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Off-diagonal short time expansion of the heat kernel

on a certain nilpotent Lie group

By

Hideaki UEMURA

O. Introduction

L e t c r  be  a  differential operator of Hiirmander type ;

1 vc2, v o ,

2 a = 1

where VOE , Œ =  0, 1, • , r ,  are C '-vector fields on Rd . Under the condition (H. 1).
of these vector fields given in §2 below, the fundamental solution p(t, x, y) of the

au
heat equation —

a t  
=  Y u exists. I t s  short time expansion of the form

(0.1) p(t, x, y) — exp d(x, .02  

2t
) t -N12(c o c i t . . . )  as t 0

has been studied by many authors in both analytical and probabilistic methods, cf.
e. g. J. -M. Bismut [7] , T. J. S. Taylor [21] , S. Kusuoka [11] , S. Watanabe [24] ,
R. Léandre [16], G. B en  A rous [3 ]. Among others, G. Ben Arous [3] has shown
that (0.1) holds with N = d when the pair (x, y) of points x and y  is out of the cut-
locus, i.e. when
( i ) there exists a unique ho e K ix,;rn ,
( ii ) the deterministic Malliavin covariance w ith  respect t o  x  and  h o is  n o n -

degenerate,
(iii) x and y are not conjugate along h o (i.e. the Hessian of the mapping he K "

1
—
2

11 ha, is non-degenerate at h o ),

c f . § 2  fo r  th e  precise meaning of no tions and  nota tions like  K", K'„Wn ,  the
deterministic Malliavin covariance, etc. A lso , d (x , y) in (0.1) is the control metric
or the Carnot-Caratheodory metric which coincides with the H-norm of elements
in  K rx,;rn . Indeed, it was shown by R. Léandre ([13], [14], [15]) that, under the
assumption of (H. 1), it holds generally

(0.2) lim 2t log p (t, x, y) = — d(x, y) 2 .tio
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When the pair (x, y) is in the cut-locus, we can still expect that (0.1) holds but
the exponent N  is usually greater than d. In the simplest case of x = y, the
expansion (0.1) with d(x, y) = 0 has been obtained by G. Ben Arous [4], R. Léandre
[16] and S. Takanobu [20] under some restriction on the drift vector field Vo . If
th is restriction is violated, the situation is m uch more complicated, cf. G. Ben
Arous [5], G. Ben Arous-R. Léandre [6].

Consider the case (x, y) is  in the cut-locus and x  0  y. First we consider
the case w h e n  ( i)  is  v io la te d  but (ii) and (iii) re m a in  v a lid  fo r  every
ho  I q L .  Here, however, the definition o f non-conjugacy in  (iii) should be
modified as :

(iii)' the Hessian of the mapping h E Kx 
1

'Y h is non-degenerate at h o in the
2

direction normal to
Then we can expect that (0.1) holds with N  = d + dim KU just as in the case of
the heat kernel on a sphere with .99 =  a half of the Laplacian and y is antipodal to
X, cf. S.A. M olchanov [17]. Note that K ix,Yr, is in one-to-one correspondence with
the set of minimal geodesics (minimal horizontal curves given in §2) connecting x
and y and hence dim KM'n  = the dimension of the set of a ll minimal geodesics
connecting x an d  y . A  typical example o f th is  situation i s  the case of the
Heisenberg g ro u p  re a liz e d  b y  R3 a n d  x = (0, 0, 0), y = (0, 0, q), ri 0 0  (cf.
B. Gaveau [9], R. Azencott [2]). In this case, K V n'  constitutes a one-dimensional
submanifold in t h e  C am eron-M artin  Hilbert space a n d  N  = 4 = d
+  dim K .  If, furthermore, the condition (ii) is violated, i.e., the deterministic
Malliavin covariance degenerates at he K ,  we may still expect that (0.1) holds
with N  > d + dim K ixdn ,  however.

Purpose of this paper is to illustrate these situations in a concrete case of the
nilpotent Lie group  N4 , 2 re a liz e d  b y  R " .  In  th is  case, an explicit integral
representation of the hea t ke rne l w as ob ta ined  by  B . G aveau  [9 ] (cf. also
M. Chaleyat-Maurel [8]) and the short tim e expansion (0.1) could be obtained
directly from it. We follow here, however, a  probabilistic approach given by
H. Uemura-S. Watanabe [22] which can explain well the role of dim K ixdi, and the
degeneracy of the Malliavin covariance in the determination of N  and which may
give some insight, we hope, in more general situations.

Finally, we explain briefly our method. First we represent the heat kernel as

(0.3) p(E2, x, y) = E[5,(X1)]

by a generalized expectation of a generalized Wiener functional in the sense of
S. W atanabe [24] where X  is the solution of the following stochastic differential
equation :

I dX , = E 1 V(X 1) ' dvt, ',̀  + E2  Vo (X ,)dt

0  =  X. 

Œ = 1

6 y  is, of course, the Dirac's 6-function at y e ll". W e  e v a lu a te  the generalized

(0.4)
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expectation in  th e  right-hand side of (0.3) by appealing to th e  theory of large
deviations a n d  th e  theory o f  asymptotic expansions of W iener functionals as
developed in  S. W atanabe [24]. R oughly , X  conditioned by X I =  y  will be
concentrated on  the  se t M x 'Y  = { C  ;  h e K }  of m inim al horizontal curves
connecting x and y  as e  0, actually will be distributed uniformly on this set. It
will be shown clearly by our probabilistic method how this limiting behavior of
tied-down trajectories X : is reflected o n  that of p(E2 , x, y ) as e  O.

H e re  t h e  a u th o r  w is h e s  to  express h is  sincere  thanks to  P ro fesso rs
S. W atanabe  a n d  S. Takanobu f o r  th e ir  v a lu a b le  su g g estio n s  an d  hearty
encouragement.

I. Probabilistic preliminaries

I n  th is  section w e  in troduce  som e n o tio n s  a n d  resu lts  o n  asymptotic
expansions of generalized Wiener functionals as are necessary in the future. The
reader is refered to S. W atanabe [23], [24] for details.

Let (W, H, [I) be a n  abstract Wiener sp a c e . Dsp'(E)(s E R , 1 < p < oc) b e  the
completion of g (E )(:=  {E-valued polynomial Wiener functionals}) by  the  norm

'  p,s = 11(/ _ L ) s/2. 
p ,  where L  is  the Ornstein-Uhlenbeck operator (the number

operator), is the LP-norm with respect to the measure #, and E is a  separable
Hilbert space. Especially when E = R, we denote Dsp  instead of Dsp ( R ) .  Then it
holds that D ° (E) = LP (E, /.1) and Dsp (E)* , the dual space of D (E ),  coincides with
D s (E ) under the identification of D3(E)* ( = L 2 (E, /Jr) w ith  itse lf, q being the
conjugate exponent of p; llp  +1Iq =1 .

We define H-derivative D : g )(E )–  g (H E) by DF(w)[h]

:=
( w  +  e h )  –  F ( w )  

,  h e  H .  H ere H E  is  a  H ilbe rt space formed o f  all
el0

linear operators from H  to  E of Hilbert-Schmidt type endowed with the Hilbert-
Schmidt inner p ro d u c t. D can be extended to a  bounded linear operator Dsp (E)
–> Dsp

- 1 (H  E )  and we denote this extended linear operator again by D .  If D* is
the  dual operator o f D , then D * maps from Dsp

+1 (H  E ) to D (E )  and  L =
– D* D .  (See also N. Ikeda-S. W atanabe [10] o r  H. Sugita [19].)

Set D ( E ) : =  n n  D (E ), fro(E):= n u  D sp(E), 13- (E)
s > 0  1 < p < o o s > 0  1 < p < c o

:= u  n  D s (E ) a n d  D ' ( E ) : =  U  U  D ( E ) .  W e call a n  element of
s> 0 1 < p < 0 0 s > 0 1 < p < o o

D ' ( E )  a generalized W iener functional in analogy with the Schwartz distribution
theory. W h e n  E = R  w e  d e n o t e  t h e m  s im p ly  b y  1 1 ,  15°9, fr , D_Œ

respectively. F o r G e  D  a n d  0  e  D ' ( o r  G e 1Y° and 0 e fC) °D ) , G • 0 (= 0 • G)
e D '  is d e f i n e d  b y  <G • 0, F> D . :=  < 0 ,  G • F> Doe [resp.
:= 13— <0, G•F> Boo] for a ll F E D '.

For F(w) = (F l (w),•--,F d (w ))EDNR"), i.e. F i(w)e i =1,•••,d, set c r u(w )
= <DF i (w), DFi(w)>„,i, j = 1,••• ,d. H ere  <  *  > „  m eans the  inner product of
H .  We call this d x  d matrix valued Wiener functional o-(w) = the
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M alliav in covariance o f  F .  I f  a(w ) i s  positive definite fo r  a lm ost a ll w  and
furthermore Idet e  () L i ) ,  w e  s a y  t h a t  F  i s  non-degenerate (in

1<p<00
Malliavin's sense), and in  th is  case, for a n y  Te cr (R d ) ,  a  tempered Schwartz
distribution on R d , its pull-back  T (F) is defined a s  a n  element o f  f) ' .  For
Ge f ix ,  w e  d e n o te  6—  <PF), G> B -(= D - a. KG • T(F), 1> D oe) b y  E[T(F)• G]
o r  E[G• T(F)]. Especially w hen T = y  t h e  D irac 's  6 -func tion  a t y ,
E[G • b y (F)] = E[G IF = y] • p(y), p(y) being the C"-density of F.

L et F(E, w)EDsp (E) fo r a ll E G A  1]. I f  11F(E, w)11p,s = o(e") a s  g10, we say
F(, w ) = o(e) as E 1 0 i n  D ( E ) .  When F(, w ) e  D (E ) for a ll E e(0, 1], we say
F (E, w) = O(1L) as E 4,0 in D (E )  if F(E, w) = o(g") as e 4,0 in D (E )  for all s > 0 and
p e(1, co). S im ila r ly  w e  d e fin e  F(E, w) o ( E " )  i n  fr ( E ) ,  i n  13' ( E )  and  in
D ( E ) .

L e t F(g, w)easp (E ) fo r  a l l  ge(O , 1 ]. W e  sa y  F(E, w ) h as  th e  asymptotic
expansion in Dsp (E):

F(, w ) f o (w ) + (w )  +  E2  f  2 ( w) + • • • as  E  0 in Wp (E)

if f i (w)eDsp (E ), i = 0, 1, 2, •••, and furthermore for all n,

F(, w ) —  E Ei • f i (w) = o(E") as E  0 in  Dsp (E).
i=o

Similarly we define the asymptotic expansion in D (E ) ,  in 1 (E), in 1 (E) and
in D ' ( E ) .  For example, we say F(g, w) has the asymptotic expansion in 113"(E)
w h en  f o r  a l l  n  a n d  s, th e re  ex is ts  p = p(s, n) s u c h  th a t  f i (w)eDsp ( E ) ,  i

= 0, 1, 2,•••, n, and F (E, w) — E ei .f (w ) = o(e) as E  0 in D ( E ) .
i=o

L e t  F(E, w)e D (R d ) f o r  all C  (0, 1] a n d  a (e, w )  b e  i t s  Malliavin
covariance. W e  s a y  F(g, w ) is uniform ly  non-degenerate i f  F(E, w ) is n o n -
degenerate for all ge(0, 1] and furthermore

firn I Idetalg, p  <  00
E10

for all p e(1, oo).

Here we give an important theorem concerning the asymptotic expansion of
pull-backs.

Theorem 1.1 (S. Watanabe [2 4 ] ) .  Let a family F(E, w) e (Rd ), 0 < E  <  1, be
uniformly non-degenerate and have the asymptotic expansion in D"(R():

F (E, w )  f o (w) + e  f i (w) + • • • a s  1  0  in 13" (R d ).

Then f o r all Te er (R d ), its pu ll-back  T (F(E , 0E 6 an d  h as  the  asymptotic
expansion in 6—:

T(F (e, w)) 0 0 (w) + E • (w ) + •  •  •  as E  0 i n  6 '  .

Furthermore, these coefficients O i (w ), i = 0, 1, 2,•••, are obtained from the formal
Taylor expansion of T, i.  e. formally from
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T (F(e ,w ))= Pf o)+ a in f o ) (e li+ E 2 1 2 + " ')
1

+ —

2
82  7 1 fo)(e f  + c 2 12 + ...) (e l  + E2 12 + ...) +

nam ely  0,(w ) is obtained by  pick ing up all coefficients of ei in  th e  right-hand side
abov e. For example, 0 0  = Pf o ) , 0 1  = 0 7 1 f  o )  f

1
+ —

2  
82 pfo)fi f l .

and 0 2  =  TUO)f2

Corollary 1.2. Under the same assumptions as in  Theorem 1.1,

E[T(F (e, w))] E[P 0 (w)] + e • E[0 l (w)] + • • • a s  e  O.

