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H°°-well-posedness o f two-sided problem for
Schriidinger equation

By

Kazuhiko Ism('

§ O . Introduction

There a re  m any w orks o n  th e  initial boundary value problem i n  a  half-space, but
there a re  few  w orks o n  th e  problem in  a  dom ain lim ited by tw o parallel hyperplanes
w h ic h  w e  c a ll tw o -s id e d  p ro b le m . F o r  it is  genera lly  supposed  tha t if the form er
problem is solved, then the  la tte r c an  a lso  b e  so lv ed . R . H e rsh  [1 ] shows th a t if an
operator is "well-behaved" then the above supposition is  true , w hile  giving the  operator
(alat)—i(a/ax)2, w hich is not "w ell-behaved", a s  a  counter-exam ple. H ow ever it m ay
not be construed a s  a  counter-example in  the  sense o f  H - -well-posedness that w e w ill
consider.

T he  operator to be discussed is :

P(D t , D r , Dy)=D td-D .-+  ADtk=—
l fa a \ 2 d a \ 2

i at lax ) )

(Schrbdinger operator)

= — —
aw here Dt

1  a
D.v= .1  a andi at' ax 1 1 1 k =  a y k

W e w ill co n sid e r  th e  in it ia l  boundary v a lu e  problems in  each o f the  following
domains :

S2(0, 00)=-{(x, y); x >0, yERd1 (right half space),

Q(-- 00, L)-={(x, y );  x < L ,  y E l t i }  (left half space)

and

Q(0, L )= { (x , y); 0 < x < L , y E R d }  (slab domain),

where we denote Yo, Yd).

Problem P(0, 00) ( in  th e  right half space)

P(D e , D ,  D y )u(t, x, y )= f ( t ,  x, y) in [0 , T 0]xf2(0, 00),

11(0, x ,  y )=u o (x , y) ,

B i (D s , D y )u1 ,0=g,(t, y ),
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Problem P(— 00 , L) (in  the  left half space)

P(D t , D z , D y )u (t, x , y )= f(t, x , y) in

u(0, x, y)=7.10(x, y),

132 (D x , D y )u1.--L=g2(t, Y),

Problem P(0, L)

P(D t , D x , D y )u(t, x, y) , f(t, x , y) in

u(0, x, y)=-- uo(x, y),

B,(D x , D y ) u l , o = g i (t, y),

B2 (D x , D y )ulx-L=g2(1 . , y),

where

B , = 1  o r  B,-, D x -i-a•D y

CO, T oi X 0 (— 00, L )  ,

[ O, T 0]x ,Q (O, L ) ,

and

132 = 1  o r  B 2 =— D x +b-D 2 .

Here the  vectors a=(a i , a2, ••• a d )  and b=(b i , b2 , ••• , bd ) are complex constant vectors
d

and  a•D , deno tes E a k .D „ .
k=1

T he  boundary operators B , a t  x = 0  in  P (0 ,  L )  a n d  B 2 a t  x = L  in  P (0 , L ) are
identical to the  boundary operators B , in  P(0, 00) an d  B , in  P (-0 0 ,  L ) ,  respectively.

T he  present paper attem pts to investigate the  re la tion  betw een H - -well-posedness
o f P(0, 00) and  P (-0 0 ,  L )  and  th a t o f  P(0 , L ).

In  §  1  w e  w il l  m ention  our results. T h e o r e m s  1  and  2  give the necessary and
sufficient conditions for H - -well-posedness of the problem s in  t h e  half-spaces and for
H"-well-posedness of the two-sided problems respectively. O u r conc lusion  is  tha t the
two-sided problem P (0 , L ) is not always H"'-well-posed even i f  each o f the  correspond-
ing problems P(0, 00) an d  P(— 00 , L) in  th e  half spaces is H - -w ell-posed. In 3 2  w e
will provide preliminary argum ents to  prove th e  theorem s by m aking use  o f Fourier-
Laplace transform . In  §  3  and  §  4  w e w ill prove th e  theorems a n d  in  §  5  a n d  §  6  we
will prove lemmata used in § 3 and §

T he  author would like to thank Professor S. M izohata and Professor N. Shimakura
fo r  their invaluable suggestions and encouragement.

§ 1 . Definitions and Theorems

W e will first define some terminologies and notations.

