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A  parametrix at noninvolutively
crossing characteristic points

By

Nobuhisa IWASAKI

§ O. Introduction

In  th is  paper, w e construct a  parametrix f o r  hyperbo lic  equations near a  very
plain double characteristics, nam ely, at a  neighborhood o f singular points of two non-
involutively crossing  hypersurfaces. F ro m  g e n e ra l discussion, w e  c a n  r e d u c e  the
prob lem  to  construc ting  a  parametrix f o r  t h e  follow ing sim ple equation of second
order. Therefore , w e shall consider only  about it.

P=3(6 z-iA(z, x , D)-k a(z , x , D))-Pc(z , x , D)±d(z , x , D),

w here the  principal part p2 is —(c—A)c. W e  assum e fo llow ing  conditions for the
symbol o f  this operator.
1) a, b, c, A  a r e  classical pseudo-differential operators i n  (x , e) w ith  t h e  smooth

parameter z  belonging to SÎ,0, S7,0, S1,0, and  S7,1
0 ,  respectively.

2) A is  rea l and  positively homogeneous order 1 in  e.
3) az A#o a t  the  points such  tha t A=0.

(Here, w e  assume a,A>o in  proof.)
4) a,[c/az ill -- -- 0  near A=0.

In  th is  case the characteristics is the  un ion  o f {C=0} a n d  {C—A=0 }.  w h ic h  are
c ro ss in g  non-involutively o n  t h e  com m on s e t ,  {C, C—A l=—a,A#o. S o ,  w e  are
interested in  the construction of parametrix only  near th e  s e t  {A=0}.

V . Y a. Ivrii [2] studied th is type  o f o pe ra to r to  sh o w  well-posedness. F o r  this
hyperbolic  operator, t h e  singu larities o f  so lu tio n s  m a y  b ifu rc a te  w h e n  th e y  p a ss
th ro ug h  t h e  singular po in ts {A = 0 } . T h e  parametrix, w e construct, makes th e  order
of singularity after bifurcating c le a r . T h e  typical model case w a s  c o n s id e re d  b y  K.
Taniguchi and  Y. T ozak i [3 ]. This example shows us the prototype of the bifurcation
o f singu la rity . W e can  a lso  show  the sam e fenomena, as it, occars in our cases except
for the special ones o f  th e  first o rder term  c , w here th e  singularity may not bifurcate.
Related w orks exist in  N . Hanges [1] and  M . T ay lor [4].

W e devide characteristics o f  P  to  fo u r  p a r ts .  .111, A2, 131 an d  B , a re  IC=0, A >0},
IC—A=0, A >01, {C=0, A< 0} a n d  {C—A=0, A<0}, respectively. W e  s h a l l  construt
a  parametrix o f null solution of P  w hose singularity has a  given asymptotic behavior
o n  o n e  o f  A 1 , A , o r  B 1 ,  however, is sm ooth o n  B 2  (h a s  no  singularity o n  B O  The
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singularity of such null solution has sam e order on tw o  p o in ts  o f  A , a n d  B , which
a r e  o n  th e  sa m e  bicharacteristic cu rv e  o f  C = 0. T h e  difference between orders of
singularity  a t tw o points P2  and P, on A 2 a n d  A1 , resp., is given by

o rde r a t P2 — order at P1=Re(c1/iAz)(P3)-1/2,

w here P, is  a  p o in t o n  A=0}, P, and P2  are  on a  bicharacteristic curve  o f  C— A=0,
and, 13

3 an d  P, on one of C=. 0. c, is  the principal symbol o f c. c1 —i4,12 is  the sub-
principal symbol of P .  W e here use the Wyle symbol of pseudo-differential operators.
(See (1.12).)

§ 1 .  A phase function and operators

H e re  w e  d e f in e  a  p h a s e  fu n c tio n , w e  u se , a n d  n o te  so m e  p ro pe rtie s  o f  it .
C—A(s, X ) is  a  part o f product principal symbol, w here X =(x , e). We take a function
so which satisfies the equation

ayo/as—A(s, X+2 - 7 7 0 =0 ,

s=t =0

The existence of so is well known and so is necessarily homogeneous of order 1 in C .
For conveniently expressing the  parametrix, w e put i t  as

(1.2) T(z, t)=so(z, z—t),

where it naturally depends on the variable X .  T hen T(z, t) is a solution of the equation

(1.3) oz+ao—A(z, X+2 - 77T)=0.

The initial condition is

(1.4) T(z, 0)=0,

therefore,

az Y(z, 0)=0,

(1.5) 7T(z, 0 )= 0 .

azVT(z, 0)=0.

Using the equation,

(1.6) a1rz ,0 )= A (z , X)
and

A ( z, 0)=— U (z, 0)=A ,(z, X )--=((azA)(2, X )).

W e shall construct the  symbol of parametrix b y  the sum  of the following Fourier
integral operators' ones 0(a, k, f).