2. Stochastic representation of heat kernels

Here we discuss the stochastic representation of the fundamental solution of
heat equations by using the above results. Consider the following differential
operator Y of Hbrmander type on WI :

r
=  E vc2„

L„=1

d•

w here VŒ (x) =  E V (x ) , a = 1 ,• • •  , r,  a n d  w e  assume V,(x) e Cg° (Rd ) :=  the
1= 1a X i

totality of C'-functions such that all derivatives are bounded. Let p(t, x , y ) be
0

the fundamental solution of — — Y i.e.
Ot

—

a 
p(t, x , y ) = .r .x p(t, x , y )

at

lim  p(t, x , y) = b y (x).

p(t, x , y) can be obtained probabilistically by the following way : L et (W , P) be
an r-dimensional Wiener space, i.e. W  := lw = (we) e C([0, 1] I r ) ;  w o =  0 }  is  a
Banach space endowed with the norm 11 w := sup w  a n d  P  i s  the Wiener

te[0, 1]

measure on K .  Let H be the Cameron - Martin subspace of K, i.e. H is a Hilbert
space consisted o f all absolutely continuous functions on  [0 , 1 ] whose Radon-

'  d h  22
Nikodym derivatives are square integrable with the norm II h H:= d t )

"

0 d t
T h en  (N . , H, P )  i s  a n  abstract Wiener space. N o w  c o n s id e r  th e  following
stochastic differential equation (abbr. S.D.E.) on  Rd:

(2.1)

1 dX , = E vot oo dwG;

X 0  =  X.

Œ 1= 1
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H ere w , = wit)e 14/,'; and o dw", deno tes t h e  stochastic differential of
Stratonovich ty p e . We denote by X t the solution of S.D.E. (2.1). We assume the
following Hiirmander-type condition on the vector fields VOE, a =1,•••,r:

(H.1). If  w e set

H(n) = Ix E R d  ; kJ] •••](x),

a i e{ l,••• r} , k < n} Tx (R d )}
CO

then u H(n) = Rd .
n= 1

H ere  t. m ean s  the linear span . In  the case U  H(n)(= H(N )) = Rd , we say the
n= 1

condition (H. 1 )N  is fulfilled. From now on we always assume (H .1 ) . .  Then it is
known (cf. S. Kusuoka-D.W. Stroock [12]) that the Malliavin covariance o- (t) of
X t e  D (R d )  is non-degenerate fo r each fixed t e(0 , 1 ], m ore  precisely positive
constants K 1 =  K 1 (p) and K 2 exist such that E[Idet (t)l — P ] l/ P  < K i t  K 2

,  te(0, 1],
p e (1 , oo). H e n c e  y e f -  .  Moreover we can see that

p(t, x, y ) = E[6 y (X,)].

Let ) (  be a solution of the following S.D.E. (2.2):

Vac(X)odw°,̀dX t = E
a = 1

(2.2)
X 0  =  X.

Then it is easy to see that {X,'} IX,211, so the fundamental solution p(t, x, y) can
be expressed also by

p(e2, x, y ) =E[6 1,(X 1)].

In  the  following we use this representation to study its asymptotic behavior as
0.

(2.3)

W e denote the solution by  cx'h (t). Such a  curve for som e x and  h  is called a
horizontal curve with respect to  IvŒl. F or all x, y e R d ,  set

K x Y =  {he H; cxJ1 (1) = y}.

T h e n  u n d e r  th e  c o n d itio n  (H .1 ) ., it is  w e ll-k n o w n  th a t  K "  ( / )  f o r  a l l
X, y e Rd (cf. J.-M . Bism ut [7], Th.1.14). Thus, for all x, y e Rd ,  we set

d(x, y ) = min ; h e  K '} .

For each h e l l ,  consider the following differential equation:idc(t)r dh
dt OE - 1d t

= VOE(c(t))•
"

c(0) = x.
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This defines a  metric called the control metric of x  and y. Let

= {hE.Kx'Y = d(x, }

Then it is also well-known that K 0 4) (cf. J.-M. Bismut [7], Th. 1.14). We
define M x - Y  by

Mx•Y = {cx' h ; he K }

and call its element the m inimal horizontal curve connecting x  and y.
Consider the following differential equation o n  d x d  matrix :

(2.4)

dY(t) r
, =  E 017„(c(t))Y(t)

= 1
• 
 d t

`
at- 

Y(0) = /,

where c (t) i s  the  so lu tion  o f (2.3) and 3I(x) i s  a  d x d  m atrix w hose (i, j)-
component is äV (x )/ x .  This solution is denoted by yx ,h (t) With this solution
we define a d x d  matrix ax'" by

a x ,h E 1  
Y

x,h
( 1 ) Y

x ,h
( t )

-  1
 vO E(c x ,h

( t ) )
=  1

0 y x , h (  yx ,h (t)_ 1 vc,(cx,h (0) dt.

This 0- x  'h is called the deterministic Malliavin covariance with respect to  x and h
and plays an important role later when we discuss the minimal horizontal curve.

W e define th e  Ham iltonian function associated to th e  vector fields VOE , oc
= 1, • • • , r, by

1 r

I I (P, =  –  E2 1 < P, VŒ(x) >2 , (2 =
, x)e T* (Rd ),

where < , *> denotes the coupling of elements in  'Tx* (Rd )  an d  Tx (Rd ). Consider
the following Hamilton equation with respect to  H(p, x) above:

. OHI = (p,, x,)
Op

(2.5)

pi
OH
Ox= (Pi, xt) ,

w h ere  d en o te s  the  time derivative —
d

. The solution of this equation (2.5) is
dt

called a  bicharacteristic. W e denote th e  bicharacteristic w ith  an initial value
(P o , xo) by (Pt(Po, xo), xt(Po• x0 )). Now we summarize some results concerning to
the bicharacteristic. Refer to J.-M. Bismut [7] for details.

(2.64) Let Pi:= Pt(Po, xo) , xi:= xt(Po, x 0) and h,:=(‹Pt, Vi(xt)> ,• • • Pt, K-(xd> ).
Then
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) = xt(Po, x0).

(2.6-II) I f  t h e  deterministic M alliav in  covariance o-x°'h , h  e K nix9,Y, is  non-
degenerate, i. e. d e t o-x°'" >  0 , then there exists a unique p o such that

cx°'11(t) = x t (po , x 0 ).

(2.6-III) T h e  following (H .2 )  i s  a  sufficient condition  on  vector fields Kt , a
= 1 ,• • • , r ,  f o r  t h e  non-degeneracy o f  its d e te rm in is tic  Malliavin
covariance:

(H. 2)v r ( x 0 ) ,  [ V 1 ,  Y ] ( x 0 ) , • • • ,  Cyr, Y1(x0)} = T 0 (Rd)

for every fixed A =  (Ai  • , A r) e Rr { 0}  setting Y =  E
Œ= 1

Namely, if (H.2) is satisfied at x o  e Rd , then det >  0  for every he H
such that h 0  O.

3. Nilpotent Lie groups of order r  with n - generators

In  this section we introduce a  nilpotent Lie group which will be the main
subject of this paper (cf. B. Gaveau [ 9 ] ) .  Let VI , ••• , V, be C '-v ec to r  fields. F o r
I = ( i 1 ,• • • ,i k ) e  11, •••, nI k w e define 

' I I ]
 VI  by

V[I] = Evi1, [v i2 ,• • • [ v i , _ 1 ' v i k ] • • • ] ,

= • v i2•••v ik ,

and let III be the length of I. (In this case 1/1 = k.) It is easy to show that there
exist constants A1  such that

=EAIJ • V J

and A1  =  0  if  I/I 0  IJL

Definition 3.1. W e say that a  system of vector fields { V ,•••, 17
n} is  f ree  o f

order r  at x  if E al • V[ I i (x )= 0, al e R, im p lie s  E a,• A1  =  0 for all J  satisfying
Ill

1.11 Let V = 071 , • • • , K , I .  We say the vector space V  is f ree of  order r if
{ •••, IQ  is  free of order r  for all x.

Definition 3.2. L et g  be  a  L ie  algebra.
i) g is said to be nilpotent of order r if g = (j) • •• Vr where

[1 7 3 Ev 
V ', i = r,

v 1.5 v2] , . .. , vra r e  vector subspaces o f  g  satisfying V 2 =
= ENT 1 ,-  1 . ]  

[
v . v r ]  =  101 and [V i , OE

ii) Furthermore g is said to have n generators if dim V  =  n and moreover V
is free of order r.

W e say g  is a  nilpotent L ie algebra of  order r  with n-generators if i) and ii)
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above are satisfied and denote it by Let N „„ be a Lie group corresponding
to  n „ ,,.•  T h is  N n „. is c a l l e d  a  nilpotent L ie  g ro u p  o f  o rd e r r w ith  n -
generators. From  now  on, we assum e r = 2.

Proposition 3 .1 .  L et nn,2 = v  0  .  ,T2v { i = 1,• • • , n}  be a base of  V ' 9 and
Vi k := [V»  K ] . Then a  system  {K, 1 'k ;  1 n, 1 j < k  n }  is a base of  nn,2•

P ro o f . Set E a, • Vr i l (x) = 0  w here  a, = 0  i f  I  = (i 1 , i2 ) satisfies i 1 >  i2 .

Since V  is free, E al - A1  =  0 for all J. Therefore by taking J = i , i = 1, — • , n,

o r  J = (j, k ), 1  < j < k  < n ,  w e  se e  e a s ily  th a t af  = 0 , i.e . { Vik  ; 1 < i n,
1  <j < k n}  is linearly independent. Since Vt( „, i2)1 = — it is clear that
the above system is a base.

W ith this base we can introduce a  canonical coordinate on  N , 2 a s  follows :

(Xi, XI
k
 go) 1

e x p  E x i • Vi + EJ  I
i = 1

X  •ok) • V )
j k E N  n , 2.

1 < j < k n 1 < j < k _ n

Hence N , 2 is realized by l e n +  1 ) 12 under this coordinate and the group action
is given a s  follows by Campbell-Hausdorff's theorem :

(
1 ,

(X i, X ( jk)) • (Y i , Y (jk)) — Y i ,X i + X(jk) Y (jk) 4 -+ 2 kx;Yk xk Yi) •

Define mappings L ( x i ,x ( i k ) )  a n d  R (y i.y (J k )) o n  R
n (n  +  1 ) /  2  b y

L ( , , x ( ik ) ) (z i , z u o ) = (x i , x ( Jk ) )•(z , Z(Jk)),

and

R (y y ( . 0 0 ) (2 . Z  ( M)) = Z (ik)) y(Jk)).

Then both L, , and R (y i, y  coo ) are affine mappings with the determinants 1 and
so the Haar measure of N n , 2  is the Lebesgue measure. Under this coordinate Vi is
expressed as follows :

(3.1) V = + E x k  x k
to X i2  k < i (-) X(ki) k> i " ( i k ) )  •

Set

An,2

Obviously { Vi , 1 i n} satisfies (H.1) 2 . T h e  g ro u p  N 2 , 2  is  c a lle d  the 3-
dimensional Heisenberg group (cf. B. G aveau [9], H. Uemura-S. Watanabe [22]),
a n d  th e  g roup  N 3 , 2  d o e s  n o t p la y  a  different role from  N 2 , 2  in  o u r  future
considerations. Thus, in  this paper, we assume n = 4 and  study the group N 4 , 2

exclusively.
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Notations. (cf. H. Uemura-S. Watanabe [22] ) i) x  e R is denoted  by x
— (x i , x,„..)i 1 4

or by [x, X ] where x  R 4 and X e o(4):= the totality of 4 x  4= ••• 

real skew-symmetric matrices, defined by x = (x, , • ••, x 4 )  and

x
( t

.

i )
if i < j,

= x(Ji) if i > j,
0 otherwise.

We also denote such X  by x(idi; — E
ii) For every Q e 0(4) we define a  mapping T(S2) on  R i °  by

T(Q)x = [Qx, f2Xtf2].

iii) For X, YE 0(4), define X — Y if and only if X = Q r Q  for some Q e 0(4).

Remark 3 .1 .  Noting that QX 1f2eu(4) and that 11X  =  QX 1QI,11 • 11 being a
16-dimensional Euclidean norm by regarding X  as an element o f 16-dimensional
Euclidean space, we know T (Q )e 0 ( 1 0 ) .  And it is easy to see that  1 T(Q) = T( 1 Q).

4. Computation of minimal horizontal curves

In  this section we determine all the minimal horizontal curves on N 4 , 2

connecting the origin 0  and x =  [0 , X ] .  For each hE K ( ''", the horizontal curve
_= ( c h,i (0 , c h,(jk)i \\

) )  = 1, — ,4  and the deterministic Malliavin covariance
1 5_ j<1,5_4.

( 5 i i
i(mn)

a(= a(h)) =
a (k1) j (k1)(mn)

l i,j< 4 ,1 < k < 1 < 4 ,1 < tn < n < 4

are given as follows:

c (t) =  h , j = 1,• • • , 4,

h,( jk  (t )  = 1 i t •
—

2

Ihis • h sk  — hi
s̀  • h ds, 1 < < k < 4,

d
= —

d t  
and ch(1) = [0, X ] and

a ii = 6 i i ,  1  <  j  < 4,

a (icl)j _j(k1) 0  if k j  and 1 éj,

110 .(kl)k _  a k(k1) =  _ htl d t ,

o

I i0 .(k1)1 ___ 0 _1(k1) = hk A ,

' L I  . '  ,

.3

where
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o- ( " ) ( m") = 0  if { k, 1, m, n} -= 11, 2, 3, 41,

=  o
( y  o 2  + (h i,)2 } dt,

(k 1 ) (k 1 ) r 

(kockn) = tit' • dt,

1
a. (k1)(mk) = cr (mk)(k1) = htl hh'"dt

0

and

1
0. (k1)(m1) = htk • km dt.

Jo

Proposition 4.1. If  rank X  = 4, the above deterministic M alliav in covariance a
is non-degenerate.

