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Level complexes and barycentric subdivisions

By

Mitsuhiro MIYAZAKI

O. Introduction

Let A , and A 2  be finite simplicial complexes (we assume in this paper that all
the simplicial complexes are finite) and K  a field. Then the Stanley-Reisner rings
K[A 1]  and K [A 2 ]  o f  A , and A 2  are defined (see § 1 for definition). But in
general, the rings K [A 1]  an d  K [A 2 ]  are  not isom orphic even though the
geometric realizations 1 A , 1 and 1 A2 1 of A ,  and A 2  are homeomorphic. So from
the view point of ring theory (and combinatorial theory), one cannot replace a
simplicial complex to a homeomorphic one (e.g. the barycentric subdivision) freely.

But some properties of ring theory (e.g. Cohen-Macaulayness and Buchs-
baumness) are topological ones (i.e. i f  IA, 1 and I 4 2 1 are homeomorphic, then
K[A 1]  has the very property if and only if K [A 2 ]  has it), and some of them are
not (e.g. regularity). So it is natural to ask if the given property of ring theory is a
topological one.

Consider the level c a se . I f  A is  a pure complex of dimension 2 as in the
figure below, then the h-vector of K [A ] is (1,2,1) and type (K [4]) =  2. So A is
not level and we see that the property being level is not a topological one, because
IA 1 i s  homeomorphic t o  a  simplex of dimension 2. If  A ,  i s  th e  barycentric
subdivision of 4, then the h-vector of K[4 1 ]  is  (1,14,9) and type (K[4 1 ] )  =  9. So
we see that A 1 is level.

4 = A l =
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A question arises from the above example. Is there a  level complex A  such
tha t the barycentric subdivision sd(A) of A  is  n o t le v e l ?  The purpose of this
paper is to deny the existence of such a com plex. In  fact, we prove a  stronger
result, i.e. if A  is a Cohen-Macaulay complex, then sd(A) is level except the case
tha t the levelness of A  is clearly denied by the topological property of I A  I (i.e.
(A) 0  0  and A  is not 2-Cohen-Macaulay)(see Theorems 2.3 and 2.5).

The author is grateful to Jun-ichi Nishimura fo r useful conversations and
hearty encouragement.

1. Preliminaries

We denote the number of elements of a finite set X  by # X  and for two sets X
and Y we denote by X  — Y the set Ix EXIx0 Y1.

Let K  be a field and fixed throughout this paper. L et A  =  K [x i , x„] be a
polynomial ring over K .  Then A  is a Zr-graded ring in the natural way and if M
and  N  are  finitely generated Zn-graded A-modules then we can define the  Z"-

graded structure to Hom A (M, N) by [Hom A (M, N) ]Œ  = ffe Hom A (M, N )If(M f l )
N„, fl f o r  a n y  /3e.  S o  w e  c a n  a lso  d e f in e  the Z r-graded structure  of
E xt(M , N) for any i. Moreover if I  is a homogeneous ideal (in this grading) of A
then we can also define the Zr-graded structure to  the local cohomology modules
H ( M ) .  See [3] and  [4] for the  details.

We define the dimension (Krull dimension) of M  written by dim M to be the
maximal length of prime ideal chains in the ring A/ann(M) i.e. dim M = max {c/1
There exist prime ideals P 0 , ,  Pd in A  such that ann(M) g P o g  ••• g  P d }. A n d
the depth o f M  written by depth M  is defined by the following three identical
numbers

( i ) The length of a maximal M-regular sequence in m.
(ii)) m in f i  I E x t(A /m , M ) 01
(iii) min {il H i,„(M) 0 0}

where m = (x 1 , . . ,  x „)A . (All meximal M-regular sequences in m are known to
have the sam e length.) If

• • • —> F F, Fo M

is  the minimal free resolution o f  M  a s  a  graded (in Zr-grading or in the total
degree) A-module, it is known that

depth M = n — max {ilF i 0 0}

(see [1]). It is  a lso  know n tha t dep th  M  < dim M  for a rb it r a ry  M  0  and we
say  M  is a Cohen-Macaulay module if depth M  = dim  M  or M  =  O.

A homogeneous system of parameters of a module M is a  family y i , y d  of
homogeneous (in the total degree) elements of m such that dim (M 1(y,, ,  y d )M)
= 0 and d = dim M .  It is known that M is Cohen-Macaulay if and only if one of
the following equivalent conditions are satisfied.
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(i ) There exist a  homogeneous system of parameters of M  such that it is
an M-regular sequence.

