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A  property of an analytic semi-group

By

Takashi SADAMATSU

§  1 .  Introduction

In this note we show a necessary cond ition  fo r a  system o f  p a r tia l differential
operators to be a  generator o f  a n  analytic semi-group a n d  g ive  a n  example that
generates a  Co semi-group, but does not an  analytic semi-group.

L et A(x, D) be a  matrix of partial differential operators of order m  in  t h e  form
the form

(1.1) A(x, D)=H(x, D)+B(x, D)X E Rd

awhere D  s ta n d s  fo r  .
1  H (x, e) is a  matrix whose entries are  homogeneous poly-
2 aX

nomials of degree m  in  e with smooth coefficients and B(x, D) is  a  lower order term.
L e t 2,(x, e) (i=1, 2, •-• , 1) b e  th e  characteristic roots o f  A(x, e): th e  roots of

det(21—H(x, e))=0, then we obtain

Proposition. I f  there exist the constants co (>0 ) and Po such that the estimate

(1.2) 11(z1— A(x, )30111U-11

holds for U G H ' and Re z>0, then

(1.3) 21(x, e)E {zEC ; Rez<0}U{z=0} (i=1, ••• , 1)

where 11 11 denotes L 2 -norm.

R em ark. (1.3) shows that if Re . 1 (x 0 , ° )= 0  for some x,, e°, then 1m 2 1 (x 0 , C°)=0,
that is 2,(x0, e°)=0.

From Proposition, we have, regarding A(x, D) as an operator from {Lie L 2 ; AU E L'I
(c L 2) to L 2,

Theorem. I f  A(x, D) generates an analytic semi-group, then the characteristic roots
of A(x, e) must be in  fzEC ; Rez< 0lu{z= 0}.

E l F iky , A . [1 ]  showed that the conditions

supR e  21(x, e)<0 (i= 1, 2 , —I)xeud.ecsd -1
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To prove Proposition, w e  u se  th e  m ic ro -lo c a l energy method devised by S.
Mizohata [4, 5, 61. Following S . Mizohata [6], we explain this method bliefly.

First o f  a l l ,  we introduce th e  micro-localizer. L et (x,, e°) be a  p o in t in  R d  x R d

( I V I = 1 ). For any given positive number r o , we take a  Cr-f unction p(x) which satisfies
(i) O p (x )1 ,

(ii) / 3 ( x ) =
{  1  for ro

0  f o r  I x — xo i r 0
In  the  same w ay, we take a(e)(E.- C̀,̀,' satisfying

( i )  0 < a ( e )1
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a re  necessary and sufficient in  order that there exist positive  constan ts a, b  a n d  po
such that the  estimate

11(z1— A(x, D ) ) U l l  a( I z  —polluil+Null.
holds fo r UeHm and Re z  - 13o,  where II II. denotes th e  Hm-norm.

O n  th e  other had, I g a r i , K . [ 3 ]  treated t h e  degenerate parabolic differential
equation :

(at+A)u=atu+ E Dx ( ( a  (x t)D
k
 u )+Eb (x  t)D  u±d (x , t)u= f(x , t), .7k x s r ,

and proved that A  generates a  Co semi-group and others under some conditions.

§2. P ro o fs  o f Proposition and Theorem

j , k

(ii) a ( e ) =
11 f o r  le— VI - •— ro

0  f o r  I e — V I > r20.

We put

 

a n,(e)=a(---en - )

where n  is a  la rg e  parameter. We define an (D)v(x) by

(a .v)(e)=--- n(E)0(e)

where .0 ( )  denotes th e  F o u r ie r  transform o f  v(x). We call a (D )9 (x )  t h e  micro-
localizer and r o its size.

F o r  a(x, e)EST o (m we have

(2.1) Ila(x, D)a„(D)vIl Cn7''llan(D)v11 i f  n is large

and  the  asymptotic expression :

(2.2) a(x, D)13(x)= 1
2.4

jS( ,) (x)a(x, D)(')d-r N (x, D; n)

and  the  estimate o f th e  remainder term :

(2.3) 11rN(x, D; 7 )(.ru z ; Lz):-<CNnin - N  1
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holds, where N  can be chosen large as w e w ish  (see  [6], p. 50--52, 55).
N ext, let 0(e) be a  C- -function which satisfies S 0 ( ) Id e = 1  w it h  i t s  support in

{ ; le! 1_}. We define

jn (x )=e "° x g-i(x )=(27) -
 . ç e ' e0(e— nnde ,

then  the asymptotic expression (2.2) gives

a n (D )g(x )j7,-=g(x )an(D )jn-Fri(x , D ; n)j..

