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Representations of Lie superalgebras, II
Unitary representations of Lie superalgebras

of type A(n, 0)

By

Hirotoshi FURUTSU

Introduction

I n  th is paper w e introduce a  new method o f  constructing irreducible unitary
representations (=IURs) o f  a  classical Lie superalgebra of type  A .  Then we classify
a ll the  irreducible unitary representations of real forms of Lie superalgebra A(1, 0) and
construct them explicitly by using this method.

In the  previous paper [4 ] we define unitary representations o f  L ie  superalgebras
a n d  introduce a  general method o f  constructing irreducible representations o f  any
simple Lie superalgebras. L et us explain it briefly. Let g=g od-g, be a Lie surperalgebra
over R .  T ake a  representation (p, W) o f  g„ and consider a  go-equivariant linear map
B from gi 0 g , to gi( W ) .  We gave necessary and sufficient conditions by m eans o f  B
that there exist a n  irreducible representation (7r, V ), V=V o -1-V1, of g such that its even
part V 0 is  isom orph ic  to  W  a s  go -modules. Further, w e can  construct (7r, V) from
(p, Vo) an d  B cannonically.

Moreover i n  th at p ap er w e c lass ify  a n d  construct all t h e  irreducible (unitary)
representations o f classical Lie superalgebra 1)1/411)(1, 2). F urther w e g a v e  th e  similar
results f o r  real fo rm s o f  th e  L ie  superalgebra dt(2, 1)(=A(1, 0)) exhaustively for the
case where (p, W) a re  irreducible, but there remains to study th e  c a s e  w here (p, W)
are  reducible.

In  this paper a  new method is induced, which uses a Z-gradation gc=g 1 EDg'aps:061 ,
with g e = g o , c ,  o f  L ie  superalgebras g c =A (n , 0 ) instead of the  Z 2 -gradation g = g o e g i
o f  a  real form g  o f  gc . In m ore detail, ( i ) first we study th e  weight distributions for
IURs (7r, V), and see in  particular that any IUR m ust be a  highest (o r  lowest) weight
representation because o f  i t s  unitarity (see  Proposition 2.2). ( i i )  Next we consider
induced gc -m o d u le  7 (4 )= In O L (4 ). H ere L (A ) i s  a n  irreducible highest weight
representation o f  go,c  w ith highest weight A  and  p=gKIA-P .  W e extend L(A ) a s  .1)-
module by putting g'-action  a s  t r iv ia l .  Any irreducible representation V(A) o f  gc  w ith
highest w eight A  i s  a  q u o t ie n t  o f  7 (A ) .  (iii) Therefore we should determine the
maximal submodule 1(A) o f  17 (A ) to  get V(A)=V(A)/I(A).

W e give in  Lemma 2.4 a  necessary and sufficient condition for the irreducibility of
7 (4 ) by means o f its highest weight A .  V. G. Kac [6, § 21 proved this criterion in
c a se  L (A ) is finite-dimensional.  I n  2.5, we determine branching rules o f  V (A ) res-
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trected to  go,c  fo r  gc =W2, 1) an d  .1(3, 1). T hey are crucial to determine the maximal
submodule I(A ).

In  § 3, w e classify all th e  IURs o f real form s o f  'f(2, 1) u s in g  th e se  re su lts . The
case of g=gu(2, 1 ;  2, 1) (see Theorem 3.3) is sim ilar as the  case  o f g=.1{(2, 1 ;  1, 1) (see
Theorem 3.6). So w e show  here our results in  the  case  o f g=?At(2, 1 ;  1 , 1). In  this
case go= u(1, 1). Let {H , C I b e  a  basis o f a  C artan  subalgebra b c  o f  gc =g(2, 1) given
a s  H=diag(1, -1, 0) a n d  C=diag(1, 1, 2). A nd le t a, p, 7E11 b e  positive roots o f  sc
such  that a(H)=2, a(C)=0, p(H)= p(c)= -1 , r= a+ /3, and put ô= S+ . Then we
ge t a  complete result fo r the  case  o f g=u(2, 1 ;  1 , 1) a s  follows.

Theorem 3 .6 .  ( 1 )  A ny irreducible unitary representation V  of Lie superalgebra g=
gu(2, 1 ;  1 , 1 )  i s  a  highest o r  low est w eight representation. I f  V  is a highest weight
IUR , then V  is isom orphic to one of the representations V (A ) w ith highest w eight A
such that A (H) A(C) -A (H)---2 or A (H)=A (C)=0.

( 2 )  A s  go -module, the above V (A ) is decomposed into g o -irreducible components as
follows:

( i ) V (A )-L (A ) f o r  A (C)= A (H)=0,
(ii) V(A)= L(A)ED L(A- r) f o r  A(C) ,  A(H)_< -1,
(iii) V (A)= L(A)ED L(A -IS) f o r  A (C )= -  A (H )-2  ,
(iv) V(A)= L(A)G 31.(A- 48) ,EDL(A - î ) L(A - 6) otherwise.

Realizations o f th e  IURs of type  (i) (ii) (iii) w ere given in  the preveous paper, and
those for type (iv) are  g iven in  3. 4. 2 o f th is  paper.

T h is paper is organized a s  fo llo w s . In  § 1, first we recall the definition o f  unitary
representations of L ie superalgebras, given in  [4 , §  1 ], and introduce the basic classical
L ie  superalgebras o f  t y p e  A (m, n) a fte r  Kac [5, § 2] and g ive  the ir structure  in  1. 2.
T hen  w e list up  a ll th e  real form s o f  L ie  superalgebras o f  ty p e  A (n-1 , 0)=?A(n, 1).
T h ere  a r e  tw o  types of them : ( i ) 1; R )  and (ii) u (n ,  1 ;  p , 1)([n-1/2] p
u p  to  isomorphims and transition to their duals.

