-8n)/2 and p(t)---(2(0-2 k +1 2(0- 2 k +1) ,
.11(t) 2(0) - i , then

)1(-0 =  A/ —1 2(0 and p ( - 0 , ( -
1y e (0 - 2  

k +1+  ) ( 0 - 2  k .1 -1 )(2 (t)  +  2 ( 0
)

-1 . 
Then, fo r  p

in  E „  w e have C(P)=( b  ( 2 , V n  ) - '2(t). H en ce , fro m  IC(P)I =1, w e can

rewrite 0" o(n) as follows:
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éo(n)=2"0 + 1 / 2 E2X(g)( /2
11 + 1 1 2 (2 V - 2 4)2 ) - 1

x  (  t  - 2 k + 1 6 ( ___ 1) k 1 (  b
1  ) - 2 k + 1)

_22k -ink +112E 2x (f i)( 1 \1 ,4 .1 /2(1+e( uk
(

b

1 ))P(t)(t-F8n) - 1 1 2

b
+ (  1 ) k (  _ 1  ) k-i-1/2( 1

i )k -v  1 (   b
l  ))y— txt-8n)-1/2}

_ 2 2 k - i n  k+1/2E2 z ( g ) ( / ) ( 1 -t- 1)/ — 1)P(t)(t +871) - 1 1 2

+ (-1 ) k ( b
s )(1—s(-1)Y-1)y—txt-8n) - 1 /1.

Moreover, by using the  correspondence: g,—w,sw, w e have

E2X(P( ) p (  t x t - 8 n ) - 1/2=- V - 1 6 E 2 X ( g ) ( - -b-
s  ) P ( t ) ( t - F 8 n ) - 1/2.

Therefore,

j o(n)=2 2 knk+1 ,2 (1+6(_uk ,v_1)E 2sgn(d)( a
 o ) ( d

b )p(t)(t-F8n) - 1 1 2 .

Now, w e sh a ll g iv e  a  system  of all representatives f o r  t h e  elliptic . r-
conjugacy classes in 0 ,  such that c>0.

L e t  t b e  a n  in teger such  that 1t1 < 8 n  and  that t==_O (mod 4). T hen, we
write t2 - 64n 2 =m 2 u  with a  fundamental discriminant u a n d  a  p o s it iv e  integer
ni. L e t  f  b e  a  p o s it iv e  integer such that f 2 1(t2 -64n 2 ) and  that ( f ,  2n)=1.
We put

11/12(Z ) ( c a  d
b ) ; b ,  c ) =f ,

(a, b , c , d )=1 , ad— bc=16n 2 , c>0

and , fo r A B ( t ,  f ) ,  we define a  s e t  D (A ) in  th e  same way a s  in  t h e  Remark
(2.8). T h e n , SL 2(Z )  operates o n  B ( t , f )  by means o f th e  inner automorphism
in  GL 2(R ) .  B y Z ( A ) = Z 2 L 2 ( z ) ( A ) ,  we denote t h e  centralizer o f  A  i n  SL 2(Z ).
T hen , Z (A ) operates o n  D (A ) by multiplication from th e  left.

T ake  a  representative A  of a  SL,(Z)-conjugacy class in  B ( t ,  f ) ,  and, for
such A, take a  representative B  o f  Z ( A ) \D ( A ) /F .  T hen , when t ,  f ,  A and  B

bvary under th e  above conditions, the matrix ( 4 n ) - 'B 'A B = ( 4 1 2 ` i ( a  \-) d )  forms a

complete system o f  all representatives fo r  th e  elliptic r-conjugacy classes in
0 ,  such that c>0 . Here, by th e  suitable choice o f th e  representative, we may
assume that d >0 , (b , d)=1 and  (b/ f , (t 2 —64n2 )/ f  2)=-1 (cf. Remark (2.7)).

Thus, we have:

0'0 (n )= 2 "0 “/ 2 (1-Fs(-1) k -V -1 )p (t )(t+ 8 n ) - 1 /2 (  m
a

°d
b  ).

B (t, f ).=
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Since ( f , t - 8 n ) = ( M 0 ,  t ± 8 n ,  t - 8 n ) = 1 ,  we can decom pose f=f1.f2
and M 2 =M i M2 w ith  0 < f1 , 0<f2, f  (t-F-8n), f f l  ( t  — 8n), ( f  t - 8 n)=--- (f  t-F 8n )
=1, O<M i , O<M2, M i l(t+8n) and (M2 , td -8n)= 1 . In  the  same way a s  in  [K]
p. 52, w e have

( d ) ( ( t+8 n )/  f 7 \(   t-8 n \ (
b b/ f A  f i  A  f2

and
(  ma a ) (   ma i x ma 2 )  ( t—m 8n  x td -8n  

M 2

)

Hence,

•10( n ).._2 2 k  n k + 1 1 2 (1 ±  _ keL 1) -V  — 1)P (t)(t+8n ) - 1 1 2 (  t 8n  \(  td-8n
M2

X E t   t - 8 n  t - F 8 n )

E E

( ( t 4 - 8 n ) / f 1 \

I ) \  f2A  23\ b/ f l•

Therefore, from the same arguement in [K ] p. 53, we may assume that td-8n
is a square integer, and then, by using the Remark (2.8), we have:

( t ± b8/nf)/ f  
h((t 2 -64n 2 )/f 2 )$$(Z(AAD(A)/1")

=12'((t2 -64n 2 )/f 2 ) H G (t  f )
Pi M

W e can write t+8n=4s 2 w i th  s > 0 .  Then, we have t 2 -64n 2 =16s 2(s2 -4n),
À(t)=s+(s 2 -4 n ) 1 1 2  a n d  p ( t ) - - -

4 - k  n - 2 k + 1 —

k (S , n ) ,  w h e r e  k (s, n) is the same as
in §1.

Thus, we obtain:

vi
0'0(0=  — ((1  s(-1 ) k -V-1)/2)n -  3 1 2

k (s, n)(
 s2-4n

x  f r z

(  
s2 -4n i4n  )12/(16s2(s2 -4 n )(f 2f 2 )- 2 ) H  t p (4s 2 -8 n ,  f i f , ) ,

p1M

w here  s  ru n s  o v e r a ll in teg e rs  su ch  th a t 0<s<2 ,./ n  , f, ru n s  o v e r  a  se t
IZ D f i >0 ; (f , ,  2n)=1, f i ls }  a n d  f ,  ru n s  o v e r  a  s e t  { Z p f 2 > 0 ; ( f 2 , 2n)=1,

(s2 -4n)}.
In the same way as in  §1  (elliptic case), w e rewrite the above formula as

follows:

jo(n)-=—((1-Ps(-1) k -V-1)/2)n - k +3 /2 7rk (s, n)hi(u)(4-2(--))

X2 0" 2 2 ( ni1 ) u(m )a.(r(m ;)) H
qi(s' ,m1)

x  H  ip-ordp(s) np (o p )} ,
91M

w here s2 -4 n = n d u  w ith  m ,>0, O p=ordp(sm i ), s ' = s  p- o r d p ( s )  a n d  m =
pi N
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m ip - o r d p ( m i) ,  u ( m )  and r ( n )  are  th e  same a s  in  § 1 (elliptic case), the
piN

constant n ( 0 )  is given by the table (case (1)-(3)) in the Appendix 1.
Moreover, in the same way as in § 1, we obtain :

(2.10) nk - 312 E  a'C0(n/a 2 )
0<ce I no

= — ((1 + S (-1 )/ -1 )/ 2 )E (e )7 k (3 , n ) h i ( u ) ( 4 - 2 ( -112 ) ) 2 0 r d 2 ( f i t 1 )

X au(thi p
- o r d p o i l i ) ) H  i p _ordp( b n p (O p ) }

P IN p iM

where 3 in the sum E ( e) runs ov er all integers such that 0<.3<2 ,N/n , 32 - 4 n =
fflTu with a fundamental discriminant u  and a positive integer ñz 1,  Op=ordp(gfiii).
Also 2t k (3 , n ) and n ( 0 )  are the same as above.