P ro o f .  For a ll X e 0(4), there exists U e u(4) such that U u  (6=  1 .  1 2 .621)
+  U 2 ( 6 3 4  -  6 4 3 )  and X  —  U .  If rank X  = 4, then rank U = 4, i.e. ul , u2 O .  I t
is enough to prove in the case X  = U  because

o- (Oh) =  T(Q)o- (h)t T(Q), e 0 (4),

which is easily obtained by that

y0,12h( t ) p g2) yO ,h (o t p g2)

and that

T(Q) (ch (t)) C) VŒ(ch (Mt T(Q)
.=

4
=  E  v„(cf2h(t)) 0 vac(cf2h(0),=

r'"  and VOE being as in  (2.4) and (3.1) respectively.
Since h E V ' t ° ' Ul ,

f
l d t  =  0 ,  i  =  1 ,•  ••, 4,

f o
l (111

1
— • d t = ui (0 0),

(4.1)

- 4  —  1i •  hh dt = u 2 (0  0),
o

—1 1
0

 1
 (1-4 • h./ —  11.1 • d t = 0  if (i, j) (1, 2), (3, 4).2  

It is easy to show that a is transformed into the following 0  by a  general



(4.2)

12 • h ti  +  2 3  '  q  + 24 • h̀,1" — 0,{

1 2 .h  +  1 3 .h  +  1 4 .h  = 0 ,

13 • 2 3  • 3,4. • /74,' = 0 ,

•hi +  24 + • = O.
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linear mapping : Oii =  6i »  0 ( i i) k  = 0 k ( i i) = 0  for all 1 <  j <j < 4 , k  = L •• • , 4, and
1

0( i i) ( " ) are  given by replacing h with h in a ( i i) ( " ) , where — hs
i ds. Clearly

(4.1) remains valid under replacing h  with k
N o w  it is  en o u g h  to  show  that W ;• =  0 im plies =  0  w h e r e  w e  se t 0

_ (00(k0)1<i< )• Sincet . , 1 2 , , 1 3 , , 1 4 , , 2 3 , , 2 4 , , 3 4 ,
1 .1c<j

< 4 and =
1< 4

•-= I1

1 ( 12 • N  +  23 • IV + • h ‘ti. ) 2

0

+  (12 .h 7  +  1 3 h +
L L 1

( 13 . hti  +  23 • h7 34 • hh 2

+ ( 1 4 . h 1 '  + 2 4  • h7 34 • /0 2 }  dt,

we see that e  c =  0  is equivalent to the following (4.2) :

Then substituting (4.2) into (4.1), we can easily s h o w  =  O. This completes the
proof.

Thus, in view of (2.6—II), the minimal horizontal curve in this case is obtained
from bicharacteristics. This is also true in the case rank X  = 2, because we can
reduce this case to  th a t of Heisenberg group.

N ow  w e determ ine the bicharacteristics on N 4 , 2 '
 S ubstitu ting  (3 .1 ), the

Hamilton equation (2.5) is given by

1
= loti + —,{ E P(tk i )

k< i
E x ki  • m ik ) } ,

k > i

1
(ii) = —04 • — xl • ),

2 t

= — 1 {  E • M ii)  -  E  • Mi l
i < i>

— —Al E  xt` • p r ' • + n (

J i )

 v

n ( j 1 )

v t * t
(1. 1< j 1> j

i < j i > j

E .  p (t ip  .  Pp') . p(t k j )  ppi)}

i < j< 1 k < j< i

(4.3)

= O.



i > j,
1 (fi)
2. o 5
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Moreover it is easy to show that

(4.4) 1:4(:= <P„ 1 (xt)>) =

Since le )  = pgj ) a n d  1)0 )1 are obtained by NI, setting xt = t(4,•-•,x t
4 ) and Pt

= t(p,1 5 ••• 5 14), we must solve the following equation:

(4.5)
d ( x t )  (  —  A  I  ) (  x t )
dt p t ) _  A 2 —  A ) p s ,  ) •

Here A  =( a i i )i ,i = i ,..., 4  0  (4) is given by

1 ..
—

2

. P((l') , i < j,

au =

0, i = j ,

and / denotes the 4 x 4 identity matrix.

Proposition 4.2. For all Q e 0(4),

{ Pt(PQ)P05 T(Q)x 0 ) = PQ)Pt(1)05 xo)
xt (T(Q)po , T(Q)x 0 ) = Pg2)xi(P0, x0).

Pro o f . I t  is easy to see that

d
dt

so  the assertion of this proposition is obvious.

Remark 4 . 1 .  We know that for all A et)(4), there exist Q e 0(4) and Q e Q(4)
:= { q 1 (6 1 2 — (52 0 + q 2 ( 6 34 —  6 43) E  u(4); q1 q2 }  such that

A  = Q V Q .

Thus, by the proposition above, we can conclude that determining all the minimal
horizontal curves connecting 0 and x = [0, X ] is equivalent to determining all (00

= Ujo 2  Q] ), Q) 6  R 1° x  0 (4)5 Q E Q(4), such that the H-norm of h, given by (4.4)
from the solution of (4.3) with the initial value (00 , 0) satisfying x,(0 0 , 0) =  T(tQ)x,
takes a minimum.

 

Replacing A  by Q e Q(4) in  (4.5), we have

j ; i- 1 q i  x t2 i pt2 i 1

• 2iX t =  q i • X t
2 i  1  +  p t

2 i

 

(4.6)

     

• 2 i  -  1  =
Pt q7 • xr - 12 i-  q i .  P t

t
2 i  -  -  q 7 • x i2 i +  q i•  P

21- 1
t =  1, 2,

    

 ( — f2A1f2 / ) (
Q p tA t i t - 2 ) 2 Q A  tg2 Q p t  5
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with in itia l v a lu e  (x0 , Po) := (0, Po ). W e den ote  th e  s o lu t io n  o f  (4.6) by

(xt(j3 0), Pt(13 0)). (In the Jo/owing we always assume x,--- 0, so we always omit x 0 .)
In  this case clearly h, = x t and the solution of (4.6) is :

a) if qi --- 0

)c?i -  1  (i3 o) -= .13 6i - 1

xP(i3 o) = i361t

PP - 1 (13 o) = 'P61 - 1

Pt Poi = - 12

b) if qi > 0

1 xp - i( -30 ) = 0361 1 /20 sin 2q i t + (g 1/2q1)(cos2q1t -  1)

x 1030 ) = -  036i -  1 /20(cos 2q1t  -  1) + (f36i /2q 1) sin 2q1t

e - 1 (130 ) = ( g 1 - 1 12)(cos2q i t + 1) -  (/361/2) sin 2q1t

p 1030 ) = (P '/2) sin 2q 1t + (g/2)(cos2q 1t + 1),

1 1 4
.

thus, always, - • II hill' = -•  1i 1 
( o)2.2 2 = 

By the condition xi
i (p0) = o, i =1,•••, 4, we must have that

qi =r i n, r i e N if 036'  ,  6 i) 0 (0, 0),

and we set ri = 0 when p6i - i = /36i = O.
i

x(iii)(00) and -
2  

. 11 h III/ a r e  computed as follows :

i) In  the  sase 0 = r ,  = r2 ,

1
x(00) = 0 a n d  • 11 h112  =  O.

2 H

ii) In the case 0 = r, < r 2 ,

x i ( Po)  = if (ij) 0 (34),

1
4 3 4 ) (1) 0) = 

4 r 2 n
•t( 33)2 + ( 4 )2 }

and

1
- •11h1IX = 2r2 7r • 4 3 4 ) (13 0).2

ii)' In the case 0 < r, = r 2  = r,

1
2 ) (00) = 

4 r n

, • {(13
1

)2 + 06)2},
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1
xi1 3 ) (00) = 4r7r • Ifiô • ij(1 -& •fit} ,

1
4 ) (I)o) = 

4 r7 r 
• IN • 138 + /36.1-41,

—
x(2 3 )(00) = • fi3(')•/38 +

4 r n

1
x y4) ( 0 0 )  = 

4 r i r  
• 1136 . 138 -  I3ô • fit} ,

(3 4 )i-
X 1  kPO) = 4r7r • {(p8)2 +  (

34
) 2 }

and

1
- - 11h = 2rit • 141 2 ) (0o) + x (13 4 ) (00)}2

iii) In the case 0 < r1 < r 2 ,

2)(0 0 ) =  
4 r

1

,  {
o w  + ( 36) 21

1
xi3 4 ) (00) = 

4 r2  i t
 • {( 8)2 + (fit) 2 1,

4 i ) (00) = 0 otherwise

and

1
— • I H

2 (1 2 ) - (3 4 ) -2r 17/ X
1 

(p
0
) + 2r

2  
n x  

1 
(p

0
) 

•2

Thus, by setting x i (00) = [O, X(lio)] ,  we know that :

in the case i), rank X(00) = 0,

in the case ii) or ii)', rank X(1)0) = 2

and

in the case iii), rank X(00) = 4.

Therefore the cases th a t  the given matrix X  is rank 0 (i.e. X  = 0 ) , rank 2  and
rank 4 correspond respectively to the case i), the case ii) or ii)' and the case iii).

F ina lly  w e  find  the m inim al horizontal curves x ,  connecting 0  and x
---- [0, X ] . Equivalently we determine all h e  K .

I. The case of rank X  = 0, i.e. X  = O.

In this case clearly x, = 0 and h = O.



00 -=
cos 0  — sin 0 )
sin 0 cos° 

,  0 eR,
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II. The case of rank X  = 2.

First of all we show tha t the case ii)' can be reduced to the case ii).
Define 0 0 E 0(2) and  AV)  e 0(4) by

and

(4.7) A(4) =0
)( cos 01 . 0 0 2  —  sin 0, • 00,

sin 0, • 0 04c o s  Or 00,

where 0 = (0,, 0 2 , 03, 04 ) and 05 = — 0 2  + 0 3  + 0 4 . Then it is easy to see that
for given Q e Q(4) such that q, = q 2 , Q e 0(4) satisfies QQT2 = Q if and only if Q
= AV) , and that for all ze R4 , there exists 0 such that A(

0
4 ) z = 1(0, 0, 23 , Z4 ). Thus

if (IV =  [iX) , O ]) ,  Q') attains the minimal horizontal curve and furthermore i s  as
in  ii)', there exists 0 such that

T( 4 (04 ) )073, = [PC., 0], = t(0, 0, /% 3 , 4 ) •

So, b y  Proposition 4.2 and the invariance of H -norm s under the orthogonal
mapping, the case ii)' is reduced to the case ii) (Recall that we set qi = 0 if r3(ii

= i  = O.). Therefore we only consider the case ii).
L e t U1 = u(6 3 4  — 64 3 ), u > 0, be  the  matrix satisfying X  — U 1 ,  thus there

exists 0E0(4) such that rf 2 X  Q = U 1 . All of such Q are obtained by 10 1 A(
0
2 ) ; 0

= (0,, 0 2 )e [0, 2702 1, where 0 1 is  an element of 0(4) satisfying 10 1 X,(21 =  U , and

(  0 0 , 0
A 0

( 2 )  =
0  0 02) •

This is easily seen from the fact that

'0 U 1 Q  = U1 if  a n d  only if Q  =  A(
o

2 )  fo r  some 0

and that tS2', X  0 ', = U , implies 10 1 01 U 1 '0 '1 0 1 =  U 1 •
1

Since x(
i
3 4 ) (00 ) = U, - • 11h111, =  2r 2 u7r and this takes a minimum when r2  = 1.

2
1

So x(,3 4 ) (00 ) = - • {( 3 )2 + (fit) 2 } = u, i.e.
47(

(i33)2 ± (fit)2 = 47ru.

Thus, for some ace [0, 27r), we can write

{

fig = . \ /4nu • cos a

U3t  = \ /47ru • sin a.

(4.8)

Therefore
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N(00) =  //A O  =

and

(  ( 0  o ) \ /ulr • sin 27rt
e œ . Guln • (1 — cos 27rt)) •

N oting that 0 0 . 0„  =  0 0+OE , every element of K in
(Lix. is obtained by

1/2 =  Q A (
0
2) ii,

where

(4.9) fit = r(0, 0, N /u17r • sin 2nt, u In • (1 — cos 2 0 ).

Since = 0, w e can change A(
0
2) t o  the following AV ) :

/ 0
(4.10) AV) = )  , 0 e [0, 27r).

0  0 ,

Thus every element of KV, is obtained by

(4.11) he = A t i q z, 0 e [0, 2r).

III. The case rank X = 4.

III-a) The case X — U2 =  14 1(6 12  - 6 21) + u2((534 — (543), u 1 >  U2 > O.

Similarly to the case II, we know that all Q e 0(4) satisfying tQXS2 = U 2 are
obtained as in the form Q = Q 2 A(

0
2) ,  0 = (0 1 , 0 2 )e [0, 270 2 ,  0 2  being any fixed

1
element of 0(4) such that t‘2 2 X,Q 2 =  U 2 .  Also —

2

. II h a /  = 2r i ui r +  2r 2 u2 7r, so it

takes a minimun when r 1 =  1  and r 2 =  2 .  Therefore every element of K"'iI  is
obtained by

(4.12) =  0 2 A(
0
2) h

where

(4.13) h, = t(N/u l ln • sin 2nt, N/u, r • (1 — cos 2 0 ,

N/u 2 /27r.sin 4nt, N /u 2 /27r.(1 — cos 4nt)),

and 4 ) i s  as in (4.8).