In  § 2, we give som e properties o f representations of L ie  superalgebra 1(n, 1). In
2.1, the  case of 1(n, 1; R ) is m entioned. Then we study irreducible unitary representa-
tions o f  real form s g= u(n, 1 ;  p , 1) a s  fo llo w s . In  2.2, w e give a  necessary condition
for unitarity of an irreducible representation by means o f  th e  se t o f  its  w e ig h ts . T h en
in  2.3 we introduce Z-gradations in L ie superalgebra 'f(n, 1), in  its universal envelop-
ing algebra and also in  its representation space, and w e ge t som e properties o f  IURs
o f g  w ith  respect to  these  Z-gradations. In  2.4, we introduce a  highest weight repre-
sentation V(A) of 1) which is induced from  p=g .),-1-gP starting from  IUR L(A) of
go . T h e n  a  necessary an d  sufficient condition for its irreducibility  is given in  Lemma
2.4. I n  2 .5 , w e g ive  b ran ch in g  ru le s  o f  7(A) restrected to  th e  even p a rt go,c o f  gc
fo r  n=2 and 3 , and  in  2.6, datailed calculations in  some cases are given.

In  § 3, w e classify all th e  IURs o f  re a l fo rm s  o f  41(2, 1) a n d  give their explicit
realizations except the cases already treated in  th e  previous paper [4 , §  8 ]. Applying
the  branching rules in  § 2, w e  g e t the  complete classification of IURs of .k.t(2, 1 ;  2, 1)
in  Theorem 3.3, and th a t fo r  .,u(2, 1 ;  1 , 1) in  Theorem 3.6. In  3.4, we give a standard
orthonormal b a s is  i n  e a c h  V (A ) in  connection with the g-action, and w rite dow n ex-
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plicitly the  action of g, with respect to them. Finally in  3.5, detailed calculations for
these results a re  given.

§  1 .  Preliminaries

1 . 1 .  Unitary representations of Lie superalgebras. L et g=g o + g , be a  real Lie
superalgebra and ( r ,  V ) be a n  irreducible representation o f  g  o n  a  4-graded complex
vector space V= Vo + V, in  th e  sense o f Kac [5, § 1]. O n  th e  even p a r t  Vo  a n d  also
o n  th e  odd p a r t  V , o f  V ,  we have naturally representations o f th e  even p a rt go ,  of
which 7 7  is called a n  e x te n s io n . We call 7 7  unitary [4, § 1] if V  is equipped with a
positive definite inner product <•, •> i n  V satisfying

( i )  V o l V , (orthogonal) under <•, •>, and
(ii) <•, •> is g-invariant in the sense that

<ir(X)y, y'>=<v, irc(X)y'> (y, y' e V , X 9 0 ),

<lz(e)Y, v'>—<v, .in(e)Y'› (y, v' V, eE g1 ),

where i=- A/ —1 and j  is a  fixed forth root (depending only o n  r )  o f  —1, i. e . ,  j 2= si
with s=±1 (c f. [4 , §1 ]). We call s the associated constant for rt.. H ere, both g(go)I Vo
and r(g 0)1 V, a re  usual unitary representations o f gg .

1.2. Simple Lie superalgebra A(m, n). Now we define th e  L ie  superalgebra of
ty p e  A(m, n). W e denote by M(p, q; K )  th e  se t  o f  all m atrices of type pigq with
entries in  a  fie ld  K .  T h e  underlying vector space is D=M(m+n, m ±n ; C ).  Let

j m-En, be a n  element o f D with components 1 a t  ( i ,  j )  a n d  0  elsew here. Let
u0 be a  complex subspace of u generated by

and further D1 .

and put Di=DI,

where s, t {0,
(s=. 0, 1). We
Z-gradation of
form on it, as

{E1,5; j5m ±n} ,

▪ u,,_) a  complex subspace o f D generated by

{.E1,5 ; m d -1 / m ±n },

(resp. {E i ,j ; m +15j5m -l-n ; 1/n/}),

++o ,,_ . T h e  bracket product

[X , Y ]= X Y — (- 1 ) " Y X  f o r  XD„, Y Ent ,

11, makes D a  L ie  superalgebra, denoted by I(m, n ), where I(m,
p u t  I(m, n)1,±=ui,*, then 1(m, n)=I(m, n),,_+T(m, n) 0 +1(m, gives a
T(m, n). F o r th e  algebra 1(m, n), we define the  supertrace str, a  linear
follows:

str X=tr A—tr D f o r  X =
( AC  D13) " m ' n ),

where A, B, C and  D  is  in  M(nz, m ; C ), M (m , n; C), M(n, m; C ) and  M(n, n; C ) res-
pectively. Define 'f(m, n) as

T(m, n)=-{Xel(m, n); str X=0},
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th en  th is  is  an ideal in  l(m, n )  o f  co d im en sio n  1 . In case m=n, Wn, n) has one-
dimensional center 3 consisting of scalar matrices 2./ 28 (,1OEC). We set

A(m, n)=41(m+1, n+1) f o r  in, n_>_0, m#n,

A(n, n) , g(n-1-1, n+1)/3 f o r  n>0.

We denote by gc  the complex algebra l(n , 1)= A (n-1, 0), keeping the symbol g to
its rea l fo rm s. For later use, we give two kinds o f basis (1 .1 ) and (1 .2) of a Cartan
subalgebra l c  of gc :

HC=
E{,i+En+1,n+1 f o r  1 S in  ,

and
for 1 < i ‹n - 1 ,

(1.2)
C = E i n E i , i + n E n + i , n + i  •

We also give a basis o f gl , c  as

for 1 n,
(1.3) l

e i=E +1
for

/10 = la 1 ; denotes a system of simple roots of (gc , b c )  given by

(1.4) a  Hk )=1

1 for i= k ,

—1 for i=k+1,

I 0 for k+1;
and

for
(1.5) 1

f o r  k=n.