(ii) Every homogeneous system o f  parameters o f  M  i s  an M-regular
sequence.

See [7] and [5] for the details.

A standard K-algebra R =  cp R i is a finitely generated non-negatively graded

K-algebra such that Ro =  K  and  R = K [R If dim ic R 1 =  n ,  then we can
construct a  degree preserving surjective K-algebra homomorphism A  R , where
A = K [x i , . . . ,  x n ]  i s  a polynom ial ring. Assum e R  i s  Cohen-Macaulay and
dim R = d. Then if

F2 F1F 0

i s  the minimal free resolution o f  R  as an A-m odule, Fn _d 0 0  and Fn _d +

= O. The rank of Fn _ d  is called the type of R and denoted by type (R ).  The
canonical module of R  is defined and denoted by K R . In  our situation K R

= ExtrA -
d (R , A) ( —  n) where M(t) is  the shift of grading, i.e. (M(t)) s  = M s + , (see

[3]). S o  K R  is  the cokernel of

F:-d---i( — n)  — + F _ d ( — n)

where * = Hom A ( ,  A ) .  The a-invariant of R  is  a lso  d e f in e d  b y  a(R) =
— min IiI(K R ) i 0 01.

For a graded A-module M, we denote the Poicaré series of M  by F(M , ).), i.e.

F ( M ,  =  E (dimic
neZ

Then by the Hilbert syzygy theorem,

(1 — )) d  F(R, ) ) = h o  + + • • • + hs ils e Z[2]

(hs 0  0). We call the vector (ho , h1 , ,  h s)  as the h-vector of R .  On the other
hand by the result of Stanley [12]

F(K R , 2) = (— 1) d  F(R , ;1
1 )

il Ad-s h Ad-s+1s s  1 

Hence a(R) = s — d  and

hs — dim,j(K R )_ a (R ) ) < ChM R 0  K) — dim K (F d K )  —  type(R).
A A

If hs =  type(R), we say that R is a level r in g . (See [13].) So R is level if and only
if K R  is  generated by (KR )_ a ( R )  (and if and only if Fn _d is generated by (F n _ d ) i for
some i).

+ + h o Ad
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L et V be a  finite set. A  sim plic ia l complex A  with vertex set V is a set of
subsets of V such that (i) e  A  and (ii) if a e A  and t g. a then t e  A . Note that we
d o  not require that {x} e A  for any x e V. A n  element of A  is called a face of
A .  For A and a face a  of A, we define the dimension of a written dim a  by dim a
= 1fy — 1 a n d  d im e n s io n  o f  A  written dim  A  b y  d im  A  = max dim a. I n

ITE A

particular dim IC = —  1. W e define a subcomplex A \o - o f A  for a e A — {4)} by

A \o - = I te A lt

A nd for a  subset W o f  V, we define a subcomplex A ,  of A  by

A , = la e

N ote that if x e V then Ay _ {x } =  A \x .
Now we define the Stanley-Reisner ring (or face ring) K [A ] of A  (over K ) for

a simplicial complex A  with vertex set V = {x 1 , ..., x„}. T a k e  a polynomial ring
over K  whose indeterminates are in one to  one correspondence with the elements
of V. We denote this polynomial ring by K[x 1,  x n] ( = A) for simplicity. Then

K[A ] = A l l ,

where I , is the ideal generated by ... I 1 j i < ••• <
Ix ,  x  i t } A}. T h e n  it  is  e a s ily  v e r if ie ld  th a t d im  K [A ] = dim A  + I. A
com plex is said to  be Cohen-Macaulay (or level) (over K ) if  K [A ] is Cohen-
Macaulay (or level resp.).

Put f i = (The number of i-dimensional faces in A ) for each i  and  we call
(f  -1 ,fo ,...,fd -i) (c1

 = dim K [A ]) as the f-vector of A .  It is easily verified

F  ( K [ 4 ] ,  2 ) =
 o  f  -  Ai (1 — 2 )d -

_  A yr

So if (ho , ,  h s) (h, 0) is the h-vector of K [A ], then s d and hd  = ( — o d- I (A )

0 7 (  )  is t h e  reduced euler characteristic, i.e . j ( A )  =  — f  _  + f 0 —  • • • +
od - i fd  1

,.) B ac law sk i [2 ] showed that a Cohen-Macaulay complex A  is 2-
Cohen-Macaulay if and  only if I i(A)I = type(K[A]). (A complex A  is called 2-
Cohen-Macaulay if A  is Cohen-Macaulay and for any x e V , 4 \x  is also Cohen-
Macaulay and dim A \x  = dim A .)  So A  is 2-Cohen-Macaulay if and only if A  is
level and (A ) 0 O.