III-b) The case X — U 3  =  14 (ö12 6 21 +  6 34 6 4 3 )5  1 4  >  O.

Similarly to the case II or III-a) we know that all Q satisfying tf2X12 = U3
are obtained by Q  = Q 3 A(

0
4) w here  0 3  is any fixed elem ent o f 0(4 ) satisfying

th‘23 X.Q 3 =  U 3 .  After all every element of Km
° 'ix„ is obtained by

(4.14) h9- =  f23 V )  h, 0 = (0 , 0 2 , 03 , 04 )e [0, 7r/2] x [0, 2703,
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where A(
0

4 )  i s  as in (4.7) and h  is given by

(4.15) ht =t(N/uln • sin 27tt, N/ulir•(1 — cos 2nt),

N/u1271. • sin 4nt, /u/27r • (1 — cos 410.

5. Asymptotic expansion of the heat kernel on N 4 ,2

Here we compute the asymptotic behavior of the heat kernel p(e 2  , 0 , x ), x
=  [ 0 ,  U ] O. x  is classified into the following three cases (cf. §4).

(Case A) U  u(6 3 4  — (54 3 ), u > O.

(Case B )  U u 1 (6 1 2  - 6 21) 4- 142(5
34 (543), U1 > 142 > O.

(Case C )  U —  4 5 12 — (521 + 634 - (543), /4 > O.

Now consider the following S.D. E. associated to Y  on the 4-dimensional
Wiener space :

(5.1)
d X , =  e E VOE(X,) dw°,̀

a= 1

4

X o =  0

where 1/0„  a = 1, • • • , 4, are given in (3.1). W e denote the solution by X', =
Xt )i=1,•••,4 • Then X  is obtained in the following concrete form ;

1 < j< k 4

X:' i =  e w t
i , I = 1, • • • , 4,

X 'c i k )e 2 Si k (t, w), 1 < j  < k 4,

where

1
Sik (t, w ) =  

f
—
2  0  

(wis dws
k — ws

k dwis).

Define an o(4)-valued process S(t, w) by

s(t, w) = E sii(t, w).5 — E

Then

p(e 2  , 0 , x )  =  E [6 „ (V 1 )]

=  E[6 10 ,u gew 1 , e2  S(1, w)])] .

For every Q e 0(4), set U ' =  tf2 Uf2. Then, recalling Remark 3.1, we see

E[6[0,u]([Evvi, E 2 S(1, IA)])]
= EPTV (2110,0 [EW 1 , °S ( 1, "An



<h, w)ll =
1=1
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E[6
[Ø

,
U ]

(T(Q)[ew
l
, e2 S(1, w)])]

= E[ö[Ø,U]([cQwl, e 2 S(1, Qw)])]

= E[6 [o,u]([ew e 2 S( 1 , w)] )].

Therefore, it is sufficient to treat the following three cases:

(Case A) U = u(6 3 4  — 64 3), u > O.
(Case B ) U = u 1 (5 1 2  — 621 ) + u 2 (63 4  — 64 3 ), u 1 > u 2 > O.
(Case C ) U = u(6 12 — 6 -4- 621 • - 34

(Case A) U = u(6 3 4  — (543), u > O.

In this case every element le  of Km"rn is obtained as in (4.11):

he = 0 e [0, 2n),

where A L" and h are given in (4.10) and (4.9), respectively.
W e want to obtain the asymptotic behavior of the heat kernel p(e2 , 0, x) as

e 10 through the expression p(e2 , 0, x) E[6„(Vi ) ]  by evaluating the generalized
expectation o f th e right-hand side. Roughly, the fam ily of diffusions
conditioned by VI =  x  will be concentrated on the family M " ,  actually, will be
distributed uniformly on M "  as e  O. To see how this fact w ill be reflected on
the asym ptotic behavior o f  p(e2 , 0, x ) ,  w e  w ill p ro c e e d  a s  in  H.Uemura-
S. Watanabe [22].

First, we need the following lemma.

Lemma 5.1.A (cf. H.Uemura-S.Watanabe [22]). For every fixed 00 E [0, 2n),
there ex ists rio  >  0 ,  such that f o r each i i ,  0  <  <  rio ,  there ex ists y = y(ri) > 0
satisfying

d d2

I 6 0 (  -

d O
<A (on ri, w >u)•(—  

—d02
<A

°
' 13, w >u)d 0  = 1

10-1901<n
on 1w; Ow — ALl

oq/02 <  yl .

and

(5.2) {0, 0i4 (
0

1 ) ft — A(
0

1
0

) h02 < {0;10 — Ooi < r/}.

Here <h, %O H  is  the ex tended H-inner product of  he H  and w E Wo
4 defined by

and O • 02 is defined by

0w03 = v 11 2 + lw,12 dt, w ETV .
0

d d2P ro o f . Let F(0, w) = —

d O
w> H  and its  Jacobian 

2

 <A ( 1 ) 1i, w>11 b ed0

421

(543), U >  O.
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denoted by J ( 0, w ) .  Clearly J(0, w) is continuous with respect to  the norm 101
+ 140 2 a n d  it is easy  to  check that

J(0 0 , A Ï i) — 4 n u (  0).

So we can find 17 0 and y o  such  that J(0, w) < 0  for all (0, w)e 10 ;10 — 001 <
• {w ; Ow — AL1

0
) fill2  < yo }. F u rth e rm o re  for any ti < rio , we can choose y = y(q)

< yo  su c h  th a t for every we {w; 0 w — ALl
o q/02 <  y} there exists some Ow  c {0; 10

—00 1 < n} satisfying F(0„ w ) = O. The reason is as follows:
Let W, = {0; I O — 00 < and F  =  {F(0, w); 0 e 14/1 1. That 0 c Fgeo is easily

seen from that F(00 , AV,[1:1) = O. O n  the  o ther hand  it is easy  to  show tha t if
E F 0 n u ,  then x e O FL . But F .  i s  open and hence if x e

%v.* wo, wn
there exists y(q) > 0 such that x e FZ, for all w satisfying O w — wo  12 <  y(q). S e ttin g
w, = AL l

oqz and x =  0, we conclude the above statement.
Let G(w)e 15" be a Wiener functional whose support is contained in {w I w

—AV/0 2  <  y} . Then

E [
0 (F(0, w)) • (— J(0, w))d0G(w)]

E[(50 (9, w)) • (— J(0, w)) • G(w ) ] dO

= lim Eko n (F(0, w)) • ( — J(0, w)) • G(w)]d0.
ntoo

f10 - 0o1<n

Here tcp ri l is a sequence in Y(R d )(:= the Schwartz space of rapidly decreasing C  -
functions o n  Rd ) which converges to  60  in  the  d istribu tion  sense . Now clearly
(5.2) is satisfied for all y sm all enough. Note that the support of G(w) is contained
in {w; 1w — AL1

0
) h 112 <  y} . T hus, by  the change of variable x = F( 0, w ), the above

is equal to

lim  E [  f  c on (x) dx G(w)]
ntco

= E [G(w)] ,

and  this completes the proof.

Remark 5.1. W e can easily show that

d2
„

d02\ Ab-)11, O H =  <O h , W>u

and

d 1 ) - O H  = <A ou +) (12)171, OH ,dO
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so  the equality in  Lemma 5.1.A is equivalent to

fie - 001<n 
o(<AV-4). - 0,12)174 w> H ) • <A(

0
1) ri, w> H  dO = 1.

Since K 1 := K
°
'ix„ is compact, for all y > 0, there exist { h ' i , • • - , 1 7 ' n }  OE K 1 such

that K 1 OE U Vi where
i = 1

= {we W0
4 ; Ow — hal03 <y 2 /21.

Set

U i =  {we W0
4 ; Ow — < y 2 } D

L et (//( ) 6 C ( R )  sa tisfy  0 tfr 1, tp( ) = 1 on  11 y2 / 2  and (1/() = 0 on
11 y 2 . Set Wi(w) = tii(Ow — 0'03). Then it is easy to see that W. E D " and

I ( w )  >  W1(w) > I , i (w).

Setting 0(w) = 1 — (1 - W i (w)), we see clearly

1  —  0 ( w )  /  v c,

an d  n Vic is a  closed set which is disjoint from 1( 1 . N o w

p(e2 , 0, x) = E[6.(X 1 )]

= EP5„(Xe
i )(1 — 0(w))] + E[6„(Xi)0(ew)]

= + J (21) .

Here y which appears in the definition of 0  is the constant y(q) in Lemma 5.1.A
associated with ri which will be decided in  Lemma 5.4 below.

Lemma 5.2 (cf. S. Watanabe [24] Lemma 3.3). There exists a constant c>  0
such that

E[6„(X1)(1 — 0(ew))]) = 0 (ex13 { — ( Ili; + 2e 2 })•

P ro o f . Clearly for every 6 > 0,

E[6„(Xei )(1 — 0(ew))]

= •01Xi — x1 2 /Y2)•( 1 — 0 (m ))].

By an integration by parts, the above integral can be given in the form

EE[p,(6, oP( 1)(i xei - xi 2 /6 2) 11 - 0)(m)olEw - h'qi)(p(xEin,
i=,
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where 13 ,(e, w) is a polinomial of X ,  I — x12 , DEW — q, y(E)(:= the inverse of
th e  Malliavin covariance of Xt,) and their derivatives, an d  ( p  i s  a  bounded
continuous function o n  R1 ° . Appealing to S.Kusuoka-D.W.Stroock [12], we
know

E[11),(e, w)IP] 1 IP = 0(e - ") for some k e N.

Thus there exists a constant M  such that

<  E - 1 M . 1 3  [I XE1 — < 5y, ew e n vic]1I,
1=,

where -

1  

+ -

1  

=  1 . By R.Azencott [1], we have
P q

lim E2 log P[IXE1 — 6T, EW  e n vne Oi = 1

1
< —  inft g; Ic

o,h (1) — xi by, h e ni=1
1 -

Now the right-hand side of the above inequality is strictly less than — -
2

. by

taking 6  small enough, because, otherwise, by taking 6  = 1/m, there exist hm

satisfying 10 1111) — m, hm e () V f  and lirn 111311h. Then taking a
i = 1

subsequence {h m '} of {h m }, there exists h  such that hm , h  w eakly. Such h
_ n

satisfies f < 11 13
 ,  o'17(1) = x and h e  ( v ic. Therefore h e K ,  and this is a

i = 1
contradiction because n vic and K 1 are disjoint.

i= 1
This completes the proof.

In the following, therefore, we consider J(
2
1) . Let

o = 1 - -  yid = E oi ,

where 0 1 = W1, 0 2 = W2( 1 — W1)5 T'3 = W3( 1 — Vf 1)( 1W 2 ) , • • • •
O i • 4 ,  =  0 i ,  i = 1, • • • ,n. By Lemma 5.1.A and Remark 5.1,

f 60( < A(01-1- ( ,2) ri, w>H)<A (01 ) h, w›H dO . Oi(w) =
10- iril <71

So

J(
2
1) = E [(5„(X1)0(Ew)]

= E E[(5„(X1)0 i (Ew)]
i=

Then clearly

= 1, • ••,n.



exp(— AV ) i; IIL/2E2 )• E[exp(— <A(
onh, w>„/E)

J (2 1 )  =  7 1 fi= 1 le—Wil<n
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E E[ 6 [0,u]( [Ewi , e2 S(1, w)] )0 i(Ew)]
i = 1

=  E
i = 1 1 10 z <11

E[6[0,u]([ewi, E2S(15 w)])(5o(<h°+ (n /2 ) , Ew>11)

• <h
°
, ew> H  • Jew)] dO

71

<11
= E exp(— liL/2e2 )• E[exp(— <h

°
, w>,,le)

1= 1  

1
X  6 [0,0]((EW1

,
 E (h s6 'i  dwis — dwi

s) + e2 S(1, w)))

X  0 ( < h ° '2 , +  CW> H ) • <V, h
°
 + ew> H  • O i (h

°
 + ew)]d0,

Where the last equality is due to the Cameron-Martin transformation (abbr. C-M
transformation) w  w  +  (OM. Now we give some notations.

N otations. F or w, e  Wo
4 ,  we define 4 x 4 matrices w

w (j) 0. a s  follows:

(w wit • fq dt,
o

(1.4) 'v't)' it d w
Jo

and

®  0  and

(IV V:01 j

Of course, we define them only when the right-hand sides have meaning as
ordinary or stochastic integrals.

Remark 5.2. It is easy to see that

1
S(1, w) = —(

2
— w)

and that, for every 4 x 4 matrix A,

(Aw) = A(w 0), w C) (Afi5) = (w )t A,

(AW) = A (iv W), iv (A i') = IVY A,

(Aw) = A (w iv) and (w A;v- ) = (w vi;)tA.