1 . 3 .  Real forms o f l(n , 1 )= A (n -1 , 0 ). Here we list up real forms g of gc =g(n, 1)
(cf. [5, § 5]). There exist two types of them . A  real form  o f first type is

4t(n, 1 ; R )=g(n , 1)n ili(n+ 1, n+ 1 ; R).

Real forms of second type are defined as follows. Let O p._<n and qE {O , 11. For
s= 0 , 1 , put

411(n, 1 ; p ,  q),={XEM(n, 1)8 ; J7,,,X-PX/ p ,,=0},

where 'X  is  the transposed matrix of X , and

jp.,=diag(1, ••• , 1, —1, ••• , —1, —(-1)q(-V-1) 8 )

where the number of 1  is  p  and the number o f —1 is  n— p and diag(•, •, •••) denotes
a diagonal m atrix . T hen  n ( n ,  1 ;  p ,  (1)=-11(n, 1; p , q )0E N ii(n , 1 : p, (1)1 i s  a  real Lie
superalgebra for each ( p ,  a).

Proposition 1.1 (cf. [5 , §  5 ] ) . Real forms o f f(n, 1) are isomorphic, up to transi-
tion to their duals, to one of the following:
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(a) l(n, 1; R) ;
(b) 1; n, 1);

(c) 4u(n, 1; p, 1) for n+1
2  

15p_<n-1.

§ 2 . Generalities for irreducible unitary representations o f real forms o f M(n, 1).

2 .1 . Irreducible unitary representations o f  T(n, 1; R ) .  Let g=M(n, 1 R ). Then
there exist n o  irreducible unitary representations (=IURs) except trivial one. M ore
generally, we have a  similar situation as above fo r this type  of real form g(m, n; R)
o f  t(ni, n):

K(m, n; R)E_-- g(m, n)nM (m +n, m ±n; R) .

Theorem 2.1 [4 , Th . 6 .2 ]. Let g=4I(m, n; R), m, //.1. Then it has only a unique
irreducible unitary representation, the triv ial one.

2.2 . Weight distributions fo r  IURs o f  ..41(n, 1; p, 1). T h e  odd p a r t  g ,  o f  g=
'it(n, 1; p , 1) contains th e  following elements

le k+A / —ink f o r  1. k ,
rk=

ek — ,/-172„ for p + 1 / t n .

Applying the  positive-definiteness condition to these elements, we get a condition on
the distribution of weights pElyck, fo r an  IUR o f g.

Proposition 2 .2 . L e t (7 , V ) b e  an  IU R  o f a  real Lie superalgebra 11(n, l; p, 1).
T hen there areIs I- k •21, S k

=
 ± 1 ,  satisfying

(1) ei =•••=-- e ,=- -sp ,=•••=— e n , and
(2) any  weight p o f  V  satisfies

k p (I k ) _0 fo r a l l  k.

P ro o f . From the  definition o f unitarity, we have

j 2 0r(C)7t(C)v p ,

where Ceg, and 7.)»  is  a non-zero weight vector w ith weight pcbt. P ut C=rk=ek
—17) k(1 . k  . P ), then 27(C)r(C)= 7"cEek, A l=ink i) , ../ — in (rik ) . Therefore

— 610(1 1 k)<vp,

where e is given a s  j 2 = s i .  Similarly, Pot C=rk=ek — V — in k (P ± 1 k then

cp(Hk)<v,,

Thus we can set 5 k = 5  f o r  1 k  P and ek = s  fo r p Q. E. D.

2 .3 . Z-gradations. L et gc =- Wn, 1) an d  C'=(1/1—n)C ,  then g c  is decomposed
into C'-eigenspaces as

(2.1)

gc=a1G3gKeloP,
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where gt,1 =g1.± and gg=go,c corresponds to  e ig en v a lu es  ± 1  an d  0  re sp ec tiv e ly . B y
this grading, g c  becomes a Z-graded algebra, and so is V(g c )  and V ( g ) ,  th a t  is,

(2.2) V(gc)—(3-nsks0`Uk, V(gi.±)—EDosksn cU (± k),

w here cllk and V (k ) are C'-eigenspaces of V ( g )  and V (gi, ,) w ith  e igenva lue  k  res-
pectively . W e rem ark that V (0)=C , V (± 1)=-gi,±  and cU(gc )= GlAgi.-YU(go.c) cl ( g i ) •

Let (7r, V ) be an IUR of g, th e n  V is decomposed into 7r(C')-eigenspaces, that is,

1 J _
1/m

w here  Vm denotes the 7r(C')-eigenspace with eigenvalue in. Conserning this eigenspace
decomposition, we have the following

L em m a 2 .3 . (1) There ex ist a complex number M  such that V m * (0 ), and if Vm#
(0) then M—m is in Z + U{0}.

(2) (v go, V m )  is an IU R  of go.
(3) V=V(g,,_)Vm.
(4) Put V< k ) = V ' ,  then V=V")(1 )V 0 )034.••EDV("). Moreover there exist an integer

k such that V( r) * (0 ) for O r k, V ( r) =(0) for and (7r I go, V( '' ) )  is  an  IUR
of  go.

(5) The decomposition of the representation space

170 )Ef) V")(1) V(*)

is  a Z-gradation compatible with that of g c .

P ro o f . For (1) it  is  en o u g h  to  rem ark  th a t V  is irreducible and the g ra d in g  of
ci-1(gc) is finite.