Definition 1 (Compatibility condition). W e  assum e t h a t  f T0]X,Q(0,
u0 E11- (9 (0, L)), g,EH-(CO, T o ] x R d )  ( j= 1 , 2 ) . T h e n  a  d a ta  I f , u o , g i , g 2 }  is said to
satisfy the compatibility condition for Problem P(0, if  th e  following two conditions
(1.1) and (1.2) are met :



(1.1)

and

(1.2)

where
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B ,u» x _o=D{ gi t=o (j=0, 1, 2, 3, •••)

,L =E ng 2 1 t=0  (j=0 , 1, 2, 3, ••-)

d
u i (x, k E iD tk lu s- i(x , Y )+D rf  t=0  (j=1, 2, 3, •-•)

Definition 2 (H- -well-posedness). W e  s a y  th a t  t h e  problem P(0, L ) is  H--well-
posed, if  there exists a  un ique  so lu tion  o f P(0, L )  fo r  every such d a ta  {f , uo, g i ,  g 2 }

( f  To] x Q(0, L)), u o Ef l"(Q(0, L )), g, and g, -ŒH-([0, T e ] x l ,td)) that satisfies the
compatibility condition.

T he  com patibility conditions and H - -well-posedness for the problems P(0, 00) and
P(— co, L ) can  b e  d e fin ed  in  sim ila r fash ions. W e w ill try  to  find  conditions on B,
and  B , under which the problem P(0 , L ) is H - -well-posed. In  order to  d o  this w e w ill
classify the  boundary operators B , and  B y  in to  the  following three groups :

ty p e  I  : B 1 = 1  o r  131 =D x +a•D 2 ( R e  a=0)

B2 = 1  o r  B2 = — Dx+b• D y  ( R e  b=0)

type  II:  B 1 -=D x -1-a•D 5  ( R e  a#0 and Tm {(a • 72)z } <=0 fo r  every 12E1V)

B2=—Dx-Fb•D, (Re b#0 and Tm { (b . ) ) 2 } O f o r  every  77E R d )

type  III : Bi=Dr-Fa • D y { ( a  •  7 '2 ) 2 } >0  fo r  som e i'i Rd)

132=— Dx-1--b•D„ (Im {(b•i)) 2 }>0  fo r  som e f2E R d ).

R em ark  1. The follow ing conditions (i) and (ii) are  equivalent.
(i) B , is  of type H.

(ii) There exists a  non-negative number 2 such that

Re a # 0  a n d  Im a = -2  Re a .

Now fo r th e  problems in  half-spaces we have

Theorem  1. P(0, cc) is II"-w ell-posed if and only  if  B , is o f ty pe  I or of type II.
S im ilarly  P (-0 0 , L ) is II"-w ell-posed if and only  i f  B , is  o f ty pe  I or of type II.

Our m ain theorem  is a s  follows

Theorem 2. The problem  P(0, L ) is 11"-w ell-posed i f  and only  if one of the fol-
low ing two conditions is satisf ied:

(i) both B , and B y  are of type I.
(ii) both B , and B , are of ty pe II and a+b =0 .

I n  § 3 w e  w ill p ro v e  th a t th e  problems a re  H--well-posed an d  we will deal w ith
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unsolvable cases in § 4.

Remark 2. From  Theorem  1 and Theorem 2  i t  f o l lo w s  th a t  i f  B , is  of type I
and B , is  of type I I ,  th e n  P(0, c o )  and P ( -0 0 ,  L )  are H - -well-posed while P (0 , L )
is  not.

§ 2 .  Lopatinski determinant D(r, n)

In th is section we will provide preliminary arguments to  prove the theorems men-
tioned in the previous section.

W e consider the following boundary value problem P (0 ,  L )  for the ordinary dif-
ferential equation with param eters t=i— i1  (a R  and r>0) and 72ER :

Problem P (0, L)

(2.1) (El +r+17)12)ft(x, r, 77)=0 ,

(2.2) B,(Dx, 72)als=0=4 - 1(r, 72),

(2.3) B2(Dx, 72)a 1,,=g 2 (r, 7 2 ) .

W e get P (0 , L ) from  P(0, L )  by extending u , f, g ,  and g ,  to  t> T 0 and t<0 and
making use of Fourier-Laplace transform. W e do not discuss here in detail how they
are ex ten d ed . P(0, L )  is  o b ta in e d  b y  p u ttin g  f = 0  for simplicity and deleting the
initial condition.

Given a function v(t, y ) ,  we denote Fourier-Laplace transform  of v(t, y )  by

P(r, 72)1 e - i(7 `+'7 •0 v ( t, y)dtdy

y)} dtdy .

The general solution of (2.1) is  w ritten  as

û(x , r, )2)=C 1e1 c- ( :". ') ) . 2 H-C 2 e- c, - , 7 2 ) ( x- - L )

w here e(r, 72)=A/—r— f 7212 (Im  / _ r _ '9 2>0).
From  (2.2) and (2.3), C , and C2 are independent of x  and are the solutions of

{

B,(e(r, )7), 77)Cid - B1( — (7, 77 ), 7)) 0 ° ( '-' )2)L C2 = k i

B,(e(r, ri), 72)e i -- ( ' . ' , ) L CH-132(—e(t- , 72) ,  o c ,-  "g2 .
W e set

[ B ,(e (r, 72) ,  72) B1( — e(r, 77),
B  , )7 )-=

B,(e(r, 77), 72)0 ( r. '2 ) L B 2 ( — E ( r ,  7 )), 7 ))

and
D (r, 72)=det B (r, 72) (r=a— i ,  a  E R ,  r>o  and 72 R d ).

