J. Math. Kyoto Univ. JMKYAZ)
29-3 (1989) 515-528

Lefschetz operators and the existence of
projective equations

By

Takeshi Usa

§0. Introduction

To clarify our position, let us consider an arithmetically normal embedding
j: X< P¥(C)=P of a projective manifold X. In [U—2], we introduced a map
8,rrt HUX, 25|x(¥)) > H'(X, Nx;p@2}|x(%)), which brought us a foundation, or
the Main Theorem in studying the embedding j from the viewpoint of the normal
bundle. Nevertheless, it still remains difficult to see geometric phenomena relative
to arithmetically normal embeddings and their normal bundles. It may be one
reason of the difficulty that the map 8,, has something hard to control though it
has fine properties.

This article aims to provide us with one of the tools instead of the map 8,5,
namely, a Lefschetz operator acting on the cohomologies H*(X, 2%Q Nx,»(*)) (cf.
(2.2) Corollary). As a consequence, it enables us to see directly the existence of a
projective equation corresponding to a special direct summand of the normal bundle,
and also gives us a relative version of (3.7) Corollary of [U—2] (cf. (3.1) Theorem).

The essential point of our argument is to overcome the difficulty of the existence
of non-vanishing obstruction spaces such as H'(P, I¥(x)), H'(X, S'(Nx,p) (*)) (¢ =1).
For the sake of providing the Lefschetz operator with the power for breaking through
the difficulty, an investigation will be done for the difference p:=(—8,z d;)—
(m8gy): HAX, N¥,p(m)) = H'(X, 25|x(m)@NY,p) of the two maps introduced by
[U—2]. This map p arised from the non-commutativity of the diagram(*) appeared
in [U—2], or from the non-linearity of our infinitesimal lifting problem. As we
shall see in (3.4) Corollary, it also measures the gap between X and the ambient
space P¥(C).

Throughout this paper, we still use the notation and the convention employed
in [U—2]. Moreover, this time, we restrict ourselves to the case that the base field
k is the complex number field C and X is a non-singular projective variety, otherwise
mentioned explicitly.
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§1. Lefschetz operators

In this section, we shall study the elementary properties of a Lefschetz operator
acting on cohomology groups H'(X, 2%®F) for an Oy-module F. First we give
three definitions relating to Lefschetz operators.

(1.1) Definition. Let j: X < PN(C)=P be an embedding of a projective mani-
Jfold X, and w = H\(X, 2%) the Hodge-Kdhler class induced by the embedding j.

(i) For an Ox-module F, the class w defines a Lefschetz operator:

L: H(X, 24@F) — H™\(X, 25"'QF) (p,q=NU {0}),
w w
$ ————————> oA

where w A\ ¢ is defined as follows.

\%
Cech tensoring
HY(X, 2%)Q HY(X, 25QF) — H"™'(X, 2xQ2%RQF)

U U]
(@,8) —> 0Q9
wedge product
H™Y(X, 25'QF)
u
> o N\¢

(ii) In the situation above, let us consider the following three exact sequences of O p-
modules.

(1.1.1) asq  Fse
01— I— I/I*->0- (SQ)

®cp Bcs
0-P— I*—PF/PFP—>0-- (CB
Ayp = 1®d_1 Bur
0= IIPQIIP —————> I|PQ2%|x —> I/[PQ 2% — 0 --+ (NF),

where I. =I, denotes the sheaf of ideals which defines j(X)in P, and 25|y=2ROy.
Then we get four maps 0sq, 7, @yr, and B yr as follows.

0so: H(X, I/I*(m)) — H'(P, I*(m))

ﬂca “
r: H'(P, I*(m)) —> H'(X, I’[F(m)) =
H (X, SE/I?) (m)) = H'(X, I/I*QI/I*(m)) ,
Y

where the map u is induced by the multiplication, and the map 7 is given by sending
yQw to (1/2) vQw-+wQv) for local sections v and w of /I
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ayp: H'(X, IIPQII?(m)) = H'(X, I/I’Q 25| x(m))
Bur: H'(X, IIFQ2}|x(m)) — H' (X, I/I’Q 2x(m))

(iii) Moreover, an exact commutative diagram of O x-modules:

0 0
1 i
(1.1.2) 0y, =——— Oy
/§'Ew 1 /gLS

N
0> [/I*—> @ Ox(—1) e,—> I >0

ﬂ 1

ag s

0= JJP —> @by ——> 2% >0

d 1 1
0 0

is obtained after putting an O x-module 11 to be the cokernel of the map a pod;.