Let us p ro v e  (2 ) . Let y be any elem ent o f V '', then from  the irreducibility o f V,

V=9.1(gc)v=V(g1.-)Mg0,c) cU(81, ) v .

But eigenvalues o f  C '  on V (g ,,,)v  are of the fo rm  Md-s, s E Z 4 J I 0 ) .  F r o m  the
"maximality" of M  in (1), w e  g e t cU(g,, + )v=C v  s in c e  V (0 )= C . T h u s  w e  have

(2.3) V=V(8c)v,--V(81,-)9)(g0.c)V(01,+)v

=9-1(91, -)Mg0,c)Cv=9-1(91,-)17 ' =Ei)ok k)V' ,

w h ere  V ' denotes a go,c-submodule o f V generated  by v . S ince C ' commutes w ith  k c ,
each V(—k)V/ is contained in C'-eigenspace with eigenvalue M— k, hence Vm - k =  V(k)
=V (— k)V 1 for 0 < k 5 n .

Moreover Vm=1 7 ( "-= V ' is irreducible g o,c -m odule  because  any  non-zero vE Vm
generates V '= V 3 '. T h u s  w e  g e t (2 ) .

The assertion (3) fo llow s from  (2 .3). C hanging the role of +  and — of grading,
we get (4) sim ilarly as (1) and (2).

The assertion (5) is true  since  a ll the gradings are defined by eigenvalues of the
same operator C'. Q. E. D.
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2 .4 .  Induced highest weight modules for gc  ( the  functor L(A )--4V (A )). Let gc =
41(n, 1) and h -1-617 = 0 0 . 0 then is  a  subalgebra of gc since  [g i, + , g i.+ ]= 0. L et bo b e
a  subalgebra of go , c  generated by

{E i , j ;

then b=b 0-Eg,,, is also a  subalgebra of gc . For A E ,  d e n o te  b y  L(A )(resp. V (A ))
the  irreducible highest w eight module of go,c(resp. gc) w ith  h ighest w eight A  and by
vA EL(A ) a non-zero highest w eight v ec to r. T hen  CvA is  a  bo -m o d u le . We define a
g,,,-action on CvA by CvA=0 fo r  any CEg,, + ,  t h e n  CvA  becomes a  h -m o du le . Now
define a  gc -module V (A ) by

V(A) -_—.1- IndecCvA=gc0b(CvA) •

On the other hand, we define a  g" -a c t io n  on  L (A ) b y  C v = 0  f o r  any CEg i ,+  and
any v e  L (A ). T h e n  L(A ) becomes a  p-module and w e get

(2.4) V (A )--LAndPL(A)=g1,-OcL(A).

Lemma 2.4. The g c -module V (A ) is irreducible if  and only if

1- 11, .(A (Hk)-Fn—  k)*0

P ro o f . W e can induce a  Z-grading of V(A) from that of `U(9c). We can decompose
V (A) into C'-eigenspaces as

V(A)=Vo-FV_I+ ••• +17 , ,

where V_ k = CIA -  O L (A ) .  Therefore we see that V , L ( A )  as [ g 0 , ,  g 0, c]-modules and
that w 1= 1 2 7 7 .v A  is  a  g 0. -highest w eight vector o f 17„ .  Because of the irreduci-
bility of V ,  V ( A )  is irreducible if and only if  w  generates V (A ). A nd the latter is
equivalent to the condition

e n e n - i  •  •  • 0  .

Calculating Ee,, n i l  we get finally

e n e n - ,  • • •  eiwA----ini,k,n(A(Ho+n— k)}vA •

This gives the lemma. Q. E. D.

Remark 2.5. (1) W h e n  V (A ) is irreducib le , it is ca lled  a  typical representation.
Kac shows the above criterion for the case L (4) is finite [6, § 2].

(2) V (4) i s  a  un ique  irreducible quo tien t o f V(A) and we can define a  functor
L(A)—V(A)-- V(A).

2 .5 .  Branching rules o f induced g-modules V(A) restrected to  go . N ow  consider
the branching rules of V (A ) restrected to g o . I t  i s  n o t  e a s y  t o  g i v e  a n  e x a c t rule
generally  f o r  g=gt(n, 1). M oreover w hen  L (A ) is infinite-dim ensional, F(A ) is not
necessarily semisimple with respect to g o. H e re  w e  re s tr ic t  o u rse lv e s  to  the case of
g=gt(2, 1) a n d  'f(3, 1).

If the  branching rule is acquired, w e can obtain V(A) as follows:
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2.5.1. M ethod o f co n stru c tin g  V(A) f r o m  7(A ). W e  c o n s tru c t V (A ) according
to  the steps (1) , (4).

(1) F irst w e decom pose each 7 _k =cU(—k)L(A) into irreducible representations of
go, or determ ine its subquotient structure, w here c1_1(— k) is  as in (2.2).

(2) Check the g 1,_-action on each component.
Va

Notation. W e denote 2r(01,V b e ) V ,  b y  a diagram w here  Va , Vb
VbV .

and V, are go-modules.
In the follow ing w e take as Va a  go-submodule o f 7_ k . T h e n  w e  se e  th a t th e se

branching diagrams are independent of the value A (C) for the central element C.
(3) 7r(gi,+)Va depends on the value of A (C ). So w e calculate its structure case

by case.
(4) Finally, from  (2) and (3) w e ge t the unique maximal submodule 1(4) and obtain

V (4)=V (A )11(4). (W e note th a t  a submodule is understood to be 4-graded.)

2.5.2. Case g-=. 1(2, 1) and dim L(A)< c o .  In th is  case n= A (H) is  a non-negative
integer and w e have tw o  cases.