D(r, 72) is called Lopatinski determinant for the tw o-sided problem  P (0 ,  L ) .  It is
a function of (r, 72), w here r an d  72 run over the lower half-plane and R d ,  respectively.
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Incidentally, D(r, ri) plays an important role in proving Theorem 2.

§ 3. Well-posed cases

Our results for solvable cases in Theorem 1 and Theorem 2 are as follows :

Proposition 3.1. I f  B ,  is  of type I  or o f type I I ,  then P(0, 00) i s  II - -well-posed.
(Similarly if  B , is  of ty pe I or o f type I I ,  then P (-0 0 ,  L )  is  I I - -well-posed.)

Proposition 3.2. If B , and B , satisfy  (i) or (ii) in Theorem 2, then P(0, L )  is  H"-
well-posed.

For the proof of the above tw o propositions, we need the following two lemmata :

Lemma 3.1. I f  B ,  (B , )  is of type I or of type I I ,  then there ex ists a positive num-
ber c such that

c i
I I 3 i((r , )2), )7)1

— (1r1+17212 )1"

(respectively , B 2(— (r ,  12)1 (1,147,212)„2)

fo r  any  v=a —ir w ith r>o and any ,) Rd .

Lemma A .  I f  B , and B , satisfy  (i) or (ii) in  Theorem 2, then there ex ist positive
numbers ro and  c such that

cr 5 'z
D(r, 77)1 (1 1-1-1

fo r  any r=a—ir w ith r_._ro and any  veRd
— r 7712 )3 "

Here we will not prove Lem m a 3.1, because  it is easily  verified . L em m a A  will
be proved in §5.

Since Proposition 3.1 c a n  b e  p ro v e d  in the sam e w ay as proposition 3.2, we will
prove only Proposition 3.2 here.

Proof of Proposition 3.2.
Existence of  solutions. W e referred the present proof to  R . Sakamoto [3 ].
Given a data { f , u., g„ g 2 }  satisfying the compatibility conditions, w e can  find  a

function wi (t, x, y) 11- ([0, T o ] x Q(0, L )) such that

(3.1) Ditty, y) (f=0, 1, 2, 3, .•-)

w here ui (x , y) are the functions in Definition 1 . Let us put

7),(t, x, y)=u(t, x, y)—w,(t, x, y),

w here u is  the solution of P(0, L )  w hich is to  be determ ined. Then

Pul=f i=f ,

v1(0, x, y)=0 ,
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B  1 v1 1 ..„0= g x=0 ,

B 2 v 1 1 x = c=g2 —  B e v ,  x=i, •

From  the definitions o f u i (x , y) and (3.1) we obtain

(3.2) D 'if  t=0 =0  (k  =0, 1, 2, 3, •••).

By virtue of the compatibility condition for P (0 , 1 .) , it is easily verified that

B x .0)1  t-0=0 an d  Di(g2 —  B2w  ,L )1 t=o=0 for k 0, 1, 2, 3, • • • .

S econd ly  w e  ex tend  f ,  t o  x < 0  and x > i ,  in  su c h  a  w a y  th a t  f i  belongs to
H- ([0 , T o] XRd+ 1) and satisfies (3.2) in R d ' .  T h e n  w e  c a n  f in d  the unique solution
w2(t, x, y)E11 - ([0 , T ,,1 X 1V +') of the Cauchy problem

Pw 2 = f , in [0 , T Rd ."

w 2 (0 , x , y)=0 on

by m eans of Fourier transform  w ith  respect to  (x, y ).
Let us put

v (t, x , Y )=1).(1, x, y) — wz(t, x, y) ,
then

(3.3) Pv = 0

(3.4) v(0, x , y )=0

(3.5) ,•

(3.6) B2v x =L=112(t, B2w B21v21-1, •

W e can easily verify that

D'ih 1 l 1 = 0 =0 for j= 1 , 2  and k= 0, 1 , 2 , 3 , • .

Thirdly let us denote by // ; (t, y) the extensions of h i (t , y) as elements of I I - (R x R d )
w ith  supports in [0, 2T 0 ] x  R ' i .  Let ii ; (r , 72) be Fourier transform s o f e -ith i (t, y ).

W e are going to  find the solutions of

(3.7) (D;-1-z- + 1)71 2 )0=0 ,

(3.8) B,(Dx, 72)0 ,

(3.9) B2(D.x, )7))) I z - z -= 2 .

if exists any, shall be given by

D(r, x , 77)=C i (r, 7))e i '' ( r.'7 ) '+C 2 ( r,  72)e - ' (7. 0 ( x - L)

w here C 1 (7, 72) satisfy
y)f c,(r, 77)]

(3.10)
C2(r, )7) h 2(r y)

Lemma A guarantees the existence of C ; (1-, 72). They satisfy
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(3.11) 11(171+ I V12 )NCk(r, 72)11q . ,_-<MN,k

for any  positive integer N  and k=1, 2, w here MN, k are positive constant numbers in-
dependent of 7.10.

