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Homology of the Kac-Moody groups III
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§ 1 . Introduction

L et G  be a com pact, connected, simply connected simple Lie group, g its Lie algebra
and 1=m(1)<m(2)_< ••• -_m(/) its exponents where I is the rank of G .  The homotopy type
of the  Kac-Moody group  W e)) is  G x QG<2>, where QG<2> is the 2-connected cover of
Q G , t h e  based loop space o n  G . (See [9 ] . )  F o r a  free  graded module M=EDM, of
finite type over a  r in g  R,

00

E (rank M i )V EZ [[t]]
J =0

is denoted by P(M ; R ) a n d  fo r  a  space X  such that H*(X ; R ) i s  f r e e  o f  fin ite  type
P(X ; R )=P(H*(X ; R ) ; R ) . V. G. Kac a n d  D. H. Peterson defined a  p o s it iv e  integer
d(G, p ) fo r any prim e p  and  showed that

(1.1) P(S2G(2); Fp )=(1-Ft 2 1 (G.P) - 1 )(1_4 2 a(G, P)) - IR G (t)

where a(G, p)=p"G , P)

(1.2) RG(t)=

in  terms of the Affine W eyl groups ([9 ], [11 ]). O n the  other hand there is a  fibering

Tr
(1.3) SI --> QG<2> --> QG.

In  [13], th e  first named author shows (1.1) by use  o f the  cohomology Gysin sequence
and determines d(G, p).

Since G---- 0 1-1 ,S 2 7"° ) + 1  b y  S e rre  ([22]), 9G<2>=01 -12QS 272 + ' a n d  therefore the
odd dimensional rational homology o f QG<2> is  z e r o .  Since H 2 ,(Q G  ; Z ) is  free and

; Z )=0  fo r any m by Bott ([7]), th e  homology Gysin sequence o f (1.2) with
R-coefficient is

7r,* Xi?
(1.4) 0 --> H 2 7„(QG<2>; R )--> H 2 „,(QG ; R) ---> Hi m _2(g2G ; R)

H 2 „,_ i(S2G<2> ; R) ---> 0 .

Using (1.4), we deduce that H2.(S2G<2>; Z) is  free and H2,,1(S2G<2>; Z ) is a  finite
group fo r any m .  Therefore to determine H * (S2G<2>; Z), it is sufficient to determine
H(QG<2>; Z ( , ) ).

Define a  graded Z ( , ) -module M (d, p)=ei.m(d, p ), by
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Z ( ) , if  f= 0

M(d, p),= z/pr - d , if  i+ 1 , 2p 'k , (k, p)=1 and

O,o t h e r w i z e .

and denote by L(G , p) a  f re e  graded Z ( ) -module satisfying

P (L (G , p); Z(p))=RG(t).

T h e  purpose o f this paper is to show

Theorem 1 .1 .  H* (S2G<2>; Z(p)) is isom orphic to M(d(G, p )-1 , P)Oz ,,,L (G, p).

Since I -1* (G ; Z ) is known, th e  integral homology o f th e  Kac-Moody group is deter-
mined.

To prove Theorem 1.1, we show  the  following :

Theorem 1.2. T here a r e  elements a, b and a  subalgebra A(G, p) o f  H,v(f2G(2>; Fp)
satisfy ing

(1) laj=2a(G, p), bElm p and  A(G, P)cim  p  w here p  is  th e  m od p
reduction,

(2) H* (QG<2>; Fp) - - F p [a ]0 A (b )0 A (G  p) a s an  algebra.

Using th e  fact that 112a (G P) -1(Q G<2 > Z (p))=;- Z  P  (Theorem 3.1 of [161), Lemma 2.1
of [16] and Theorem 1.2, we can compute th e  Bockstein spectral sequence constructed
in  [16] and get Therem  1.1. I f  (G, p)*(B„, 2) o r  (D„, 2), Theorem 1 .1  is proved in
[15] an d  [16]. B ut the  proof o f  this paper is applicable for any (G, p) and is a n  im-
provement o f  [15] an d  [16].

Acknowledgement. T h e  first author gratefully acknowledges th e  su p p o rt o f  th e
S. E. R. C. Fle is also grateful to th e  Department of Mathematical Sciences University of
Aberdeen for its hospitality.