Finally we m ake a convention. A ll the cohomology groups of simplicial
complexes and topological spaces are computed with coefficients in K  (see, for
example, [1 1] for the difinition). And when considering a simplicial complex A
w ith  vertex  se t V  w e define the  suppo rt o f a e Zw  t o  b e  a  subset o f  V  as
fo llow s. T ake a n d  f ix  a  b ijective m a p  o f  s e ts  cp: V —> {1, ,  V }  a n d  if  a
= (a 1, ,  a w )  then supp a  =  Ix e V Œ ( X ) 0  0 1 . S o  ev e ry  tim e  w e  co n sid e r a
sim plicial com plex, w e  assum e t h a t  a  m a p  cp a s  a b o v e  is  g iv e n  and
fixed. E spec ia lly  if w e w rite that A  is  a simplicial complex with vertex set V
= {x 1 , ,  xn } then we assume cp is the map such that (1)(x i) = i for any i = 1, ,  n ,
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so  supp a = Ix i l ai  0 01 for a e Z .

2. Main theorem

In  th is section w e state  the m ain  result o f th is p a p e r . F irst w e note the
following

Lem m a 2.1. L e t A  be a finitely generated non-negatively graded K-algebra
such that A o  = K  and M  a finitely  generated graded Cohen-Macaulay A -module of
dim ension d. Then the canonical map

Ext d
A (K , M) 11(M )

is injective where m = A .
i>o

P ro o f . Take a  homogeneous system of parameters 01 , 02 , ..., Od of M  and
p u t  M i =  M 1(0 1 , ,  0 i)M  fo r  i = 0, 1, ,  d .  T h e n  b y  ta k in g  the long exact
sequence of the following short exact sequence,

o - * M i
e i - - 1  M i — 4

we get the following commutative diagram for any  i = 0, 1, ..., d — 1,

Ext Mi) Ext d
A

- i - 1 (K, M i + 1 )

1-1 1 (Mi)

— 4  EXt dA— i (K , M i)  6±-1 EXt d;  i (K , Mi)

Hdni— i ( m - i+ 1 )

 

1-1 - i (M i )

 

where the vertical maps are the canonical ones. Since M i is  Cohen-Macaulay of
dimension (d — i), we see that

Ext d
A

- i -  1 (K, M i) = 1(M1) = 0.

On the other hand, the map Ext d
A

- 1 (K, M ExtdA lK, M.) is the zero map since
Oi + 1  a n n ih ila te s  K .  S o  w e  h a v e  th e  following commutative diagram  f o r  i
= 0, 1, d — 1.

Ext d
A

- i - 1 (K, M i + 1 ) E x t d
A l K ,  M i)

1 1  m



f-/$supp- j — i ( r s u p p a ){ if a e {0, 1 }n
otherwise

(F • K)Œ

A
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And we see that the canonical map Ext d
A (K, M i ) H d

n i
- i (M i)  is injective if and

only if the canonical map Ext d
A

- i -  '(K , M i ,,)-÷  H d
n i

- i - l (M i , , )  is  injective.
So we only have to  show that the canonical map Hom A  (K, M d ) — H (M d ) is

injective. B u t  this easily follows from the facts that

HomA(K, M d ) 0  :
Md

H ( M d ) U  0  :  m i
j O M d

and the canonical map corresponds to  the inclusion m ap 0  :  m U O :  ini.
Md

Q.E.D.

Next we state the following

Lemma 2.2. L et A  be a Cohen-Macaulay complex of  dimension (d — 1) with
vertex s e t  V . I f  W is a  subset o f  V such that W O A , then Fid - "v - l o v _ 0 = 0 .

P ro o f . Let I  be the element of { — 1, 0}"  such that supp a =  W . Then by
th e  results o f  H ochster (see [ 6 ]  Theorem (5.1) see  a lso  [ 8 ]  Theorem  1 and
Corollary 1, [14] Theorem II. 4.1) we see that

Ext d
A (K , K[A]),, lo v

and
1-1̀,In (K [4 ]) OE =  0

because WO A .  Since th e  canonical map Ext i
A (K , K [A ])-- H i„,(K [A ])  is  a Z ' 1-

graded map for any i, we see the conclusion by Lemma 2.1. Q.E.D.