Let us put

(3.12) v(t, x, y )=er ei ( "+ 72 Y) D (r, 7 )d a d ,

then v(t, x, y) belongs to 1-1- (( -0 0 , T 0]x,Q(0, L ) )  and satisfies

Pv= 0 in (— oo , T o] X Q(0, L ) ,

B2v I xL= h 2 .

Moreover, from (3.11) and (3.12) we get

suppvc{t; t()},
therefore

t=o=0

Accordingly v(t, x, y ) is the solution of (3.3), (3.4), (3.5) and (3.6). Finnaly, u=v+w 1--1-w2
solves the problem P (0 , L ).

Uniqueness o f solutions. N o w  let us assume th a t  u(t, x, y)E11 - (E0, ToiX Q(0, L ))
satisfy

(3.13) Pu=0 in [0, T 0]X,Q(0, L ) ,

(3.14) u(0, x, y)=0 ,

(3.15) B1ulx=0=0

(3.16) B2u

For any given function  f (t , x , y )E C -
0)((0, T 0 ) X ,Q (0 , L )), w e consider the adjoint

problem (backward problem):

(3.17) P v = f (t ,  x ,  y) in [0, T o ]X Q(0, L ),

(3.18) v(To, x, y)=0 ,

(3.19) (D s—  • D y )v ,0-=0 ,

(3.20) (D Dy)v x  =L=0 .

W e can find a solution of the adjoint problem in the sam e w ay as w e find  a solution
of P (0 ,  L ) .  Then from  (3.13)-43.16) and (3.17)--(3.20) we obtain

(u, Pv)LI =-(Pu, v)4 . , u =0 .

T herefore  u = 0 .  T h u s  w e  have sh o w n  the uniqueness of solutions of the problem
P (0 , L ).

This completes the proof of Proposition 3.2.
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§ 4. Unsoluvable cases

O ur results fo r  unsolvable cases are divided into the  following three propositions:

Proposition 4.1. I f  B 1 ( B 2 ) is  of type III, then P(0, 00) (resp. P(-00, L )) is not

Proposition 4.2. I f  B , or B 2  is  of type I I I ,  then the problem  P(0, L ) is not II--
-well-posed.

Proposition 4.3. If one of B , and B 2  is  o f  type I  and the other o f  ty pe I I ,  then
the problem P(0, L) is not 11 - -well-posed.

Proposition 4.4. I f  both  B , and B 2  are of type I I  and  a-k b0 , then  the problem
P (0 , L) is not 11w-well-posed.

W e w ill present th e  lemma o f th e  same kind as is often  used to  show th a t certain
conditions are necessary fo r  well-posedness.

Lemma 4.1. I f  the problem  P(0, L ) is  II - -well-posed, then there exists a  positive
integer m  and a positive number c such that

(4.1) x , Y)11/17.x.I I PUMHr y +  a .(0 , x ,

+11Biu I s=011HT, y  +I1B2u I x--Llifir,,

fo r  every u(t, x , y)E 1 -10 ([0 ,T 0 ] X Q(0, L)).

T his lemma is a sim ple consequence of Banach's closed graph theorem. (See Mizo-
hata [2]. )

As Proposition 4.1 can be proved in  the  sam e w ay as Proposition 4.2, w e w ill not
present the  proof of Proposition 4.1.

Proof  of Proposition 4.2. Assume th a t  B , is  o f  ty p e  III . Then there  exists a  unit
vector such that Tm { (a.t) 2 }>0 and Im ( a -  ) <0. (If necessary, is replaced by

N o w  l e t  a(72) b e  t h e  fu n c tio n  su c h  th a t a(n)E C 7(R ), a(n)>0 in  {n ;  1)21<1},
supp { a ( ) } = ;  n1511 a n d

 Ila (n )11/42=1.  P u t  ap (1 ))= pd 2 a ( p ( 7 ) — p ) ) ,  th e n  w e  have

supp {a p } =  ;  1 1) — Pf21-5-1/p} a n d  liap (n )h rl w here p is  a  la rg e  parameter.
W e set

(4.2) up(t, x, y)=5 R,e  
_[0.72)2+I 7 2 [2 ] t - (a • V X + 1 7 • Y )a p (n )d  .

It is easily verified that

(4.3) B 1uplx=o=0 a n d  Pu p =0 .