The relation between the Ox-module IT and Lefschetz operators is given by the
following lemma.

(1.2) Lemma. Letj: X < PN¥(C)=P be an embedding of a projective manifold
X, and F an O y-module. The exact sequence:

- ~

&Ls Brs ~
00— 2QF — IIQF ——> F—0--- (LS)

defined by the diagram (1.1.2) with tensoring F induces a map:
§.s: H'(X, F)— H*(X, 2YQF).

Then, on H(X, F), the Lefschetz operator L coincides with &5 up to multiplying by
a non-zero constant.

Proof. This can be proved even by a dierct computation. For simplicity,
however, we shall proceed as follows. Let us consider the commutative diagram:

g N E
0> 82, —> P O0p(—1)e,—>0,—0
s=0
! a, Ni 7s !
0— 2hlx — 6300;:(—1) e,—> Ox—0
! ¥ y
0— 2% II Ox—0.
Qrs Bis

Taking their cohomology groups, we have:
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8E N
0= @ H'(OA—1) e, H(0p) 5 H'(@}) — ® H'(Ox(~1)) e, =0
| |
H"(0x) — H'(25|x)
| |
HY(0x) > H'(@Y).
6LS

Because dim H'(P, 23)=1, {6;(1)} forms a C-basis of H'(P, 2}). Hence, the class
05 (1) coincides with the Hodge-Kéhler class ¢,(Ox(1)) up to multiplying by a non-
zero constant. Since d;4(1) is the image of dz(1), the class d,4(1) is equal to the
Hodge-Kéhler class @ = j*c,(0p(1)) induced by the embedding j through multiplica-
tion by a suitable non-zero constant. After tensored by F, for an arbitrary global
section o € HY(X, F), we get a commutative diagram:
s BLs
0— 2% > I1 > 0y — 0
| Qo | Qo | ®a
0—> 25QF — [IQF—> F—0.

&rs Bis

Hence, we obtain:
BLS
H°(X, Oy) — H'(X, 2%)
lo | Qo
H'(X, F) — H (X, 25QF).
BLS

Thus, &§,5(0)=06,5(1)Q 0o =(non-zero constant) L(o). Q.E.D.

(1.3) Remark. (i) In this paper, there is no effect of multiplication by a
non-zero constant on the proofs below. Hence, on H(X, F), we shall identify the
Lefschetz operator L with the connecting homomorphism &, in the sequel.

(i) The exact sequence (LS): 0— 2% — II— Ox— 0 induces an exact sequence of
Ox-modules (p-LS): 0— 2% — A? I1— 2% '— 0 by taking the p-th exterior product
of II. After tensoring F, and taking their cohomology groups, we get

~

By-1s
o —> HFYX, A TIQF) —— H™YX, 25 'QF)
5, &, s
— H?(X, 25QF) ——> -+

Then, &§,_,5 also coincides with the Lefschetz operator L on H*"}(X, 25 'QF).

§2. The relation among (—3.pr-d;), (m 8zy), and L
In [U-2], we introduced three maps 6&,pp: HY(X, 25|x(m))—H'(X, N¥,pQ
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2hlx(m), dp: H'(X, Nx;p(m))— H(X, 8}|x(m)), and Opy: H°(X, Nx;p(m))—
H'(X, Nx,pQ825|x(m)) for a given embedding j: X< P¥(C)=P of a projective
manifold X. These maps were defined by the following exact sequences of Op-
modules, respectively.

v arrr Brrr __
(2.0.1) 0— Nypr®9%|x(m) — 2r(M)QO,/I* — 2%|x(m)— 0--- (LFT)

d
0 — NY¥;p(m) = b|x(m) = x(m) = 0

. Cpn N v Ben v _
0— N§1P®QP|X('") - s@o N x;p(m—1) e, — Nxp(m) — 0 -+ (EN),

where Nx,,=1I/I* and the last sequence (EN) is obtained by the Euler sequence of
Q% with tensoring N ¥, p(m).