CASE 1 :  n. 1. In t h is  case v(A) sp lits  in to  four go-irreducible components as
follows :

1-7 0
L ( A )

/
7_ L(A — 13) ED L(A—r)

L( A — p—r)

Here )3 is defined in (1.5) and r=a,-F IS w ith  a, in (1.4).
CASE 2 : I n  th is  case V(A) splits into three g o-irreducible components, as

Vo E f ) V-1 e 7-z

L(A ) --> L(4- i3) — > L(4-

2.5.3. Case g -=1l(2, 1) and dim L(A )=00. In th is  case n=A (H) i s  a  negative in-
te g e r . T h e n  w e  have tw o  cases.

CASE 3 :  n _< —2. In th is  case P(A) sp lits  in to  four g o-irreducible components as
follows :

L(A)

N
L(A—IS) e L(A — r)

L(A — p



7
 — 2

L(A)

L(A-132) e L(A—po e L (A -

I
L(A  43 3 — $2 ) e  L(A --/33- 13,) e  L(A  132—  ig

\  I /
L(A

L(A)

L(A 3 ) 0 L(A i )
L(A -X - 1%)e L ( A  —p3---)91)

L(A—,93-132—po
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CASE 4: n= — 1. In this case V(A) is not go-semisimple and

L(A)

Va D  V b  D  L(A - T)

\  /
L(A—p—r)

Here the go-module Va is not semisimple, and va/vb .i.(4-7), L(A—g)
as go-modules.

2 .5 .4 . Case g=41(3, 1) and dim L (A )< 0 0 . In this case m= 4(H(1)) and n= A(H(2))
are non-negative integers. We illustrate the branching rules in four cases separately.

CASE 1: i n 1  and n 1 .  In this case V (A ) splits into eight g o-irreducible com-
ponents as follows :

Here 1,3„ 482, 133} are positive odd roots given as

Ak(H,)=-1+3k,, for 1 k ,  j53.

CASE 2: m 1  and 12= 0 .  In  this case V (A ) splits into s ix  go-irreducible com-
ponents, as
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CASE 3: m = 0  and n 1 .  I n  th is  c a se  V (A ) sp lits  in to  s ix  go-irreducible com-
ponents, as

Vo L(A)

0
v- 1

L(A—p 3 ) ED L(A - 8 2 )

v L(A— — ig2)

CASE 4 :  m =n=0. In  th is  case V(A) splits into four go-irreducible components, as

Vo E D  V i v _ z v_3
L(A) --->  L(A-p3)---› L(A 133 — p2— po

2 .6 .  Calculations for some cases in 2 .5 .  I n  this subsection w e give a sketch of
calculations fo r the  above diagrams in  tw o  c a se s . T h e  o th e r  cases can be calculated
similarly.

CASE I. D ia g ra m s  in  2.5.4 fo r  g=g(3, 1).
W e use  the  next lemma.

Lemma 2 .6 .  L e t g=K(n; C ) and V  b e  an irreducible finite-dimensional g-module
with highest weight A .  Take F an irreducible finite-dimensional g-module such that each
weight has multiplicity 1. Then g-module V OF is isomorphic to a quotient o f th e  fol-
lowing g-module

where is  the set of weights fo r  F, and L(2) is a highest w eight g-module with
highest weight A .

P ro o f . Since V  and  F a re  irreducible and finite-dimensional, both o f  them can be
a ssu m e d  to  b e  u n ita ry  for u (n )  a n d  t h e n  V O F becomes a  unitary representation.
Therefore V OF is decomposed into a  d irec t sum  o f  IURs o f  .u(n). Each o f these re-
presentations is a  highest weight representation of g. T h u s  a ll w e  h a v e  to  do  is  to
find all th e  highest w eight vectors i n  V O F. Each weight vector w o f  V OF is  of the
form

11)=-E i mV ie ft

where, fo r  1  iS m , f i i s  a  w eight vector o f  F  w ith  w e ig h t  2 ,  a n d  y ,  is  a  weight
vector o f  V .  A sim ple calculation shows th a t one of yi i s  a  highest w eight vector of
V  w hen w is  a  highest w eight v e c to r . T h u s w e  g e t the  result. Q .  E .  D .

L e t cU(-1)C5J(Ci0,-) be a s  in  (2.2). From  th e  above lemma, V ,=L(A)ecL/(-1) is
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a quotient of
L (A - 130EDL(A-13 2 )91,(A--,8 3 ),

since dim c1.7(-1)=3 and  its w eights a re  -  A t, i=1, 2, 3. T o  g e t  th e  decomposition of
7_ 1 i t  is  s u f f ic ie n t  f o r  u s  (fortunately i n  th is  case ) to  calculate  the dimensions of
L(A —A ) a n d  V_, and com pare them.

Sim ilarly w e can prove that 7_ 2 i s  a quotient of

L(A- p,- -132)EDL(A- poeL(A-192- p,).

N ow  w e determ ine arrow s from  V_, to V 2 .  T a k e  a  com ponent L(A-1%) o f  -17 -1
a n d  consider th e  im a g e  g,,_•L(A—p1) i n  V _2. T h e n  gi ._• L(A — P) is  a quotient of
go-module L (A — P)® 1 ,_ . Thus using Lem m a 2.6 ag a in , w e  see  th a t g,,_•L(A—,s,) is
a quotient of go-module @1 „„L(A—,8 1 - 135 ). O n  th e  o th e r  h a n d  g,,_•L(A—p i )  is also
a quotient of

L(A -131- - po@L(A-i3i-peL(A-0,-15 .3)

because g •L(A—si) is  in  7 .  T h ere fo re , tak in g  t h e  com m on com ponents o f  th e
avobe tw o g o-m o d u le s , w e  se e  th a t g,,_•L(A- 192) is  a  quotient of ED„,L(A- p i -  /33 ).
T hen w e check the im age under gi ,_ in  V ,  of the highest w eight vector o f  L (A - 19i ).
T hen  w e ge t the  arrow s from  V_, to V_2. T he  arrow s in  o ther places are obvious.