Set Im {(a • ) 2 I= c  (c1>0) and Im (a•t)=— c 2 (c2>0). F o r nEsupp {a,}
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(4.4) Im {(a•77)2 }= Im  { (a • ) 2 I p2 +2Im {(a • t)(a•( .72-0))1p-Flm Ra•(n — p ) ) 2 }

=c 1 p2 + 0 (1 )  (as p-400) ,
and

(4.5) Im (a. 77)=Im (a • )p+Im {a. (77— p

=--- - c 2 p-F0 ( 1 )  (as p--*00),

From  now  on  we denote positive constant num bers by  c, (j=1, 2, 3, •••). W e have at
first

up(t, x ,  Y )11117 . z . v aC311U p(T  0, 0, y)1114 (Sobolev's inequality)

=c4lleu n ' ' ' ' '2 )2 I7 't'ap(n)42 (Parseval's formula)

> c 5 e<ciroP z ( b y  (4.4)) •

Secondly it is not difficult to justify

(4.7)M  up(0, X ,  y)1111 „5_c,„(p+.1)m

Thirdly (4.4) and (4.5) yield

(4.8) B 2U _ _C 7 (P+1 )2 e"IT O )P2 -2 1 .) ,,

From  (4.3), (4.6), (4.7), (4.8) and  Lem m a 4.1, i f  t h e  problem  P (0 , L )  w ere H - -well-
posed, then th e  inequality

e (c2T o)p 2  c 8 { (p  .+. 1)  + (p  + 1 )2  n t+ le (c irO p 2 - ( ,21,)P1

w ith a certain constant  c 8 independent o f  p  should h o ld .  However, a s  p  tends to  the
infinity, it cannot h o ld .  Therefore the problem P (0 , L) is  n o t H - -well-posed. We can
also prove analogous results when B , is  of type III.

Proof  of Proposition 4.3. and Proposition 4.4. We can assume th a t  13, is  of type II
a n d  B2 i s  o f  ty p e  I o r o f type  II w ithout losing generality . W hen B 2 i s  of type II,
w e assume th a t  ad -b#0 . T hen  w e  have

Lemma B .  There exist positive numbers c i  and c2 , a sequence {72.}L I C R d , a sequence
{117,}̀77=1 of open neighborhoods o f  ri ,, and  a sequence {r.(72)} 1
tions defined in  U n  such that

(4.9) nn co as n — ,

(4.10) D(rn(n), 72)=0 in U n ,

(4.11) fr„(1))}=1,i(17) in  un ,

(4.12) IE(T.(n), n)1-5.c217/.1 in Un,

131(e(rn(n), n), n) B 2 (  —E(r.(n), )2), 77)1s1 2 c(4.13)
13,(—Vrn(11), 72) B 2 ( (r n ( 72), n), 77) —

o f  complex valued func-

in U .
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T h is  lemma will be proved in  § 6.
From  (4.13) w e can assume that

(4.14) B,(eez..(2), 7)), n) S1—c, in  U „  fo r  a ll  n
B1( — e(r.(72), 0, 12)

or

B2(—(z,,('2), 77), 77)
B2(e(r.(17), 77), 72)

if  necessary we take subsequences.
N o w  w e  assum e (4.14). L e t  C,..(77) b e  th e  function defined i n  Lin  s u c h  th a t

suppi C,, „(72)} c Un  a n d  IICI..(72)14  = 1 .  A nd set

(4.15) in  U„ fo r  a ll  n

then from  (4.10) we obtain

B e r . ( 7 2 ) ,  72)1 - n(72 )
(4.16)

]=1_ ].1-C2,„,(77) 0
W e put

(4.17) u„(t, X, y ) -= ) e ' , ( ) `+ '2 '" ) {C],,.(72)e '?)(x-L)} dn .

then  u n,  is  a  solution of Pun-=- 0 , B iu .1 ,0 =0  and  B2nri x-L-=0.
L e t  u s  s h o w  th a t  t h e  inequality (4.1) d o e s  n o t  h o ld  f o r  74,, a s  n tends to  the

infinity.
From  (4.10) we get

u„(to , 0, y)=, e i c'n( 0 0̀+12•v) { Ci..(7)) -1- C2,.(77)e i "( rn( 0 ' 12 )L Ich7

B2(eern( 72), 71) ,  7 7)
B2c—eern(n), 7.2)'
Bi(e(rn(n), 77) ,  7 2) lc 1,no7)cinB1( — e( rn(n) ,  7 7) ,  '2 )

where 0<t 0 T o.
(4.18) can be obtained from  (4.11) and (4.14).

(4.18) Illtn(to, 0, Y)IIL2 =y ( 2
1
7w  e ra coto{i 131((rn(n), 77, 11) 

13,( — e(r.( 77), )7)1" 1,n()7)

> C1
e

, it0172,1
(270"

Moreover, from (4.12) we can derive

(4.19) 11 /6/(0, X ,  y)IIHT  v 5.c3(1 77n12 + 1 )m / 2

If  th e  problem P (0 , L )  w ere H - -well-posed, w e could h a v e  (4.20) f ro m  Sobolev's
lemma and Proposition 4.1
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(4.20) un(to, 0, ,Y)11L0c411u.(0 , x , Y)11.Fir y .