The precise relation among (—t-?,_”-d_,), (m 8y), and the Lefschetz operator L
is given by the theorem below with using the notation of (1.1) Definition.

(2.1) Theorem. Letj: X< PN(C)=P be an embedding of a projective manifold
X. Then, as maps from HYX, Ny,;p(m)) to H'(X, Nx,p@85p|x(m)), the following
relation holds.

(2.1.1) (—gmr"il)“m Sen+2ayp7+05 =0
Hence, as maps from HYX, N x,p(m)) to H'(X, N x;5(m)Q 2%),
(2.1.2) mL =m-Byp-Sey = —Bnp-Srrreds

Proof. Let us take a standard open affine covering W={U,|s=0, 1, ---N} of
PY(C)=P defined by a system of homogeneous coordinates as in the proof of the
Main Theorem in [U-2]. Then, we choose a sufficiently fine refinement B={V,|
ac A} of U and a refinement map u: 4—{0, 1, «-- N} such that for each a= 4,
V,S Uy, and we can find a system of minimal generators {4, -+ h,,} of I=I4
(r=N—dim(X), h,;€I'(V,, I)) on the open affine set ¥,. Now we take an arbitrary
global section 0 € H(X, N x;p(m)). The section o is represented by a Cech cocycle:

{(Vaa ﬁ(a)@zz’tn(a))} ECO(%’ N;(/P(m)) »

where £, is an element of I'(U,, I) and f, denotes its equivalence class modulo I7
The cocycle condition of the Cech cocycle is described as follows in terms of {/}.

2.1.3) f—(ZZ)" f; = g4 in T'(U,NU,I)
(a gster(Ux n Uh 12))

By the choice of B, we can find local sections p; €I (V, NV}, Op) (i, j=1, +++, 1)
which satisfy the conditions:

(21'4) 8ula) uld) l Va n Vb =i12=lpabij has' haj

Dabij = Pabji -
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First we calculate m-«8y(s) as follows. (cf. [U-2])

Fih(0) = Vo Fuw@ZE} euolk EC°B, B NYyplm—1) e)

Then, 8Y-Bzn(0) = {(V.NV;, 0V FEM(9))as)} EC(B, é Nx;p(m—1)e,),
where 8V denotes Cech derivation, and

@ BN = fun@Ziw euiry —TuaDZLa) €utay »
with using (2.1.3) modulo 7,

= (Zul Zuo)"* Fu 0 BZI® eutry —Fua®ZIa) eutar

= (ZuwlZuw)* futw®Zika)
X {l/Zu(a) €us) _(Zu(b)/Zu(a))' 1/Zu(a) eu(a)} .

N
The above are computed in  I'(V,N V;, @ Nx,p(m—1)e,). Then,
s=0
(@zn*8"  BEN (0w = (Zut)| Zuts))* Futy D Z1ay QA x(Z i) Zuat)
Er(V,N"s, N}/P(m)®‘9}’|x) .
Thus we have

(2.1.5) m dyy(0) = the class of

{( Va n Vb’ m (Zu(a)/zu(b)) .f:l(d) ®dEX(Zu(b)/Zu(a))®ZZ‘(a))}
EH'(X, Nx/p(m@2%|x) .

Next we shall calculate —8&, 77+ dy(0).
dy(o) = the class of  {(V,, (dgx fuw) | x®@Zia)} € HAX, 23| x(m)).
Bibr+di o) = {A(Va, dx fuw @ Zliw)} EC°(B, 25(m)Q 0,/
@Y Birr di(0))w = dex fun®@Zlwy —dex fu @ Za) »
with applying (2.1.3),
= dpx {Zu)/ Zua) ™" (fusta) =8ty uit))} ®Ziey —dpx fur @ Zika)
= dpx fuyQ@Zitay —ex 8uta) Y@ Ziita

—(Zy)l Zu(a) ™™ " Sty —8uta) ) Uex(Zui)| Z o)) R Z sy — e x [ty @ Z sy
= —drx 8ua) s )P Zita — 1M (Zu)| Zut) Juta) Aex(Zuio)| Zoa(a)) @ Z 1wy -

The above are computed in I'(V,NV,;, 2r(m)QO0,/I?). Hence, the expression
(2.1.4) shows that

