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A note on f'-structures
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Intoroduction

Let IT , denote the  topological groupoid of germs of local analytic automorphisms
o f Cn and BIT: denote a  classifying space for r '- s t r u c tu r e s .  The differential induces
a  continuous homomorphism C), hence also a  continuous map

:  B IT  —> BGL(n, C).

We convert this map to a  flbration and write FIT , for the homotopy fibre.
A s is shown in  H aefliger [5], [6], this space FIT , is closely related to the integra-

bility of almost complex structures on open manifolds.
Our main result concerns with the  homotopy groups of this space.

Theorem 1. L e t n < i< 2 n  and n= p-1-1. L e t M - S 'xR n n2=2p+1.
A ssum e  i2  mod 4. Then there exists a one-to-one correspondence between the homotopy
group ' r ( F P )  and the set of all integrable homotopy classes of PC-structures of ty pe
(p, 1) on M.

N o te s . (1) H aefliger-Sithananthan [7] has shown that is 2-connected.
(2) Landweber proved that FIT ' is  (n-1)-connected (Landweber [8]).
(3) It has been shown that r „ ( F T ) = --0 (Adachi [1]).
(4) A t present there is no information about the homotopy groups of FPF, in the

range between n and 2 n .  On the other hand B ott [3 ] has exihibited homomorphisms
of r z 1 ( B P )  onto C, hence F rf ,  is at most 2n-connected.

(5) Another reflection of the  lack of information about FPF, in dimension below
2 n  is  the absence of an example of an  almost complex structure on an open manifold
which is not homotopic to an  integrable almost complex structure.

Theorem 1 is deduced a s  a  consequence of the following theorem.

Theorem 2 .  Let n<i<2n and n = P + q , q 1 . Let M=S' X Rm m-=2pd-q.
T hen there ex ists a  one-to-one correspondence between the homotopy group 7r i (F IT ) and
the set of all integrable homotopy classes of PC-structures of type (p, q) on M  w ith the
tangent bundle T(1a0 )  o f la o trivial as  com plex  v ector bundles, w here 'la, denotes the
Partial complexification of (M , PC-structure).
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For the definition of the partial complexification, see § 1.
Theorem 2  is  d e d u c e d  fro m  Transversality T heorem  f o r  PC-foliations on PC -

m anifo ld s, w h ich  w e  explane in  § 1 and § 2. W e show Transversality Theorem and
Theorem 1 and 2 in  § 3.

The au thor is  g ra tefu l to  h is friends a n d  Professor H .  Imanishi fo r  the ir k ind
encouragement and valuable criticism.

1. PC-manifolds

H ere w e recall on PC-structures on manifolds.
Let M be  a  real analytic manifold of dimension n. Let /4 be a  complex manifold.

Let f :  M—>ICI be an im m ersion. T hen for a point x of M , w e denote by D U ,  x ) the
maximum complex subspace of T f ( x ) (M ) contained in  (d f) x (T ,(M)), i . e.,

DU,, x)=(d f )x(T x(m))nv — 1(d f )x(T x(M)) •

Assume th a t dimcD(f, x ) is  constant.
W e define a  subspace D (x ) o f  T x (M ) b y  (d f)s (D (x ))=D (f, x ), a n d  a  complex

structure I x o n  t h e  vector space D(x) b y  (d f) x - I x (X )=  — 1(d  f)x (X ), for X D (x ) .
T hen  w e  see  tha t ID(x); x.11/11 gives a  subbundle D  o f  T(M), e., a  differential
system on M  and { I ;  x E M I g iv es  a  cross-section I  of the vector bundle Hom(D, D).
For an y  local cross-sections X , Y  of D , we have :

(1 .1 ) 1 ) [IX , IY ]— [X , Y ] is  a local cross-section of D,
2) [ I X ,  /Y]— [X , Y ]= I CI X , Y]-1-[X, IY]).

Definition 1 . 1 .  (1 )  Let D  be a  differential system on  a  real analytic  manifold M
and let I  be  a  cross-section of Hom(D, D ) .  T h e n  th e  p a ir  (D , I )  is  ca lled  an almost
PC-structure on M if I x i s  a  complex structure on D(x) and I  satisfies (1.1), 1). More-
o v e r , a n  a lm o st PC-structure (D , I )  is called integrable o r  a  PC-structure, if  it also
satisfies (1.1), 2).

