
J .  Math. Kyoto Univ. (JMKYAZ)
31-4 (1991) 909-930

On theta series and the splitting of S2(10(4))

By

Ken-ichi SHIOTA*

Introduction

L et q be a  prim e number, a n d  0  be a  m a x im a l order i n  t h e  (q, 00)-quaternion
algebra 0  over t h e  rational number field Q . T h e  class number H o f 0  is equal to
the dim ension of the space M2(r0(9)) of modular forms on 0(0 o f  weight 2 ,  and
there is associated to 0 ,  a  system o f theta series { 1 9 , : , } I s i , , H  i n  M,(T o(q)) (see § 1).
Let WI= <19

1 ) ,  
0

21, 1910 C  denote th e  C-linear span of the j-th column o f  {-19„11,,,,H.
In  1935, E. Hecke [H e] observed fo r small levels q that :

(I) dim W,=H fo r each j ,

and conjectured that (I) might be valid fo r any p rim e  q. I f  ( I )  i s  t r u e ,  w e can  of
course conclude that

(II) 69„),,,,„H  spans W I' 0 (0 ).

A s is well known, M . Eichler proved (II) by means of trace form ula ([Eu]), and there
h a v e  been much development along this line. While Hecke's original conjecture (I)
has its own significance—linear independence o f some natural family o f  theta series,
it can  not be true literally . B ecause, fo r some j ,  W , lies apriori in  th e  (-1)-eigen-
space o f th e  Atkin-Lehner involution, of which dimension is given by the type number
T  of D (see Theorem 1.8). Thus arranging the  numbering o f  columns properly, it is
naturally asked whether th e  following (I') holds or not.

dim W = T  f o r  1_ 2T—H;

dim W , = H  f o r  2 T — H < j.H .

F or this problem, A . Pizer [P i3] m ade an algorithm to compute D„'s and a table
o f  them up to q = 9 7 . Examining P izer's ta b le , M . Ohta found a  degeneration (i. e.
dim W3 =dim W4 = 5< H ) a t  q= 67, where H = 6 a n d  T = 4 , w hich w as t h e  only one
known example (one, since W3 =W 4 in  fact).

It is worthwhile to study those degenerations o f W ,'s m ore extensively :
( i ) if  th e  degenerations occurs very rarely, it m ust characterize th e  p r im e  q  in

some way ;
(ii) i f  t h e  degeneration occurs rather commonly, it should be useful to get a
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splitting o f  m 2(r °co  (and th e  space  o f  c u sp  fo rm s S 2(r 0(q))) a s  a  Hecke
algebra module over Q.

Using Pizer's algorithm  w ith som e modification (cf. § 9), the author have computed
19i , 's  u p  t o  q=997, and  it tu rn ed  out th a t the  la tte r (ii) is  th e  c a se . T h e  purpose of
th is paper is  to  report a  few  rem arkable facts on  such splittings o f  S2(r0(9)) and some
new examples obtained in the w ay.

D en o tin g  b y  S g r o (q)) t h e  (±1)-eigenspaces o f  th e  Atkin-Lehner involution, we
define th e  obedientness fo r  a n  irreducible com ponent (we call it a f ac to r)  o f  s2(r °co
a s  a  Q-rational Hecke algebra module :

(a) a  fac to r F  of St([' 0(q )) is  sa id  to  be  obedient if  Fg W , f o r  a l l  2T— H< H,
disobedient otherwise ;

(b) a  f a c to r  F  o f  Si(P o (q)) i s  s a id  t o  b e  obedient i f  FgW , f o r  all
disobedient otherwise.

T h a t a ll factors in  .s 0(0) a re  obedient is  n o th in g  b u t  (I '), how ever, w ith  th is
term inology w e can state th e  following facts holding for all our examples :

(0 )  For any disobedient factor F of S 2(1 0(q)), there  ex ist tw o  indices j  an d  k  such
th a t W,=FEBIW k .

(1) S - (r o (q)) has a  1-dimensional obedient fac to r if  and  only i f  SI(F o (q)) itse lf  is
1-dimensional.

(2) A  1-dimensional fac tor of Sy(F0(q)) is  obedient if  and  only  i f  t h e  strong  Weil
curve param etrized by it has a  rational division point (see § 6).

(3) A  factor o f S i(r o(q)) is  obedient i f  a n d  o n ly  i f  a  com m on eigenform f  of
a l l  Hecke operators i n  it satisfies the congruence a(f , , n) modi fo r
a ll  n 1. H e r e  a ( f ,n )  denotes t h e  n-th F o u rie r co e ffic ien t o f f , E  the
E isenstein series, and  f a  prim e ideal in the field of Fourier coefficients of f
(see § 7).

Also we found some interesting examples :
(4) F or q= 151, w e have the relation ,9- 4 ,10

=19
5,10

, w h ic h  g iv e s  a  f ir s t  ( a s  f a r  a s
w e  know ) exam ple o f  a  p a ir  o f  mutally inequivalent quadratic form o f  rank
4 over Z , belonging to th e  same spinor genus, a n d  assoc ia ting  to  t h e  same
theta series (see § 4).

(5 )  F o r  q=307, w e  h a v e  dim W ,<T  fo r a ll 1 <j2 T - - - H  and  dim W ,<H fo r all
2T e .  the conjecture of Hecke i s  n o t  t r u e  e v e n  i n  its w eakest
form  (see § 5).

Acknowledgements. T h e  a u th o r  w o u ld  lik e  to  ex p ress  h is  s in ce re  th an k s to
Professors H . Hijikata, H. Yoshida and H . Saito fo r  their valuable advice and  encour-
agement, and to Professor K . Doi fo r turning his attention to  th is  subject.

§  1 .  Notations and preliminaries

Notation 1 . 1 .  For a  fie ld  K  and a positive in teger n, K n  deno tes t h e  s e t  o f  all
colum n vectors o f  size n w ith  entries in  K .  T he  j-th en try  o f  x E K "  is denoted by
x„. Similarly, th e  (1, j)-th en try  o f  a  m atrix  x  is  d e n o te d  b y  x i ,. T h e  transposed
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matrix of a m atrix x  is writen by tx. T h e  identity matrix o f  size n is w ritten by 1.