(1.7) 0(cr, k, f)=Vo e'w(zmta - 1 (logt) k f(z, t)dt
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(0 (a , f )= 0 (a , 0, f ) ) ,

where a  and  f  are smooth functions in  (z, t, X ), th e  su p p o rt o f  f  is bounded with
respect to t, and k  is a  non-negative integer. We assume that a  belongs to S, 0 and
f  to S1,0 in  X . (We call f  an am plitude.) If Re a>0, then 0  is  w e ll d efin ed . For
general a , it is defined by the  analytic extension in a  except for non-positive integers
by using the relation that

(1.8) (I)(a, k, iT t.f)±0 (a - 1, k, f(a - 1))+0(a - 1, k -1 , k f )

+0 (a , k , f t)+0 (a , k+1 , fa t)=0 ,

where 0(a, k , f )= 0  i f  k <0, and where T t , a t a n d  f t m ean  th e  derivatives in  t of
T , a  and  f ,  respectively.

Lemma 1.1.

(1.9) a r0 (a , k , f)= 0 (a , k ,iT ,f)+ 0 (a , k, f0 )+0 (a , k+1 , fa r ).

(1.10) a r0 (a , k , f )-0 (a , k , ijf )

= 0 (a -1 , k , f(a -1 ))+ 0 (a -1 , k  — 1 , fk )

+0 (a , k , 0,--F3of)+0(a, k + 1 , f(-F a t)a ).
Here

(1.11) J=A(z, X+2 - iP T )

P ro o f. We consider it under th e  assumption Re a - 1 > 0 .  T h e  first o n e  i s  the
differentiation under integral. The second one is obtained by applying (1.3) to (1.8)
and taking integral by p a r ts . T h e  analytic extension in a  assures them fo r  general
a. q. e. d.

T h e  operator 0(a, k , f, D ) with the symbol 0 (a , k , f) is defined a s  if  a  pseudo-
differential operator p(x, D ) with a  Wyle symbol p(x, C) is. It is formally written as

(1.12) 0(a, k, f, D )u

(=-(2 e .0
- y)e+wcz.t.c.+y)12 , e)]f( z , t, (x+y)/2, e)7 r ) I

R z n o  

X t“ z ' t ' ( x + y ) / 2 ' e) - 1 (log t) k u(y)dtdyde,

which is regorously verified for any a  E S?, a n d  f ES L ,  b y  th e  oscillatory integral
with the phase function

[(x— y)e+T (z,t,(x+y )/2 , e )]

in (e, y) and by the analytic extension in a .  Therefore the integrals in t and in (e, y)
are commutative in their order.
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Lemma 1.2.

(1.13) iA (z, x, D )0(a, k, f, D)

k, iA 7, D )+0 (a , k , LA f, , D )+ 0 (a , k + 1 , f  L a,  D)

+terms with lower order amplitudes,

w here A  is (1.11) and where L 'A and L A ,  w ith  a scaler term  v (A ) o f  order 0, are the
f irst order operators such that

1( 1 . 1 4 )
L °A =I I , EA( a) (z, x+2-' )aa)—A ( „) (z, x+2-pyr)ar1

and
L L°A+V(A)

R em ark . The lower terms are denoted as sum of C a , k +1+1, g), (1=-1, 0, 1, • • •)
because a  does no t change. The amplitude functions g  have their order such that
order g<order f —1 if 1 1,  or order g<order f —1 if 1= -1 ,  0.

P ro o f . Expand asymptoticly the product o f tw o  Fourier integral operators as
usually, and take the first two term s in the order of amplitudes ,q .  e .  d.

We assume beforehand that

(1.17.1) aza=0 a t t=0,

(1.17.2) (az+at—L°A)a=0 on t >0 ,

(1.17.3) iA ,(z , X )(a -1 )+c----0 a t t=0.

(1.17.4) i ( a - 1)a,t-F L°A a=0 a t t =0 .

Here c is a given function. a a t  t=0 is defined by (1.17.3). The condition (1.17.1) needs
an assumption for c ; (a/az) [ c/Az]=0. We have here assumed it. I f  w e get a solution
of the equation (1.17.2) w ith the initial condition a a t t=0, then (1.17.4) is automati-
cally satisfied.

Let us consider an operator,

(1.18) p=azoz—iA(z, x, D )+a(z, x, D ))+c(z, x, D )+d(z, x, D ),

where A  and c  belong to Si, o,  a to  S t ,  and d to  ST,lo.
Then we obtain Lemma 1.3.

Lemma 1.3.