Since an(e)=1 f o r  eEsupp[On(e)i, w e have

f Ilan(D)13(x)j.11-5 10(,)j(x)1+cin - il j11
Ilan(D)13(x)j.11--11g(x)s-b- (x)11—Cin'll s-511,

here w e note 1113(x)j(x)11>0.
Finally we define the micro-localized operator of a(x , D ).  W e take a  Cr-function

0(x ) satisfying
(i) 0 0(x) 1

1 f o r  x
(ii) gi(x)={

_<i"-ro

0  for Ix
For an operator a(x , D) w hose sym bol is a(x , e ), w e put

e)=--- 0(x—x0)a(x, e)+(1-0(x — x 0))a(x 0, e)

and E(e)=0(e—e°)+(1- 95(e--e°))V.
We define the micro-localized symbol of a(x , D) by

an,loc(x, e)=- ti(x, n2:7(
1 ) ) ,n /

then  w e have

(2.5)

and
(2.6)

an,10c(x , e)=a(x, e) f o r  1 x —x, I _<7.-0, I — ne° I flro{

an,k ,c(x , )=a(x o, e°) for I x - -x01 . - 2r0, le-- nV  1>.--2nr0

I a .,10.(x, e)— a(x o , nV )1  C r o n" f o r  I  e— nV I 5- 2nro

a n,loc(C) ) ( X  e ) ,p71

w here the constants are independent of ro and n.
Concerning the micro-localized operator, the following facts hold.

(2.7) 11(an.1.(x, D)—a(x, D))an(D)19(x)11..c(L2 ;  L 2) ,<C

and

(2.8) 1(an,i0c(x, D) — a(xo, nV))a.(D)v11 - -(Cronm+Unni - " 2)11v11

w here the constants do not depend on r o and n.
In fact, w e  p u t a'(x, D)==an,loc(x, D) —a(x , D ) , th e n  th e asym ptotic expression

(2.4)
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(2.2) gives
a'(x , Man(D)13(x)-=fi(x)a'(x, D)a n (D )±r i (x, D; n).

T h e  1-st term  o f  t h e  right hand side vanishes, therefore from the  estimate of the
remainder term (2.3), we have (2.7). Next, taking account o f (2.5) and (2.6), we have
(2.8) from th e  sharp form o f  th e  Gkding inequlity.

Proof of  Proposition. We prove Proposition by a  contrad ic tion . Hence we assume
that there exist xo , e° (le°1=1) and one root, say 2(x 0, e°) such that Re2(x 0 , e°)>0 or
Re2(x 0 , e°)=0, Im2(x 0 , e°)#0 hold, then

Re 2(x0, e° )+- Im 2(x o , e°)I >0.

Let (Ii =1) be an  eigenvector o f H(x o , e°) corresponding to 2(x0 , C°):

H(x 0, e0)E=2(xo, e ° ) -

We take th e  sequences,

Un=an(D)P(x)j.i2' a n d  zn=2,80±2(x0, e ° )nm

then from th e  assumption of Proposition (1.2), we have

(2.9) 11(z.1—A(x, D))U,,I1>_cgRe 2(x0, e°)-f- I Im A(x0 , e°) )72m U.II •

From now on we shall show  that the  estimate (2.9) fails to h o ld .  We decompose
zn I—A(x, D) a s  follows:

z1 —A(x, D)=(z1—H(x o , ne° ))+(H(xo, nV) )—H.,10e(x, D))

D)—H(x, D))—B(x, D).

We evaluate the  each term o f  th e  right hand s id e .  We have easily from (2.4)

11(z.1 —  H(x 0, neTU.II_C1118(x)j(x)11+Cin -1 11j11,

from (2.8) and (2.7) we have

II(H(xo, ne °)-1 -1.,i0c(x, D))U.115_(Cron 74+C'n m - " 2)143(x)JII
and

11(11n,loc(x, D)—H(x, D))U.115_Cin m -1 11j11

and finally we get from (2.1) and (2.4)

D)L1.11,_<Cn''()19(x)J11±Cin - i llj11) (m>m')

where the constants are independent of r o a n d  n.
These estimates and (2.9) imply