(2 ) Let (D, I), (D ', I ')  be alm ost PC-structures on manifolds M , M ', respectively.
Let w (M, D)--->(M', D ') be an isomorphism, nam ely  w  i s  a  diffeomorphism and clço:
T(M)—>T(M') i s  a n  isomorphism o f  vector bundles w hich  m aps D onto D ' isomor-
phically. T hen  w is called an isomorphism of (M ; D, I) onto (M' ; D', I'), if (4 ) x - I x (X)
, P.(dO x (X ), for XED(x).

B y  th e  above argum ent, w e  k n o w  th a t  w ith  e v e ry  immersion f  of M  in to  a
com plex m anifold .70- w ith  dimc D(f, x ) constant there is associated a PC-structure (D,
I )  on M  in  a  natural manner.

W e refer to  T anaka  [10] for the following informations.

Proposition 1 . 1 .  L et f  be a real analytic imbedding of  a real analytic manifold M
in to  a  com plex  m anifold fa such that dimc D(f, x )  i s  constant, and let (D, I)  be  the
corresponding PC-structure on M . Then there is a complex submanifold SI0 o f  14 such
that f (M )c i l l  and
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dimM=dim c la 0-1-dimcD(f x), x E M .

M oreover, 'Mo is uniquely determined as a germ.

Proposition 1 .2 .  Let (D , I) be a PC-structure on a real analytic manifold M . Then
there are a complex manifold la and a real analytic imbedding f  o f M  into la such that
the imbedding f  satisfies

(1.2) d i m M = d i m c / C 4 4 d i m c D ( f ,  x), x  E M

and the given (D , I) is  the PC-structure on M corresponding to the imbedding f.

Proposition 1 .3 .  L e t f and f '  be real analytic imbeddings of real analytic manifolds
M  and M' to complex manifolds ia and fa' satisfy ing (1.2), respectively . Let (D, I )  and
(D', I ')  be the corresponding PC-structures on M and M', respectively. Let çø: M-3111'
be a homeomorphism. Then ço: (M; D, I)--, (M '; D', I ')  is an isom orphism  if and only
i f  there  is  a biholomorphic homeomorphism sz) of a neighborhood o f f (M ) onto a neigh-
borhood o f f '(M ') such that s60 f=f' .yo. M oreover, Ç6 is uniquely  determ ined by  o as a
germ.

By Proposition 1.1, Proposition 1 .2  and Proposition 1 .3 , corresponding to a  PC-
structure (D , I )  o n  M , the  germ /a0 is uniquely determined. T h is  complex manifold
A  w e ca ll the partial complex extension or partial comPlexification of (M ; D , I).

L et M  be a  real analytic m anifo ld  of d im ension  n=2p+q, B y  Proposition
1.1, 1.2 and  1.3 we have the  following diagram:

{ (D, I ) ;  PC-structure
of type (p, q)
on M

(f ,  la ) ; la : complex manifold
of dimension p+q,

f  111- 4 1a, Cw-immersion
dimcD(f, x)-=-P

 

complex manifold
of dimension p-Fq

C'°-imbedding
dimcD(f, , x)=P

  

poa=1,

a .13= 1  as germ,

r 0  t= p

‘ r

a

H ere, the PC -structure  of type (p, q) means the  P C -struc tu re  w ith  dimD(x)=2p for
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any x EM.

2 .  PC-submersions and PC-foliations

Let M  be a  real analytic manifold of dimension n = 2p ± q , q_1 . Let /4 be a  com-
plex m anifold. Then we call a  smooth map f :  M - 4 1  a  PC-submersion of type ( p ,  g),
if  the  following conditions are satisfied :

0  (d f ).: .(M )-->T  f ( x)(11/1) is a  monomorphism for each x EM,
ii) d im cD (f, x )=P, for each x eM .
When 71;/.'  is a  complex manifold of dimension p +q , the condition i i )  is equivalent

to  the condition :
ii') (d f),x(T.(M)) is  transversal to —1(d f)x(T x(M)) in  7' f(x)(Sh.

N o te . It m ight rather be said that f  is a "partial real" immersion, when the above
conditions are satisfied.