Then



426 Hideaki Uemura

e2
X 60 (ew,)(5 0 (c(AL"Ft — AL1)fi) + —

2

(w — w))

X 0 (< A(
0

1
(
,1 2 ) ri, A L " + cw) „)

X <A (
0

1 ) fi, A L " + ew> „ • 45 (A L " + Ew)] dO

and noting that AV )  e 0(4) and Remark 5.2, this is equal to

exp ( — I d2E2 ) •
f

E[exp(—<h, A(01 )w >„/ri li E
i=110-ail < 7 /

X  (5 0 (E AV )  •tA(
0

1 ) w l )

X 0 (A(
0

1 ) IE(fi Ot ALN, t A( l
) IV ft)

2
—CA M W O t AW W.  — 1A ( 1 ) W.t A (1 )W W A (1 ) )
2 ° e o

60 (< t A(01) 2)171 t AL1) w  >

X <fi, E • t A(01 ) W> H • (A I )  (fi E • t AV) w))]

By the invariance of Wiener measure under an orthogonal transformation, we see,
noting also that to .  A 1 (

,12) =

P21 ) = eXp (- 11 I:1' /  2 E2 ) • E E [exp ( — < w  >H /E)
i=1< 7 1

E2

X  [000](PAL1 )[ ew  E ( 13—  1'v + T (w - 1'v w)])

(50 (<A(i ty2 fi, I + Ew>„)
+ > H • ( AI) r1 EALl ) w)]d0.

Since <A;r1P2 fi, fi>11 = 0, — <);, W>HIE = 27r. S 3 4 (1, w) under the condition that

— +  (IV — 10  0  an d  that O w l =  0  (note that Ft'

= 0) and T(LI (
0

1))e 0(10), we have finally,

P21 ) =  exp(— fillX/ 2 E2). E f E[exp {27r • S 3 4 (1, w)}
i= 1 1 0— gii < 7/

X ( Jew 1 )6 0 (E(ft — 1:v + -e ( w  )  — w))

X 0 (< A I, Evil>

X <Ft, + EW>H • sTsi(14(01)fi EA(
0

1 ) w)] dO.

Define R11 -valued Wiener functional g 1 (w) by

(5.3) g(
tP(w) = (w 1 , S 1 2 (1, w), (fi — • h)ij,15..i<j<4, <A (.7r1/2/3, W>H),

(i,j)*(1,2)
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then by Lemma 5.4 and Lemma 5.5, given below, we can conclude that

i=111,9_(7,1<ri
(5.4) /(21) e x p  (  —  r i  /2 e 2 ) • e -  1  2 E oi(Apfi) dO

E [exp {2n • S 3 4 (1, w)} (5 0(9(o1 ) (w))] • II h j a s  e O .

3Lemma 5.3.A. E[exp {27rS 3 4  (1, w)} 5 (g (
0

1 ) (w ))] = 2 7 n 3 u 3 •

P roo f. Define d ) , k  = 1, 2, • • • , and i ,  = 1, • • 5 4, by

(5.5) di) s:
 sin2nkt dw i

t , k  =  1, 2, • • • , i = 1, • • • , 4,

f cos2nkt dw i
t , k  = 1, 2, • • • , i = 1, • • • , 4,

o

and

rig)  = i = 1, • • • , 4.

Then we can easily show that

s
1

( 1 ,  w ) 1  [  c °  1
27r {"j) ( 111i) — 1g) ) —  (1,i) (17W) — • ri(d))1 ,

1 < i < j  < 4,

(i; — rz)13 = — N/u/ 27r

(fi Ciiv— W 0h) 14 = N /u/2m (IA" — • ri(01) ),

(ri 0  1'v — 1'v /7)23—  N/u/27r V?) ,
(ft — rz)24 = /u / 2m (ri(

2 ) —

—  v fl)3 4  = , / u / 2 7 * (14 )  +  (/i3 ) N / i  •  17W))1

and

<A ( 1 )
 i:;, H = N/27(14 ( V )  —  

( 4 )
)  

•

Thus

E[exp {27rS 3 4 (1, w)} 60 (g(
0

1 ) (w))]
= E pu r i con , 17(02) 5 s  12 ( 1 ,  w ) , N / 14/ 27rN A 4 / 2 7 T  (r i y)

— N/u/27r • Vi2 ) , N/u/ 2 7 r ( 2 )•  r / (02 ) ))]

X E [e x p { E -,{d4 )(t43
)  —  N/i •  r/(03 ) )  —  4 3 ) (Iii4 )  — •  ri(04 ))}}

k= 1 rt,

(50 (re ) , IA4 )

lk =

/u /2m {V1
4 ) + 07 (

1
3 ) — .1i • 17(

0
3 )1 , N/27zu (V1

3 ) — rA4 ) ))]
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= J (3
1 ) x J (

4
1 ) .

3
By Proposition 5.1 below, we see that J(

3
1) =  

167ru2
. On the other hand,

4 1 ) E  [ ex P  E r 11 43)
00

3 ) r 1V) )}1
k = 2

X  E [exp V ) r63 ) — (1.3)1,64))11,1(03) 17(04) = VI") + 11(13) (13)

{ (27)2
 N /det C } - 1 ,

where C is the covariant matrix of (î7(
0
3 ) , '7(0

4 )
,  N /u/2m + r/i3 ) ), N/2 7ru(V ) — re ) )

and it is easy to see that det C = 4u 2 . So, by a  slight computation, we have

t p 4 i) =
k = 2

1 —

E[exp(—  -1 ({(V ) — rl
(

3 ))/ }2 +  {(V ) +  4 ) )/ }2 ) ) ]
8 n

2
u

=k02(1  
 03

e_ _ )  x ((1/.\/2701 - x2 d x ) 2 x   1  

k2 8 7 7 . 2 u

1
871.2u .

Thus the assertion of this lemma is concluded.

Proposition 5.1. L et J(
3

1 ) b e  as in the proof  of  above lem m a. Then

3
/(1) = 

3 16 mu 2

P ro o f . Noting that

c.
2ratx d t  _  ( 5 x ,

it is easy to see that

ccco

J(
3

1 ) =  f  E  [e x p  —  27rit• E -,Jdor62) - )
k  = 1 K

I ri (On  = ri (02  )  =  1 1 ) = V12  ) = 7/ (11 ) = ri (12  ) = 01 • P 1 (°) dt,

where pi (x ) is  the density of the law o f (ri(
0

1 ) , ri(
0

2 )  — /u/2m • Vi
1 ) u l 2 n  •  ( W )

\/i• ) )  — N/u127t • (
i
2 ) , v /u12n• ('

(

i12 )  — N/i • r1
2

) )) a n d  p i (0) =  1
27ru2 .  B y  a

slight computation, the above conditional expectation is equal to



Off- diagonal short time expansion 429

E
k=

exp  —  2ni•-
t  ( d 1 ) 1 A 2 ) d 2 )1 / (k 1 ) )

2

k2
= flk= 2 4n 2 t2 k 2

= (1 + 47r2t2)  27c2t
sinh 27r2 t •

Thus

1r ' 27z2tJ(1) (1 + 47r 2 t2 ) dt
32 7 T U 2  -o ŒDs i n h  2 7 E

2
t

3
167ru2  •

It is easy to see that II h = 4nu and hence,

3
( 21 ) e x p 

2 n u )

e
-12

E 2 2571.2u2 •E fio_
Now

Oi(AL1)h)d0.

O 1(A (
onii)d0

i=1

=_ y (A(01-)To• oi(A (01)h)d0
10-ird<0 u inI 2 n

=  E i u i (AL1)17) • 0,(A(0 1)fi)do
i=1

n 12n

= E Oi(AL"fi) dO = 2n.
i=1

We have, therefore,

./ (
2

1 )e x p
2 n u )

E-
1 2   3

167zu2
as e O.

E

2

Therefore, we can now conclude the following.

Theorem 5.1.A. In  Case A, i.e., x = [0, U ], U u(6 34 — .543 ) ,  u > 0,

2 n u )
E

-  
1 2   7 r3p(E2 , 0, x) exp 2

1 6 u 2
as El O.

e

( C a s e  B )  U u 1 ( 6 12 6 2 1 )  ±  142 (
5

34 (5 4 3 ), U 1  >  U 2  >  O.

In this case every element h2 o f K i s  o b t a in e d  as in  (4.12):

10- = 24 (
0

2 ) h, 0  = (0 1 , 02 )E [0, 2702,
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where AV )  a n d  h are as in (4.8) and (4.13), respectively. W e set hEll and h [2 1  by

1/113 =  t (\ //41 /7r sin 2nt, .\/u1 ln(1 —  cos 2nt), 0, 0)

and

M21 = t(0, 0, .\ ./142 /27r sin 4nt, \ //4 2 /27r (1 — cos 40 ).

Similarly as in Case A , we need only to evaluate

P22 ) := E [6. (Xi) 0  (ew)]

where X, is a solution of S.D.E. (5.1) and 0  is defined as in Case A associated with
K 2 : =  K ,  x  =  [ 0 ,  U ] .  Again y(q) used in  the  definition of 0  is given by the
following lemma with ;I determined by Lemma 5.4 below. In the following we use
the same notations as in Case A.

Lemma 5.1.B. For every 00 e [0, 270 2 ,  there exists rio > 0  such that f o r each
il e a  170 )  there ex ists y(ii)> 0  satisfying

le-  001 <7/J0  
60(( 0 0 , <-4 („22 ) h, w> II)

i=1,2

det {( <O h , w > H ) } dOi d02 =1
02

00i 00;

on {Iv; Ow — A(
0

2
0

) h112 <  y}

and

{0; 11/1(
0

2 ) h — A2 ) 11,112  < 162; - 0 0 1 <

Proof is similar to Lemma 5.1.A and  omitted.

Rem ark 5.3. It is easy to see that

<A (0
2 ) h,  w>H  =  <AW

001
,.„(7.02),02)h[11,  w>H ,

-

/  A ( 2 ) /1[21 W< A(02 ) h, >11 -  - 1 '1 0,0 2 + (n/2)) H

„

at9- iao < 4 2 ) 1 1 5  
w>

H ) i, L= 1,2 }
= < Aph[13,<  Ap h[2] , O H .

Thus, denoting dO = d01 d02 ,

.11
2
2 ) = E [6 „ (X 1 )0 (e w )]

a

a
002

and

det
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=  i= E[(5„(Vi)Oi(Ew)]E 
i

i = 1 l e _wi l < t i

X(50(<AVdt (+ ir/2 ) ,0 2 ) h[ii , E 0 H ) . < A v) h [ii ,  E w >  H

x(50(<A,),
0 2  + ( n / 2 ) )

h[2] , c w >H )
•
 <A2h[2] ,  c w  • H) • 0 Jew )] dO .

Note that <A (
0
2 ) h[ 1 ] , cw>H  is a function of 01 and  (w1 , w2 ), and <A (

0
2 ) h[ 2 ] , EW >H that

of 02 a n d  (vd, w4 ).
By the C-M transformation w —*w + (A (

0
2 ) h/c),

j (22) = exp ( — 11A(02 ) hilX/2 E2 ) E[exp(— <42 ) h, w>H 1e)

e
2

X  dew  1)(5,9 (e(A (
0

2 ) h vv. —  C) A (
0

2 ) h) + T (w - w))

• (5 0(<24 ((é +002),02) h [1 ], A (02 ) h EW > II)

X 5 0 ( < ,0 22))h[2] , M 9 2 )  h EW >

X <A(02)h[1], A(02) h cw > H  < A(02) h[2] A(02) h Evt,›H

X i (A (
0

2 )  h + ew)] dO

and noting that AL2 ) E0(4) and  Remark 5.2, this is equal to

=  
1

12

—
éil <71

exp( —  h al l2e 2 ) E E[exp( —  <h, 24(
0

2 )  w > e)

X 60 (EA(
0
2 ) •

X (W V )  le(h C) tA 2 w — tA 2 w ® h)
2

— 01 ( 2 )  W AV) W* —  A (02 )  W. t  M9
2 )  Wn t A(92 ) )

2 -Q

• (50(< 1A (02 ) •AW-F(ir/2),e2)hi l l ,  h + et A(
0

2 )  w >H)
• c(<t A (02). A (i i) , 0 2 +  o r/  2 ) ) h [2] h E t  A(02) w  >

X <h[1], h e t A (02) w >  H
 < h 2 ,

A v) w  > H

X i(A (
0

2 )  (h + et A(
0

2 )  w))] dO.

By the invariance of Wiener measure under an orthogonal transformation, we see,
noting also that <4 2 )2 ,0 ) h[ 1 ] , h>11 = < 4 , ), I 2 ) h[ 2 ]  , h > H  =  0,

P2
2 ) = exp(—  hIliiI2e 2 ) En

=
E[exp(— <h, w>H 1e)

• • E
2

• •
X  6[ 0 , 0 ] T (A (

0
2 ) )[EW , 0  W  —  W  0  h)+T (w O w — w O w ) ] )

= EP c(eW 1) U(e 2  S ( 1 IV ))f

'
A(2) w )
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X 60 (e<M7,2)2 ,0 ) hI1 l, w>,)60 (E<M1,!„/ 2 ) 11121 , O H )

X <hill, h + ew> H  <h 121 , h + cw> „ • i (A (
0
2 ) (h + Ew))] dO

Since T(A (
0
2 ) )e 0(10) a n d  —  <h, w> H I = 27r • S 1 2 (1, w) + 4m • S3 4 (1, w) under the

condition that (h vst, — i C) h) + --;(w C) 1.4) — w) = 0 and that A (
0
2 ) w1 = 0, we

have finally,

P2
2 ) = exp(— lih di2E2) En

i=  1
E[expl2nS 1 2 (1, w)+ 4nS 3 4 (1, w)}60(ew1)

x (50 (E (h C) — h) +  (w 0  — wn

X 0 (E<MR
2)2 ,0 ) hI11 , w>„)(50 (8 < A , 1 2 ) h[21 , w> H )

(h [11 , h + ew > H  • <h[21 , h + ew> H  • Oi(A (02 ) (h w ))]

Therefore, setting R 1 2 -valued Wiener functional g (w ) by

(5.6) g (w )  =  (w1 , (h —  (I)

<4 2)2,o) 11111, w>H, <4 , ),.12)11121 , OH),

we have by Lemma 5.4 and Lemma 5.5 below,

(5.7) ./(22) exp(— M hIlX12 e2 ) • E- 
1 2

I1H • 1117E21 d
E ÇO1(A (02) h) dO_
= 1 <n

X E[exp {27rS 1 2 (1, w) + 4nS 3 4 (1, 60 (g(
0
2 ) (w))] as E 10.