3 .  The calculation o f ii o(n).
—10

Let C  be a  hyperbolic equivalence class in  0  and w = (-
0  1 ) •

 F r o m  the

definition of J (C ) ,  we have J (C )= J ( —C). H e n c e , fio(n)=E1J(C)=- E2(J(C)+
J( — C))=2E2J(C)=E2U(C)+J(wCw)), where C  in a runs over all hyperbolic
F-conjugacy classes in 0  and C in E ,  runs over those such that a+d>0.

F or C  in  E 2 , w e can  take  13=(4n) - t a
 d

b )E C  with d>0, (b , d)=1 and

(b/ f, (t2 -64n 2)/f 2)-=1, where t= a + d  and f= (a— d, b , c )  (c f. Remark (2.7)).
Then, from the Remark (2.6), we have :

J ( P ) = J ( C ) = — ( 1 1 2 ) ( db ) ( 6b ) ( M a) b1

) k + 1 1 2  

2(1E0 k i z ( 1 _  2(p)-2)-1

(4n) - 1 (a—cz0), if z0 #00

d/4n , if zo=00 ;

where z o is  the upper fixed point of iS1 which is a  cusp of r  (cf. Remarks (1.4)
and (1.5)). Hence,

J(1S)+J(wPw)

= — ( 1 / 2 )

( db ) ( b ) ( L o )
A(P) /a- k - 1  2

,
2( )-2)-1((-7,1

) .1 2 .4 „ (._  51 ) .1 2 )

, --((i+ E (— iyy— i)/ 2 )( wd ) ( a  ) 2 ( p ) -
k - 1 / 2 ( 1 _ 2 ( p ) - 2 ) - 1 .

Let t be an integer such that t.=-0 (mod4) and that t>8n and that t2 -64n 2

is square. Then, we write t2 -6 4 n 2 =m 2 with m >0. Let f  be a positive integer
such that f i n  and that ( f ,  2n )=1 . We put

with

2(p)=
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fM ,(Z )B ( a  b ) -
'
 a±d = t, (a— d , b , c )= f, ,

Bi(t, f)=1

1
c  d  

(a, b, c, d)=1, ad —bc=16n 2

and , fo r A B , ( t ,  f ) ,  le t  D (A ) and  Z (A ) be t h e  sam e a s  i n  t h e  elliptic case.
T h e n , S L ,(Z ) operates o n  B O, f )  by means o f th e  inner automorphism and a
system  of all representatives o f  t h e  SL,(Z)-conjugacy c la sse s  in  B O , f )  is
given by

M2(Z) CD /  r )• vvi v'=l6n 2 , 0< <v,O )

0<z-<1)-1/, f= (1 —V , r)

(cf. [K ] p . 55 ). F o r A X ( t ,  f ) ,  tak e  a  representative B  o f  Z(A)\D(A)/ T.

When t, f ,  A =(  a n d  B  v ary  u n d er t h e  above cond itions, the  matrix

( 4 n ) - ' B '  A B  = ( 4 n ) - k
ifa  b ) forms a  complete system o f all representatives forc  d

th e  hyperbolic T-conjugacy c la s se s  in  0 ,  su ch  th a t a + d > 0 .  H ere, by the
suitable choice o f  t h e  representative B , we m ay assume that d>0, (b , (1)=1
and  (b/f, (0-6472 2 )/ P )= 1  with t= a + d  an d  f= (a — d ,b , c ) (cf. Remark (2.7)).

F ro m  a n  e lem en tary  ca lcu la tio n , w e  ge t 2((4n) - 1 B - r f  7 )B )=v/4n=
0  v

(V / 4 n )'.  Hence, we have :
(d v   a  

Ft o(n)= — ((l+ e(-1)k ,\/ —1) / 2)(4n) -  " +3
b Mo ) •

In  th e  same way a s  i n  t h e  ellip tic c a se , w e  m a y  assum e th a t t± 8 n  is
sq u are . Since t2 -64n 2 = (t± 8 n )(t -8 n ) is  a lso  square, we can write t+8n-=4s 2

a n d  t-8 n = 4 r 2 w i t h  s > 0  a n d  r > 0 .  S in ce  v= (t± (t 2 ---64n2 )" 2 )/2 a n d  V=
(t—(t 2 -6472 2 )' 12 )/2, w e have 2 -1 '= 4 s r  a n d  v" 1 2 =((t+8n)' 1 2  —(t —87) 1 ' 2 )/2= s—r.
Therefore, in  the  same way as  in  the elliptic case, we obtain:

0(n)= —OE1+ 6(-1) k -V —1) / 2)n -  " +3 /

>< ((s— r)/ 2) 2 ' ( s r ) - /  f ) yi je n (4s2 —8n, f),

w here s  i n  E s run s o ver a ll in tegers such  th at s>2A/n and that s t-4 n  is
square, r -=(s2 — 4n) 1 1 2  a n d  f  ru n s o ver a ll positive  divisors o f  4sr such that
(f , 2n)=1.

Finally, by applying th e  same argum ent as in  § 1 (hyperbolic case), we can
deduce th e  following result from th e  above form ula of T2 o (n):

(2.11) k_3/2 E  0.1 0 ( n / a 2)
o<ai no

,— (1 4 _ 6 ( -1)k„V-1) E(h) ((s—r)/2)2k-17,1-1.1ump(Op)

X (t, f )=
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where s in  E " )  runs over all integers such that s>2 ,V —n and that s 2 -4 n  is  square,
r=-(s2 -4n ) 112 ,  Op =ord p (sr) and the constant m,(0,) is given by  the table (case (1))
in  the A ppendix 2.

R em ark . A ny in teger s  which satisfies th e  above conditions is alw ays
even. Hence, we may consider only the even integer s.

4 .  The calculation o f c o (n).
We have

[ 2 ,, r ( n ) 1 ] 1 1 2 = [ 4 ,((40 0 —14 ) ,  n _1/2)4 :1
/ .11,2

= [ 4 ' ( ( 40 14)' 1) Z r 11,244

( (
022 01)' 1 1 - t " ) 4 1,2 '

as operators on G(1/2, N, X) (cf. Lemma (2.3)). Then, from the proof o f  [K ]
§ 2 Proposition 1  an d  th e  fa c t  th a t h°(0 ; tz)1(0, t)EQ°(N, X)} is  a  C-basis of

G(1/2, N, Z) (cf. §1), it follows that the operator [ 4 ( (
0
4  —

4
1 ), 1)4 '1 /2 a c t s  on

G(1/2, N, X) as the multiplication by 2 (1 — V -1 ).  Similarly, from th e  Lemma
(2.3) and the fact : U(N, X) S(3/2, N, X ) ,  w e  have, as operators on U(N, X),

1 0
[470(1 ; n)Z]3/2=2(1 — sA/- 1)[4 ((

0  Tr,), 7/2" )4 ]
3 / 2

 .

Therefore, we get :

(2.12)7 0 (n)=2(1—e,V-1)j(n), w here j(n ) is  the sam e as  in  § 1.