Notation 1.2. Throughout the  paper, q denotes a n  odd p r im e  number. Denote
b y  M2(r0(4)) (resp. S2(r0(4))) t h e  space o f  all elliptic modular (resP. cusp) forms of

a  b
weight 2 with respect to P o(q )= { ( )cS L (2 , Z ) mod ql, and by m 0(0) (resp.

c  d (0 —1 )
..S (ro(q))) its (±1)-eigenspaces under th e  Atkin-Lehner involution f . The
Fourier expansion of f  Al2(r ow) is written as q  0

f (z )= a(f, , n)e(nz),

where e(z) -=exp(27V-1z) fo r zE C  such that Im(z)>0.
P u t N th e  se t o f  a ll th e  common eigenforms f EM2(r 0(0 o f  a l l  Hecke operators

T(n) (n=1, 2, •••) normalized so that a(f, , 1)=1, and  N ° = N n S 2 ( r 0 ( 4 ) )  th e  s e t  o f  new-
f o rm s . Then 91=910U {E } with the Eisenstein series

4_ d ) e ( n z ) .E (z )=  4 - 1  
•  m=1 \o<ii4In24

F or f  9 -t, p u t K f=Q (a (f, , n)I n=0, 1, •••) which we view  a s  a  (to ta lly  rea l) subfield
o f  C.

T h e  conjugate o f f c91 with respect to aE-Aut(C) is  a n  element o f  N defined by
CO

f 6 (z )=  E  a (f ,  n )e (n z ).  W e fix a  complete s e t  N "  o f  representatives o f  conjugate
71=0

classes of 91°. F o r fi,  f 2 ,  • • •  f  nE 91"{E }, denote by < f  1 ,  f  2,,  f > th e  Q-rational
Hecke-submodule o f  M 2 ( r 0 ( 9 ) )  generated by them, i. e. th e  C-vector subspace generated
by all th e  conjugates o f them.

By a f ac tor o f  m2cr °co , w e m ean  a n  irreducible component o f  M 2 ( r 0 ( 0 )  a s  a
Q-rational Hecke-module. T h e  s e t  o f  a ll factors of S2(r0(9)) is often identified with
%°° by the correspondence: <f> .f.

Notation 1.3. L et 0  be th e  (q, 00)-quaternion algebra over Q i . e. the one charac-
terized by

0019,-={
the unique division quaternion algebra over Q/i f  l = q  o r  co ;

M(2, Q1) otherwise,

where we understand Q .= -R . The m ain involution of 0/Q is denoted by and
the norm map by x -oN(x) x g. •

F o r  a  Z-lattice a  in  0 , th e  le f t  (resp. right) order o f  a  is  th e  order { x E0 I a
(resp. a x  a)}. F o r an  order 0  in  g ,  a  Z-lattice a  in  g  is  s a id  to  b e  a  l e f t  (resp.
rig h t)  0 - id e al i f  t h e  le f t  (resp. right) order o f  a  is equal to 0 .  Two left 0-ideals a
and b a re  said to be equivalent i f  there exists a n  element x  o f  0 "  such  th at a=bx,
a n d  then  w e w rite  a '— 'b . T h e  number H  o f  le ft 0 - id ea l c lasses is  equal fo r all
maximal orders 0  in  g ,  and  called the  class num ber o f O.

When two maximal orders 0  and 0 ' in  2  a re  isomorphic as rings, or equivalently,
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w h e n  th e y  a r e  con jugate  by  a n  element in  2 ' ,  we write T he  num ber T  of
isomorphism classes of maximal orders in  2  is called th e  type number of 0.

F or tw o Z-lattices a  and  b  such  that t h e  r ig h t  o rd e r  o f  a  is  e q u a l  to  t h e  left
order o f  b , denote by a•b the Z-lattice <xy I xE a , y b>.z. T h e  left (resp. right) order
o f  a h  is  th a t o f  a  ( re sp . b ) . T h e  norm o f  a , w ritten by N (a), is the positive generator
o f th e  fractional ideal <N(x)1xEa> z  in  Q .  If  a  an d  b  a re  a s  above w e have N(a-b) ,

N (a)N (b). The inverse of a, w ritten by a - 1 ,  i s  t h e  Z - la t t i c e  I x E 2  a x a a l .  Then we
have

(1.1) th e  left (resp . right) order of a - 1 ---the right (resp . left) order o f it,

(1.2) a=N(a)a-1,

(1.3) a - 1  • a (resp. a • a - 1 )---= the right (resp. left) order of a .

N o ta t io n  1 .4 . H ereafte r w e  fix  a  m a x im a l o rd e r  0  in D  a n d  a  com plete set
{a1, a 2 ,  •  • •  a ll}  o f  representatives o f  le ft 0 -idea l classes, and put a i , = a il•a i ,  0 , = ah
an d  e,=#0;" fo r e a c h  1 i ,  j < H .  T h e n  0 ,  i s  t h e  r ig h t  o rd e r  o f  af , a n y  maximal
o rd e r  i n  .0  is  iso m o rp h ic  to  so m e  0 ,, a n d  {chi , a 2 ,, ,  a l l ,}  g ives a  complete set of
left 0,-ideal c la sse s . F o r  q _ 5 , e , is 2 , 4  or 6 , m ore precisely,

if q==. 1 mod 4 ;
(1.4) #1/ f ef = 4  = I '

1, if q 3 m o d 4 ,

O,i f  q u 1 r n o d 3 ;
(1.5) #1j1e1=61=

1, if q_—_-_2mod3,

Recall the mass formula of Eichler-Deuring

(1.6) q -1 1  
24 i=1 e i  •

P u t th e  theta series associated to  a„ as

1e   N(x) 00 (z)=  E  ‘ ,„ z )e  x n, e i ,

and  d en o te  b y  9  th e  H x H -m a tr ix  w ith  t h e  (i, j ) - th  entry D efine t h e  Brandt
CO

matrices B(n)EM(2, Q) b y  0 =  E  B (n )e (nz). Note that
n = 0

  

(1.7) B (0 ) , B(1)=1H ,

  

and th a t a ll th e  entries o f  B(n) w i t h  n 1  a re  non-negative integers.
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T h e  B asis Problem , together w ith  th e  theory o f  newforms o f  Atkin-Lehner, tells

Theorem 1.5 (E ic h le r) . We have
(1) 19,•;EM2(r0(0),
(2) M2(r0(9))-=<19 i; 1
(3) H=dimcM2(r0(4)),
(4) ( - 9 i J I T ( n ) ) 1 i , J s H = B ( n ) e ,  f o r all 7•/.__1,
( 5 )  B(n)'s (n=0, 1, •••) are  simultaneously diagonalizable.

Notation 1 .6 .  T he m ain  object in  th is  article  is

147  j - 0 1 :7 7  19 2 » 1 9 H j›C (j=1, 2, ••• , H),

w hich is a  Q-rational Hecke-submodule o f M 2(P 0(q )) by Theorem  1.5.(4).