(@zkr 8" Birr d(0))ss = —dix (‘.’ngpabij hai hej) @ Zia)
—M(Zy )| Zu) futw) Aex(Zu)] Zu() @ Zita)
= _‘Zi.iE;lpabij hy; dix he;QZi
—U(Z )l Zuw)) SFuto) Aex(Zur| Zuta)) @ Z ity -
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The above are computed in I'(V, N V;, Nx,p(m)@25|x). That means
(2.1.6) —8.p7-di(0)
=theclass of {(V,N Vs, 22 Pasij i @dex hai@Zioy
i,j=1

+m(Z > Zy)) Fur Qe x(Zu)| Zut) @ Zikea)}
in HI(X, N}/p(m)®gi’|x) .

Finally, we calculate ayz+7+0sq(0) as follows.

(0 B50(9))as =fun®Zitry e BZiktar
= (Zu(a)/Zu(b))m(f;(a) —8ula) u(b))®zt’4n(b) —f;t(a) ®Z:¢n(a)
= —8u@ uy @ Zila)

The above are calculated in I'(V,N V;, I(m)). Then, with using the expression
(2.1.4), we see that

471 Bep+85q(0) = the class of  {(VaN Vay — 33 pasis* hai®@hes @ Z )}
i HCY, SN e) (m).
7 050(0) = the class of {(V,NV,, _i’jz":lpabijhai®haj®z:‘n(¢))}
in H'X, Nx;,QN x,p(m)) .
Thus we obtain
Q2.17) ayper+350(0) = the class of {(V,N V, —2 Pasij Fai @y ho; @ Z2ay)}
in HY(X, Nx;p(m)®2%|x) .
Hence, by (2.1.5), (2.1.6) and (2.1.7), we can show that
(—81rr d)—m 8py+2eyp-7+850) (6) =0

for an arbitrary section e € H(X, Nx,»(m)), namely, (2.1.1). Then, it is easy to see
that

(2.1.8) m Bypdey = —Bur+Sirr+d;.

On the other hand, we have the following diagram after tensoring N (m)=N x,p(m)
to the diagram (1.1.2).

(2.1.9) 0 0
¥ l
NYmQN'Y = NYmQNY
anp ey W ¢ Ben
0= N'(mQ2p|x —> D NV(ni_l) e,— N"l(m) -0
s=0 |
0> N (M@, —> N M@ — N (m)—0
J! &LS l’ ﬂLS

0 0
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Taking their cohomology groups,

Spn
H°(X, N (m)) ——>H‘(X NY(m)®25|x)
I V Bur
H(X, N"(m)) —— H'(X, Ncl(m)@Q}:) ;

=0.s

which means L=p8y+8;y. Hence, by the formula (2.1.8), we obtain mL=m Byp+

3EN='—:BNF'5LFT'd_I' Q.E.D.

Through (2.1) Theorem, we can understand the fundamental role of Lefschetz
operators in the study of arithmetically normal embeddings from the view point of
the (co-)normal bundles as follows.

(2.2) Corollary. Let j: X< PN¥(C)=P be an arithmetically normal embedding
of a projective manifold X of positive dimension. Assume that dim¢Im (L: H(X,
NY(m))—HY(X,N"(m)QL%))=s. Then, we can find homogeneous polynomials F,, ++-,
F, in degree m such that {F,, +--, F,} is a sub-S.P.E of j(X) in degree m (cf. [U-2)),
namely, there exists a system of minimal generators for the homogeneous ideal of
j(X) which has {F,, -, F.} as a part in degree m. Moreover, for a section ¢ <
HX, NV (m)) with L(¢)=£0, we can find a homogeneous defining equation F of j(X) in
degree m which satisfies L(F)=L(¢), where F denotes the equivalence class in the
space HY(X, N " (m)) of the homogeneous polynomial F.

Proof. Let {G,, +-, G;} be an S.P.E. of j(X) in degree m. Then, as we saw in
(3.1) Corollary of [U-2], {5,r7 di(G)), +++, 8,pp di(G,)} forms a C-basis of Im (3,51
d, HX, NY(m))—H'(X, N'®&85|x(m))). Hence, by the formula (2.1.2), {L(G)),

-, L(G,)} generates the vector space Im(L: HY(X, N¥(m))—H' (X, N'(m)®82%). ||

§3. Applications

By (2.2) Corollary above, we can get a partial generalization of (3.7) Corollary
in [U-2] as follows.