H ow ever, (4.20) canno t ho ld  fo r  any fixed positive number t o d u e  to  (4.9), (4.18) and
(4.19). An analogous results can be obtained when (4.15) is  assum ed . T hus Proposition
4.3 and Proposition 4.4 are proved.

§  5 .  Proof o f Lemma A

In th is section we will prove Lem m a A  used in  § 3.

Lemma 5 .1 .  Let c be a positive number and a be a purely imaginary vector. Then
there exists a  la rge p ositive number To =r 0(c, a) such that

e(r, 71) — a • 77 „ „ T , )

e(r, 72)+a • 17 e

f o r  every r= i —i1 (r-ro) and every E R , , ,  where e(r, 77)=-V—r— iny and Ime(7,7))>0.

Pro o f . Let us put s=ia- 77,  q=Im e(r, 72) and K =l e e r ' 1 2 ) — a
•

 '7 e iccr. ,;)
e(r, n)d-a•72

2
. From the

equality 2 Re{e(r, 12)}hnie(r, 77)}=7, we get

e(r, n)=2-r-g +iq (q>0).

W e also get

+(q+s)2 
e

-2 c qK —  q

(21q) 2 +( q— s ) 2

    

4q2(s+q) 24-72

= 
4 q

2
( s  —  q )

2
 -P r°  

e 'c q  K  ,  r , s),

   

leading to

    

K(q, r , s) 1 for sSO

   

and
dK  —16q8(4q2s2-4 q4— r)
as = {4e(s—q)°-1-72 }°  e

         

V 2

Then as a function of s .0 , K  attains maximum a t s= q2  +
4

1

y

.7 2  
. The maximum K i (q, r )

is  as follows:
r2  Kl(q/ 71= 1+, r , v  2q +4 e )

_{-V4q4+7 2+2q2 }2-Fro
1-V4q4 -1-r2 —2q2 12 +72  e

=7 - 2 {../494 -Er±2q 2 12e- 2 c q

Putting q= ,  then



1 11/2

1 2 2(17-1-1-17)12)1/2

W e have only to show that Tm $(7, 72)__
2P ' .  

B y the definition o f e(r, 77)
20DH- 1721 

we obtain

Im e(r, 72), 12

- 2(16, 1+r+1771 2 )" 2 •
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K2(p, r)=- Ki(q, / P4 +1+ P 2 ) 2 0-  2 r e l j

and
K(q,r, K2(p, 7") (2P2 +1) 2 e- s-ffep

W e then have
K(q, r, s ) 1 fo r  7_4c. - 2  a n d  any real num ber s.

Lemma 5.1 is proved.

Lemma 5.2. L e t c  b e  a positiv e num ber. T hen there ex ists a positive num ber c,
such that

C 17 1 1 2

e tiCe(7, 7,)1 < 1

f o r every  r = 1 —ir (7. 1) and ev ery  veRd.

P ro o f .  Note that 1m E(r,

1—e - x_x/2 fo r 05.x.log 2
and

1—e 1/2 fo r  x.log 2,

Therefore, when OIme(r, 72)(1/c) log 2,

1— j ei'e(7. 0  _:(c/2) 1m e(r, 72)

and when Tm e(r, 77) (1/c) log 2,

Lemma 5.2 is proved.

Proof  o f  L em m a A . Let us assum e the case (i) in  Theorem 2 .  Consider the  sub-
case where B,=-Dx-Fa•D, and  B2=—. —Dx +b• Dy (Re a=Re b=0). Then

(5.1) D(z-, 77)1 = I 31(e, Y2)B2( — e, 7))—B1(—e, 77)B2(e21))e
2 i y . 1

B 1(—e, n)B2(e, )2) 2iLeBi(e, 72)B2( — , 1
13,(e, 7))B2(—e, 72)

Because neither 13, n o r 132 i s  of type III, w e  have (5.2) from Lemma 3.1 in  §3.

( rl +17712 )1 '2

T he following inequalities hold :
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(5.2) 1 1 3 i(e, '9)B2(—e, '9)lc ' 7 2— (1r1±1n1 2 )

O n the other hand, Lemma 5.1 and  Lemma 5.2 derive

Bi( — e ,  77)B2(, n) 2 ,Le(5.3) 1

>1 B ic— ey   72), ( ,,2) iu
Bi(e, 77) -

e iu

c2r 2  >
(11. 1+1 7212)1" •

By (5.1). (5.2) and  (5.3) w e get

. 1 B2($, 77)  e (imiLe
I B2( — e, 77)

e' L e

csr 12

I ,  
72)1>-— O r  + )71 2 )3/2 •

T h is  completes t h e  p ro o f f o r  th is  subcase. T h e  rem aining subcases of (0 a re  not
difficult.