CASE II. D iagram of C ase 4 in  2.4.3 fo r  g=K(2, 1) and  A(H) ,  —1.
I n  th is  c a s e  Vo a n d  V .  a r e  irreducib le . So  w e study  the  structure  of V_,. Let

u, be a non-zero highest w eight vector o f  Vo , and  W  be a  subspace o f  V_, given by
E 1 2 e 0 a s

W=Ive7_1; E1.2-v=0}.

Then r f is two dim ensional and  w e g ive  a  basis {w i , w2 } a s

wi=- --772.vi, W2=122E2, I 111.1)1 •

T hen w, (resp. w 2 ) is  a  w eight vector w ith  w eight A -13 (resp. - r ) .  W e put V a ==
7_ 1, V2= 5-1(go)wi a n d  Va=5Ag0)w2, then both Vb and V, a re  highest w eight submodules
of V a ,  a n d  Va p V, since E2, 1 •w1=w2. N ow  all th e  w eight spaces Va ,À w ith  w eight 2
o f  Va  a r e  two-dim ensional except dim  Va.A- 13 = 1 .  T herefo re  examinig th e  highest
weight vectors and  w eight distributions for Va , w e  g e t the  following results:

Vc 2-4. Val Vb=7' L(A— r), a n d  Vb/Ve ,- - L(A— ii) (one dimensional).

T hus w e ge t the  diagram  since the  arrow s in  th is case are  all obvious.
Diagram o f  w eight distribution for Va:

v v1iajr-a 1 ,(lair -2a —4 - - !  V  if* --3a

vp p
vy), 477! 17T ;7 .7 ! v v

The arrow s ---> and denote and  g,,,-action, and each space V P ) , V i b )  and
V P  has w eight À  and dimension 1 .  Here

Vb=Ved- V1P I s a n d  VOE=170 ±E Vja) .
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§ 3 .  Classification of irreducible unitary representations o f real forms of W2, 1).

3.1. Positive roots for 1). Let g e =c_51(2, 1), and {a, PI be simple roots of
(ge , he ) given as

ce(H)=2 , a(C)=0;

13(H)= —1 , iS(C)= —1 ,

where if-1=HW, C} is a basis o f he  in  (1 .2 ). Another positive root is given by r=
ad-13. We also introduce a notation 6=i3-1-7, the sum of positive odd roots.

3 .2 . Classification of IURs o f  4tt(2, 1; 2, 1). Let g=.4ii(2, 1; 2, 1), then g 0 u(2)
and any IUR of g, is finite-dimensional. From the definition, any unitary representa-
tion of g is unitary when it is restricted to g,. T h e re fo re  an  IU R  V  o f  g  is finite-
dimensional and so a highest weight module (by Lemma 2.3). Let the highest weight
be /I E  [ 1 ,  then L(A)c,,V  becomes a unitary representation of go, and so A  has to satisfy
the following conditions :

(3.1) A (H) is a non-negative integer, and

(3.2) A(C) is a real number.

For the classification of IURs, first we must check when V (A ) is irreducible. From
Lemma 2.4, we get,

Lemma 3.1. V (A ) is not irreducible if and only  if one of the follow ing conditions
holds:

(i) A (C)=A (H),

(ii) ./1(C)=— 4(H )-2  .

Next we must check the unitarity condition. From Proposition 2.2, we get,

Lemma 3.2. L e t L (2) be  a g o -irreducible component of an IUR  V (2) o f g, then
satisf ies the sim ilar conditions as (3.1), (3.2) and also

o 1(11)_12(C)1.

Summarizing these results, we get the following

Theorem 3.3. ( 1 )  A ny  irreducib le  un itary  represen tation  o f  L i e  superalgebra
.u(2, 1: 2, 1) is isom orphic to one of the irreducible highest w eight representation V(A)
w ith A (C)._— . A (II)-2 or 4 (H )A (C ) .

(2 )  As go -modules, the above V(A) is decomposed as follows:

(i) V(A)—_L(A) fo r  A (C)=J(H)=0 ,

(ii) V(A)=-- L(A)(DL(A —7)f o r  A(C)= A(H)_?_1 ,

(iii) V(A) ,  L(A)e+L(A —  13) fo r  A(C)=—  4 (II)-2  ,



Representations of L ie superalgebras 683

(iv) V(A)=L(A)EBL(A— p)EDL(A —6) fo r  A (H)=0 and A (C)< - 2 ,  O<A(C),

(v) V (A )= L(A )0 L(A - 13)E L( A —7)e L( A — a) otherwise.

Realization o f  th e  ty p e  (IT) w ill be given in 3.4.1 and those o f  other types have
been given in  [4, § 8 1.

Note 3 .4 .  T h e  7, 2-gradation Vo e V i o f  V(A) in  th e  above theorem is given by

Vo =L ( A )  o r  L(A )EBL(4-6),

V1=(0), L (A —P), L ( A — r)  o r  L(A—g)EDL(A .

3 .3 .  Classification of IU R s o f .u(2, 1 ;  1 , 1 ) . Let g=u(2, 1; 1, 1), then g0 -,-;f-u(1, 1)
and IURs o f g, a re  classified as

(P C S ) principal continuous series:
(DS) discrete series:
(L D S) lim it o f discrete series ;
(CS) complementary series ;
(T) the  triv ia l representation.
L e t V  be an  IUR o f g , then each g o-irreducible component W o f  V  is a lso  unitary

f o r  go . B y  Proposition 2 .2 , W  i s  a  highest o r  low est w eight g-module and s o  is  V
accordingly. Since the situation is paralle l, w e m ay take V  a  h ighest w eight repre-
sentation V (A ). Since L (A )c7(A ) b e  unitarizable, A  satisfies th e  following two con-
ditions

(3.3) A (H) is  a non-positive in te g e r , and

(3.4) A (C) is  a  real number.