(3.1) Theorem. Let X be a closed submaniofld of a projective manifold W with
codimension r, and i: W PN(C)=P an embedding which induces an arithmetically
normal embedding j: X< P¥(C)=P.

e o PY¥(C) =

inclu woz\ /

Assume that X is of positive dimension. Then, the following three conditions are
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equivalent.
(1) The exact sequence of the normal bundles:

3.1.1) 0—> Nyw —> Nx;p—> Nyyplx — 0
splits, and Ny == Ox(m)D D O0x(m,) (Ox(a): = j*Oxa)).

(ii) We can find hypersurfaces S,, +++, S, of degree my, +--, m, respectively which
satisfy the condition:

jX) =i(W)NS,N-+NS, (transversal).

(iii) There exist homogeneous polynomials F,, -++, F, of degree my, +++, m, res-
pectively such that the set-theoretic union of any S.P.E. of i(W) and {F,, -++, F,}
forms an S.P.E. of j(X).

Proof. Obviously (iii) implies (ii), and (ii) does (i). First, we prove that (ii)
implies (iii). Let us denote {(W) by W, and i(W)N S, N+ NS, by W, (k=1-r).
Then, we see that every W, is an integral scheme, which needs a little more than
the usual argument on regular sequences in a local ring. In fact, if W, has a
component whose codimension in i(W) is smaller than k(0), then, using the am-
pleness of S+, We can show that W, also has a component whose codimension
in (W) is smaller than k(0)41. Then, by an induction on k(0), this contradicts
the assumption on j(X). Hence, every W, is an equidimensional locally complete
intersection subscheme of i(W). By the similar argument, we see that every com-
ponent of W, includes j(X). Since W, has no embedded point, if W, has a nil-
potent element in somewhere, then W, has a nilpotent element at the generic
point of W,=j(X). The facts that the codimension of W, in W, equals r—k(0)
and W, is defined by r—k(0) elements in W, imply that W, is regular at the
generic point of W, (because W, is regular). Hence, for every k, W, is a reduced
irreducible Cohen-Macaulay scheme. Taking notice of the facts above and applying
the following lemma, we can show that the condition (iii) holds.

(3.2) Lemma. (Mori-Fujita) Let X be an integral closed subscheme of PY(C)=
P, and S a hypersurface of degree=d defined by a homogeneous polynomial F. As-
sume that D:=XNS (properly intersecing) satisfies the arithmetic D,-condition,
namely, the depth of the local ring at the vertex of its affine cone is greater than or
equal to 2. Then X also satisfies the arithmetic D,-condition, and the set-theoretic
union of any S.P.E. of X and {F} is an S.P.E. of D.

Proof. It needs a little more than the usual argument on the depth of a local
ring. Let us consider the exact commutative diagram:

ak Bk
0 — HYOx(m—d)) — H'(Ox(m)) — HY(Op(m)) = 0
3.2.1) te ‘e 1e”

0 — H(0p(m—d)) — H(Ox(m)) = H(Os(m)) — 0,

®p Be
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where Bp is obviously surjective, and the surjectivity of £% and ¢” are implied by
the assumption on D. Since for every sufficiently small m, ¢’ is surjective, we may
assume that ¢’ is surjective as an induction hypothesis. Hence we see that € is
surjective, which means that X is also an arithmetically D,-subscheme of P. As for
an S.P.E. of X, first we consider the exact sequence:

1 1

ax x
0 — H'(Ox(m—d)) — H'(Ox(m)) > H'(Op(m)),

where the injectivity of a¥ is induced by the surjectivity of £% in the diagram (3.2.1).
Then, dim HYOx(m))<dim H'(Ox(m+d))<dim H(Ox(m-+2d))<---. Thus, by
Serre’s vanishing theorem, H(Ox(m)) is zero for any integer m. Then, we consider
the following exact sequence induced by the Euler sequence.
1 aoE N+1 /-9_ %
0 — H°(23|x(m)) — @ H(Ox(m—1)) = H(Ox(m))
N+
— H'(@}|x(m)) = & H'(Ox(m—1)) =0
0%
The surjectivity of the map 6% implies
ol C if m=0
(3.2.2) H (Qplx(m)) janet .
0  otherwise .
Tesoring an exact sequence: 0— Iy —> I;,— Ox(—d)—0 to the Euler sequence, we
get an exact commutative diagram (for 0y, see [U-2]):

(3.2.3) Axp Bxp

H'(Ix®8p(m)) —> H'(I,@2p(m)) —> H (23| x(m—d))
1 0pn(X) 1 0zn(D) t 6%

H°(Ix(m)) — H(Ip(m)) — H(Ox(m—d)).