§2. Some properties o f  p  a n d  X % )

Denote by P2 7 (R ) th e  submodules of the prim itive elements in  H2 .(QG ; R) and by
Q2.(R) th e  indecomposable quotient Q2 'n(H,I,(QG; R)).

Consider the commutative diagram o f the Gysin exact sequence (1.4):

It * X
O — H2,,(QG<2> ; H2.(QG ; Z ( ) ) I -i,,_ 1(QG ; Z ( p) ) - -  If ,,  _ G(2> ; 0

PI Pi
2r*

0 —H2 77,(QG<2>; H2.(Q G  ; Fp) —* 1-12.-2(.QG ; p) 112m- 4  G ( 2 >  ;  p ) 0

where p  is th e  mod p reduction, X=Z z ( p )  a n d  Z=XF p . Note that XR is a derivation and
given by the formula

(2.1) XR(ce),t\A,,,a
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where \ is the slant product, A is the diagonal map and t is a generator.
Using (2.1), we have

Lemma 2 .1 . P 2„,(R)cKer XR f o r m >1.

On the other hand by the Bockstein exact sequence, we have

Lemma 2.2. p :  1-1,,(S2G<2>; Z ( 0 )-4-1.(QG<2>Fp) i s  ep ic  f o r m52a(G, p ) - 1 .

Denote by P (p )  the subset {1, p , p 2 , ••• , p ,  ••• } of integers. Consider the map

12m

e 2 m  1/2.(S2G<2> ; Z(p )) -->  Ii2.(QG<2>; Fp )  - -> H2m (Q G ; Fp) Q2.(Fp).

where 22.  is the projection. Then we have

Proposition 2 .3 .  Suppose m <a(G , p ) ,  then
(1) e2717, i s  e p i c  i f  m 0P(P),
(2) dim Coker e2.= 1  i f  m EP(P).

P r o o f .  Since p:11 2.(S2G<2>; Z ( p ) )-*H 2,(S2G<2>; F p )  is  ep ic  fo r in< a(G, p )  by
Lemma 2.2, we can replace C 2 m  by Cm where e2,,, is the composition

7r* 2 2 7 .
H 2.(S2G<2>; Fp) — > H z .(Q G  ; Fp )  ----> Q2,,,(Fp).

Choose a  generator t  of H 2 (QG ; There is a  fibering

7r
(2.2) QG<2> --> ,f2G  --> C P - =K (Z , 2)

which is the loop of the fibering
7C X

(2.3) G<3> G --> K (Z , 3)

where x  is a  generator of 113 (G ; Z ) - 1 ,  satisfying a(x )=t  (a denotes the cohomology
suspension). Therefore the mod p  homology Serre spectral sequence for (2.2) is multi-
plicative. By the fact that H2m-i(f2 G<2 > ; F)=0 for m <a(G , P ), this spectral sequence
is trivial for up to degree less than 2a(G, p ) .  Therefore we have as an algebra

H * (CP - ; F p )'- "H * (QG ; F p )/(Im 7r )

for *<2a(G, p). Proposition 2.3 follows from the fact that

H * (CP - ; 02, •••,j ) , • ••11(01P , 02g , ••• •••)

where J., I =2p 2 -1 .

Lemma 2 .4 .  I f  xEH 2 7,,(QG; F p) su ch  that pm <a(G, 15), th en  xPEIm p.

P r o o f .  Since 2  is derivative, 2 e = 0 .  Therefore xPeIm 7r *  and Lemma 2.4 follows
from Lemma 2.2.
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§ 3. Proof o f  Theorem 1.2

First we prove th e  following

Lemma 3.1. There are an element a' and a subalgebra B (G, p) of H * (i2G; Fp) such
that

(1) a ' =2a(G , I)), a 'I m  7 r *  and B(G, P)CIm 7*°,0,
(2) 1m I L *  is a polynomial algebra generated by a' over B (G, p).