In  o rder to  sta te  one  of properties o f  W ,, one requires

Definition 1 .7 .  For a  m axim al order 0 ' in  .0, a  tw o-sided 0 '- id e a l i s  a  le f t  O'-
idea l w hose  righ t o rder is  a lso  0 ' .  A  principal two-sided 0 '-id ea l is  one  in  the  form
O 'x w ith som e x E 2 ' .  W e say  tha t 0 ' is  o f  type I (resp . ty pe II) i f  th e re  e x is ts  no
(resp. just one) class of non-principal two-sided 0 '- id e a ls . Any maximal order 0 ' in
is either of type I or II, and  i t  is  o f type  I  (resp. type  II) if and  only  if  # 0 . 10'
(re sp . 2 ) . I f  w e w rite  Oj Ok, w e  understand  tha t 0 , is  o f  ty pe  II and

Theorem 1.8 (Eichler [E il, p . 169], o r  c f . [P o ] , [Pi2]).
I. Then we have

(1) if then 190=19ki,
(2) •90 /1•Ii(r0(9)) f o r all 1 i H,
(3) T=dim cM i(r0(4)),

H(4) 2  < T H ;  and T = H  if  and only i f  q<31 or q=41, 47, 59, or 71.

Thus W , is  a  vector subspace o f  H -dim ensional vector space wr 0(q)) w ith  H
genera tors, a n d  i f  fu r th e r  0 ,  i s  o f  ty p e  I , i t  is  a  vector subspace o f  T-dimensional
v ec to r sp ace  M i(P , (q ))  w ith  e sse n tia lly  T  generators. F r o m  t h i s  a n d  numerical
examples fo r sm all levels, it w as conjectured that W , is  triv ial in  th e  sense that each
W , is equal to  micr o(q)) o r  wr 0(0) according a s  0 , is  o f  ty pe  I o r o f  ty p e  II  ([He,
Satz 53], [P i78 ]). B u t  i t  i s  f a l s e  i n  g en e ra l, and  w h a t is  m ore im portant, several
Q-rational Hecke-submodules o f  m2(r .(q)) a re  obtained a s  W j .

Definition 1 .9 .  F o r  a  fa c to r  F  o f  s2cr oca ,  w e  s a y  t h a t  F  i s  obedient if  th e
following condition is satisfied, o r  disobedient otherwise :

(1) in  the  case  FE_Si(T o (q )), F.ZW i f o r  a ll l j.<H ;
(2) in  the  case  F__,St(P o (q)), Fg,W , fo r a ll j  such  that 0 ;  i s  of type II.

A ssume that O, is  of  type
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To understand the meaning of it, w e  s e e  th e fo llow ing  exam ple  w hich  is first
noticed by M. Ohta (see [HPS]).

Exam ple 1.10. In the case q=67, w e have

11=6,T = 4 ,

91"= f A, f B, I CI

Sgr 0(0 = < f A> .9( (r 0(q))= < f  f c>m ,

dimc<f A>s=2, dimc<fs>m =1 , dimc<f c>,sc=2 ,

and w ith  a  suitable numbering,

0, and 0 2 are of type I, 03=-04, 03 -=06,

W 1=W 2=M 3- (r 3(0  W  3 =W  4 =<E  f  A ,  f c>si- , W  5 =W  1 1 /1 2 (r 0 (0 ) .

T hus the factor <f B )s  is  disobedient, and the splitting of S 2([' 0(q )) can  be  expla ined
b y  the theta series.

The problem we will consider is

P roblem  1.11. How many factors of s2cr .(0) are disobedient? Can we find some
tendency for the obedientness?

§ 2 . Table I

2.1. Table I lis ts  the following data for a ll prime levels q<1000 such that
The first three columns indicate the level q, the c la ss  n u m b er H=dimcM2(r0(9)),

the type n u m b er T.--dimc M i(P 0(q)). The fourth and the fifth columns describe the
sp littin g  o f SI(T o(q )) an d  o f Si(r0(9)) respec tive ly , by  the dimensions of factors.
The factors w ith  the dimension in brackets [  ]  are obedient o n e s , w h ile  th e others
are disobedient. For the last colum n, see § 7.

Observation 2.2. In  the range o f t h i s  table, a n y  disobedient fa c to r  F  can be
expressed as  W ,=FeW k w ith  su itab le  tw o  indices j  and k.

§ 3. Eigenvectors of Brandt matrices

In th is  section, following th e  id e a  o f P ro f. H . S a ito , w e  d esc rib e  a  m ethod to
determ ine the factors b e lo n g in g  to  e a c h  W , f ro m  th e diagonalization of O .  This
clarifies the situation, and enables us to  save m uch run tim e of computing.

At first, we recall som e fundam ental relations between the theta series.
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Table I

9 H T S (r  o (9 )) S i( r  0 (0 ) 1

11 2 2 [1] 5

17 2 2 [1] 2

19 2 2 [1] 3

23 3 3 [2] 11

29 3 3 [2] 7

31 3 3 [2] 5

37 3 2 [1] [1] 3

41 4 4 [3] 2,5

43 4 3 [1] [2] 7

47

53

5 5 [4] 23

5 4 [1] [3] 13

59 6 6 [5] 29

61 5 4 [1] [3] 5

67 6 4 [2] 1+ [2] no / 11

71 7 7 [3+3] 5 / 7

73 6 4 [2] [1+2] 2 / 3

79 7 6 [1] [5] 13

83 8 7 [1] [6] 41

89 8 7 [1] [1+5] 2 / 11

97 8 5 [3] [4] 2

101 9 8 [1] [7] 5

103 9 7 [2] [6] 17

107 10 8 [2] [7] 53

109 9 6 [3] 1+[4] no / 3

113 10 7 [3] [1+2+3] 2 / 2 / 7

127 11 8 [3] [7] 3,7

131 12 11 [1] [10] 5,13

137 12 8 [4] [7] 2,17

139 12 9 [3] 1+[7] no / 23

149 13 10 [3] [9] 37

151 13 10 [3] 3+L61 no / 5
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Table I (continued)

9 H T S ( r o ( q ) ) SZ-(P 0(4)) 1

157 13 8 L57 [7] 13

163 14 8 1+ [5] [7] 3

167 15 13 [2] [12] 83

173 15 11 [4] [10] 43

179 16 13 [31 1±[11] no / 89

181 15 10 [5] [9] 3,5

191 17 15 [2] [14] 5, 19

193 16 9 2±[5] [8] 2

197 17

17

18

11 1+[5] [10] 7

199 13 [4] 2+[10] no / 3, 11

211 12 3+[3] [2+9] 5 / 7

223 19

20

19

13 2+[4] [12] 37

227 15 [2+3] 2+2+[10] no / no / 113

229

233

12 1+[6] [11] 19

20 13 [7] [1+11] 2 / 29

239

241

21 18 [3] [17] 7, 17

20 13 [7] [12] 2,5

251 22 18 [4] [17] 5

257 22 15 [7] [14] 2

263 23 18 [5] [17] 131

269 23 17 1+[5] [16] 67

271 23 17 [6] [16] 3,5

277 23 13 1+[9] 3+[9] no / 23

281 24 17 [7] [16] 2,5,7

283 24 15 [9] [14] 47

293 25 17 [8] [16] 73

307 26 16 [10] 1+1+1+1+ [2+9] no/no/no/no/3/17

311 27 23 [4] [22] 5,31

313 26 15 [11] 2±[12] no / 2,13

317 27 16 [11] [15] 79

331 28 17 1±[3+7] [16] 5,11
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Table I (continued)