Since X and D satisfy the arithmetic D,-condition, 8 z4(X) and d;5(D) are surjective.
Since each basis of Im (6zy) corresponds to an S.P.E. (cf. [U-2]), using (3.2.2) and
Fe HI,(d)), we see that B, is surjective and the union of any S.P.E. {G,, -*+, G;}
of X and {F} generates H(I,(¥)). Let us show the minimality of {G,, -+, G,, F}.
We may assume that deg G,<deg G,=<--- <deg G,="+ =deg G,py=deg F<deg
Gy =--=deg G,. If {G,:--G,, F} is not minimal, then there exist an integer
k(=1(0)) and homogeneous polynomials H, H,, +:-, H,_, such that

— -
G, =S GHAH-F, or H-F=G,—3 G,H,&HUx(*)).
i=1 i=1

By our assumption, F is not contained in H°(Ix(x)). Since H°(Ix()) is a prime
ideal, HE H(Ix(*)). Hence, using deg H=deg G,—deg F<deg G,, we see that G,
is represented by G,, -*+, G,_,, which contradicts the minimality of {G,, ---, G;}. ||

Now let us go back to our proof of (3.1) Theorem and show that (i) implies
(ii). We may assume my=miy="r+* =M, 1) <My)+1="** =M,y(x) <*** <My (s_pp41=""" =
m, ) (r(s)=r). Then we shall consider the diagram:
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H(N 3(m)) = H(Ox(m—m)) @ -+ & HY(Ox(m—m)DHNy;p(m)| x)

L VL VL
HY(NY(m)@2%) = H(2x(m—my)) BB H(Lx(m—m,)) L
(Nx:= N}/(/p) (S5} HI(Q,lY@Nv\;'/P(m)Ix),

where, by the definition of Lefschetz operators, the action of the operator L on
H°(N x(m)) can be separated into each operation L on its own direct summand of
Nx(m). In case of m=m,, we choose r(l) sections a,, -+, 0,¢y E HY(N x(m)) such
that ¢,=(0, -+, 0, l, 0, --+, 0, 0) (zero in the last column corresponds to the compo-

nent of HY(N ;)},P(m)‘l x). Obviously, L(o;) is not zero. By (2.2) Corollary, we can
find homogeneous polynomials F,, -+, F,.,, € H(P, Ix(m,)) such that L-(F;))=L(o;),
where F; denotes the equivalence class in H(X, N y(m,)) of the section F;. Since
m—m;<0 for any j=r(1)+1, F; is of the type (0, -+, 0, lA,O, ..., 0, %). Next, in

case of m=m,,,, the same method brings us homogeneous polynomials F,uy4y, **,
F, such that F;=(*:%,0,--+,0,1,0, -+, 0,%) for any j with r()+1=j=r(2).

r(1)
Using the arithmetic D,-condition én j(X) and F,, -+, F,;), we may assume that
F;=(0, -++,0,0,+-+,0,1,0, -++, 0, %¥). By the same way, we can finally find homog-
(1) j =

eneous polynomials Fjl, .+, F, such that F;=(0, :--,0,1,0,:-,0,%). Then, F,=
-«+=F,=0 defines a closed subscheme Y of i(W). By the choice of F,-:-F,, Y coin-
cides with j(X) on each point of j(X). Thus, it is sufficient to show that Y is con-
nected even in the case that Y is not equidimensional. We put T to be P¥® (C)x
e X PMO(C), where M (k):=y4n, Cy—1. Then P¥®(C) parametrizes the family
of hypersurfaces of degre=m, in P¥(C). Then we define a closed set X of WX T
as follows.