In  th is case, Lemma 3.1 s till h o ld s . F ro m  Proposition 2.2, we get

Lemma 3 .5 .  Let L(2) be a go -irreducible com ponent o f a n  IUR  V (A ) o f  g , then
satisf y  the sim ilar conditions as (3.3), (3.4) and also

2(11)-5= — 2(C)1
Thus w e get

Theorem  3.6. (1) A ny  irreducible unitary  representation V  o f L ie  superalgebra
4u(2, 1; 1, 1) is  a highest or low est w eight representation. If  V  is  a highest w eight IUR,
then  V  is isom orphic to one of the representations V(A) with A (H )A (C )— A (H ) ---2
or A (H)=A (C)=0.

(2) As a  go -module, the above V(A) is decomposed into g o -irreducible componnents as
follows:

( i ) V (A )= L (A ) fo r  A (C)= A (H)=0 ,

(ii) V (A )=L (A )L (A --i) fo r  A (C)-=A (H)_<-1,

(iii) V (A )=L (A )eL (A -13) fo r  A(C)=— ,



684 Hirotoshi Furutsu

(iv) V(A)=-- L( 4)eL(A - is)EBL(A -r)eL(A —3) otherwise.

Realization of the type (iv) will be given in 3.4.2 and those of other types were in
[4 , §81 . The '4-gradation o f V(A) is given as in Note 3.4.

3 .4 . Realizations of Irreducible unitary representations. Now we give explicit
realizations o f IURs classified in 3.2 and 3.3. Except the last types in Theorems 3.3
and 3.6, we have given their realizations in [4 , §8 ]. So we treat here the case where
V(A)=V oe V , with

Vo = L(A)(191,(A — (5) , 1 7
1= L(A 13)ED L(A 

— r).

In this case, the Z-gradation in Lemma 2.3 is given as V0 ) =-L(A), V (1 ) = V, and V")
=-- L(A— 3). So we must calculate at first the explicit decomposition of V "=  V 1 as
go-module. In each irreducible go -submodule the inner product is determined uniquely up
to constant multiples, therefore we should determine these multiplicative constants.

Put n=A(H)+1, in , A(C), 1= —A(H) and Z.,.=.-{keZ; k>0}.

3.4.1. The case g=.1t(2, 1; 2, 1). In  this case n=dim L(A) and m >n-1  or m<
—n-1 from Theorem 3.3 (v). Put a , sgn (m). Let O G L (4 ) be a unit highest weight
vector o f V(A) and Iv:11,-k,n be a standard orthonormal basis o f L(A) given by

(3.5) -Vie(n—k)v?,,=n(E 2 ,00 for 1_<_

And let be a standard orthonormal basis of L(A - 5) given by

2(3.6) vg= n1)n(722)0, for 1 ,
V(m+n-I-1)(m—n+1)

where n,,'s are as in (1.3). Thus we fixed a basis for Vo.
Next we define a basis o f V, by choosing standard orthonormal bases {vAk}iksnl-i

and {v rk}isksn-i of L (A - 13) and L(A—r) respectively, given by

V  2  
(3.7)v =  ---- k /n — k+17r(7)2)4,— k- - - 17r(7)1)14-1) ,m—n+11

V 2(3.8) vrk  (A/ler()22)v2+,-1-Vn—ler(271)4).
n n +1!

Now we write down the operator r(C), CEg i , in the form of blockwise matrix
( D j ,  k ) j ,  k  =0, 9, 7 , 0 ,  where

D i .  : L (A  k ) > L(A — j).

If CEg i ,+ , then D k -=0 except the cases (j, A), (0, r), (13, 5), (r, 5). If CEgi.-,
then Di ,k = 0  except the cases (j, k)= (6, 0), (r, 0), (5, 19), (5, r). Therefore each 7r(C)
-, (D,, k ) is of the following form respectively depending on CEg i ,., or CEg,,_ :

/ 0 * 0 \ /0 0 0 0

(3.9) ( D j ,  k ) j ,  k ,  A,r, = 0
0 0 0

0 0
or 0 0 0

0 0 0
\o 0 0 o! \0 0
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And the action of g,, c = g ,,,e )g ,,_  is given w ith respect to these bases as follows:

For

DO, &  D o, r œ a C _ a k _ 0 4 - 1  , n(e0vrk=--  C +bo ck' ,

Dp ,a & D r ,s: 7r(eIM=aC +bk-ivi-FaC _a k

Do , &  D 0 ,1 : r($ 0 )0k =o . 0 _b k _ , r(E2)vrk=--  o'C + a kv(),+1

D & D 1 : ( $ 2 ) 6 2
3 = (7C +a kinSk+i —  C  -b  O rk

For g,,_ :
D ,0 &  D 7 ,0 : 2r(7 —C _a k vid-C + boT, ,

D p &  D7: 7C (711)V 131,=C -Fb k - IV! 7r(72 OVV-- C -a 0 4 1

D p , 0 &  D r ,0 : r(722 )4=C _bk_iv id -C ok_iv rk-i,

D a ,  & : 7r(7)2)0k= C +a k 7r(122)Vt= C  - b ,

where

(3.10) ak--=-%/k, b k = V n — k  and C ,=
A / I m ± n ± 1 1

.,N/ 2

3 .4 .2 . The case g = 1 ;(2 , 1 ; 1 , 1 ) . In this case l= — A(H) is  a positive integer since

L(A ) is  a holomorphic discrete series or its lim it. Further 1 2  and —1<m<1-2 from

Theorem 3 .6 (iv ) . Let v7EL(A) be a unit highest weight vector o f V(A), and MikEz +

be a standard orthonormal basis of L(A ) given inductively by

1
_

V(k+/-1)k 7r(E2 i)/1
for k E Z + .