q H T S i( r  o (4 ) ) ,S.(1-' o(9)) 1

337 28 16 [12] [15] 2,7

347 30 20 1+2+ [7] [19] 173

349

353

29 18 [11] [17) 29

30 19 [11] [1+3+14] 2 / 2 / 2,11

359 31 25 1+ 1+ [4] [24] 179

367 31 20 [11] [19] 61

373 31 18 1+ [12] [17] 31

379 32 19 [13] [18] 3,7

383 33 25 2+16] [24] 191

389 33 22 2+13+6] 1+ [20] no / 97

397 33 18 2+ [13] 2+[5+10] no/ 11 / 3

401 34 22 [12] [21] 2,5

409 34 21 [13] [20] 2, 17

419 36 27 [9] [26] 11,19

421 35 20 [15] [19] 5,7

431 37 29 1+4+ [3] 1+3+ [24] no / no / 5,43

433 36 21 [15] 1+3+116] no / no / 2, 3

439 37 26 2+19) [25] 73

443

449

38 24 1+1+[12] 1+122] no / 13, 17

38 24 [14] [23] 2,7

457

461

38 21 2+[15] [20] 2,19

39 27 2+3+17] [26] 5,23

463 39 23 [16] [22] 7, 11

467 40 27 1+112] [26] 233

479 41 33 [8] [32] 239

487 41 24 [17] 2+3+ [2+ 16] no/no/ 3 / 3

491 42 30 2+110] [29] 5,7

499 42 24 2+116] [23] 83

503 43 32 1+ [10] 1+1+ 3+ [26] no / no / no / 251

509 43 29 [14] [28] 127

521 44 30 [14] [29] 2, 5, 13
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Table I (continued)

9 H T S -(ro (q ) ) 57(r o(9)) 1

523 44 27 2+[15] [26] 3,29

541 45 25 [20] [24] 3,5

547 46 26 2+118] [25] 7,13

557 47 28 1+118] 1+126] no / 139

563 48 33 3+ [3+9] 1+ [31] no / 281

569 48 32 [16] [31] 2,71

571 48 29 3+[6+10] 1+1+2+2+4+118] no/no/no/no/no/5,19

577 48 26 [22] 2+3+12+18] no/no/ 3 / 2

587 50 32 5+ [ 13] [31] 293

593 50 31 1+[18] 2+11+27] no / 2 / (2?), 37

599 51 38 2+[11] [37] 13,23

601 50 30 [20] [29] 2,5

607 51 32 5+7+17] [31] 101

613 51 28 [5+18] [27] 3,17

617 52 29 [23] [28] 2, 7, 11

619 52 31 [21] [30] 103

631 53 33 [20] [32] 3, 5, 7

641 54 34 [20] [33] 2,5

643

647

54 30 [24] 1+128] no / 107

55 39 2+114] [38] 17,19

653

659

55 31 7+[17] [30] 163

56 39 1+116] 1+137] no/7,47

661 55 32 [23] 2+[29] no / 5, 11

673 56 31 [25] 2+14+24] no/ 7 / 2

677 57 36 1+2+118] [35] 13

683 58 34 [24] 2+131] no / 11, 31

691 58 34 [24] [33] 5,23

701 59 38 [21] 1+136] no/5,7

709 59 32 [27] 1+ [30] no / 59

719 61 46 [5+10] [45] 359

727 61 37 [24] [36] 11
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Table I (continued)

4' H T S t(r 0 (9 )) S i(r  o (9 )) 1

733 61 34 2+1251 1+1321 no / 61

739 62 36 3+ [23] 1+134] no / 3,41

743 63 42 [21] [41] 7,53

751 63 39 [24] [38] 5

757 63 34 [29] [33] 3,7

761 64 42 2+120] [41] 2, 5, 19

769 64 37 [27] [36] 2

773 65 39 2+1241 [38] 193

787 66 38 [28] [37] 131

797 67 41 1+125] 2+1381 no / 199

809 68 42 2+[241 [41] 2,101

811 68 41 1+1261 [40] 3,5

821 69 42 [27] [41] 5,41

823 69 39 [30] [38] 137

827 70 42 1+3+124] [41] 7,59

829 69 40 1+[281 [39] 3,23

839 71 52 [19] [51] 419

853 71 38 [33] [37] 71

857 72 44 [28] [43] 2, 107

859 72 43 [29] [42] 11,13

863 73 47 4+ [22] [46] 431

877 73 39 2+1321 [38] 73

881 74 47 [27] [46] 2, 5, 11

883

887

74 40 [34] [39] 3,7

75 52 2+[211 [51] 443

907 76 41 [35] [40] 151

911 77 54 9+114] [53] 5, 7, 13

919 77 48 2+[27] [47] 3,17

929 78 48 2+[28] [47] 2,29

937 78 44 [34] [43] 2, 3, 13

941 79 51 [28] [50] 5,47
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Table I (continued)

q H T SiF(ro(9)) S i(ro (4 )) 1

947 80 45 [35] [44] 11,43

953 80 48 [32] [47] 2, 7, 17

967 81 46 [35] [45] 7,23

971 82 56 [26] [55] 5,97

977 82 46 [36] [45] 2, 61

983 83 55 [28] [54] 491

991 83 50 [33] [49] 3, 5, 11

997 83 45 1+4+5+[5+23] 1+1+[42] no/no/83

Proposition 3 . 1 .  We have
(1) e1 t911 =eiV 1 1 fo r  each j5 H ,

(2) 1911=E fo r  each1=1

(3) 911=> f ,f l
(4) i f and 0ka2 01, then

P ro o f. (1) is  the simplist case of [Ei2, II, Theorem 2 ] .  T h a t the le ft hand  side
o f (2) is independent o f  i  is shown in  [Pi3, Lemma 2.18], therefore we denote it by

easily that g IT (n )= ( 11 B (n) 11 ) g  for all n 1 by Theorem  1.5.(4), and that.7=11 > 0  and a (g ,1 )= 1  b y  (1.7). Hence g = E .  (3 ) is immediate from
01

Theorem  1.5.(5). B y  [P il, Lemma 2.18], w e  m a y  assume t h a t  0 ,= 0 ,  and Ok=ei.
T h e n  ai k , -2k , a x k l i s  a ls o  a  com plete set o f representatives fo r le f t  0 1-ideal
classes, hence, considering the r ig h t  o rd e rs  o f th e m , w e  s e e  th a t  th e r e  are two
possibilities:

(a )  ai k —cif i  a n d  ai r—a» , ; or (b) aik--ait an d  ajr—aik

Note that ei =e i =e k =e 1 = 2 .  The case (a) is obvious (cf. [Pi2, Lemma 2.7]), therefore
w e  trea t the case (b). T h en  w e  have 19i k =i9i i and 19»,=-9; /. Interchanging i ,  j  with
k, 1, w e have a lso  th a t 9k i=19k; or 140 . The latter case is also obvious, w hile in the
former, O ik =19k i=19k 3=191k =79 j1  h o ld s , q. e. d.