Lemma 5 .3 .B . E [exp {2nS 1 2 (1, w) + 4nS 3 4 (1, w)} 60 (g(
0
2 ) (w))]

3
2 2647r

4
/4 1  U 2 (4 1  -  1 4 2 )

Proof. Let p 2 (x) be the density of the law of g (
0
2 ) (w). Then

E [exp 127rS 1 2 (1, w) + 47S 3 4 (1, w)} 6 o (g(
0
2 ) (w))]

= E[expl2nS 1 2 (1, w) + 4nS 3 4 (1, w)}1g (
0
2 ) (w) = 0]•p 2 (0),

1
and it is easy to see that p2 (0) = 16n

4 u1 u2 (2u, + u 2 )2 •
Let Zip, 1 < i < j  < 4 , be the (i, j)-component of (h C )  — v (1) h) . Then

7 (2 ) /u1 /2m Vi2 ) +  N/u1/ 2 7 r(11(11 )

( 3 ) . N / /47r V2
1 ) ,7 (2) _ N/ u  /27r i _  u 2



Off-diagonal short time expansion 4331-1.4—7 ( 2 )  —  N/u 1 / 2 7r + N/u2/ 4 7( (t/S" — re ) ,

7 ( 2 )  = N/141/27*(13) — 2  . t/(o3 ) ) N/u2/ 4 7( V22 ) ,1-'23

A

 n k (2) .1 5  v,(2)1(4) - (4 ) )  +  .\, / u  / 4 r i — 'to /7 ( 2 )  — — /27r(rh. — q0 2 21-'24 — 1

and

7(2) , in(4) ,  d i , (3) )̂ 3)— ,D2 NA42/,-,. — • ).

Here VP , ri k ) a re  as in  (5 .5 ). S e t

7(2) / A(2) /,,[1]
" 11 \ "(7r/2,0)" W /H  = N/27rU1 (V ) n(2))

't 1 )

and

Then

   

EV) j t, „,(2) [2]
\ "(0,7r/2) 't /H — N/47CU2 (V23 )  —  i

1

(
2
4 ) ),

E [exp 12nS 12 (1, w) + 47rS 3 4 (1, w)} I g(
0
2 ) (w) = 0 ]

2
[

OE) k
=  E  e x p  E  E { (m2k)( ,,6,2k-i)_ , /i.,,e _i))

k = 1 m=1 in

(ni2k- 1) (2k). \ / i .  11(020) ) I g(02)(w) = 0]

2

=  n  E [ e x p (
V2k),(2k- 1) _ )(2k-1),,,(2k)v ;;"-.',;(2)

O  Sk 'Ik ,̀' k 'I k I I '- '2k  - 1,2k =  , e)  =  O]
k =1

X  expE [ -1((22)17(21) — (21) t/(22 )) + 2 V ) r/i3 ) —  (13 )1/(1.4 ) )2

(2) (2 )  =  e , (2)
11- ' 13 14 23 24

2 oo k 1)
E [e x P I I

-
717(

( 2 k ) " ( 2 k - 1 )

m 'Im
- r a k ) ) } 1

k =1 m=3

/1 X /2 X  13.

Here Mi3) , 1  <  i <j  < 4 , denote random variables constructed by excluding the
terms rig` ) from

= 0 ]

1 2 oo / k2
We see easily that / 1 =  -

4  

and that 1 3 =  1 1  f l  1 
k= 1 m = 3 ni

2

m ust do is to com pute / 2 .
Define X1 2 ) ,  i = 1, • • • , 4, by

XV )  = 2 )—  ,/u 2 I2 • rA3 )  + (2 ,

X? ) = \ bi2 /2 — ' 1/2

XV )  =  \ /142 / 2  (
i
3 ) + (21)

y  
= 9 . S o  a ll w e
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and

Then

H ideak i U em ura

X12 ) = — ,/u 2 /2 •• r/(
1
4 )  — N /u, • r/ (

2
2 ) .

{exp -1--(V2)17(1) (1),,(2)\ _i_ N(14) 17(13) ____ V13) 11(14))
2  2 2  - 1 12 / ,

= exp{(2(u 1 + 2u 2 )/(2u 1 +  u

2 ) 9 (  x ( 1 . 2 ) x 2 )  +  x 2 ) x . ( 1 . 2 ) )  +  p 2 ( 7 ) }

where P 2 (E) is a polynomial of degree 2 in 4 variables E = (212
3

) ,  f (
1
22, f ?3

) , 271?4
))

w hose constant • t e r m  i s  O .  T h is  e q u a lity  is  o b ta in e d  b y  the orthogonal
decomposition in  L 2 (P) of 0 ) a n d  re with respect to  e .J.Ifi23) , 21.24 ) , 314,,?3) , fq 2

4
)},

for exam ple, (
2
2 ) is decomposed by

2(22) ( u1 -XV )  - 70.4 2  2?,)).
(2u1 + u 2 )

N oting that XP ) — N(0, u 1 + (u 2 /2)), i = 1,• • • , 4,

/2 =- E [exp {(2(u 1 + 2u 2 )/(2u 1 +  u

2 ) 2 ) (
—  

x ( 1 2 )  x ? ) x  x  , ( 4 . 2 ) ) 1 ]

= (2u 1 +  u2 )2 /3(4 — ui).

Combined / 1 , / 2  and 1 3 w ith  p2 (0), we conclude this lemma.

It is easy to com pute that 11 4nu1 + 87ru2 , 1111E11 d 4nu 1 a n d  11 h[2 1 111/
87ru2 , and we can show that

Oi(A(02)h) d_O 47r
2

i 1 0

in  the  same way a s  in  C a se  A . Therefore we have

(
2
2)exp(—  27r(u, + 2u 2 )/E2 ) e -  

12 6  
t1 2 2/41 - U2

In conclusion, we have

as e  O.

Theorem 5 .1 .B . I n  Case B , i.e., x = [0, U ] ,  U u 1(612 -  6 21) 4- u 2 ( 6 34

-  6 43) , U 1  >  U 2  >  0 ,

p( 2 , 0, x) exp(— 27-c(u 1 + 2u2)/e2)e- 
12 6a s  E  0 .2 2U i -  U 2

(Case C) U = u(6, 2 — 6 +  621 • 34 (543), U  >  O.

In  this case every element h2 o f  K,t'ix„ is obtained a s  in  (4.14):

= A (
6
4 ) h , 0 = (0 1 , 02 , 0 3 , 0 4 ) e  [0, n/2] x [0, 270 3 ,

w here  V )  a n d  h  are  as in  (4.7) and (4.15), respectively.
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Now we need a  lemma corresponding to Lemma 5.1.A or 5.1.B, but we must
0

take care that the Malliavin covariance E of ( w i  <A 4 ) h, w>H
i = 1 , • • • ,4  1 S  

degenerate
• 9 n4a t  0, =  0  o r  0, = n = 32 2 • •  u4 •E/2 since  det cos 2 0, • sin 2 0, . T h u s  the

corresponding lemma is as  follows.

Lemma 5.1.C. For every 0 0 e (0, n/2) x [0, 270 3 , there exists qo  > 0 such that
f o r each rie(0,q 0 ), there ex ists y  = y (q)> 0 satisfying

f o ( (  
a

(5 — <A (4)17 w >  )aoi
9 - ' - H

12 -001< ii i =1,— ,4

<A (
0
4) 11, w>H ) dO =1aoi aoi - 1 ,• • • ,4

on {w ; Ow — A (
0
4
0 % [12  <  y},

and

le; 11,4(04)h — Av o 2  < -  le; — 001 <

where dO = dO 1 d02 d0 3 d04 .

Remark 5.4. Now we fix 00 e (0, m/2) x [0, 270 3 , then for every 4 x 4 matrix
A  we have

110 — 201 <n 
6° ( (

<A
—aaoi (4.)h Aw

i=i,•••,4)

det 00- .a o i <V)h, A w›H{
(12

i , j =  • • • , 4  }  

de 1

on {w; ElAw — AL4
0
) h02 <y } .

Moreover if A e 0(4),

det t(

0 2

(5.8)
2o1

0 ( ( - - -°  <t A • Ar) h,
<n 00i12—  

w > H )

2

d e t {( 00
a
iao . <1A • A (

0
4) h, w > H ) dO = 1

1 ,• • • ,4

on { w ; Ow — 'A • A (
0
4
0

) 17[12 <y}.

Especially let A be A (,40 ) • O' e [0, n/2] x [0, 270 3 . Then t A • A h
=  A (

61) h. Therefore Lemma 5.1.0 is extended in the form (5.8) for all elements of
K min

Now we define 0 , 0 i , etc. in the same way as in Case A or in Case B, and it is
enough to treat

j (2) := E [6„(X i) (cw)J•



=  E exp — M A(04)h / 2 2 ) E [exp( — < A(,94 ) h, w >H/E)fi = 1  1 0 - 0 01< 11

E
2

X  6 0 (ew i ) 6 0 (e(A (
0
4 ) h C) w" — w" 0  A (

0
4 ) h) + -y (w C) w" — w" 0 w ))

fi=1 I0 -0 0 1  <71

X 50 ( A 4  • t A (
0
4 ) w 1)

X 6 0 (A (
0
4 ) {O h to  A (04) w. _ t A (04) w.  0  h )

exp(— 11 h IlL/2e2 )E[exp (— <h, A (
0
4 ) w> H I e)
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By (5.8), the definition of O(w) and the transformation

J 0

IQ — 201 < 7 /

60 (( <Ae.(4 %, w>H)
i = 1,•••,4

w —> A (4 )•tA (4) W0, 00 ,
we have

{ (

 0 2
< A h ,h, w>

H
1, ,4 

dO • . ( 4 4 ) • t A (4 ) w)
•-• -9°00 i 00j

= O i (A r•tA (
0
4 ) w).

So

j (23 )  =  E  E[6.(X1) Jew)]
i= 1

=  E E[6 0 (ew
1
)(5,(E2s(1, w))

i= 1  10-0.1<,

= 1, 4 )
6o ((- - -a  <A (

0
4 ) h, ew>H )

a o i _

X det 1( 0 2
< A h ,h, ew>
00 i 00; H 1,•••,4

X1 (A ,(
6
4 ) • t AL4

0
) w)] dO

det

X 0((0

< A hh, >  H
hi= A(.94 )h + EW)  i =  1,•••,4

x det1 ( 
0 2

00i00i <
A h ,  h '  >

H  
h '  =  A L

4
) h  + e w  i , j =  1 , • • • , 4

X  O i ( 4 4
.
) • tA (04

0
) • A (

0
4 ) h + e A r ) • 24(

0
4
0

) w)] d2.

w here t h e  la s t  e q u a lity  is  o b ta in e d  b y  a  C -M  transformation w  w
+ AV ) h/E. Noting that Ar ) e 0(4) and Remark 5.2, this is equal to

E

2

+  2 ( A (04)w  0  tA (04)w. _ tA (04) 0  t A (04)w ) } tA (04))
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(50(( <44)h, h)H
00,

det {( < A h ,  h' >H
h' = A(04 )h + EAV)•tA(04 )w  i , j=  1,•••,4

X  O L
4 )

i (A • t A ( 4 ) •  
A

z i

(4) eAL4) t (4 )  A (4 )  t A (4
W ) j  dO.

0 , oo o —A 80

B y the  invariance  o f W iener measure under an orthogonal transformation,
0

< AV )  h, h ' H =  0  a n d  T(A (
0
4 ) )e 0(1 0 ), w e  fina lly  see , no ting  tha t

h' = AV)h

—  < h , w> H I  = 2nS' 2 (1, w) + 4nS 3 4 (1, w) under the condition (h 0  —  C) h)

+ 2 — w) = 0 and  w1 = 0,

./(2 ) = exp(— II hIlii 12 E2 )  i  f E[expl2nS12(1, w) + 4nS 3 4 (1, w)}
i= 1 it2 -2 0 1 < n

x 60 (ew 1 )60 (e (h  0  iv — 1:v C) h) +  (w  0  iv — iv 0  w ))

X 6 0 ((e • <A ( 4 ) hh' >(ysi 9_ 5 H
a

aoi ae <j
A r )11, 1 1 ' ›  H )  i,j=h' = A(04 )h + EAL4 ) w 1,•••,4 }

X  d e t  f (  
0 2

X O i (AL4 ) • ̀ A ( 4 ) • A( 4 ) h + eie  •
0 , oo e ei (90 et A( 4 ) • A( 4 ) w)] dO .

Define R" - valued Wiener functional 4 0 (w) by

(5.9) g(01)0(w) = (w 1 , (h C)1.4, — iv 0 h)ii,ii<. j 4. ,

(  a
wi  <  AV h, 11/ › H

(5.10) P2
3 )e x p ( —  h Ilid2e2)e- 14 

i = 1 fIL) goi < 7/

E[exp{27cS 1 2 ( 1 ,  w) + 4nS 3 4 (1, w)} 0(g (o3,)e(w))]

h' = A(04 )h) i,j = 1,•••,4

X  O i( A r  •  t A (4 ) • A (04 ) h) O.