(2.10) CronmIli3(x)j1I>=caRe2(x0, e°)+ I Im 2(x0, npellir-i(411

fo r la rge  n. Since 11)3(x)y,211>0 and  the  size o f  t h e  micro-localizer ro
small a s  we wish, the form ula (2.9) fails to hold.

can be chosen
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Proof  of T heorem . If  A is  the generator o f  a n  analytic semi-group, then there

exist r (0 < r - 7 1 )  and po such that

p (A )D fzE C  ; la rg (z -13 °)I<  -Fr, z--/30#01

where p (A ) denotes the  resolvent se t o f A, and for any s ( 0 < < T ) ,  there exists M,
such that

11(zi— A) - 1 11:- lz—po!
f o r  z E t z e C ; arg(z—i30) l-_<L2r d-7—s, Z - P03L- 01

(e .g . [2] p. 246).
Therefore there exists c o such that

11(z/ — A)U co I z—polmull f o r  Re z >P o, U 1 -11 4 C 2 (A )

holds. T h e n  f r o m  P roposition  the  characteristic roots o f  A (x , e ) m u s t  b e  in
f z E C ; Rez<0lUlz=01.

§ 3 . example

Let us consider
A c =—D((a(x)d-ic)D)--Fb(x)D±d(x)

where D= 1  d
i  d x  '  

a(x), b(x) and d(x) are real valued smooth functions. We assume

that a (x ) 0 (a(x o)= 0  for some x o), b(x) 2 K a(x) and c  is a  real constant.
1) There exists a  Co semi-group whose generator is A .  In  fact, Igari, K . ([3]

p. 497) showed that for large 2, (2—A r ) defines a  o n e  to  one surjective mapping of
.g)(A,)= {uE L 2 ; A cuEL 2 }  onto V  and that there exists a constant ,8 such that

Ac) - 1 11f (L2; L2) - -=  for any 24 .2-13

Noting that [ to,., Ac]=EPcs, ( [  > ]  denotes the commutator a n d  p , .  i s  Friedrichs'
mollifier i n  [3 ]) a n d  Remark ( D i  p. 501), by Hille-Yosida's theorem, there exists a
Co semi-group whose generator is A.

From Theorem we have
2) if  A c generates an  analytic semi-group, then c=0.
3 )  If  c=0, then, A o generates an analytic semi-group.
We prove this fa c t . L e t  A = A 0 a n d  2(A )= fuE L 2 ; A u  L 2 1. I f  u E 0 (A ) , then

Va(x)DuE L 2 . In  f a c t ,  w e tak e  a  fixed large real number t ,  by virtue of Lemma
(D i  P. 495), then

11,0,4(t—A)ull 2 a- const.(11 Va(x)DuA 2 + II u. )0)
a n d  p„.(t—A)u—>(t—A)u i n  L 2 , u,=p,u—>u i n  L'. Hence A/a(x)Du,—>v i n  L 2 and
Va(x)Du e—>Va(x)Du in g 'Ll.2 imply v=-Va(x)DuE.L 2

From Oleinik's lemma (F71 p. 972), we get
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(Da(x)) 2 5 K a (x ) a n d  IDA/a(x)1.- K fo r  some K.

Using these facts and  the  assumption fo r  b(x), w e have, any zEC  (Rez>0)

P 0,(z—  A)u 112z  1 2 1111112 - FRez(11p.(va(x)Di) 2 — C II u A 2 )

—cizl 11u112 -11c(va(x)Du, u)II 2

where IICkVa(x)Du, u)II tends to 0 when s tends to  O . By passing to th e  l im it ,  we
have, for some g(>0)

11(z— A)u112 >--(1z1 — P1Itill 2R e z > g ,  ueg(A )

R(z, A).--=(z—A) - 1 - satisfies
1 

A)11=11(z—  A) - 1 11=z 1z1 - 43 =
f o r  Rez>g o

In  general, if  zo Ep(A), then

IzEC; A)11-1}Cp(A).

T ak ing  accoun t o f  t h is  f a c t ,  w e  c a n  s h o w  t h a t  R(z, A )  is holomorphic in

fzEC ; I arg(z-130)1 < Z-130#01, here r=sin - '  mi  a n d  that for any s>0 (0< < ï),

 fo r zE fzEC ; arg(z go)1 z  iso ol, here I t =
lz— goi — 2 (1—r)

a n d  r,=1—cotr tans. S i n c e  A  i s  a  closed operator and 2(A ) is  dense  in  L 2 , there
exists an  analytic semi-group whose generator is A.
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