Notation 3 .2 .  For each f  ET° and  1 j H , deno te  v ( f ,  j )  the elem ent o f  CH

w ith  the i-th e n try  «197f»f> w here < , > denotes the Petersson in n e r  product. N o te
that

1 2 4  f>
fE +  E  

0 0 ,  
e;  q - 1 f E w o  < f, f>

g .  We see

a(g, 0)=

(3.1)
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Proposition 3 . 3 .  W e have
(1) ev (f, . i ) =f , •v (f
(2) fo r  each f 9°, there ex ists an index j such that v (f , j)# 0 , i . e . ,  v ( f ,  j )  is an

eigenvector o f e corresponding to f,
(3 )  v (fg , j)=v (f, j)° f o r all a c A u t( C ) ,  especially v (f , j )E (K f )H.

P ro o f . (1) is immediate from Theorem 1.5.(4). From Proposition 3.1 .(3), w e get
H f >
E  " ' '

'
= 1  a n d  this implies (2). ( 3 )  is derived from th e  Q -rationality  o f Di ,  and

2=1 <f , f > 
E  and  the  uniqueness of the expression (3.1). q .  e .  d .

Notation 3.4. From  t h e  ab o ve , w e  can  take  a n d  f ix  a  system  {v(f)} f E N ,) of
eigenvectors o f  e so that

(1) ev (f)= f •v (f),
(2) each v (f ,  j )  is  a  constan t (in  .1( .1-) m ultiple of v(f),
(3 )  v (fc )= v (f )°  fo r  a ll o• Aut(C).

Further, we put v (E )= t(1 , 1 , • • • , 1 ) . Then Theorem 3.1.(2) is read a s  Ov(E)=E•v(E),
w h ic h  i s  (1) f o r  f = E .  Thus, numbering ••• , a n d  putting
Q=(v(f  1), v(f 2), ••• v(f H ) ) ,  w e get the  diagonalization o f  e as

(3.2)

Note that {v (f)I f E N  i s  a  basis of

H
Definition 3 . 5 .  A n element r E C "  is called a  relation for W , i f  E 7-0 9,,=0 holds.

Note that W,=<193 1, 19.12, ••• , 0,H>c by Proposition 3.1.(1), and  w e use  D ,  in  this defini-
tion. T he  vector space over C  consisting o f a ll relations for W , is denoted by R .

Lemma 3.6. W e have
(1) R i = < v ( f ) l f E 9 1  such that v (f)=0 >c,
(2) dimc W) =#{f911v(f) ; --7E.01,
( 3 )  w w ii — <f v (f) ; #0>c.

P ro o f . T h a t  v ( f )E R ,  is im m ediate from  R em ark 3.4.(1). W rite  r E R ,  as
r =  cf v (f )  with c f  EC. T h e n

JE T

H
E  r  j i

=
( e r ) j

=. E (cfv (f )i).f , ,
f cS

hence cf  = 0  fo r a ll f  such that  v ( f ) # 0 .  ( 2 )  is  derived  from  (1). Being a  Hecke-
su b m o d u le , W , has a  basis consisting o f elements o f  91. I f  v(f) 1 = 0 ,  then <,9„, f>=0
f o r  all 1 i H , h e n c e  f  O W ,. T herefo re  W ,_.<f  v ( f ) j# 0 > c , a n d  th e  equality
holds by (2). q .  e .  d.
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Remark 3.7. F o r  each  f E92, tw o  Q-rational bases of <v(f) I aGAut(C)>c are
obtained as follows. Taking arbitrary basis {oh, (6)2, ••• , (09 } of Kf/Q where g = "K f  : Q],

ITric f /Q(coiv(f ))11s,,,, is o n e . Writing v (f)= co,v(i) with v( ' ) EQ", {v ( ' }1 i 5 0  is another.

T h e  fo rm e r  is  u se fu l f o r  numerical com putation, the la t te r  f o r  explanation (cf.
Example 4.1, 9.4).

§ 4 .  The case q=151

Let us apply the method described in  § 3 to

Example 4 .1 .  In the case q=151, w e have

H=13, T=10,

01, 02, , 06 and 0 0 are of type I,

= . 0 8 0 1 0 11 y 
0

12

e1 =4,f o r  2 < j1 3 ,

S (ro (4 ))=< fA >s , Si(r 0(0)= < fB ,  fc>sc,

dim c < f i i> c = 3  dimc<f B>sr=3
 

dim c <f c >j r =6 ,
and

B(2) ,

1
1
0
0
0
0
0
0
0
0
0
0
0

2
0
1
1
0
0
0
0
0
0
0
0
0

0
1
0
0
1
1
0
0
0
0
0
0
0

0
1
0
0
0
0
1
1
0
0
0
0
0

0
0
1
0
1
0
0
0
1
0
0
0
0

0
0
1
0
0
0
0
0
0
1
1
0
0

0
0
0
1
0
0
0
0
1
0
0
1
0

0
0
0
1
0
0
0
0
1
0
0
0
1

0
0
0
0
1
0
1
1
0
0
0
0
0

0
0
0
0
0
1
0
0
0
0
1
1
0

0
0
0
0
0
1
0
0
0
1
0
0
1

0
0
0
0
0
0
1
0
0
1
0
0
1

0
0
0
0
0
0
0
1
0
0
1
1
0

T h e  irreducible decomposition o f  th e  characteristic polynom ial of B(2) o v e r Q  is
(X -3 )F A (X )F B (X )Fc(X ) where

FA (X)=7X 3 4-2X 2 - X - 1 ,  F B (X )= X 3 -5X +3 ,

Fc (X )=  X '±2X 5 -6X 4 -8X' +11X 2 +2X--3 .

e=a(f A , 2) is a  root o f FA , and

v(fA)-=(e 2 --Fe-1) t (0, 0,

-1-V(0, 0,

0,

0,

0,

0,

0,

0,

0,

0,

0,

0,

0,

0,

0,

0,

1,

0,

- 1 ,

0, 1,

0, 0)

-1 )
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+ 0 (0 , 0 , 0 , 0 ,0 , 0 ,1 , -1 , 0 , 0 , 0 , 0 , 0).