Lemma 5 .3 .C . E[exp{2nS 1 2 (1, w) + 4nS 3 4 (1, w)} 5
0(g(o3,é(w))]

1
210. 3 .0 . 

2 6 • sin Or  cos 0 1 •

h' = A(04 )h + EA(04 ) ,  A(04 )w ) i = 1,•••,4

h' = A V )w ) i= 1,- •,4

)h' =  A V )w  i=  1,•••,4

Then, by Lemma 5.4 and  Lemma 5.5, given below, we have

X d e t Go
o
. a 0 j < A (

0
4 ) h, H

2
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P ro o f . Let p93(x) be the density of the law of g(
0
3,)o (w), then

E [expl2nS 1 2 (1, w) + 47rS 3 4 (1, w)} 6 0 (g(
0
3 (w))]

= E[exp {27rS 1 2 (1, w) + 47rS 3 4 (1, w)} I g(
0
3,)0 (w) = 0] • pti(0),

and it is easy to see that pi(0) =  Let 31i
3 ) =  (h 0

27 • 33 • u5 • 7r6 sin 0, • cos 0 ,.
1

0
— w h)i i , 1 i <j  < 4, and 31 3 ) =  0  k < A(

0
4 ) h, h' > H , k = 1,• • • , 4. Then

h' = A(0 4 )wusing rik) in (5.5), we have

=  / u  / 2 c  (,2 ) + /14127r — • Won),

= \ /u127c (,3 ) — \ /u/4m V2
1 ) ,

= /14127r V1
4 ) + \ /u/47t 07 (

2
1 )

 — • ti(
0"),

= — .\ /1412n (t7(
1
3 ) — .\12 • r/(

0
3 ) ) —  .\i/u147r (

2
2 ) ,

=  -  u 12n (r44 ) — • te )  +  u I 4n (ri (
2
2 ) — • re ,

= \ /u/4ir + .\/u/ 4n (r/ (
2
3 ) — • le ,

= — .\ /47ru cos (02  — 0 3) (r/S1 ) +  (22 ) )

— .\ /47ru sin (02  — O3) ( 21)r / ( 2 2 ) )

+ .\ /27ru cos (02  — 0 3 ) (rn3 ) + V 1
4 ) )

—  .\ /27ru sin (02  — 03 ) ( (

1
3 ) — ri(

1
4 ) ),

7 ( 3 )  =  -  J2mu cos 
2 0 1  ( (

11) ri1( 2 ) )

—  .\ /4nu sin 0 1 cos 0 1 sin (02  — 0 3)( )  + V 22 ) )

+ .\ /47tu sin 0, cos 0 1 cos (0 2  — O3) ( 1) - 1122 ) )

+ \ /27zu sin 0 1 cos 0 1 sin (0 2  — 0 3 ) (tif ) + V 1
4 ) )

+ .\ /27ru sin 0 1 cos 0 1 cos (02  — 03 )( V
) — le)

+ \ /4nu cos 2 0 1 (6 3 )  -  te ,

=  -  ,/4nu (V )  - 11 (
2
4 ) )

and

EV )  = — .\ /27ru sin 
2 0 1  ( (

1 1 ) ___  t/ (1 2 ))

+ .\ /47ru sin 0 1 cos 0 1 sin (0 2  — 0 3)01(21 ) +  (22 ) )

— J4 ru  sin 0 1 cos 0 1 cos (02  — 0 3) ( 21) - /1 (22 ) )

— \ /2nu sin 0 1 cos 01 sin (0 2  — 0 3 ) (te  +

(3)
`- '12

(̂3)

(̂3 )
-̀'14

7( 3 )
-̀'23

7, (3)
1- '24

7'0)

(̂3)
h-d1
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—  \ /2nu sin 0 1 cos 0 1 cos (02 — 03 ) (V )  — 11 (14 ) )

— .\/47ru cos 2 0 1 (V )  — re ) .

Now set =  17? )+ 713) and --11? ) =  7 ? ) + cos 2 0, (E' 3 ) —  f i3 ) ) ,  i.e.

71'13 )—  .\./27ru (V ) — r1(
i
2 ) )

and

=  -  J 4ru sin 0 1 cos 0 1 sin (02 — 0 3) (i1(21 ) + V22 ) )

+ \ /4nu sin 0 1 cos 01 cos (02 — 03 ) ( (
2

1 ) — ri(
2
2 ) )

+ .\/27zu sin 0, cos 0 1 sin (02 — O3 )(, + V i
4 ) )

+ ,/27zu sin 0 1 cos 0 1 cos (02 — 03 ) (V1
3 ) — r64 ) ) ,

and let .7721j3) , 1  <  i < j < 4, be random variables obtained by excluding the terms
n(k )  k = 1, • • • , 4, from S .  T h e no

E[exp 127rS 1 2 (1, w) + 47rS 3 4  (1, w)} g(
0

3!0 (w) = 0]

=  E  [e x p  E  E  -
( 

k = 1 m=1

2 oo k

in 
a2k) oak -1)

(T,21c - 1) ( q (n2k) rj (02 0 )  )  g (03:61(w )  =

(  2  o o  k
=  E [ e x p  E  E  -

( (p7,2k- 1)
 1 m

(2k) ,(2k) ri (2k - 1))

k = 1 m= 1m

! ;
3 ) =  0 , 1  <  i < J <  4 , 7 (

1
3 ) =  f ?  )  =  EV)  =  f', (3) =  0 ]

(12) q (11)) ±  t (3) (4) _i_ (4) v ,(3)111= E[exp I( — V1
1 ) t/(

1
2 ) + k `.2  ' 12 , '..2  '12 /1  I

Z'(3) = Z'(3) _ F.4; (3 ) _  ^ (3) _  0 ]'-'4 "-12 — '-'34 — '-'3 —

X  expE[ -1 (V22 ) re -  (21 ) ri(22 ) ) + 2 V ) r/(13 ) — Vi3 ) rli4 ) )2

1I 77-;( 3 )  —  ( 3 )  _   ( 3 )  _  (3 )  _  ^ (3 )  =  , .( 3 )  =  0'-'13 — ‘-'14 — ‘-'23 — ‘-'24 — '-'1 '-'2

E  exp —
in

( (
2 k ) r i -  ( 2 k  -  1 ) 1 7 (2 k ) )

k =1 m =3

k ( 2 k  1 )

1 1 X  1 2  X  1 3 .

Here the second equality is obtained by that  j 0 , i =  1, ,  4 ,  a n d  that L-7
3

)

= 7 3) =  7-7,(43 ) =  0 if and only if2:7
3

) =  EV ) = =  0, and it is easy to see that 13
2 op k2 -  1

= H 2IT ( 1 - = 9  and that
k =1 m=3

2 . t i vk - 1))

2 oo
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11 = E[exP( — n (12 ) ) I = 0] x E [exp ( (
1
2 ) IA1 )12 1

7 ( 32 = 0]

X E[exp(— V23) 1/(24 ) ) 1 13 ) = x E [exP (VP 112 )) I 134) =

= ( ( 1 / . \ / 2 7 ) 1  e - x2 dx) 4  1

= 4 .

Define XP ) , i = 1,••• , 4, by

)0, 3 )  =  —  ii• r1(
1
3 )  +  2. V2

2 ) ,

x y) = vi4) _ 2  q v) ,

XV ) = • + 2•V2
1 )

X 3 = — .\ / i•rir ) —

{e x p 1

(  (2) (1) (1) (2)
2

2  /12 — /12 ) + 2V  ) r/i3 ) — V13 )11(14 ) )

1
= exp{ — -

6

(X (
1
3 ) X ? ) — XV )  XV ) ) + P 3 (E)

where P 3 (E) is a polynomial of degree 2 in 4 variables .7= (f, (
1
3
3
) , f (1

3
4 ) ,  P3)  f q 3,2)

whose constant term is O. This equality is obtained in the same way as in Case
B .  Noting that

7 (13 ) =  N/7r14 { (X 3 ) — X (13 ) ) COS (02 — 03) — (XV) + X 3 ) ) sin (02 — 03 )1
and that

f43 )  =  \ b tu  sin 01 cos 01

X  (X ? )  — X (i 3 ) ) sin (02 — 03) + (XV ) + X 13 ) )cos(0 2 — 03)1,

we have ,V ) =  f? ) =  0 if and only if )0 3 ) — X P ) = 0 and XV ) + X 13 )  =  O. T h u s

/ 2  =  E [ e X p  —  —1 (X1 3 ) ) 6 3 ) —  X3( 3 )  X 3 ) ) }
6

X i3 ) - X13 ) = 0, XV) + X13 ) = 01
= E [exp( —  X ( 3 ) X ( 3 ) )

6  1 2

X  E [exp(-1 X ( 3 ) X ( 3 ) )
6  34

1

and

Then

(5.11)

(2)
2 •

2



n
P23 ) exp ( — 67ru I 82 )E

- 1 4

-  

1
10 - 001<ri

2/47r2
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for XV ) + X ? ) , XY ) — XV )  —  N(0, 12).
Combined I 1 , 1 2  and 1 3  w ith  p-1(0), the proof is completed.

h' = AV ) h) ij=1,•••,4}

-= 3 2 • 2 9  • 7r4  u 4  cos 2 0  sin 2 0,

and that 11 h= -  1 2 n u ,  so w e have

It is easy to compute that

det { ( a0
a
.a
2
oi <A1)

4 )h,

i (A ri ) • fA (
0
4
0

) • A (
6
4 ) h) • sin Oi cos 0 , dO as E  O.

Proposition 5 . 2 .  Define a  metric g on K ,tx . by

g = Eg i i dOidOi
where

0 
i

= (  
0 0

 A h ,(
0
4 ) h, A (

0
4 ) h) 

H

.
- 0  -J 

I f  we introduce another metric g' on 1<"'ix. by

g' = E
where

ae; '
H

0 0
A ( ' ) h  —  A ( 1) h

and, for some ace [0 , n12] x [0, 270 3 ,  AV)  = 24 (: ) . AV ) , then g = g'.

Proof.

0  0 0 k 0  001

(
A(4) • A ( 4 )  h - -  A ( 4 ) • A ( 4 )  h

g ' aok ao; ' t ao1 ao, g H

E —
aek 

—
ae, (  a  AI» 

•  A
( 4 )

 h ,  —

a  
A(Œ

4
)  •  A

( 4 )
 h

k 3 ae: ow, aek - ae, - H
=  a k ae, /  a  A ( 4 ) h , A ( 4 ) h \

ka 00: ae:,\ae, ae, 2 /
H

00k 00i

—  ae; ow, g k l

So it is easy to see that g = g'.

Since 11 A(
0
4 ) h is independent of 0, it is clear that

g =
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a
(

 

—

a 
A ( 4 ) h, A ( 4 ) h =  < A ( 4 )  h, h'ao, ao

i  
12

H
ao.ao.,

Thus
h' = AL4 )h

,T, i t A (4 )  t  A (4) A (4) h) sin 0 1 cos 0 1 dO

o i ) ( 4) tA(040) A (
04 ) h) sin 0 , cos 0 dO

fete[0,7c/2]x[0,2/0 3

 (I u  • i) (A r tA 1 • A (
0
4 )  h) sin 0 1 cos 0 , dO

IOe[0,7E/21x[0,270 3

 (I u  i • i) (A (
0
4 ) h) sin 0 1 cos 0 1 dO

E i (A (
0

4 ) h) sin 0, cos 0 , dO
Oe[0,1t/2]x[0,21t) 3  i =  1

= 47z3 .

Here the third equality is due to  Proposition 5.2. Therefore

1 4 67 (
./(

2
3)exp ( —  6nu/e 2) e as e  0.

In conclusion, we have

Theorem 5.1.C. In Case C, i.e., x =  [0 , U ], U  u(6 12 — 6 21 + 6 34 — 64 3 ), u
> 0,

p(82 , 0, x) exp ( — 67ru/e2 ) 1 4  6 n as

We finish this section by proving two lemmas quoted above which assured the
asymptotics (5.4), (5.7) and (5.10).

L e t xi : Rn( i ) R ,  i  = 1, 2, 3, b e  C '-functions satisfying Supp x x1 1}
where n(1) = 11, n(2) = 12 and n(3) = 14.

Lemma 5 .4 . A ) W e can choose içi > 0  such that f o r all i = 1,••• ,n,

exp {27rS 34 (1, w)} x  (e ) (w)) 'PAM)" (h + cw))

= exp {27rS'(1, w)} x l  (g(
0
1) (w)) Oi (AV ) Ft) +  0(8)

as 8J,0  in O  f  10 - <

Furthermore 0(8) is uniform on {0;10 —  5i i <  0 .  Here oi , i = 1,• • • ,n, are as in
the statem ent af ter Lemma 5.1.A.
B ) W e can choose n > 0  such that f o r all i =1,•••,n ,
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exp {2nS 1 2 (1, w) + 4nS 3 4 (1, w)} x2 (g(
e

2 ) (w)) Oi (A(
0
4 ) (h + cw))

= exp{2nS 1 2 (1, w) + 4nS 3 4 (1, w)Ix 2 (g(
0

2 ) (w))0 i (A (
0
4 ) h) +

as e i0  in O Œ J < rl.