T h u s, th e  calculation o f  th e  tra c e  o f  th e  operator [ZIr o (k ; n)J]k+1/2 is
completed.

Now, w e have from the formulas (2.1), (2.2) and (2.4):

trace ( 1%  +1 1  2  N  X ( 722 )
1

S(k± —, N )
G )

,2

==((1 — ( 1) - 1)/6)n 2 ' 26( - 1) 1Y - 1)/6)0 - 2 / 2  E  a trace ([47 0(k ; 72/a2)41o<a 0 S ( k+-1
"

N  X))
2 

-1-(1/3)trace(t k+1/2.N,x(n 2) S (
1

k + --  N
"  

X )).
2 

Hence, by combining the above formulas (2.9)-(2.12) w ith the results of § 1, we
obtain the following proposition.

Proposition 2 .  (1 )  Suppose k>_2. For all natural num bers n with (n, N)=1,
we have:

trace(1%+1/2,N, X ( 122 ) S (
1k+—

' N
)= T (s )+ T (P )+ T (e )+ T (h ).2 '

(2 )  L et n be the sam e as  in  (1 ).  Then, we have :
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trace 13/2. N . X( 122 )1 V (N , X )K )=T(s)+T(P)+T(e)+T(h)+T(d).

Here, the term  T(d ) is the same as in the Proposition 1 (o r the form ula (1.12))
an d  th e  term s T(s), T (p ) ,  T (e ) and  T (h ) are given by  the following formulas
(2.13), (2.14), (2.15) and (2.16) respectively:

For any  prim e divisor p  o f  M, le t 1.r=p9 = ordp(M ). L e t b0(Arn- 1 ), n),
n o and  n, be the same as in the statement of  the Proposition 1.

(2.13) T(s)=((2k-1)/12)3o(Vn )n'MH (P+1)/P •
pi 3!

(2 .14) For n-=1 (mod 4),

T(P)=—(1/2)60(-Vn )nk-1/2 H (pE42]+pm- 1 23)
p1M

+((_1)k /2 )( mn priL(pc,i2]+(—pn) p [(,-1)/2])

X  E  h'( -4n/a°).
o<cz I no

For nm3 (mod 4),

T(p) , (E(-1) 0 /2)(3—( 2 ) ) (  n M o

X H ( p 1" + ( n )pE (
-

1 )1 2 1 )  E  h'( —n/a2 ).91m 0<n no

(2.15) T(e)=—E(e)7k(s, n)h'(u)a(t1) 911 1P- " d P( s ) n9(09)}

where s in the sum E ( e)  runs over all integers such that 0<s<2 ,f i i - . The other
notations are as follow s: W rite s2 -4 n = t 2 u with a positive integer t and a funda-
m ental discrim inant u. P u t  t i — t r 1p -  

ro dn(t) an d  Op-=ordp (st). T he constantpim
n9 (0 9 )  is given by  the table (case (1)-case (3)) in the A ppendix 1.

(2.16) T(h)=—E(h)((s—t)/2)"' H  rn9 (0
piM

where s in the sum E ( 4 )  runs over all even integers such that s>2 ,V n  and that
s2 - 4 n  i s  square. T h e  other notations are as f o llow s: Put t.=- (s2 -4n )' 1 2  and
0=-0 9 =ord 9 (st). T he constant m9 (0 9 )  is  g iv en  by  the table (case (1)) in the
Appendix 2.

§  3 . The relations.

Let N  be a positive in tege r . Then, from [H ], we have:

trace (7' 2k, m(n)I S(2 k  N ))= T o(s)+ T o(P )+ T oo(e)+ T o(e)+ T o(h )+ T o(d )

for a ll positive integers n w ith (n , 2N )= 1. Here, the each  term  is g iven  by
the following formulas (3.1)-(3.6): We use the following notations. For prime
numbers p ,  we write
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ord p (N)=i4=i) , {
vp=1.,, if p is odd;

p, if p=2.

Let ô / )  b e  the  same a s  in  §1 and  M  the  odd p a r t  o f  N .  We decompose
n=nSn i with a positive integer n , and a square-free positive integer n1.

(3.1) To(s)= ((2 k —1)/12)60! n )n k  N  ( P  + 1 )/ P •
P IN

(3.2) T0(P)--(1/2)50(/n )n k  -
1 / 2 H  ( p / 2 1 ± p [ C J - 1)/2]) .

P IN

(3 .3 )  For n 1  (mod4),

((-1)k/2)nk - 1  H  (1 + ( —
n ) )  E  h'(-4n/ a 2 ) , if te _1.;

P IM p o<a,„,T oo(e)=
0 ,  if p .2 .

For nn3 (mod4),

T00(e)=((-1) 0 /2)72 '  (1.+ ( n E  h'(— n /a 2) X  C2
PIM p 0 < a  no

with

3  ( 2 2 ) , if p=0;

5 - ± 2 \ if p= 1;

6, if p=2;

4(
2

1-E( 1 )) , if

(3.4) T 0(0= — e) Irk (s, n)h / (u )a (1 .0) H no, n(00, p),
p [N

where s  in  th e  sum E P ) runs over all integers such that 2A /n >s>0 a n d  be-
sides that s  is even if  te l. T h e  other notations are as follows: L et r k (s, n)
be th e  same a s  in  § 1 .  s2 - 4n = t 2 u  with a positive integer t a n d  a  fundamental
discrim enant u . P u t  00=0 0,p=ordp(t) a n d  to = t  P -  to d p ( t ) .  The constant

P IN

(3.5) To(h)=— E
(1

1 ) ((s—t)/2) 2 '  H m0,p(0o,p),
P IN

where s in  th e  sum E P ) runs over all even integers such that s>2',/  a n d
that s2 - 4 n  is square , and  put t-=(s 2 -4n)" 2 and 00 =0 0 , p=ordp(t) and, for any
prime number p N,

pEz12]±pEc;-1)12] if 00 > 1( ±1)/21

C2=

no,p(Oo,p) is given by the  tab le  in  the  Appendix 4.

me, p(e 0, p )
= .

{
2p°°, if 005_ C( :5-1)/21
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(3.6) To(d)=5(k)prit (p"1-1)/(p-1)

with n= H y  and  5(k)= 1 o r  0 , according as k =1 o r  n o t.
P in

N ow , let N o b e  a positive divisor o f N  such that (No, N/N0)=1 a n d  that
N o l. Take any element  1(N 0)ES L 2 (Z )  which satisfies th e  conditions:

—01) (mod No);

(1 i[)
V3, 1 )  (mod N/No) .

N  0P ut W(N0)=1(N0) ( o )  . T hen , it is well-known that W (N o ) i s  a  normalizer0  1
of T ' —T'0(N )  a n d  th a t  [W(No)]2k induces a  C-linear automorphism o f order 2
o n  S(2k , N ).

I n  [ Y ] ,  M .  Y am auchi explicitly calculated t h e  t r a c e  o f  t h e  operator
CW(No)]2k 7 '

 2 k .  N ( n )  w ith  (n , N )= 1  ac ting  on  S (2 k , N ) . B ut, his formula con-
tains several errors in  th e  hyperbolic and  parabolic cases. Therefore, though
we need only the trace form ula of the operator [W (No)]okT2k.N(n) with (n, 2N )
= 1, we shall give th e  corrected version of the Yamauchi's formula in all cases.