Next let {vi}kEz+ b e  a standard orthonormal basis of L (A -3 ) determined by

2 =
V )(1— m-2)

ir(n,)7r(nov ,k,f o r  kE Z + .
(1-Fm 

We define standard orthonormal bases iv i lk z +  a n d  iv rkIkEz+ of L (A —IS) and L (A — T)

respectively by

V 2
/ ( / 1X/ ±) (V/H-k —2r (77 2) — / k-17r(7 i )v(k1_,) ,

1 — M

V 2
vrk =     (-V  r() 2 )4,— -V 1+ k —17r(r) i )v2)

-V(1-1)(1—m —2)

As in 3.4.1, w e  w r ite  the operator 7r(C), C g i ,  in the form  o f (D,, k)), k ,  T.

where L(A— k)—J,(A — j). Then the blockwise matrix (D,, k )  has the same form
as in (3.9) depending on C e g "  or C E g ,,_ . And the action of gl,c=g1,+egi,- is given
as follows:

For

Do , p  &  Do, r : 7r($1)vfik= — E' -a k -10-1 , z(el)v rk=0 +5 kv2

D , 5 & D r  , a : r(ei)vt=--+ E C' -a k -1Vrk-1
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D , S z  D ": z (e2)14---=- 0  k y 7(e 2)1)1= + a 01+1

) &  D r .a: 7r(z )v i=e 4+a k v i+i+ _5 o rk ,

For g _:

D,3 ,0 & 7r (7 2 1)14=  C  a 15:kv R+1 - 0+5ku rk

1.4 ,  &  D  a : r 2 i)v lsk=  +5 . k - 114 y 02 014= _ a ,

D,3,0 & r(772)14=0 j5k +a ,

) & D , 1 : a k , r(77 2 )yrk =_15kvi ,
where

.J(/—T)=-1-1 (m+1)
(3.11) ak=,■//z, k= •,/ I+ k — 1  and c,±-= •A/2(/-1)

3 .5 .  Method o f determining the orthonormal basis of V in  3 .4 .  Both case 3.4.1
and 3.4.2 are similar, and so w e discuss here the case in  3.4.1.

Step 1. F ir s t  w e  ta k e  a un it h ig h est w e igh t v ec to r v7EL(A)c V o. T hen  w e
determ ine inductively one vector from  each w eight space so that all 7r(Z), Z go ,  are
expressed by hermitian matrices, namely

(3.5) k(n— k)11+i=7(E2.1)14; for 1  k n - 1 .

T h en  {v}1,k_n is  an orthonormal basis o f L(A ).
Step 2. Here we give certain orthogonal bases of L (A —)9), L (A  -1) and L (A -6 )

tem porarily . T hen  in Step 3  we norm alize them . Since L ( 4 - 3 )  is isomorphic to L (A )

as Ego , 1;101-modules, we determine

(3.12) fdr=r(71)7r(n2)v,°, for

T h en  IN }I,k,„ becomes an orthogonal basis o f L ( A - 6 )  such that =constant.
N e x t, as t h e  (A — j3)-weight space ( V1),-,3 o f  17 1 =L(/1-1(3)(1)L(A — 7) is one-di-

m ensional, we can take 7(722)v7E(V1),1 CL(4— )3) as a non-zero highest weight vector
o, o f  L (A —  p ) . T h e n  w e  c a n  d e f in e  an orthogonal basis o f  L(A —  p)K,151eLn+i

similarly as 041 , namely

(3.13) k (n+1—  k )f li.1=---r(E2.00k f o r  1<.le n .

Now the (4 — r)- weight space (V I ) i_r o f  V, is two-dimensional and fr(721)v?, 7(712)0}
gives a b a s is .  Simple calculation shows that

7r(E1,2){7072)4+. ar(r)i)v71=0.

Therefore w e can take 7r(7)2)0+ •.//7-17r(7,)/)°, as a non-zero highest w eight vector D r°
o f  L ( A — r) .  Sim ilarly as  fo r L(A --,3) we can define an orthogonal basis OD
o f  L (A — r) inductively as follows

(3.14) -V tz(n —1 —k)11+ 1=r(E2,1)ii f o r  1_•<1? —2.

Step 3. From  Steps 1 and 2 , each operator 7c(Z), ZEg o, are expressed by hermitian
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matrices w ith  respect to  th e  above determined basis. So we should consider the g i -
action and normalize the basis in  fo u r com ponents. According to th e  definition of
unitarity, w e have

ii1D112=<1r(e2+in2)0, r(1)2)v?>-=<v?, in($24-i2)7(722)v?>
,rn— n-F1

=i<v?, 7(11.2)10 = 3 1012.2

Here

1011 2 =
(m -

 2
n+1) 

•

Therefore we must take v - - c i ,  where cA7-- --2/6(m—n+1). Note that this determines
the constant a uniquely since —s(m—n-I-1)>0. Thus we put visk =c 0 1  for all k and we
get (3.7) giving vfik by m eans o f {v71.

Similary, since
En(m+n+1)

1 Dil 2 = 2

w e must take where c r = 2/en(m + n+ 1). W e p u t  vi= c ri l  fo r  a ll k  and  get
(3.8).

2
Finally we define 4=c ain. with c , —

, V ( m + n + 1 ) ( m - . - - - - - 1 - ) - '  
and get (3.6).

Thus we get the normalized basis of V as {O}U{vilUivrOU{v(21.
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