N o w  le t  u s  a s s u m e  th e  c a s e  ( i i )  i n  T heorem  2 .  I n  t h i s  c a s e  th e  equality
B 1(—e, n)B2(e, n)=B.(e, n)B2(—e, 72) holds. Therefore, Lemma 3.1 and Lemma 5.2 yield

I D( r , 72)1 = I 31(e, 72)132(—e, 7))1. 11—e"e`
C0.2

C 4 r 2  
I

- (17 1+1 7712 )(1r1+1 1112 ) 2

C6 r5 "  

(II- 1+1771 2 )h/ '  •

T his completes th e  proof fo r the  case  (ii) in  Theorem 2.

§  6 .  Proof o f  Lemma B

In  th is section we will prove Lem m a B used in  § 4.
Recall

D(r, n)=Bi(e(r, 77), '9)B2( - - e(r, 22), 72)—B1(—e(r, 72), n)B 2(e(r, n), oe2q(-V )L .

1
B y putting 2=1721, z =  1 ,71 e(r , 77)= \I 17212 1  and  w ('9 )=  

'91
1  , th e  equation

(6.1) Der, o = o

is equivalent to

71)B2(—e, n) e

(6.2) w(n))B2(—z, w(n))
e B 1 ( — z ,  w ( n ) ) B 2 (z, co(n)) .

W e will be concerned with some lemmata to prove Lemma B.

Lemma 6.1. We assume that B 1 i s  o f type II and that B2 i s  o f  ty pe I or of type
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II. M oreover, when B 2  i s  o f  ty p e  I I ,  w e  assume that a + b * O . Then there exists a
positive number zo and  a non-zero vector "i2ERd such that

B,(zo, (00")))B2(—zo, (o(f2)) 
B 1(—z 0 , co())B2(zo, (0(0)

Pro o f . W h e n  B y  i s  o f  t y p e  I ,  w e  h av e  I B2(—z, (0(i7))/B2(z, 002))1 =1 fo r  every
z E R  and every 7) E R d .  Then we can easily find a  z 0 > 0 and a non-zero }')E R d which
sa tisfy  1131(zo, w(f2))1B1( — z0, 0)( ))1 <1.

Now let us assum e th a t b o th  B , a n d  B y  a r e  o f  ty p e  I I  a n d  t h a t  ad-b*O . We
attem pt to prove (6.3) b y  reductio ad absurdum. C ontrary to (6.3), assume that

B 1(z , (0(72))132(—z , co(7))) __>_
7)))B2(z, co(n))

1 fo r z> 0  and every non-zero
B 1(—z, o)( 

n E R d  .

Replacing 7)  b y  — 7) , the fraction is inverted

B l (z, co(77)).B2(—z, w( n) ) 1 1f o r  z> 0 and  every non-zero neR d
.131(—z, a)())B2(z, (0 ( )) 1

Therefore

Bi(z,  040)B2( — z, co(n))
B 1(—z, co(72))B2(z, w(7))

(6.4) holds fo r every positive number z  if  and  only if

(6.5) a1•co(n)A-E,•co(n)=0 a n d  (i1- 2.0)(0) 2 =(52.(0( 7))2

fo r every non-zero vector n e R a

where and b=514-i52.
From  (6.5) and  the  assum ption that both B , and  B2 a re  o f  ty p e  I I , w e  h av e  ad b

= 0 .  Lemma 6.1 is proved.

Lemma 6 .2 .  L et f (z )  be a holomorphie function in  a neighborhood Vo o f  a  point zo

on the positive real axis. A ssum e that I f(z0)I#0 and I f(zo )l<1 , then there is a  sequence

{27,17,4 of  Positive numbers, a sequence fziiIri=, of complex numbers i n  Vo a n d  positive
numbers c and M  such that

L  n z n  _ f( z n )

2 . -->  0 0  (as n --co)

Im{(z„) 2 }

I f(201 5_1 — c

Pro o f . For a positive number ô ( . (1/2)z0), le t u s  consider a  neighborhood

Ua = fz E C : IRe(z— zo)I<3 a n d  O<Im z<3}.

If  3  is sm all enough, ti,3 is contained in  Vo . M oreover, we can assume that

(6.3) < 1.

(6.4) =1 fo r z> 0  and every non-zero )7ERd .