Thus the relations between th e  theta series caused by f A  a re

{

1 9 7 j  - 1 9 8 j  ,

19
10)

- 1 9
11)

19
12j

- 1 9
13j

for 1 =1, 2, ••• , 6 and  9,

which are already known by Theorem 1.8(1). fA W J if and only if j= = 7 ,
 8, 10, 11, 12, 13,

hence f A  is  obedient.

i r z r a(fB , 2) is a  root o f  F B , and

v(f B)=(2 2 -2)`(0, 0, 0 , 1 , -1 , 0 , 0, 0, 0, 0, 0, 0, 0)

+(7 -1)t(0, 1, - 1 ,  0 ,  - 1 , 0, 1, 1, - 1 , 0, 0, 0, 0)

+t(2, 0, -1 ,0 ,  - 1 , - 1 , 0, 0, 0, 0, 0, 1, 1).

Thus the relations between th e  theta series caused by f  B

-9
4:7

- 1 9
5j y

{  
19

2 j +
19

7 j +
19

8 j
- 1 9

3 j +
19

6 / 4
-1 9

9.7 y

Remark 4 .2 .  T h e  re la t io n  ' 9 4 , 1 0 = 1 9 5 , 1 0  is  a n  example o f  inequivalent two rational
quadratic forms o f  rank 4 , belonging to th e  same spinor genus, and  associating to the
same theta series. T h e  Minkowski-reduced matrices corresponding to the  norm forms
o f  04,10 and  05,10 are

/ 6 2 - 1 1 \ / 6 0 - 2 -3  \
2

- 1
12
5

5
16

4
6 and

0
- 2

12
3

3
14

4
2

\ 1 4 6 28/ \  - 3 4 2 28 /
respectively.

That those norm forms are inequivalent over Z  is also derived from the well-known

Proposition 4.3. Let g  a division quaternion algebra over a field k  o f characteristic
# 2 .  Viewing (g , N _B 1 k )  as a  quadraic space ov er k  o f  rank  4 ,  i t s  orthogonal group
0(2, NR/k) is generated by  the canonical involution o f  g / k  and the subgroup

ax f3 - 1 1a, pE  A v  such that N gi k(a)=-Ng k(13)}
of index 2.

By virtue o f  [P i2 , Lemma 2.71 a n d  since N (0 ') , W , we may assume N(a 4 1 )=1 for
N(x)all i, j. Then th e  norm form 

N ( a i , )  

=N(x) (x G a  )  just corresponds to th e  lattice a,,

are

for 1 =10, 11.

191.,-H912.7 +-913,--93,7 4-952 +-96.7 ,

Since f B OW .,  fo r 1=10, 11, f B  is  disobedient.
That all th e  entries o f  v(f c ) are non-zero is known by their approximate values,

hence f  c  is obedient.
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i n  (2 , N). Suppose that there exists a n  isometry in  0(0, N ) which maps a4 , 1 0  onto
a5 ,1 0 . Then either 04, 10 o r  a 4 , 10 m u s t  be w ritten a s  cea5 ,1 0 /3 with some a, j3e2z.
Comparing t h e  right orders, by (1.1-2) we have 0 4 0 5 o r  0102='05, both o f which are
impossible.

Further, in  th e  adelic language (c f . [Pi77, § 21 and  § 8 below), we can take each
a ,  so  th at cr,= 0 y , with some y , e 2  such that N (y )= 1 .  This and Proposition 4.3
implies that th e  norm forms o f a ll a,, belong to t h e  same spinor genus (c f . [OM]).
Thus our example is different from the  ones mentioned in  [S P , Remark 1].

§ 5. A  con jec tu re  o f Hecke

A  conjecture of Hecke [H e, Satz 53], stating that all W i 's a re  equal to M2(r0(4)),
has been weakened gradually a s  seen in  § 1. As th e  last version  of it, one  can ask

Problem 5.1 . Is there at least one index j  such that W i  i s  triv ial i n  t h e  sense
in  § 1?

B ut we found a  counter example even to this :

Example 5.2 . L e t  q=3 0 7 . Then H = 2 6 , T = 1 6 . Denoting 2 = Q [I, J ]=Q •1 +
Q•I-EQ•J±Q•K with 12 = -1 , J 2 =-307, K=1.1=— J.1, we can take a  complete set
o f  representatives o f  le ft 0 -idea l c la sse s  a1 , a2, ••• , a2, w ith  th e  m a x im a l order

10 = a i  as in  Table  II.

There a r e  fo u r  Q rationa l newforms f  f ,  f m  i x i n  sicr ow ,  and for each
at least one  o f the  j- th  entries of v (f )3), v(f c), v(f D) or v(fE ) i s  z e ro , hence all IV,'s
a re  non-trivial.

§ 6. O bservation  on  the  1-dimensional factors

First recall th e  following fact on  elliptic curves :

Theorem 6.1 (Setzer [S e ], M iyawaki [M i]). For an odd prim e num ber q 11 and
a positiv e integer n _2 , assume that there exists an elliptic curve defined over Q of  q-
power conductor having a  Q-rational div ision point of  order n. T hen (q, n)=(11, 5),
(17, 2), (17, 4), (19, 3), (37, 3) or (64+0, 2) with some ueZ.

In the last case, there exist just two such curves (called Setzer-Neumann curves), one
o f  which is o f  conductor q, the other of  q2 .

One should notice that, in  T ab le  I, an  obedient 1-dimensional fa c to r  appears only
at the levels q listed in  Theorem 6.1 and  the  levels where sgr oco) is of dimension 1.
More precisely, together with the  tab le  o f Mestre [M e], we see that
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Table II