F or a ll positive integers n  with (n , N )= 1, we have :

trace ([W( Ani 2 k  -T 2 k ,  N . n- ,( lIS (2k , N ))=T i(P)+T io(e)+T i(e)+T i(h)+T i(d).-  0 , ,  

Here, th e  each term is given by the  following formulas (3.7)-(3.11):
Let p, 3 0(V -772 )  an d  7rk (s, n) be t h e  same a s  in  th e  tra c e  fo rm u la  o f

7
'
 2k, N(n).

(3.7) T1(p)--(1/2)52(30(-1n )n k - 1 /2 H (p/2:+13,[( 1)/2])
P I (N 0)

with 3,=-1 o r 0 , according a s  N0 -=4 or not.

(3 .8 )  W rite — 4nN 0 -=t 2 u  with a  positive integer t  and  a  fundamental discrimin-
an t u .  T hen , we have :

If  ord 2 (N/N0)= 0 , o r  ord 2 (N/N0)-- -- 1 an d  nN0 --a-1 (mod 4),

T1o(e)=((-1) k  /2)n k - ' H
nNo

h ' ( - 4 n N 0 l a 2 ) .

ro ld̀P )P ) 1  o<a it
( a, No)=1

If  ord 2 (N / N 0)2  a n d  nN0 ==-1 (mod 4 ) , T 1 o (e)=0.
If ord 2 (N/N0) 1 a n d  nN0 _.-3  (mod 4),

T i o (e)=((-1)V 2)n k - 1  H  i l + (  
n 

I
i
(i:vc(dP )P ) f

X E  h'(— nN 0/a 2 )X C
(<a l (1/2)
(a , N 0)=1

r(No)

with
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15  ( n2N o ) '
6 ,

[4(1-E( n
2
N 0  ) )

if ord 2 (N /N 0)=- 1 ;

if ord 2(N /N 0)= 2 ;

if ord,(N/N 0),.>_3.

(3.9) Ti(e)=—Nol-k Ele ) Ick(s, nN o )h / (tTu)a,h (t o )

XH no, p(e 0, p)pi(n. /No )

where s in the sum E l "  runs over all integers such that 2V nN 0 > s > 0  and that
s - CI (mod N O and besides that s is even if  N/No is even. The other notations
are as follows :  s2 -4 n N 0 = t 2 u with a  fundamental discriminant u and a positive
integer t. P u t 0 0 = 0 0 ,p= ordp(t), to= t i lp

- o r d p ( t )  and t1=  H  p o r d P " ) .  The
P IN P I N °

constant n0 ,p(0 0 ,p) is given by the table in the Appendix 4.

(3.10) T1(h)=-30(A / No ) E (
4 ) ((s — t)/2)2 k - l go(VN0 t i )tTi

>< p(û o,
PICN IN O

where s  in  th e  sum El" runs over all integers such that s > 2 A /n  and that
s - -0 (mod ',/N )) and that s2 -4 n  is  square. Put t-.=.(s 2 -4 n )° /° , 00 -= 0 0 , p =ord p (t)
and t1=  H  pordp(t). The constant m0,p(00,p) is given by the same table as in

piNe

the hyperbolic case of the trace formula of T2k.N(n).

(3.11) T1(d)=3(k) H ( p ' -
1)/(/0 - 1)

Pin

w ith n =  H  p r and a(k)=1 or 0 , according as  k=1 or not.
P in

From these trace formulas and the results o f th e  previous sections, we
can deduce relations between those traces.

T heorem . L et N  be a positive integer such that 2<ord 2 (N ) = p 4 ,  and put
M=2 - t'N .  Let X  be an even character modulo N  such that X2 = 1  and suppose that
th e  conductor o f  X  i s  div isible b y  8  i f  p-=4. T hen, w e h av e  the following
relations (3.12)-(3.15):

(3 .12) Suppose k 2, then, f o r all positive integers n w ith (n , N )= 1 , we have:

trace (T h  +1/2, Ar, x(n2 )I S(k ± —2 -1  , N, X))

=trace (T2 k ,N 1 2 ( n ) I S (
2

k ,  N/2))

H-E,A(n, L o ) trace ([W(L0)]2k T2k.2p -1L0 1..,(n)!S(2k , L ° L i )) .

(3 .13 ) L et k and n be the sam e as in (3.12) and suppose N =4M , then, w e have:
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trace( t k+112,N ,X( 712 ) ! S ( k  + 1 -1 N , i c )

=trace (Too , m (n ) S(2k, M))

A(n, Lo)trace(EW(Lo)i2kT2k,L 0 z1(n)IS(2k, LoLi))•

(3.14) L et n be the sanie as in (3.12), then, we have:

trace  ( p 3 / 2 ,  N,X(n 2 )1 1 7 ( N , X))

=trace (To. Nto(n) I S(2, N/2))

+Ei A(11, L o ) trace (EW(L0)12T2, -iL o z.,(n) I S(2, 2t` - 1 L, 0 L ID •

(3.15) L et n be the sam e as in  (3.12) and suppose N =4M , then, we have:

trace  ( 3/O, N X(n 2 )I V (N, X)v)

=trace (T 2 , m(n) I S(2, M ))

+EiA(n, Lo)trace(DV(L0)12T2,z 0 L1 (n)1S(2, L0L1)).

Here, L o in  the  sum E i  runs ov er all square integers such that 1<L 0 1 M .  Put
L i , m p-ordp(m). The constant A(n, L o )  is defined as follows:

7, 14

A(n, L PI lm 2(P, n; (ord hp(L0))/2) wit

  

i f  a=0;

if  1_ a_ < [(i.)-1 )/ 2 ];

i f  y is even and a=y/2;

2(p, n ; a 1 ± ( ; ) ,

  

where v=ordp(N) and Xp is the p-component of  X.

Pro o f . W e can easily verify th e  following claimes (1)-(5):
(1) W hen n ._=_1(mod4), th e  first te rm  o f  T (p ) is  e q u a l to  the contribution

from the parts of T o(P ) and  TI(P) to  th e  right-hand side o f  th e  above relations.
Also the second te rm  o f  T (p )  is  equal to  the  con tribu tion  f ro m  th e  p a r ts  o f
T o o (e) and T 10 (e) to  th e  right-hand side o f th e  above relations.

(2) W hen n=-_-- 3(mod4), T (p )  is equal to  the contribution from  the parts of
T o o (e) and T 1 0 (e) to  th e  right-hand side o f  th e  above relations.

(3) T (e ) (resp. T (h )) is equal to  the contribution from  th e  p a r t s  o f  T o (e)
and  T i(e ) (resp. T o ( h )  and  T i (h )) to  th e  right-hand side o f  th e  above relations.

(4) T (s ) is equal to  the contribution from  th e  p a r t  o f  T o (s) t o  t h e  right-
hand side o f th e  above relations.

(5) W hen k=1 , T (d ) is equal to  the contribution from  th e  p a r ts  o f  T o (d)
and  T i (d ) to  the  right-hand side o f th e  above relations.

From  these claim es, we can easily deduce the  assertions o f  th e  Theorem.
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Now, we introduce some notations for a  statem ent a  coro llary  of the
T h e o re m . Let N  b e  a  positive  integer and M =2 0 (N)N.

N
- N .  Then, let H(M)

1
be a  Hecke algebra over C generated by double cosets r o ( M ) (  

0\

n )
F o(M )  with

a ll n a tu ra l n u m b e rs  n  s u c h  th a t  (n , 2 M )= 1 . T h e n , H (M ) h a s  a  C-basis
0a  dOconsisting of elements ro (M )(

) r o (  M ), w here  a, d>0, aid and (d, 2M)=1.