(6.6)
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f (z )— f (z ° )1  a n d  I f (z)I 1+ I f (z )1 
2f(z0) — 2

in U .

and

For n=1, 2, 3, ••• we put
Arg f (z o )± 2 n r2„= 2z0 L with OS Arg f(z o)<27r

1z„ ,=
22 L i {Log f (z o)+2nril

' „ 

Arg f(z0)+2n7r i 
log f (z0) I22„L 22„L

= z o  log f (z0)122„ L
We define z„, p 's succesively by

(6.7) =  22n
1

L i  {Log f(z 0 )+L ogil+ f ( z n '7 (
1)
,z0)

 f ( 4 ) 1+2nril

= z , , ' , +  
227,

1
L i  

L o g  { 1 +  
f(z„

'
,...,)—f(4)}
f(z0) (p=2, 3, 4, •••),

where Log f (z0)= log I f (z°)I Arg f (z0 ) and Log (1+w)= ,
)
 w  for

k=1 R

Then we obtain

• — 1Re z„, ,= z o a n d  Im = 22n L  log f (z0)1 .

There exists an n1=n 1(3) such that

(6.8) O<Im zn.,5 —

a  
an d  z 1EU,3— 2

Then

(6.9) Izn,2—zn.i I =
1  Log {1+ fCzn :;)

( z 0
( (z ° ) }1

f  f ( z 0 )  
f (4 )

m  — 1
—  2 L  22 L log I f (z0)1

n„

for n  n,(6) .

1  
22„ L  2

1
5- 2,,,L •

2 2 „ L

w I <1.

where A 1 t = sup
zeua 7 .(r

z
(2

0
)
) 1 and we used the following inequality :

1fo r '10,
•

Log(1+w)—Log(1-1-w')I 5_2•1w—w'l
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Moreover we can choose a n  nz = n 2 (6) (_71 1)  such that

1
(6.10) MI— <

Ill, 5 if  n>_n,.
2„L — 2„L— A I, — 2

Then w e can prove by induction that

f
Zn, p- i U8

1 i z n ,  p _ z n .  p M I  V- 1  —1
_i15.( /In  L I 22„L log I f (zo) I

(p=2, 3, 4, •••, n .. n2 ).

In fac t (6.11) holds for p= 2 from  (6.8) and (6.9). Assume th a t  (6.11) holds fo r psk,
then

±1Z n .k — Z n ,1 1 1Z n , p — Z n . p - I IP=2

E  
kM 1 \p-1

7- 1=2 2„L ) 22n  L
log I f (z0)1

—1
Àn L " M i  22L log I f (4)1

n

5

-  2

•Im Z

n L—M, n''

1
— 1m Z n  1— 2 '

1
5 - 6- 4  '

therefore
Z n , k = I M  Z n , i+ I M (Z n ,  —zn, ,)

1
Zn.1— 2

and
IZn,k — Z01 :5_1Zn,k — Z11,11 + 1 Z n , i — Zol

1 1 3

proving that Z„, k  E  Ua . Moreover

22n L

1  • 1LOg II+ f  ( z n ' k ) — f  (z°) }  Log {1+  f  (z1"f ( z 0 ) 1 _
—

1
f (zo) f (zo) I

1  9 1 f  ( z n , k )—  f  ( z  k  -  
— 22 L •  I f(Z0)

1  
I Z n  k — Z n  k— 2n L "

(6.11)
11m Zn —  1m Zn ,i— 2
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M 1

1,)k AnL log I f(z.)1

T h u s  (6.11) is  p ro v e d  f o r  a l l  p_>_2 a n d  n ti 2 . From  (6.10) and  (6.11) the  sequence
{z „,„ }7 , converges as p  tends to  00. W e denote the  lim it by z n . It is easily verified
th a t  {2„„ Zn} sa tisfies (6.6). Lemma 6.2 is proved.

Proof  o f L em m a B . We set f(z, co) , B,(z, w)132(—z, co)/ B,(—z, co)B 2(z, co) (zER and
( f ) sd-IN.) T h en  fro m  L em m a 6.1, th e re  e x is ts  a  positive number z o and a non-zero
real vector fi s u c h  th a t  f(zo, w ())  < 1 . W e can also assume th a t f (zo, (1)( )) 0. For

z,,} obtained by Lemma 6.2, w e have

a e 2 z L A n z  f (z, f ,(z„, to(V)).

T he rig h t handside is  non-zero for sufficiently la r g e  n ,  say n n 3 . T h e n  f r o m  the
im plicit function theorem , f o r  each n  there exists an  open neighborhood ti n cS 4 - ' of
(007), a n  o p e n  in terva l I „ containing An a n d  a  continuous function z n (2, a)) defined in
/„x0„ such that

ezir-tz„(2,"0 f(zn(2, co), (0),

Im {z n (2, co)z} — c
22„ '

co)1 5.211/1 ,
and

I f(z.(1, (0), (01 5 1—

fo r every (2, (o)eInxÛ„,
W e p u t rin= --2 .(0 (0  a n d  U n =-/„ X U „. L e t u s  p u t r7,(12)= — {zn(V) 2 - 1- 1122 a s  a  func-

ction o f  n=y1a) defined in  Un . Then after renum bering again th e y  satisfy (4.9), (4.10),
(4.11), (4.12) and (4.13). T h is  completes the  proof.
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