X = {(x, 1(1), -, L) EWXT|XE Sy (k = 1)} CWXT

We give the reduced structure to X, and define /1 X—W and g: X—T to be the
restrictions of the first projection and the second projection of W x T, respectively.
Let us consider f/: X—W. For every closed point x& W, f~!(x) is isomorphic to
PYOY(C) x - X PMO~Y(C), which means that dim f~'(x) is independent of x and
f7Y(x) is irreducible. Hence 2¥ is an integral scheme. Then we study the mor-
phism g: X—T. Since r is smaller than dim W, g is a dominant proper morphism.
If we generally take hypersurfaces S, -+, S, of degree my, -+, m,, respectively, then
WNsS,N--NS, is integral by Bertini's theorem. Hence, the function field of T
is algebraically closed in the function field of X. Moreover, T is normal, which
implies g4+0x=0,;. Then g '()=i(W)NS;N---NS, is connected for any 7=
(t, -, t)ET. Q.E.D.

(3.3) Remark. (i) As for the condition (i) of (3.1) Theorem, we should make
a remark that, even in the case of r=1, the splitting of the sequence (3.1.1) is es-
sential. Roughly speaking, Ny,,=Ox(m) does not always imply the ampleness of
Xin W.
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(i) (3.2) Lemma can be also shown by a slight modification of Mori-Fujita’s
argument in [F].

In the final place, we shall study the situation where —3&,,; d; coincides with
m &y for any integer m.

(3.4) Corollary. Let j: X< P¥(C)=P be an arithmetically normal embedding
of a projective manifold X of positive dimension. Take an integer m(0). Then, the
following three conditions are equivalent.

() —8ipped; = m8yy: HAN y(m)) — H(Ny Q2| x(m)) ¥V meZ & m=m(0)).
(i) Bse: HYP, Ix(m)) — H(X, N 3x(m)) is surjective Y meZ & m=m(0)) .
(iii)y HP, I%(m)) =0 Y meZ & m<m(0)).

Moreover, if H'(X, S (Ny) m)=0 (Y meZ & m<m(0)) or acyz: H(P, I3(m))—
H\(P, I4(m)) is surjective (N meZ & m=m(0)), then (1), (ii), and (iii) hold.

Proof. By the sequence (SQ) of (1.1.1), it is obvious that the conditions (ii)
and (iii) are equivalent. Assume one of the three conditions: (a) the condition
(ii) above; (b) H(X, S Nx)(m)=0 (V meZ & m=m(0)); (c) H'(P, Ix(m))—
HYP, I%(m)) is surjective (V meZ & m=<m(0)). Then the condition (i) holds by
(2.1) Theorem. Hence, we have only to show that (i) implies (ii). Let us suppose
that the condition (i) is affirmative. In case of m(0)<0, then H°(X, N x(m))=0,
which means (ii) holding. To apply an inductive argument on m(0), we may as-
sume that m(0)>0 and the condition (ii) holds for m(0)—1. To simplify our nota-
tion, we shall denote the integer m(0) by m in the sequel. Now we study the dia-
gram below, whose commutativity is guaranteed by the condition (i).

r

& HI(m—1) e, ——> & H Ny (m—1)e,
- 1’ ﬂEN [ - ‘l’ EEN J[
HY(I(m)  —— H(Nx(m) ——> H2}|x(m))
\ mogy rh YmBpy o Oppr

H(I(m@2) —> H'Nx(m@2%lx) .

where r,,_; is surjective by the induction hypothesis. Let us take an arbitrary sec-
tion ¢ HX, Ny(m)). By (2.3) Lemma of [U-2], we can find sections F&
HY(P, Iy(m)) and ¢ € H(P, 23(m)) such that

d;(9) = dpr(F)+olx in HX, 9blx(m)).
Then, the condition (i) shows that
Sen(@—ru(F)) = —(1/m) 81 pr di(@—rn(F)) = —(1/m) 3151(]x) = 0.
By the surjectivity of r,_,, we can find G, .-+, GyE HY(P, Iy(m—1)) such that
0= rolF) =33 1 (G Zi=1o(3] G,DZ), which implies that ¢ =r,(F+ 3} G,@Z).

Thus we obtain the surjectivity of r,, as we required. Q.E.D.
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(3.5) Remark. For example, the condition (ii) of (3.4) Corollary is satisfied if
j(X) is a complete intersection.