Definition 2 .1 .  Let M  be a  real analytic  manifold of dimension n =2p ±q,
Let O r.- p-kg. A  PC-foliation g of codimension r of type ( p ,  g) on M  is represented
by g ={ ( V  g a ) ; ae A }  w ith the following conditions :

i) M =  V ,  is an  open covering,
acA.

ii) g„: V  a —>Cr is  a PC-submersion of type (p , g),
iii) for v anT 0 , there exists a  continuous map gap: V  a nV 13- 4 P .  satisfying

g a =g a pog f i o n  V a nV p.

Remark that PC-foliations g  of codimension pd-q on M  of type (p, g) are nothing
but PC-structures on M.

Let (D, I), (D', I ')  be PC -structures on M .  W e ca ll (D , I )  a n d  (D', I ')  a re  in-
tegrably  homotopic, i f  th e re  is  a PC-structure (b , f) of type ( p ,  q+1) on MX [0, 1],
i. e . ,  b  i s  a  2p-dimensional subbundle o f  T (M x  [0 , 1 ]) a n d  /  is  a  cross-section of
Hom(b, b) w ith 1, 4 = - 1 ,  satisfying condition (1.1) o n  each  point (x , t)EM x [0, 1],
such that

i) if  we denote by Dt the portion of b over Mx { t}, a n d  b y  I1=i1D0, (Do, 1. )=
(D, I ) ,  and (Di , I 1)=(D ', I'),

ii) for each t [0, 1], (D,, I t )  is a PC-structure of type ( p ,  g) on M x { t}.
We denote this relation by (D , I)=(D ', 1 ') . Then this is an  equivalence relation.

Let (D, I), (D', I ')  be PC-structures on M .  T o  th e se  correspond PC-foliations g
and g ',  respectively. If  (D , I) is integrably homotopic to  (D ', I'), then g  is  integrably
homotopic to  g'.

Now we have the following map (b :

(b : f(D , / ); PC-structure of type ( p ,  q) on M I/7

I  h Brf,„

BGL(p+q, c)
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where PC(r): M --+B GL (p+q,C) is the com posite m ap  o f : t o  (D , I )  corresponds a
C"-imbedding f :  M -4 1 0 and C ) is a  classifying map of the tangent
bundle T(1 0 ). Remark here th e  homotopy class o f  PC(r) depends on the PC-structure
(D, I).

Hereafter we take q=1. T h is  does not loose generality for our purpose. Namely,
given n  a n d  n <i<2 n , there exist integers p and  ni such that n = p +1, m=2p+1
and

Lemma 2 .3 . L e t  M =S IX R ' i , Assume i 2  mod 4. T hen th is is a  real
analy tic m anifold of  dim ension m . L et m=2p+1, i> 1 .  I n  this case the tangent bundle
T(11-10 ) is triv ial as complex vector bundle f o r any  PC-structure on M.

P ro o f .  Let f :  M-)-11/l0 be a real analytic imbedding corresponding to a PC-structure
(D, I) on M .  Now T (M ) is  triv ia l and  the  norm al bundle u of f (M ) in  /1'4 is trivial.
Identify M  with f ( M ) .  L et us denote th e  p ro je c tio n  o f  th e  n o rm a l bundle v by
Then

TC/ao),,,r*T(M)EBe,

where 8 1 is  th e  1-dimensional triv ia l bundle over fa a. T h u s  w e  h a v e  th at T(/17/o )  is
triv ia l as real vector bundle. By Bott periodicity (cf. Bott [21!), we know that for
2 mod 4, the  homomorphism p * : z t (BU(p+1))->r,(BS0(2p+2)) induced by the canonical
inclusion p :  u(p+1)--4s0(2p+2) i s  a  monomorphism f o r  i<2p+1. T hus w e have
obtained th e  lemma.

Remark. W e take q=1. In  our case, the  definition of PC-foliation of codimension
r  has the  meaning only when r=p +1.

By the  above lemma, in  th e  s i tu a t io n  o f  th e  lemma, t h e  map (2i defined above
becomes the  following form :

0: {(D , I ) ;  PC -structure of type (p, 1) on MI/=

h Brc; + ,

, R 11)
M BGL(p+1, C)

=7ri(Fr,+1) ,

   

where * denotes the constant map.

3 .  Proof o f  Theorem 1 and 2.

Now we show Theorem 1 and  2. O ur proof is sim ilar to that o f  Theorem 2 in
Haefliger [5].