The main theorem of this paper is the following

Theorem 2.3. L et A  be a Cohen-Macaulay complex of  dimension (d — 1) and
= sd(A) be its barycentric subdiv ision. If  i(A ) = 0, then T is a level complex and

aCKETD= — 1.

P ro o f . L et V = A — {0} be the vertex set of F, n = #V and

• • - - +  F 2  - - + K [F ] — +  0

b y  the m inim al free resolution of K [V ]  a s  a  Zn-graded A-module, where A
=  K [x lx  e V ].  Then by Hochster's formula ( [6 ]  Theorem (5.1). See also [14]
Theorem II. 4.8.), we see

for any a e Zn and any je  Z .  S o  in  the  to tal degree

( F n _ d K ) - i f i d - i - 1 ( F V - W )
A
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for any i e Z.
Now we

Claim 2.4. I f  ItW  1, then 1-1' w  - 1 (r, _ w ) = O.

Proof  of  the c laim . If W  = 4), then
dim K 1 ( E v  w ) d im K i

(r) = li(1)1 = =
since F is Cohen-Macaulay (cf. the main theorem of [10]). A ssum e It W  > 2. By
Lemma 2.2 we may assume W =  { a l , ,  o -,} and a ,  g 0-

2 g • • • g (Ti e A .  L et V0
= Ix 1 , ,  x m l  b e  the  vertex  se t o f A  and assum e th a t x 1 . .. x,xn,  are affinely
independent elements of m-dimensional euclidean space. T he geometric realiz-
ation X  of A  is

> 0, ,  Am > 0, e A}{A ixi + + AmxmlAi + + =  2 1

and we consider X  as the geometric realization of F .  Then for any T eV , A ,x 1

+ • • • + .1.m x m Ol T y  _ {,} if and only if Ai > A i  whenever x i e and Xi 0  T. So if q
= tt i x i  + •  + ,t i m x m e l r y  _ w  I, then we can take  ,  i„ j 1 ,  j ,  such that

Xi , G a l , x

for any / = 1, , t.

N ow  w e assume th a t a , =  Ix 1 , ,  x 1
s } a n d  le t p = -

s

( x ,  + •  + xs)  b e  the

barycenter of a ,  and  Y =  IA \a l  1. T h e n  b y  the proof o f [9 ] Lemma 2.2, we see
that

F :( X — p ) x I - - +X — p

( q ,  a) 1 - - - +  (1 — a)q + ar(q)

i s  a  strong deform ation retraction o f  X  — p  t o  Y, w here r(q) =

— e(q))p),
e(q) = 1 — min q = ,u i x, + • • • + ,um xm a n d  I  = * R I O  <  a < 11.

If we write

r(q) = v l x , + ••• + v m x m

we see that

Xi G Gr i ,  Xi  a l , Lç_ Vi Vi.

So by the above argument .

1
(q — (1

E(q)

F(Z  x I) g Z
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where Z = w I. Therefore we see that Y is  a  strong deformation retract of
Z .  We also see that Y is a  strong deformation retract of I Tv _ { c o  I by the same
w a y . So

d — —  1  (Tv

— —  1  (y )

„, — } ) —(n—d-1-#W — 1)— 1 (Tv  {  . i ) )

F n — d -i-g W -1  0  K
A

= 0

since T is Cohen-Macaulay of dimension (d —  1) (cf. Hochster's formula). And the
proof of the claim is complete.

Now we return to the proof of Theorem 2.3. By Claim 2.4 and Hochster's
formula, we see that

Fn _d K  =  (Fn — d K ),, - 1
A A

in the total degree. So F n _ d  is generated by ( F n - d ) n - i  and F : _ d  is  generated by
(F: - d) - n+ 1. Since the canonical module KK E n  o f K [T ] is a homomorphic image
of F:_ d( — n), we see that K i c u i  is generated by (K m  n )i . This means that K [T ]
is  a  level ring and a(K [T ]) = —  1. Q.E.D.

A s a corollary of the above theorem we have the following

Theorem 2.5. L e t  A  b e  a  level com plex  and  T  = sd(A) the barycentric
subdivision of  A . T h en  T  is also level.

P ro o f . The case RA) = 0 is proved by Theorem 2.3. If )7(A) 0  0, then A  is
2-Cohen-Macaulay and by [2] Theorem 2.5 (see also [15] and [9] Theorem 3.3) T
is also 2-Cohen-Macaulay. So T  is level. Q.E.D.
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