As an application of (3.4) Corollary, we shall calculate h°(P, 0,2H)Q0,/I%)
of a twisted cubic curve j: X=P'(C)< P3C)=P, where Op(H) denotes the tauto-
logical line bundle of P(C) (cf. (4.2) Example (XVII) of [U-2]).

(3.6) Example. First we raise four facts which are easy to see by direct cal-
culations of familiar exact sequences.

() H(P, 0p(2H)) S H(P, 0p2H)RO0,/I%) -

() K(P, O,2H)) = 10.

() H(P,I3Q2H) =1, H\P, IX2H)) < H'(P, I%(2H)).
(IV) K(P, I;QH)) =3, KX, NyQH)) =4.

Now our claim is:
Claim h°(P, 0p,2H)® 0 ,/1%)=10.

By (I) and (II), it is equivalent to see that h'(P, I%¥(2H))=0. Let us assume
(P, I%(2H))>0. Then, (III) shows that a.,: H\(P, IY2H))— HYP, I%X(2H)) is
surjective, or equivalently,

—8,ppody =28,y HA(X, N¥(2H)) — H'(X, NxQ2%|x(2H)) .

For m=<1, H(X, Ny(mH))=0. Hence, putting m(0)=2 in (i) of (3.4) Corollary,
we obtain that Bgsq: HYP, Ix(2H))—HY(X, NY(2H)) is surjective. This contradicts
av).

§4. Problems

Based on the results above, we shall raise two problems as our working hypo-
theses in studying the mutual relation between arithmetically normal embeddings
and their normal bundles.

(4.1) Problem. Let j: X< P¥(C)=P be an arithmetically normal embedding
of a projective manifold X of positive dimension. Assume that the normal bundle
Nyyp splits into a direct sum FP O y(m,) P+ D Ox(m,), where Ox(m;) denotes an
extendable line bundle. Do there exist hypersurfaces S, +++, S; of degree my, -+, m,,
respectively and a closed subvariety W of P which satisfy j(X)=WN SN+ NS,
(transversal) ?

(4.2) Remark. By the result of (3.1) Theorem, the existence of W is almost
crucial. If rank F=1, then (4.1) Problem is slightly affirmative. (2.2) Corollary
and Lefschetz’s theorem on Picard groups give the required result except the case
dim X=1 or S;N:+NS; is not equidimensional. In case of dim X=1 and
S;N++- NS, is a smooth surface, this is shown by Harris and Hulek [H].
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To explain the next problem, we give three definitions.

(4.3) Definition. Let j: X< P¥(C)=P be an embedding of a projective mani-
fold X.

(i) A closed subvariety W of P is called an intermediate ambient space (I.A.S.)
of j(X) if W includes j(X) and is non-singular along j(X).

(i) Let F be a subbundle of the conormal bundle Ny,,. We define a closed
subscheme (X | F) (1) of P to be (|j(X)|, Oxw/F), where X(1):=(| j(X)|, Op/I%).
Then, we say that the subbundle F is relatively infinitesimally liftable (R.1.L.) if F
(S 25| x) can be lifted to a subbundle of 25® O xr)w)-

(ili) Let F be a subbundle of the conormal bundle Nx;p, and W an LA.S. of
J(X). Then, it is said that W corresponds to F if Ny,,® Oy coincides with F as a
subbundle of Ny/p.

Now the second our problem is stated as follows.

(4.4) Problem. Let j: X< PY(C)=P be an arithmetically normal embedding
of a projective manifold X, and F a subbundle of the conormal bundle Ny, with
the relatively infinitesimal liftability. Then, does there exist an 1.A.S. which cor-
responds to the subbundle F ?

(4.5) Remark. The converse of (4.4) Problem is affirmative. In fact, if
F=Ny,»|x, then (X |F) ()=(X/W) (1):=(|j(X)|, Ow/I%w) as a closed subscheme
of P. On the other hand, we have an exact sequence of locally free sheaves (on a
neighborhood of j(X) in W): 0— Ny,p— 25lw— 23 —0. Hence, 0—Ny,,Q®
Oxipw —> 25lw®O0xim is a lifting of 0— F— 25| y.
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