First, we show  that th e  map 0  is  surjective for q = 1 . Suppose that 2 n<i<2n ,
n=p4-1, and  that i 2 mod 4.

L e t h : M - B rc,;+ ,  be a  lifting  of the  constan t map *: M - *BGL(p+1, C ) . Corres-
pondong to th e  map h  we have  a  /1 + 1 -structure g  o n  M:
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g={ (1/ 2,02); .1 ./1}.

Associated with this ./" i -structure g , we have a /1 + 1 -fo1iated microbundle (E, e):
i je: M -- ->E - ->M ,

C: [ ' 1-foliation o n  E

(cf. H aefliger [5]). Here E  can be considered as a  P C -m an ifo ld  o f type  (2p+1, 1),
and e can be considered as a PC-foliation of codimension p+1 of type (2p+1, 1).

L e t e={(u ço,z); 2E A } and f : M  — >E be a  C- -m a p .  For each 2 A , put W 2=
f  1 ( U 2). Then we say f  is  PC-transversal to e, if  fo r each 2E A

40 2°(f I W 2): 4 7  .1 cP+i

is a PC-submersion. We denote by PC-Trans (M, e) the set of a ll C- -maps f :
which are PC-transversal to e with C- -topology. L e t PC-Trans w(M, e ) be the  sub-
space o f  PC-Trans (iv, e ) which consists of real analytic maps. Clearly PC-Trans

e) is dense in PC-Trans (M, e).
Let y e  be the normal bundle of [ ' 1-foliation e  o n  E .  This is a  complex vector

bundle with fibre L e t  :  T(M)—>ve be a  homomorphism of vector bundles. We
say ç  is  a  PC-ePimorphism, if for each x eM ,

i) ç : .(M ) - - - v e  is a  monomorphism into a fibre,
ii) putting

D(0, x)r---0.(Tx(M))(Th —1 x(T .(M ))

dimcD(0, x )=P •

Let PC-Epi(T(M ), ve) be the  space of a ll PC-epimorphisms :  T(M)—>v8 with com-
pact-open topology.

Then we have the following continuous map :

7r. d : PC-Trans (m, e) PC-Epi(T(M), ve),

which maps f  to 7 r.d f . Here r  denotes the natural projection :  T(E)—>ve.
Now we state the  PC-Transversality Theorem. This corresponds to the C-Trans-

versality Theorem in  Landweber [8].

Theorem 3 (PC -Transversality  Theorem). In the above situation, the continuous map

ro d:  PC-Trans (M , e) PC-Epi(T(M), ve)

induces the surjection

(rod) * : r o(PC-Trans (M, no(PC-Epi(T(M), ve).

P ro o f . Now M  is  open and "PC-submersion" is an open condition. Therefore, we
can apply Gromov's Theorem [4 ] (cf. Haefliger [5], [6]).

Namely, le t X =-M x E ,V =M  and p :  X—>IT be the projection to th e  first factor.
L e t Sect (X )  b e th e  space of all smooth cross-sections of (X , p, v) with C--topology.
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L et us denote by (x', p', V ) be  th e  1-jet bundle o f  germs of local smooth cross-sections
o f  (X , p, V ) .  L et Sect (X ') be  th e  space o f all continuous cross-sections of (X ', p1, v)
w ith  compact-open topology. T hen by  tak ing  1-je t, w e h av e  th e  following continuous
map

J ' : Sect (X) ---> Sect (X 1 ).

L e t  C- (M , E ) b e  t h e  sp ace  o f  a l l  C"-maps o f  M  in t o  E  w i t h  C"-topology,
Hom(T(M), T (E)) be the space of all homomorphisms o f  T (M ) in to  T (E) with compact-
open topology a n d  Hom(T(M), 1)8)  b e  the  space o f a ll homomorphisms o f  T (M ) into
v e  w ith  compact-open topo logy . T hen  w e  have  the  following commutative diagram :

d
C- (M, E) — > Hom(T(M), T (E))---> Hom(T(M),

D I J 1° I PC-Epi(T(M), 1)8)
Sect (X ) - - ›  Sect (X') ,

w here d  is  th e  m ap w hich sends f  to  its  d if fe re n tia l d f ,  a n d  r  is  th e  map which
sends 0  to  ir.O . T h e  vertial arrow s ço, gb a re  natural homeomorphisms.