I generators o f a ; N(a) v (f s); v (f c); v(fD); v(fE)J

1 1+J I+K 2J, 2K 4 0 2 2 2

2 1+J+2K, I+2 J± K , 4J, 4K 8 0 - 1 1 1

3

4

1±J±6K, I+2 J± K , 8J, 8K 16 0 - 1 0 0

1+J+2K, I-E6J+K , 8J, 8K 16 0 - 1 0 0

5 1+J±14K, I-E2J±K , 16j, 16K 32 1 1 0 - 1

6

7

1+J+6K, /+10 J± K , 16J, 16K 32 - 1 0 - 1 0

1+/+10K, 1+6J± K , 16J, 16K 32 - 1 0

1

- 1

0

0

- 18 1+J+2K, I+14 J±K , 16j, 16K 32 1

9 1±/±14K, id-18 J+ K , 321, 32K 64 0 0 0 - 1

10 1+17J+22K, /±10J+17K, 32J, 32K 64 0 1 - 1 0

11 1+17J+10K, /4-22J+17K, 32J, 32K 64 0 1 - 1 0

12 1±J+18K, 1+14 J±K , 32j, 32K 64 0 0 0 - 1

13 1+33J+46K, id-18/-1-33K, 64J, 64K 128 - 1 - 1 0 - 1

14 1+33J+14K, /±50J+33K, 64j, 64K 128 0 0 0 0

15 1+17J+54K, /±10J+17K, 641, 64K 128 1 - 1 0 0

16 1+17J+10K, /±54J+17K, 64J, 64K 128 1 - 1 0 0

17 1+33J+50K, /+14J+33K, 6 4 f , 64K 128 0 0 0 0

18 1+97J+110K, /+18J+97K, 1281, 128K 256 - 1 0 0 0

19 1+33J+78K, /+50J+33K, 1281, 128K 256 0 0 1 0

20 1+33J+14K, /+114J+33K, 128J, 128K 256 0 0 - 1 1

21 1+81J+118K, 1+101+81K, 1281, 128K 256 0 0 1 0

22 1+811+10K, /±118J+81K, 1281, 128K 256 0 0 1 0

23 1+331+114K, f+141+33K, 128J, 128K 256 0 0 - 1 1

24 1+33J+50K, /+78J+33K, 128j, 128K 256 0 0 1 0

25 1+971+238K, 1+181+97K , 256j, 256K 512 - 1 1 1 0

26 1+97J+110K, /±146J+97K, 256j, 256K 512 1 0 - 1 1

Observation 6.2. For a ll prime levels q<1000, the following facts hold.
(1) A  1-dimensional factor of S- (r o(q)) is  obedient if and  only i f  SI(P 0 (q)) itself

is  1-dimensional.
(2) A  1-dimensional f a c to r  o f  S i(r o(q )) i s  obedient i f  a n d  o n ly  i f  t h e  strong

W eil curve parametrized by it is one  o f those in  Theorem 6.1.
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Remark 6 .3 .  Note that, if  q, n and <f> s r a re  a s  in  (2 ) above, w e get t h e  con-
gruence 1 - a ( f , , p)+p-----Omodn fo r  all prim e numbers p*q.

T h e  calculation was done also fo r  th e  levels q=1153, 1289, 1433, 1913, 2089 and
2273, fo r which a  Setzer-Neumann curve o f conductor q exists. T h e  facts stated in
Observation 6.2 still holds fo r  these levels, and further we notice

Observation 6 .4 .  F or a  Q-rational newform f ET'of level q (q 2273) corresponding

to a  Setzer-Neumann curve, we can take v (f) so that
- v ( f ) ;

 i s  a  small odd integer for
all 1 j H .  For example,

ei

v(f) ; 1, -3 ,

get
/{±1}

{±1,

{ +1,

{ +1,

{ +1,

{+1,

8.4.

-3 ,

-3}

+3)

+3,

±3,

+3,

1, 1, 1,

±5}

±5, 7}

-5}

1, 1,

if

if

if

if

if

if

1 , 1 , -1 , -1 , 3 ,

q=73, 89, 113,

q=353,

q=593, 1153,

q=1289, 1433,

q=1913, 2273,

q=2089.

-1 , -3 , 1 )1,=t(1, - 1 ,  - 1 ,e; J i j i

when q=233. For other cases we

v(f)1 j_<1-1}-=e;

F o r a  meaning o f this, see Remark

§ 7. Observation o n  th e  factors o f  s2(r0(q))
In  view o f  Remark 6.3, a n  observation o n  a  co n g ru en ce  fo r  NK f/ Q (1- a(f, p)+p)

(p : prime) is suggested by Prof. H. Yoshida.
A t first, recall th e  c o n g ru e n c e  o f  Brumer-Doi in  t h e  c a s e  o f  weight 2 ([DM,

Theorem 7.5.41,  see also [M a, Theorem 1, Theorem 4  and Table]).

q-1Lemma 7 .1 .  L et I be a prim e number dividing the numerator o f  
1 2

 .  Then, f or

each 1 j H such that W; #<E> c ,  there exist f EW ; (191° and a prim e ideal I in  K f  over
1 such that

(7.1) a(f, , n) modl f o r  all

Note that
{ 1+p if p#q,

a(E,
1 if p=q,

for a  prim e number p, hence (7.1) implies

(7.2) Nicf/e(1-a(f, P)+P)=-0 m od/ fo r all prim e number P#4

P ro o f . Take .9.0  w h ich  is  n o t a  c o n s ta n t m u ltip le  o f  E .  B y  (3 .1), w e  have
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Qj

(  2  ) ( g 121 ) E 
—g w ith som e geW 2 nS2(r0(4)). All the Fourier coefficients of g

are /-integers in  Q ,  and  from  th e  assum ption, w e h a v e  a(g, n)m od / fo r all
n F u rth e r, by  T h eo rem  1 .5 .(5 ), w e  see  th a t a (g 1T (p ),  p)a(g, n)mod /
holds fo r a ll prim e num bers p and n 1 .  T h u s  g mod / is a  common eigenform modl
o f  a ll H eck e  o p e ra to rs , h en ce  the  ex istence  o f f  and I  a s  above follows from  [DS,
Lemma 6.11]. q. e. d.

7 .2 .  Though w e m ay state Lem m a 7.1 w ith  q - 1   e  instead o f  
q -1  

' the  se t of
24 1 2  

o f  su ch  / 's  is  th e  same by (1.4-5).

Observation 7 .3 .  In  the  range  o f T ab le  I, th e  follow ing facts hold.
(1) A  congruence of type (7.1) (hence of type (7.2)) holds for a factor F=-<f>m in

Si(T o(q)) if and only i f  F is  obedient.
(2) For the  fac tors <f>s( in  sl(r 0(0) o f dimension _<10, it  is  c h e c k e d  th a t  a n y

congruence of type (7.2) does not hold.

7 .4 .  T h e  six th  co lum n of T ab le  I lists the  prim e numbers 1 such  that a  congru-
ence of type (7.1) holds fo r  a  fac to r  <f> j c  i n  Si(T o (q)) and  a  p rim e ideal I in  K j - over
1. W hen  sicr ow  h a s  a t  le a s t  tw o  factors, those  / 's  a re  separated by slash / in the
same order a s  fa c to rs . F o r  example, in  the case q=199, no such congruence holds for
the factor of dim ension 2, w hile  it holds for the factor of dim ension 10 w ith  1= 3 and
also with 1=11.

The possible /'s can be calculated from  th e  numerical da ta  a t  le a s t for the factors
of small dimension, thus a ll th e  no 's in  T able  I a re  p ro v ed . T h en  m o st o f  th e  congru-
ences listed in  T ab le  I  a re  shown by Lem m a 7.1, b u t in  some cases, further discussion
(e . g . [D O , L em m a 2.11) is needed. For the 27-dimensional factor in Si(r0(593)),  1=2
seems possible, but is  n o t  p ro v e d . Note th a t w e  a re  no t say ing  tha t those  / 's  are all.