W e  c a n  d e f in e  a  represen ta tion  from  H (M ) t o  Endc (S(2k, N ) )  by H (M )D
To(M)ero(M) --+C ro (N )ro (N )i2k . S im ila rly , w e  can  d e fin e  a  representatiom

1from  H(M) to  Endc (S (k , N, X)) by :

H (M )1 ",,(M )( 0

a
 d

°
) r 0 (M ) a(ad)'"2[4(062 d

O
,), (d / a) k+ 1 12)..,1

k + ilz

w here a, d>0, aid, (d, 2M)=1 and 4=4 0(N, X)k-Fif2 (cf. [N ] Introduction). By
1

using these representations, we consider S(2k, N) and S (k + ,  N ,  X) as H(M)-

m o d u le s . T h en , f ro m  [K ] § 3 and § 4, w e can  see  tha t the  Kohnen subspace
1 1

N, X L  is  a  H(M)-submodule of S(1?--k , N, X ). Similarly, V(N, X) and

V(N, X) K  becom e H(M)-submodules of S(3/2, N, X).
Under these notations, we can easily deduce th e  follow ing corollary from

the Theorem.

Corollary. Let notations and assumptions be the same as in the above The-
orem. Moreover, we suppose that M is square-free. Then, we have the following
isomorphisms between H(M)-modules:

F o r  k
-
2, S(k +1/2, 4M, X)K -:L

-
-S(2k, M),

S(k +1/2, 4M, X):
-
_-='S(2k, 2M),

S(k +1/2, 8M, X)' , 4M )
and

S(k+1/2, 16M, Z) - -.S(2k, 8M).

For k =1, S(3/2, 4M, X)K =V(4M, M ),

S(3/2, 4M, X)=V (4M, X)e
-
_-=S(2, 2M),

S(3/2, 8M, X)=V(8111,X)::
-
-_-' S(2, 4M)

and
S(3/2, 16M, X)=V(16M, X).=L

-
'- S(2, 8M).

§  4 .  Applications.

By using the Theorem  in  § 3, we can give decompositions of H(M)-modules
S(k +1/2, N, X ) a n d  S(k +1/2, N, X) K . F o r  a  simplicity, we shall discuss only
the decomposition of S(k +1/2, 4p', X)K , w here  k and m are  some integers with
k 1  and m O ,  a n d  p  i s  a n  o d d  prime num ber and X is  an  even character
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modulo 4pm, namely, X = (-1 )  or (P-).

Before a  statement of results, we must introduce some notations. Let be

the twisting operator for the character 0 = ( 7) )  (cf. [S -Y ]). By S°(2k, pm), we

denote a  subspace of S(2k, pm) spaned by all newforms in  S(2k, pm).
For in 3, we define (cf. [S-Y]):

S 1(2k, pia)=IS°(2k, pm)Df ; f lEw72k=f, f150[147 ]2k =f  150 ,

S 2 (2k, pin ) =1 ,5°(2k, Pm )9 f ; f 1E147 1n= f  f  14M /12k = - f  14}  ,

s2 o (2k, {S°(2k, P')D f  ; f l [w ] , k = - f ,  f  kiwi.= f lao ,

S 11[(2k , pm).= IS°(2k, Pm )D f  ; f lEw 12k =-f , f 13,04/12k =-f 1301 ,

where v v=w(p-) (cf. § 3).
F o r  m=2, le t  Sn(2k , p2) be the orthogonal complement of S°(2k, p)I5 0 -1-

S°(2k, 1)160 in  S°(2k, p2) with respect to  th e  Petersson inner product. Then,
we define (cf. [S-Y]):

S 1(2k , p")= IS(2k, P 2)B  f  ; f  11w12k=f f150[147 ]2k=f1.501,

S 2 (2k  P2)-= {S n (2k, P 2 )Df ; f11147 12k =f , f13,047 12k=-f1301,

p2 )= {Sn(2k, p 2 )Df ; f lao[w ]n=f  130

S m(2k, P2 )= {S n (2k, P 2)Df ; f l ao [w]2k= - f  130 ,

where W (p2 )  (cf. § 3).
Under these notations, w e  h a v e  th e  following decompositions as H(pm)-

modules.

Proposition 3. Suppose 1,z 2. T h e n , we hav e the following decompositions
as H(pm) m o du les :

(1) (m=0).
1S (k +—,, 4) S 0 (2k , 1)

K

(2) (m=1).

S (k + -1 , 4p);=-_'s(k+-f
l  , 4p, (A ))

S°(2k, p)e)2S°(2k, 1) .

(3) (m = 2  and X =( 1 )).

S (
1

k + ,  4p2);.- 2 iS (2k , p2)es 2 (2k, p2)}

/-1\\
EDV-h » {S °(2k, P)1300S°(2k , 1)130
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ED2S°(2k, p)e4S°(2k, 1).

(4) (m--=2 and

4p2 ,

p 1 ))1s 1(2k, p 2 )e s 0o (2k, p2 )}

ED0.—( p
i )) {Sli(2k, neS1(2k, P 2)}

—1EDS°(2k, p)130ED(1+(—))s.(2k,1)15 0 9)3S°(2k, P)e4S°(2k, 1).

(5) (m---- 2a+3 w ith a_>.0).
1S (k + -
2 '  

4p2a+3)  ''S(k + 1
'
 4p2a÷

3
, (1 .))

K 2 

a:0611 (2a +3-2b)S°(2k , r + i )

EDP: (3+(-T-)
1))(a+2—b)ST (2k, p 2b)

Epp: (3 —(;))(a +2—b)S,(2k, p 25 )

EDP: ( 1-4- ( p
iD a+2 — b)sno (2k, p 2 b )

ED a§ 1 (1 ;D a  +2—b)S1(2k p2b)

ED ( 2 + (  1 ))(a+1)S°(2k, p)130

e 0 + ( T) ))(2a+2)S°(2k, 1)160

G(3a-F4)S°(2k , p)g)(4a+6)S°(2k , 1) .

(6) (m -=-2a+4 w ith ,a. 0 and X-=(-
1
)).

S(
1

k + -
2 '  

4p2a-" ) p2a+4)es11(2k, p2-+4)}

ea:61
1 (2a+4-2b)S°(2k, p 2 b + i )

EDP: .{(3-F(T) 1))(a+2—b)+2}-S1(2k, p")
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EDP: {(3— ( T
1 ))( a +2— b) S  (2k  p 2 b )

EDP: (1+ ( T3
1))(a+2—b)S no(2k, p")

(1—( ))(a+2--b)S g (2k, p")

e i(1 + ( T
1))(a+2)+a-FlIS°(2k,. P)16,5

(1)(1-F(T
1))(2a+3)S°(2k, 1)160

e(3a+5)S°(2k, p)e)(4a+8)S°(2k, 1).

(7) (m =2a-F4 with a 0 and X--=( 1 ) ) .

S(k-11 ,  4 p 2a+4,(- -P--))

—:-1:(1 ± (T3 1 ))1S1(2k P 2 a + 4 )e9S4(2 k

(i—W ))  {S fi (2k, p 2a+1)OS .(2k , p2a+4)}

Ga
b

-6 1 (2a +4-2b)S°(2k, p" -F')

EBaA):{(3+(--;))(a+2—b)+1+( p
1)}s. (2k, P")

e a
b6 :{ (3 — (T3 1 ))(a+2— b)+1— ( T

1 ))-S fi (2k, p")

EBP:(1+( ))(a+3—b)Sn 1,(2k, p")

EDP: (1— ('))(a+3— b)S .(2k , p")

(B{(1±(T, 1))(a+1)-ka+2}-S °(2k, p)160

EB(1+(T ))(2a+3)S0(2k, 1)13,

ex3a+6)S°(2k, p)(1)(4a+8)S°(2k, 1).