L e t 0  denote ir- '(PC-Epi(T (M ), v e)). T h e n  w e  h a v e  th e  follow ing commutative
diagram :

d
C- (M , E) --> Hom(T(M), T (E)) --> Hom(T(M), ve)

d 'Î - }  Tr I Ei iNj
PC-Trans (m, e) 1:1  PC-Epi(T(M), ve),

where iv 0  is  su r je c tiv e . T h e re fo re , r * :  r 0(0)—>r0(PC-Epi(T(M), v e ))  i s  surjective.
Consequently, fo r  th e  proof o f  th e  theorem , it is sufficient to prove that

d * : r o(PC-Trans(m, ro(n)
is  surjective.

However, a s  is stated above, the condition "PC-subm ersion" i s  an open relation.
Therefore, 0(0)=-Sect (X 1 , Q) for an  open subset QOEX ', where

Sect (X ', Q)----  E  Sect (X91 cr(M )cf21,

a n d  Q  i s  invarian t u n d e r  the  transform ation  induced by diffeomorphism o f M .  To
say  more precisely, the fibre of (X ', p', M) is  r(m, m-I-2(p +1))x E=M (m+2(p +1), ni;
R ) x E .  L et Q0cM(m+2(P +1), m ;  R )  be the open subset o f  th e  following matrices :

(11\im

B)12(p+i)
w ith  rank  B =m =p +i,

and fl-, 120 x E .  T hen by  L em m a 3 .1  in  t h e  fo llow in g  w e  h a v e  0 (0 ) , Sect (X ', Q).
L et us denote by Sect (X, Q) th e  space (P r(S ec t(X l, Q )) in  Sect (X ) .  T hen  w e  have

Sect (X, Q)=so(PC-Trans(m , e)).
By Gromov's Theorem , w e obtain that
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d * :  r o(Sect (X, 0) ---> r o(Sect(Xl, Q))

is b ijec tiv e . Thus we have proved th e  theorem.

O n the other hand, by the construction of g  and ( E ,  e ,  ) ,  we have
(1) i* e ,- - g  as rc,;+1 -structure,
(2) h*L-U--, g ,  where cU is  the  universal /1)+1 -structure o n  B[1+1,
(3 ) vg  is triv ia l as complex vector bundle.

Consequently, if  we denote 1)=--vcii, we have

v g v (h *V )-- , h* v .
So we have

i*(2)e) — h*v

and  the  following homomorphisms o f vector bundles

T (M ) - ->  h 'v  - ->  v e

M M E ,

where ^i  is a  homomorphism induced by i  and Ø  i s  a  natural monomorphism into a
trivial complex vector bundle on M ; i. e. on each f ib re  th e  natural inclusion R 2 P + 1 =
CP X C  = C 9 + 1 . Then io0 is a  PC-epimorphism which induces i: M—>E.

By th e  PC-transversality Theorem, we obtain a  C"-map f :  M—>E, which is PC-
transversal to e . By the approximation theorem, we have a Cw-map f ' : M—>E, which
is PC-transversal to e.

Then f* e  is a n  analytic PC-foliation on M  o f codimension p+1, namely a  PC-
structure (D , I) o n  M  o f  ty p e  (I), 1). B y the construction, f'*e  corresponds to the
given map h: M—>BIT, i . Thus the  surjectivity o f  0  is proved.

Injectivity o f  0  is proved in  quite a  parallel way a s  Haefliger [5].

Lemma 3.1. L e t çb: R 2 1 —>C' 1 b e  a n  R -m o n o m o rp l i i sm . Then gb(R 2 P+') and
—10(R 2 7" - ' )  are transv ersal in CP+'.

P ro o f .  L et us denote X=q5(R 2 P+1 ). L et S2 P + ' be th e  u n it sphere in  R 2 P÷2 =CP -".
L et Px ES 2 P+' be the  poin t such that (U Px, X )=0 and  OPx , X  is positively related to
the  given orientation of R 2 P+2 ,  where ( , ) denotes t h e  inner product o f R 2 P+2 =CP+ 1 .
L et P 1 x ES 2 P+1 be the  poin t corresponding to /X= A/-1 X a s  above.

Now X#/X, so we have P x * P i x . Therefore, we h av e  d im (X n IX )= 2 p . This
shows that X is  transversal to I X .  Thus we have obtained th e  lemma.
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