P ro o f . First we assume that H (G ; Z ( ) )  is  torsion free and n(l)<a(G , p ). Then
the above lemma follows easily from Proposition 2.3 and Lemma 2.4. Next we assume
th a t 1-1*(G; Z (n)) is  torsion free  and n(l)>.a(G, p ).  Then (G, p)=(C., 2) or 3) by
[13 ] a n d  d(G, p )= 1 . S in ce  H*(DC. ; Z(2)) is  p rim itiv e ly  gen era ted  b y  [1 4 ] and
H* (G2 ; Z (3) )  is primitively generated by th e  dimensional reasons, th e  above lemma fol-
lows from Lemma 2.1 and  Lemma 2.4. Note that H * (G ; Z ( , ) )  is  n o t  to rs io n  free  if
and only if  (G, p) is one  o f the  following :

(3.1) (B „, 2), (D „,,, 2) (n

(3.2) (G2, 2), (F4, 2), (El, 2) (1=6, 7, 8),

(3.3) (F4, 3), (E l , 3) (1=6, 7, 8), (E8, 5).

First we consider the  case  (3.3). Using the structure of H*(G<3>; F n )  in  [12], [18]
an d  [20], we can easily show  as an  algebra

H(QG<2>; F i,)"=•' Fp[i 2.(J) j=2, 3, • • • , /]® F[a]® A (b )

where /=rank G, 112.c.o1 = 2 n(.1), aI=2a(G, p) and  Ibl = la l  - 1 .  We may assume
bElm  p by the dimensional reasons. In fact, 190 = 6  and for any j_>2, H2n(.7)-1(pG<2 >; F p )
=0 or

P*(112n(k )(Q G <2> ; Fp)H 2a ( G p)(Q G<2> ; Fp))=H2n(J)-1(S2G<2> ; F p )

for some k < j  where p *  i s  th e  Bockstein operation. Therefore e 2 n ( ) )  is  e p ic  f o r  any
j =2, 3, • , /.

For the  case (3.2), H 4,(S2G(2>; F p ) is known in  [17] and the proof is s im ila r . Now
we consider the case (3.1). W e only give a  proof fo r  (B2„, 2) since th e  other cases are
quite similar. Denote th e  mod 2 reduction o f  a ,  (1- j 2n -1), 2a, (2_< j<4n -1) and
2p 5 (272:<]*.<4n -1) of Bott ([7 ], sec tion  9) by x ,, y i, r i  respective ly . P u t d=d(B 2,„, 2).
Then by [13], 2 1 <4n - 24 . B y [7 ], as an  algebra

H * (g2B 2n F2)== F2E x  1 , x 2 , • • • , x  ..-11 /(x , x Z , • • • , x 4-1)

O F 2 [X n ,  X n + i ,  • "  X 2 n - 1 ]0 F 2 [Y 2 7 4 + 1 ,  Y 2 n 4 - 3 , 3/4n-1 ]

(Note that l x  -=2J a n d  I Y 2 j + I  =41+2 ). Since y 2 J + 4 - - - - 7 2 i+ i mod decomposables, we may
replace y2i±1'5 bY 12j+1 ' 5 . By Proposition 2.3, if  j0 P ( 2 )  and  3_< j 2n -1, th e re  is  an
element u.i H2.;(QB2n; Z(1)) such that

7r* p(24,) --  x , mod decomposables.
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Since Pi  i s  prim itive b y  [ 7 ] ,  w e  g e t  r2i+ IE Im 7r*.p . P u t  B(B 2 „, 2 )  th e  subalgebra
g e n e ra te d  b y  frce p u i 1 3 : ‹j .< 2 n -1 , j P (2 )}u lr r- „2„+i, , 2n-I-3/ " rin-il• Pu t a '- 4 d - 2 ,
then Za'=-0 and so a'EIm  r * .  a ' generates a polynomial subalgebra o ver B(B 2„, 2) and

B(B 2 „, 2)Ca']cIm  Jr* . But

P(B(B 2 ,  2 )[e ];  F 2)=(1—t 2 5 ) - 1 RB2n (t)=P(Im 7c* ; F2)

and so  B(B 2 „, 2)Ea']=Im r * .

Proof  o f  Theorem 1.2. F ix  a  generato r b o f  H2 a (G .p )- i(S 2 G  ; F r ). B y L em m a 2.2,
bEIm p .  T h en  u sin g  the fa c t  th a t 2r* :1/2„,(S2G<2>; R)-->H2 m(QG; R) i s  monic fo r  any
m , w e get T h eo rem  1.2 by Lem m a 3.1.
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