§  8 .  Automorphie forms on g PÀ

W e recall a proposition in [Y ol, §

Notation 8 .1 .  D enote  by 2 ',1 th e  ad e liza tio n  o f 2 ' ,  a n d  p u t  S p = (0 0 Z ,)x  for
e a c h  p rim e  num ber p, Jc=n icp x H ', w h e re  H  is  th e  Hamiltonian quaternion. A n

automorphic form  go on 2 ',̀1 is  defined  to  be  a C -valued function o n  0 :4 w h ic h  is  le f t
r ig h t S - in v a r ia n t , an d  w e denote th e  space o f  a ll su ch  g o 's  b y  S . For a prim e

number p#q, the Hecke operator Ti(p) acting on S  is defined  by

LW I r(P )i(x )= .1y 0 (xh8)

p 0
Sw h e r e  p JC p=Uh s JC p  i s  the  coset decom position under t h e  f ix e d  identification(

0 1 8

.0 0 Q p '=- = 1 \4 (2 , Q p ) . W e have dimcS-=H, and w e can  take  a  basis  {çoi, ç02, •-• , goH} of S
consisting o f  com m on eigenfunctions o f  a ll H eck e  o p e ra to rs  r (p ) (p : prime, *q).

H
L et 2 ;i = U 2"y i ,IC be  the double coset decomposition with y., 2 :t  such that N(37 3 )=1,.7=1
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and put

( w i ( y k ) ) ik (.I= 1 ,  2 ,• ,  H ).

Then we have

Proposition 8.2 (Yoshida).
(1) F i jE  M2(P0(9)).
(2) F i ,  T(P)=. 2i(P)Fi, where 2i (p) is  the eigenvalue of ço i  w ith  respect to 1-(p).
(3) a(F1 i , 1)=ço i (y ; ),  hence F 1 i #0  if and only if ço i (y ; ) #0.
(4) dimcW,=dimc<Fol gi(y1)#01.

Note that our .9„ is  1 9  i n  [Yol].
e,

Remark 8 .3 .  Taking yo, to  b e  a  c o n s ta n t  function, we get another proof of
Proposition 3.1.(2) with (1.6).

Remark 8 .4 .  If  we replace yo, with its suitable constant multiple, we get

go(y5)=v(f ), fo r a ll 1

with a  suitable numbering 91= If 1, f2, • • •  f
In  fac t, by Proposition 8.2(2-3), each F i , is a  con stan t m u ltip le  o f on e

element i n  N , s a y  f i , a n d  w e can  p u t F t ,= c i i f i  with some c e- C .  Denote by 0
(resp. C ) th e  H xH -m atrix w ith  t h e  (i, j) - th  entry ço,(y,) (resp. ci , )  a n d  b y  D  the
Hx H-diagonal m atrix w ith t h e  i-th  diagonal entry f i . Then we have 0`0=-DC,
hence V Q - 'D = D C 'Q ' by (3.2). T he  linear independence o f f , 's  over C  implies that
V Q - 1  is  a diagonal matrix, therefore the assertion follows.

Thus v (f ) plays an im portant role in  constructing a  newform f  from theta series :

(8.1)
f  (   e , (   v (f )i 

v (f) ; ) i=1\

where j  is any index such that v(f)#O.

§  9 . Remarks o n  th e  computation

In  th e  computation of B randt m atrices, the author basically applied t h e  algorithm
given by A . Pizer [Pi31, except for

Theorem 9.1 (H ijikata). For a given maximal order 0  in g, one can get a complete
set of representatives o f lef t 0-ideal classes in the following manner.

Fix  arbitrary  prime number l * q .  Define a sequence X o , X i , ••• o f se ts  o f le f t  0-
ideals inductively so that

(1) X0-={0},
(2) X 7, consists o f lef t 0-ideals b such that

I
N(b)-=ln

b is  a sublattice o f some aEX,,_1,
(9.1)
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(3) any  lef t 0-ideal b satisfy ing (9.1) is equivalent to some element i n  U  X i,i= 0
(4) any two elements i n  U  X i  are  inequivalent.i=0

Repeat this procedure until X .+1 =0 , then U  X i  giv es a completet set of representativesi=1
of  left 0-ideal classes.

Remark 9 .2 .  If  a  and  b  a r e  a s  in  Theorem 9.1.(2), then th e  exponent of the
additive group a/b i s  1  (b u t  [a : b ]* /  i n  general). A ll sublattices b of a  with the
quotient group of exponent I are obtained in  th e  same manner a s  i n  [Pi3, p. 369].
Such b  i s  a  left 0-ideal if  and  only if  Ob=b, and then N(b) is calculated by use of
(1.1-2). Thus all b satisfying (9.1) can be determined.

9 .3 .  In order to diagonalize 0, it is enough to diagonalize o n e  B (n ), or certain
( R - )  linear combination o f  B (n )'s , whose eigenvalues are all d is tin c t. Putting U =

(AAFI
 ,  we see that U 'B (n )U  i s  a  real sym m etric m atrix by Proposition

3.1.(1), hence its diagonalization can be computed by "Jacobi method".
It is convenient to normalize the  eigenvectors of so that, for each of them, the

non-zero entry w ith  minimal index is  1. Then they give the  approximate values of
{ v ( f  )}

In order to apply Lemma 3.6, it is necessary to prove that each entry o f  eigen-
vectors with approximate value 0  is exactly O. This is achieved by Remark 3.8 and

Remark 9 .4 .  For f  E R ), take an integer n  such that K f =Q (a(f , n ))  i .e . a(g , n)'s
are distinct for all conjugates g  o f  f .  Let F(X )  be the minimal polynomial of a( f ,  n)
over Q , then we have

< v ( f) '  I Aut(C)>c= {x CH F(B (n))x=0}  .

9 .5 .  If 0 f _f0,„ then we have

(9.2) --,1 )(f)k

according as f  E S t( l ' o (q)) (see [P il , Theorem 3 .2 ] ) .  The types of O ls are determined
by this.

9 .6 .  The representation matrices of the Hecke operators a c tin g  o n  S t(T o (q)) are
computed by use of Proposition 3.1.(1, 4) and the above remark. The characteristic
polynomials of them are computed by "Frame method", and factorizing them over Q
we know the splitting o f S t (T o (q)).

,9 .7 .  We can also calculate the values of sf,ii=  0 0  f> (at least approximately).
H  1 -1 <f, f>

In fact, putting c= i (v(f)i)21 , Prop. 3.1 implies that s f ,„= v(f) i v (f ) j .i=i e j e j
Note that /9i i ---9k i = s f  f  w ith  sf =s f m —sf , k i . B y  th e sa m e  argument as in

f , 910

Lemma 7 .1 , some prime ideals I in K f  dividing the denominator o f s f  can be congru-
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en ce  Primes in  th e  sense o f  [D O ]. F or in stance , in  T ab le  I,  1= 3 fo r  q=487 is proved
with this argument.

A dded in  proof : By K . Hashimoto [H a ] , th e  linear dependence of 9 ' s  (1 _ j H)
a n d  o f  theta series attached to two other kinds o f  lattice in  D is studied, and certain
re la tions among them a re  observed.
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