Furtherm ore OW  is uniform  on  {0;10 — 5 i1<r1} .
C) For all Oo e (0, n/2) x [0, 270 3 we can choose ti > 0 such that f o r all i =1,•••,n,

(5.12) exp{2nS12(1, w) + 4nS 3 4 (1, w)Ix 3 (g (w))

•o1(4 ) .t i 4 (04. )  A (04)
( h E v i,))

exp {27rS1 2 (1, w) + 4nS 3 4 (1, w)} x3 (g(
0

3,)0 (w))

•Oi (A 4.) •',4 (
0
4
0

) •  A 4 h) + 0(e)

as e 1 0  in  15°̀ ) i f  10 — rl.

Furthermore 0(e) is uniform  on {0;16 —  b=i1 < 11} .
Here g(

on(w), g ( w )  and g (
0
3,)0 (w) are as in (5.3), (5.6) and (5.9), respectively, and

we define g(
e n(w), g 2 (w) and g(E

3,d(w) by

g(E
1 ) (w) = (w 1 , S ' 2 (1, w),

((fl 0 — 1:v h) + eS(1, <i< <A (.7r1/2F1, W>H) ,

(i,j)*(1,2)

g 2 (w ) =  ( 14) 1, ((il — h ) 6 (1 ,  VV))ij,1 <i<j< 4 ,

(  4)2,0)h, W  > H , <AØ„/2)h, W >H)

and

g ((,d(w) = 1 4,
 1 , ((h 0 w. — w. C ) h) + 6(1, IA))), , i j ,1 < i< j< 4 ,

0
(- <AV ) h, h' >11

h' = A(.94 )w  i =  1,•••,4

P ro o f . W e prove only C ), the others being similarly proved. W e use the
same notations as in Lemma 5.3.C.

It is enough to prove that w e can choose ri > 0  such that

(5.13) sup exPl2nS 1 2 (1, w) + 4nS 3 4 (1, w)} x3 (gd(w))
o<E5.1,10-éd<71

• s° i (A !j4. ) J 1 4 (040 )  •  
14(04 ) (h EW)) IIL»(P) < °C )

for some p  >  1 . This is because the estimate (5.12) is true for almost all w and
(5.13) guarantees the uniformly integrability, thus (5.12) is valid in the sense of LP

for some p > 1: The LP-estimate of its higher order H-derivatives can be obtained
in  the  same way.

Using VP, WI )  i n  (5.5) the integrand of (5.12) is expressed by
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exp { — ( 1 ) (11
(
2 ) — / .  2 ) )  +  (12 ) (11i1 ). 1 i • r / (0")

— V23 ) (q(24 ) — .1i • Wo4 ) ) + V24 ) 01(23 ) — N/i • 11(03 )1
- X3(g,(1(w))• 0 i(4 4.) •tA (e40) • Ae4 ) (h + Ew))

X e x p  —

1
{ —  

(21)(1,1(22 ) _  ii. 17(02)) +  2 ) ( 1)N f -
Ç2 — 2  • r/(01 )22

+  2 {
-  (13 )(r/(i4 )  - +  (14 ) (r/(13 ) - r/(03 ))1)

x 3 ( g (E3)( 0 ) . o i ( A r  A L40)  A (04) ±  E w n

X  exp
co k

E ( m 2 k ) ( 1 7 ( . 2 k  – 1) v,(2k – 1))

k= 1 m= 3 M
10

)

_  (2 k  –  1 )( q (m2k) j i .  ri (02k))}

X3(g (E3,d(W))

=  /1  X  /2  X  13 .

It is easy to see that sup Eun < 00, 1 < p < 3/2, thus all we must do is to verify
e,o

(5.14) supE[(/i x / 2 )q] < co, for some q > 3.

If 0,(4.4 ) • ̀24(
0
4. ) • APO + ew)) > 0, then we have

0 47 ) • A (
0
4. ) • A(

0
4 ) (h + ew) — A (

0
4, ) h0 2 <y- -

where y = y(q) is a s  in  Lemma 5.1.C. Hence

e
2 AL4 )tA(4)(A(4)IN, 12 dt — 2 ei oov o  tA.( 4 ) )h12 dt <

i. e.

e2

Jo
 i wt12 dt —2 

o 
R A (04) _ A (040)) h,12 dt < 2 7 2 .

F or a ll ri > 0, there exist y' = y' (q) such that 11 /1( 4 ) — AV0
) 0 p  < if O  — 0 01 < 11

and 0 as ri 4, O. So there exists a  constan t K  > 0  satisfying

(5.15) E
2  

f  1W/1
2  dt < 2y2  ±  2Ky ,2

for all e e(0, 1]. O n the  other hand, x3 (g(
t d(w)) > 0 implies that

w i <
+ (1, w)I < 6
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a
A r ) h, h' > H

h' = A(04)w

for some (5 > O. C le a r ly , for any constant c 1 ER,

exp (c, { a ) (r/(,;il) — • 'Ai)} ) x3 (g(,3,d(w))

= exP (c ti )11 ) exP — Jc 1 ( ,,.i ) 1 7(oi ) ) X3 (g(e3,d(w))

exp (c 1 V,!,))  exp (1c • N/2 • 6 . V,;*,))

and exp ( c 1  N /i • 6 . Vd)) E Lq for all q > O. T herefore  w e can  assume rig) = 0 in
(5.13).

First w e treat w ith the term /1 . Clearly

exP — ( 1.1 )1/(12 ) ) X3 (9(e3,d(w))

1
= exp ( —

2  

{((V» — 2 ) )/ )2 — ((
(1

) + r/i2 ) )/i i ) 2 ) X3 (W,d(w))

= exp —  
1(((1)

 +  2 ) ) )2  exp { ( 3 ) ) 2 / 8 u }  x3 (g(
E d(w))

< exp (.52  12nu) e x p  —  ( (

(1
)  

r i ( ? ) ) / N f i
)

2  
E Li' for a ll q > O.

2

Similarly we can prove exp ( — V2
3 ) t/(

2
4 ) ) x3 (4 ) e for a ll q > O. N e x t

exp ( (
1
2 ")  IA )  = exp {

1 z•- 2
—  -

2
-

 ( ( V ) — /111 )V li) 2 }  exP n{ — (-132))  }u

and

{ n 4) ) (4)exp  1-4- a (
1

3
2

))2 O i (i611,, • t A(4
00 • Ao  (h + ew))

exp(: { (1 + u /  6 + 16 1 2 (1, w)12 } ).

It is easy  to  show that there exists a  Brownian motion B(t) o n  in , such that

cs i2
(1, )  =  B  E 2 1 ( 4 ) 2 ±  ( w i ) 2} d t

0

Appealing to (5.15), for each q > 1 we can choose I/ such that

s u p  E  [ e x
p hWV) ri(1,1 AO-) . 1 A(4) (4) 

k r i

e w n i  <  0 0 .
I "I" 

e,0

Similarly, for each q > 1 we can choose ri such that

and

< 6
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sup E[exp {gV2
4 ) 17(

2
3 ) } 0

1
(AL04,) • Ao

( 4
0

) • Ao
( 4 ) (h + cw))] < 00.

c,0

Therefore it is easy to check that

sup E [/1] < oc, g  > 1.
E,o

A s  f o r  th e  te rm  /2 it is  e n o u g h  b y  (5.11) t o  t r e a t  w i th  t h e  terms

exp — —
1

(X 1 X2 —  X3X4)} and exp {P3 (E)} . Clearly
6

1 P3 (E) i < E, c2 1 flP 1 + E c3 1 '2,7V 1 . i IV) 1

EC2IfV)1J +  Ec3-
1

(1M3)12 + 121?)12 ).2 . i

N o tin g  th a t I  flp I < 6 + 'EV  (1, w )l o n  x3 >  0 ,  w e  c a n  c o n t r o l  t h e  term
exp {P 3 (E)} in  the same way as in  / i . Furthermore, noting that 1113 ) 1 < 6 and
lair  1 < 6 if x3 >  0, we can easily show that IX , — X 2

2  +  IX 3 + X 4 2  <  262 , the

te rm  exp { — (X, X ,—

1

— X 3 X 4 ) is a l s o  controled i n  t h e  sa m e  w a y  a s  in
6 . ..,

/ l • Therefore

sup EUU < oc  for a ll g > 1
e,2

and this completes the proof.

Lemma 5 .5 .  A ll of  g(,1 ) , g 2 )  an d  g(,,,; are uniformly non-degenerate.

Remark 5 .5 .  The above lemma ensures the asymptotic expansions of 60 (g ),
60 (g(

e
2 ) ) a n d  60 (g(

e
3,d), thus, com bined  w ith  L em m a 5 .4 , w e  c a n  ju s tify  the

asymptotics (5.4), (5.7) and (5.10) and furthermore the asymptotic expansions of
J (

2
1 ) , 4 2 ) and J (

2
3 ) . Hence, we can conclude that p(t, 0, x) has the expansion of the

form  (0.1), th e  m a in  te rm  o f  w hich  is g iven  by  T heorem  5.1.A, B  a n d  C
respectively.

Proof of Lemma 5.5. Here we treat only g(
g

l )  since the others can be proved
in  a  similar way.

Let g(
E

l
t
) (w) be the  R 1 1 -valued Wiener process given by

g (w )  _  ( w 1 ,  s i2 ( t ,  w ) ,

(  t Rdwit —  fild4 + cS ii(t, w) (1., ),*<({<21 , 0 (4 1»2 ii) dwi
t ).

Clearly g (w ) =  g 1 ) (w). Then 4 1 (w) satisfies the following S.D.E.:
4

d g (w ) =  E L„(e, t, 41,) (w)) ,  dwc:
a= 1



(Ex4 a 
OX

( 1 4 )
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where L or (E, t, C), = 1, - • • , 4, = (Ci, • • • , Cii) = (x, x l ) el1 1 1 ,  are given by

0L 1 (e, t, C) = 
ax i

0
— —

2

( X2 •
0 X ( 1 2 )

1 

0L 2 (e, t, C) = ax2

+ (ex 3 +  2, )  • 
 a  
OX

( 1 3 )

1 -
7„ (

a
X  •  n( E X 3  +  210 •  an( e x 4  + n  

a  
L uX(i 2) uX(23) uX(24) /

0
L 3 (e, t, C) = ax3

1
+ —

2

(ex i • n  e x 2
ux ( 1 3 )

 

0
2ht

4 ) n
 a  

(eX 4
u x (3 4 ) )

•

 

ox( 2 3

a
— \ /4nu sin 2nt

ax l

and

L 4 (e, t, C) = ax,
0

( 1 • n

1 0 0 
uX(14) a x ( 2 4 )

(EX3 2 i  •   00  n+ —
2  

ex  •  EX2 • 
uX ( 3 4 )

0 
+  \ /4nu cos 2nt

ax l •

L et 17 be th e  11 x 11 matrix given by

d =  01,„(e, t, 4 ) ) Y,' 0 dwc,'

where 01,0,(e, t, () is the 11 x 11 matrix given by (aL or(e, t, C)) i i

a .

aCi 
Liot(g, t ,  c). Then we have

4 1
<Dg(2 ) (w), Dg (2 ) (w)> H  = Y E (r) -  L OE (E, t, g ) (w))

Œ=1

( Yet)
 1  L Œ ( ,  t ,  4 1,) (w)) d e r  .

B y  a  slight computation, w e  k n o w  th a t d e t Y I =  1 . Therefore we will only
evaluate the integral pa rt which will be denoted by o- (e, w).

L et / =  t(li , lik, 
1 1 ) i = i

T h e n  w e  c a n  e a s i l y  c o m p u t e  t h a t
j<K_.5.4
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(e, w)1

f i= (P i  — 11 2 .w? — 4 3 (84  +  . \ /ulir sin 2nt)
o

—11 4 (E4 u I n (1 — cos 2nt))1 2

+ {12  +  11 2  w t
i

 —  /2 3 (E4 + ..\ /u/nsin 2nt)

— 12 4 ( e4  +  u  I n (1 — cos 2nt))1 2

+ {(13 + 113 • + 123' wr2

—/3 4 (ew,4 +  \ /u/n(1 —  cos 27“)) — V- • .\ /47ru sin 27rt12

+ 114 + 114 wil +  124

+ / 3 4 (e4  +  .N / u I n sin 2 0 )  +  V- • .\ /47ru cos 2nt1 2 )dt.

Now we will prove that for any T large enough,

(5.16) P (  inf t/a(e, w)/ < —
1

) <  c e - c27' 3

T=

for some positive constants c 1 , c2  and c3  a ll of which are independent of e. We
know easily that

P (  sup t/a(e, w)/ > T) < c 4e- 5T

\ IlI = 1

for some positive constants c4  a n d  c5 w h ich  are independent both o f  E  and
1. Thus it is enough to estimate

P '10 - (e, w)1 < —1

T )

uniformly i n  1  (c f . S.Kusuoka-D.W.Stroock [12], Appendix). Appealing to
J.Norris [18] or N.Ikeda-S.Watanabe [10], however, it is easy to check that

P(t/o - (E, w)/ < —
1

) < c 6 e - c7 T c 8

where c6 , c 7 and c8  are positive constants all of which are independent of 1. Thus
(5.16) is concluded.

Then it is easy to see that

lim E[Idet <g (
e

1 ) (w), 9 1 ) (w)>H1 - P 1 < oo

for all p > 0, and this completes the proof.

DEPARTMENT OF MATHEMATICS
KOCHI UNIVERSITY
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