Here, the coefficient in front of the H(p)-modulesS°(2k, p.) (05. n5.7n) etc. is the
multiplicity.

I f  we replace S (k +1/2, 4p7., X)K  b y  v(4y., X)K  and put k--=- 1  a t  the right-
hand side of the decompositions (1)-(7), we have the decomposition of the H(pm)-
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module V (4r,X )K •

R e m a rk . Let m be a positive integer and s  an integer such that 0<s m.
Then, for all positive integers n with (n, p) =1, T  2 k  p s ( n )  coinsides w ith T 2 k 1,,(n)
as an operator on S(2k , pin.). Therefore, w e can naturally consider S(2k , p')
and S°(2k, p'), etc. as Ii(p 7")-modules.

Pro o f . T he decomposition (1 )  and (2 ) are immediate conséquences of the
Corollary in § 3. Hence, in the following, we assume t h a t  m 1  and that the
letter n  means any positive integer prime to  2p.

Firstly, we note that, when m  is odd, by using the Theorem in § 3,

trace(tk+1/2,4pm,(1)(n 2) S(
1

k  y ,  4 r ) , , )

=trace(k+1/2,4pm,(2)(n 2)  s ( k +, 4p-, (A)) , , ).

Since the operator Tk+1/2,4pia, x(n 2 ) on S (k  +1/2, 4 r, x)K i s  herm itian  with
respect t o  the Petersson inner product, w e  g e t , fo r any odd integer m 1 ,

S( k + --,,1  4 r )  --s(k+— 4p- ( A ) )  as H (r)-m odules.z L K

Next, from the definitions and [S-Y] Lemma 5.1, we can easily get the fol-
lowing identities :

trace ( T 2 k , p .(n ) I S(2k , P m))= A (m +1 — a) trace (7' 2 , pa(n)IS °(2k , Pa ))

and, for any integer

trace (CW(P2 )̀IkT2k ,p2t(n) I S(2k , P"))

= ±a=1trace (T2 k ,p 2 .(h ) S I (2k , Pza )e 1S1(2 k) Pi a ))

— ±
i

 trace ( T2k,p2a(n) I .51 0 (2k , P") ,U)S11(2k, P 2 "))a=

trace ( T2k,p2 (n ) I S °(2 k, P)1430EDS°(2 k, 1)1B0)

+trace (T2k.1(n)IS °(2k , 1)) •

Moreover, from the Proposition 1.1 (and §5) o f [S -Y ], we have :

S 1 (2k, P 2 a )130 --= ,31(2k, P")

p2t)00 =s il o (2k, p2a),

s 1 o (2k, P2 a)130=s(2k, p2a) and

S .(2k , P2a ) I aiG=Saky put) for any integer a7,--_1

Now, for any integer t 1, we put
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A2t=.-- trace t(- k+1,2,4 1,2t,(1)(n 2)

B 2 t = t r a c e  ( jtk+1/2,4p2t, (p)(n 2)

s(k+-2 -1 , 4p2t)R. )

,s(k 4p2t- i, x)),

s(k+-1 , 4p2t, (--P-))K )

and

-trace (it' k+1/2,4p2t-i. x (n 2)

and

-trace ( k+1/2, 4p2t -1, x(71 2 ) S (
1

k + -
2  '  

4p2t-i, x ) .

From the Theorem in §  3  and the above formulas, we have :

A 2 = tra c e (T 2 k , p2e(n) I S(2k, p2t))

+trace ([W (P 2') I k T 2 k ,p 2 t ( n )  S(2k, p"))

-trace (T2k, p 21-1(n) I S(2k, P 2' ) )

= 2
a
 trace (T 2 k ,p 2 a(n )  I S I ( 2 k ,  p")esfi(2k , p "))=1

± trace (T 2 k , p2b -2(n) S ° (2k  , P 22- '))6=1

± ( 1+ ( p
i )) trace (T 2k , p2(n) I S ° (2 k  , p)160 e,s°(2k, 1)14)

+ 2  trace (T 21, , l ( n )  I S° (2k , 1))

./32 t = t r a c e  (T , k ,p22(n ) I S(2k, p u ))

± ( p
n ) trace ([ 147(r ) i2 k T 2 k , p 2 t(n )  I S(2k, P 2t ))

-trace (T2k,p2t-i(n) I S(2k, p2t
-
i))

.- - (1 + (-p
1

) ) trace (T , k , p a(f l) S 1 (2k, P") ,EBSno (2k, P2a ))

+ (1 _ ( T
i-D A  trace (T 2 k , p2a(n) I SE(2k, P 2a )e 5 (2t k, P2a ))

+ trace (T,,,, ,-,(n) I S ° (2k, p n - '))

+trace (T2k, p 2 ( n )  I S ° ( 2 k  P )  lao)

+ ( 1 ± ( T1 ) )  trace (T 2 k , p2(n) I S ° ( 2 k  ,  1 )150)

+ trace (T 2k , p (n )  I S ° (2k, P))

+ 2  trace (T  2 k  i ( n )  I S° (2k , 1)) .

From this expression of .A2, we have :
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t r a c e  ( - "'7
S(

1

k + -
2  '  

4 p 2

)1 c
)

= 2  trace ( T 2 k ,p 2 (n ) S I(2 k , n E D S (2 k , P 2 ))

+ ( i + 0 )  trace (T2 k ,p2(n) I S °(2k , p )I3 0 EDS°(2k, 1)16 0 )

+ 2  trace ( T 2 k ,  p ( n )  S °(2k , p))

+ 4  trace (T 2 2 , 1(n) S °(2k  1)) .

The decomposition (3 ) follows from  this equality and w e can  p rove  the decom-
position (4) in  a similar way.

W hen m = 2 a + 3  w ith  a.>_0, by using the Theorem  in § 3, we have :

t r a c e  (tk +ii 2,4p2.+3, x (n 2) S(
1

k + -
2  '  

4 p " -" ,  X) )

— tra c e  
(tk-1-1/2,4p2a+2,( )(n 2)

— tr a c e  
(tk-1-112,4p2a+2,(72)(n 2 )

+trace (
I
t k + 1 /  2 ,  4  p 2 a  + 1 ,  x ( n

2
)

S(
1

k + -
2  '  

4p2a,-2)

, 4p2a+2, (A ))K )

1
4p 2a+i, X) K )

=trace (T 2 2 ,p2.+3(n) I S (2 k , p 2 a-" ) )

—2 trace ( T 2 2 , p2a+2(n) S (2k , p 2 a+2 ))

+trace ( T 2 2 ,p 2 .+ I (n ) S (2k , p 2 a+'))

=trace ( T 2 k ,p2a+3(n) I S °(2k , p 2 a+3 )) •

Hence, we get inductively :

trace ("Pk-Fit 2.4n2.+3, x(n 2 ) S(
1

k + -
2  '  

4p 2a+3 , X ) )

=trace ( T 2 2 , p2.+2(n) S°(2k, P 2 a ÷ 3 )) +A2a+2+B2a+2

+ tr a c e  2+1/2,4p2.+1, 2(n 2 ) S ( k + - 1  , Z )K )

=  c±  trace 2 2 ,  2 b  + 3 ( n )  S °(2k , 1)2 2 + 3 ))b=0

+  E  A 2 b + 2 + B 2 b + 2 +  trace (tk+1/ 2,4p, x(n 2 ) 1 S ( k +  ,  4 p ,  x ) ) .
b=0 b=0

From this equality and the above expressions of A20 and B 2 0 ,  we immediately
obtain the decomposition (5).

F in a lly , b y  u s in g  the expressions of A 2 4  and BZet+4 with a ( ) ,  we can
deduce the decompositions (6) and (7) from  the decomposition (5).
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In  th is  Proposition 3, w e note the following :
W hen m is  zero  o r an  odd positive integer, the H(p')-module S°(2k , p i n )  occurs
w ith  the  multiplicity one  in  the  decompositions o f  th e  H(pm)-modules S(k +1/2,
4p-, x),, (if k 2) a n d  V(4r, X) K  ( i f  k ==1). H ence, a non-zero element f  of
S(k +1/2, 4pm, X)K  o r  v(4p-, x)„, which corresponds to  a prim itive form  F  in
S°(2k , p-), also becomes a  common eigen form  w ith  respect to  th e  n-th Hecke
operators fo r  n=2 an d  p (c f. [K ] Preliminaries (a) and § 3, as in  th e  definitions
o f  th e  n-th Hecke operators fo r  n=2 and  p).

Let the Fourier expansion of f  (resp. F) be a s  follows :
—

f  = E a(n)e(nz) (resp. F= 2 A(n)e(nz)) .
n=1 n=1

I f  u  is  a  fundamental discriminant w ith  6(-1) k u> 0 (cf. § 0  (d ) f o r  th e  defini-
tion  o f  6), then , the ir Fourier expansions are related a s  follows :

k + 1, x(— ))E  a(I u n 2)n -  =  u  D A ( n ) n - s
n=i n= i

(cf. [K ] § 5 Theorem  2). Therefore, all primitive form s in  S°(2k , p-) a re  cost-
ructed from  som e e lem ents o f  S(k +1/2, 4Pm, X)K o r  v(4p7a, 70K through the
Shimura (—Niwa—Kohnen) correspondence.

In  fact, for m ore general situations, sim ilar results can be proved by using
th e  Theorem in  § 3. However, we om it the details.

Appendix 1.

F o r  a  s im p lic ity , w e  sh o rtly  w rite  0= Op . T hen, the  constan t n ,(0 p) is
given by the  following table :

Case (1) (PI M  and p  s).
n  Yp[42]+( i f  0 [(I) + 1)/2] ;p j  p :(-1),21 ,

n p(e p)=--Zp(—  n)P° X
(1.± ( — n ))1, 8 , if ... [(2.) —1)/2] .

Case (2) (P I m, p s and  pl u).

p
fp6L1-1(p /2 J ± p C ( ,- 1 2 0 _ 1 5 ,_ p ,- 1 1  A p  — 1) ,

n ( 0 ) = j 
0 ,

(3) (P  I M , P  s  and  p % a).

(p — (77j))(pc,/23+p — i),2,)(pe_p[,,2,)(p 1) - 1

Case

i f  0  [i/2] ;

i f  0 < [i /2] .

± p [ v /2 7 ( p t , / 2 3 + (  ) ' pt(,-1)/2]) if 0 [ ( z + 1 ) / 2 ] ;

i f  0  [(v-1)/2] .

n n (0 p )=
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Case (4 ) (p=2 and p=2).

if u- . 1. (mod 8) ;

3x2 ° ,i f  2 . / . 5  (mod 8) an d  s/2 is even ;

n2 (0 2) =  3 X 2 '- 1 2 , i f  u=- 5 (mod 8) a n d  s/2 is odd;

20 +2 -6 , i f  u . (:1 (mod 4) and  t  is even;

20 ,i f  u = 0  (mod 4) and  t  is odd.

Case (5 ) (p=2 and p=3).

J

if3 X 2 ° , u..1 (mod 8) ;

3X2 ° ,i f  u = 5  (mod 8) an d  s/2 is even;

n,(0 2 ) = , 9X2°-24 , i f  u-=5 (mod 8) an d  s/2 is odd;

3x2 ° 1 - 1 2 , i f  u a --O (mod 4) and  t  is even;

0, i f  u=-0 (mod 4) an d  t  is odd.

Case (6 ) (p=2 and p=4).

3x2°+ 1 , i f  u-=1 (mod 8) and  f(X2)14;

20 +2 , i f  u=1 (mod 8) and  f(X 2 )=8;

3x2° 1 ,i f  u = = _ 5  (mod 8), s/2 is even an d  f(X 2 )14;

O,i f  u  = 5  (mod 8), s/2 is even  and f(X 2 )=8;

n 2 (0 2 ) =  9 x 2°+1 -48 , i f  u=- 5 (mod 8), s/2 is odd and  f(X 2 )14 ;

3 x2 " 2 -48, i f  u=- 5 (mod 8), s/2 is odd an d  f(X 2 )=8;

3x2° 2- 2 4 , i f  u - 0  (mod 4), t  is even  and  f(X 2 )14;

2 " 3 -2 4 , i f  u-=.--0 (mod 4), t  is even and  f(X 2 )=8;

0 , i f  u ---0 (mod 4) and  t  is odd.

Case ( 7 )  (p=2 and p=2g+1_5).
20+ g+ 1 i f  u 1 (mod 8) an d  0 .g + 1 ;
220+1, if u 1  ( m o d  8) an d  0 <g ;

O,i f  u - = _ 5  (mod 8) and  s/2 is even;

3x2°+g+ 1 -3x2 2 g+', i f  u 5 (mod 8), s/2 is odd a n d  O g-Fl;

O,i f  u = 5  (mod 8), s/2 is odd a n d  0 <g ;

28 ÷g1 -2 -3 X 2 2 .9  , i f  u=0 (mod 4), t  is even a n d  60 g;

O,i f  u m O  (mod 4), t  is  even a n d  0 <g - 1 ;

O,i f  u = = - 0  (mod 4) and  t  is odd.

n2(02) -=
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Case (8 )  ( )5= 2  an d  p = 2 g _ 6 ).

3x2 ° +g- ' , if 74--.- 1 (mod 8) a n d  (9_,g-;

if u= -1  (mod 8) a n d  0 g - 1 ;

i f  u .- 5  (m od 8), s/2 is even an d  8 g ;

if  u (m od 8), s/2 is even an d  19- g - 1 ;

if u_=-- 5  (m od 8), s/2 is odd and  0_>_g;

if u 5 (m od 8), s/2 is odd an d  0 < g - 1 ;

if 2.‘ O (mod 4), t  is even and 1 g ,

if u O (mod 4), t  is even an d  61 g - 1 ;

,o, if u --0  (mod 4) and  t  is odd.

Appendix 2.

F o r  a  s im p lic ity , w e  sh o rtly  w rite  0 = 0 , .  Then, the constant 771,(0,) is
given by th e  following table:

Case (1 ) (P M).

r i 2 i + pc(-1)/2, , if 0 [(p+1)/2];

2p ° , if 0 [(1)-1 ) /2 1.

Case (2 )  (p = 2

 

2,

3,

6,

4 ,

2Ept2:±2Ecp-m2] 7

20 +1 ,

i f  p=-2;

if  p = 3 ;

if p= 4  and  f(X 2)14;

if p=4 and f()C 2)= 8 ;

if  p ._5 and 0.>_[(p+1)/21;

if p 5  a n d  64 [(p -1 ) /2 ].

m2(02)=

 

Appendix 3.

L e t  A , D (A ) an d  F  be the  same a s  in  th e  Remark (2.8) o f  § 2 .  We shall
calculate n(A )=#(D(A )/1").

F o r  a  representative x  o f (Z /M Z )x  and a prim e d iv isor p  o f  M , we define
se ts  V (x ), V2(x) and V ( x )  a s  follows:

v *V (x)= IS L ,(Z )B B  ;  B ' A B  (4x± 4M ),TE (mod16M) fo r so m e  E Z } .0

_iA B , ( 4 x + 4 /1/1.,172(x)= fi-IS L ,(Z ) B ; 0 (mod 16) fo r some veZ)-.

220+1 7

3 X 2"g - 'X,(5) ,

o ,

n 2 (0 2 )= 9x2 e +g-1 - 3 x 2 2g,

0 ,

3><28 ± g -3 x 2 2g-1 ,

0 ,
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V  p (x )= S L ,(Z )D B  ; B 'A B ( 0
4 x  **) (mod rp)}-

with vp=ordp(M).
T hen , r=ro(4m ), row and  ro(p") operate o n  th e  s e ts  V (x ), 1/2(x )  and

V (x )  respectively by multiplication from  th e  right, an d  D(A)= x E ( zy V(x)m z ) x  

(disjoint u n io n ) . Moreover, we can define an isomorphism go from  1172(x)/1"0(4)}
H  { V p(x )/r o (p ")}  to V (x ) / / ' a s  follows :
pim

Take any element ( B 2 ,  (B p )p 1 M )  o f  V  2 (X )X  H Vp(x). T h en , there exists a n  ele-
ptm

m ent B  o f S L ,(Z ) such that (mod 16) and  that B B (m od p ' P )  f o r  all
prime divisors p  of M . W e define go((B2r0(4), (Bpro(P))pim ))=BT.

Now, from the discussion in [K ] § 4 Appendix (proof o f th e  Lemma 5), we
know #(1/2(x)/T0(4))=1. Therefore, we obtain :

n(A)= E  # ( V  ( x ) /  r  ) =  E H #(V p(X )/T O(P))
s e ( Z I M Z ) x x E ( Z I M Z ) '  pim

-= H E #0 7 p(x)/ro(P')) •
P I M  x E ( Z / P P Z ) "

In  order to calculate #(Vp(x)/ro(P")), we note  the  following general facts :
L e t  L  b e  a  p o s it iv e  integer. W e d en o te  b y  C (L) a  s e t  consisting o f all

elements o f (Z / L Z )x (Z / L Z ) whose order is exactly L .  W e define a n  equi-
valence relation o f  C (L ) a s  follows : F or two elements (ji, J r), (j2, d2) of
C(L), (e,, j2) if and only if there exists IT/ E(Z/LZ)x such that WW1, di)

b ,
d2). T h e n , w e have  the  bijection : sL2(z)/r0(L) a y , oD

c  d
(L)—>the equi-

valence class containing (a mod L, b mod L )c
Now, we shall calculate #(V p (x)//7

0(p' 71)).

Let w rite A=-- (
a  b

). T h e n , fo r  B = C  w ) ESL 2 (Z ), the condition B 'A Bc  d v z
\t u 0( 4 x  * )  

(mod p 'P )  is equivalent to ( a

 c
4x 

d —
b

4 x i v  )

( 
0  

\
)  

(mod By using*
the elem entary d iv isor theory, there ex ist U ,  a n d  U 2ESL 2(Z )  such that
f a- 4 x b

d - 4 x \ )

i_ u (g, O t 7 2 • H e r e , g, = (a-4 x , b, c, d —4x) a n d  g1g2=c g2)
((a-4x)(d-4x)—bc) , ((4x) 2 -4tx-1-16n 2), where t= a + d , ad —bc=16n 2 from  the
assumptions.

Put a=ordp(g i ) and fi =ordp(g 2). Since p is odd, g,Z,=(a— d, b, c, t-8x)Z p .
Hence, a= min(pp, zp..x ), w here pp=ord n ( f )  w ith  f=(a— d, b, c) a n d  r n . .=
ordp (t-8x).

Thus, we have :

/
c (p 'P )/ -3 th e  equivalence class containing

#(Vp(x)/T o( p " ) ) = #  (u, y) modulo r i  such that
pau pP lf -_-_E0 (mod p'P)
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1P - EP' 9 - 1 i f  a>_vp;

=
 p a , i f  P v p > a ;

O,i f  1)p>13.

Firstly, we assum e p p v p .  If .r x < vp , we h av e  ord p ((t2 -64n 2)/4) 2pp>
2r p , x  = ordp((4x — t/2) 2 ). Hence, a+ )3 =-- ord p ((4x —02)° —(t°— 64 n')/4) = 2rp, x  =
a± rp , x . Therefore, i f  #(V p(x )/r0 (P '))*0 , then, we get zp, x _>_vp, namely,

(mod p 'P ).

Thus,
z # (vp (x)/r o(P ) ) = P + p " — '.

xe (z/p"pz)x

Next, we assume that p > p p .  If rp.x<pp, we have: a = -v ,x  and

ord p ((4x —t/2) 2)=2r p , s <2 pp ordp((t 2 — 64)22)/4).
Hence,

a+43 -=ordp((4 x — t/2)°—(t° —64n 2)/4)=2rp, 5-=2a<a±vp

Therefore, i f  #(V 9 (x ) /ro (P"))# 0 , we get rp,„>_pp. Thus, we obtain:

E # (V p (x )/ ro (Y P ))
xEczip , pz,x

r ( Z / P Z ) 3 x ;  t _-8 x  (mod p P P )  and=pPPx#i x2—(04)x+722—=0 (mod pvP , PP)}

Moreover, we can om it the  assumption: t a - 8 x  (mod p P n ) by using th e  assump-
tion: v p>pp and  the  fact: ord p ((t2 -64n 2 )/4) 2pp.

Appendix 4.

F o r  a  simplicity, we shortly write 0 o = 0 0,p . T h en , th e  co n stan t n 0,p (0 e , p )
is given by the  following table:

Case ( 1 )  ( p l m  and p i u ).

.[{ 1) 00+1(pc, 12:+p[( 1)12])._ r _ p ,-1 1 /(p -1 ) ,

n0,p(190,)=
0 ,

Case (2) (P  1M  a n d  p  u ) .

i f  0 0 .__[v/2];

i f  0 0 <[W2].

(p __ ( 21±) ) ) ( p / 2 3+p[0 , - 1 )/2 3)(p 0  o_p /2 ])/ (p -1 )

U  '+pCP/ 2 1(p[v/ 2 1± ( 7 ) p[C,-1)/2]) ,

0 -± ())P 2 °° ,

i f  0 [(v+1)/2];

i f  00 [(v-1)/2].

n o,) =

Case (3) (p=2).
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2 0 0 ( 2 [ p / 2 1 + 2 : (P -1 ) /2 j)

2200+1

if u m l  (m o d  8 ) and

if u m l  (m o d  8 ) and

610 141+1)/21;

00 -- - [ (p -1 )/ 2 ]

n0.2(00,2)—
00- --[(p + 1 )/ 21 ;

005 C(// — 1)/21 ;

Oo_C(p — 1)/2] ;

00<1(p —1)/2] .

3 X 2 ° 0 (2 [ P/23 -1-2" 1' ) /2 ') -3 X 2P

if u m 5  (m o d  8 ) and

O,i f  u - _—=5 (mod 8 ) and

200+1(2[p/23+2[c/2-o/2D_) 3  X  2 1-'

if u O (mod 4 )  and

O,i f  u - -=-0 (mod 4 ) and
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