PO(a, k,  f ,  D)

k, ( a - 1 ) f , „  D)

+0 (a+1 , k , it—T (a -Fat— LA +11+5)f, D)

+ (1)(a —1, k - 1 ,  k f „ D)
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+0(a, k - 1, i r iT  f  ,  D)

+low er term s,

where the lower terms mean one of  0(a, k+1+1, g , D ) such that

(order g)-"" min [(order 1)-1, (order f ) - 1 ] ,

o r 0(a+1, k +1+1, g , D ) such that

(order g) . ""min[(order f ) - l+ 1 ,  (order f ) ] ,

f o r all 1_ -_-(k + 1 ), and where the function b is defined by the relation that

§ 2 .  Construction of asymptotic solutions

Lemma 1.3 will be used for constructing an asymptotic solution,

(2.1) E  0(a, k, f u , ) .
k=

We first write down the relation making inductively the order o f  remainders lower.
W e here note the total order of C a , k, f ,  D )  as operators is at most the maximum
of order f  and -Re ad-order /  except for k-power of logalithmic order.

(2.2.1) (a -1)a,/ d-g i -=0 at t=0,

(2.2.2) rz)f ±g2=0 at t = 0  and Wt (=A)=0 ,

(2.2.3) +EV  -1-g3=0 on t> 0,

where (order g 1)= (order g2 ) -1=(order g 3 ) -1 .

At the first, we give f ( 0 ) . We assume k = 0 , so (2.2.2) i s  free. We can choose
any function f ( 0) of order 0 such that a ,f (0)= 0  at t = 0 , and solve

LA +e- -1-1-6)f (0)=0

w ith  th e  g iv en  initial condition f ( 0 )  a t  t = 0 .  T hen , the  remainded term s are
0(a, 1+1, g , D ) with (order g).<min [- I ,  - 1 ] ,  o r  0(6E+1, 1+1, g , D )  with (order g)._
min [-1 + 1 , 0 ]  for -1 .

Secondly, we choose f 1  o f  order - 1  with k =2 as the term 0(a+1, 2 , g 3 , D)
with order g 3 = 0  vanishes by the equation (2.2.3), w h ere  it m ay b e  possible that
f 2 >= 0  a t  t= 0 .  Then th e  remainded term s a r e  0(a, 1+1, g ,  D )  with (order
min [ - I ,  - 1 ] ,  or 0(a+1, 1+1, g, D) with (order g).<m in  [-1+1, -1] for l - 1 ,  except
fo r 0(a, 0, g 2 , D )  with order g 2 = 0 , 0 (a + 1 , 0 , a ) ,  D )  an d  0(a+1, 1 , gP ) , D )  with
order gP ) =0.

Next we remove the terms 0(a, 0, 8. 2 , D) and 0(a+1, 0, g ,  D ) by taking suitably
4)(a, 1, f 2 1 ,  D )  with order f m 2 = - 1 .  The transport equations are that on 4=01,

( a - 1)8j ( , 22=1
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f  co2+g2(irlf  z ) - ' =0 at gft =0 ,
and on It>01,

(a +a1- A+ a +5)f ( ,, z + gP (it - 1 C ) - 1 =0 .

If  we take such a solution f (02, then

0 (a -1 ,1 , (cr-i)a ,f ) 2, D)=ca, 1, g2 ( ,) , D)

with order g 2( ,) = -1, and

0(a, 1, (it -  ?Jr fio'z „  on D)=0(a, 0, D)

with order - 1 .  The last term 0(a,0,igf t li, D ) is passed to next steps by using
the lemma.

Lemma 2.1.

0(a, k -1, D)+0(a -1, k -1, (a-1 )h , D)

+0(a-1, k -2, (k D)+0(a, k -1, Ti t , D)

+0(a, k, he at , D)=0.

Therefore all remainded terms a r e  lower ones except f o r  0(a-1, 0, (a-1)ii, D)
a n d  0(a+1, 0, g ( ' ) , D). These terms are  removed by 0(a, 0, f 0 3 ,  D ) in which f '
is any solution of the equations

(a -1)a, f ( ,) ,+(a -1)17=0 on t 0,
and

LA ±a+5)f ( ,) ,+ e ) ( i t - V,) - 1 ---0 on t>0.
Therefore

P [0 (a, 0 , f  co, D)+0(a, 2, f ,  D )

+0(a, 1, f  0)2, D)+0(a, 0, f  o )., DA

is  the sum of lower terms such that 0(a,1+1, g, D ) with (order g) min [-1, - 1 ] ,
 o r

0(a+1, 1+1, g, D ) with (order g)_m in [-1+1, -1] for / - 1 .
Proceeding in  this way inductively with respect to order o f  remainders and the

exponent k of logalithm, we can decrease the order of remainders to any lower one.
So we can construct the parametrix.

Theorem 1. For any  natural num ber N, there ex ist f ( , ) E s T,E0a,+012] k ,
0 , , 2N,

such that

P{
2N

E 0(a, k, f (k), D)}k=0

is equal modulo smoothing operators to the sum of lower terms, which are (P(a, 1+1, g, D)
w ith  (order g) min[-1, - N ] ,  o r  0(a+1, 1+1, g, D ) w ith (order g) min[-/ +1, - N ]
for where the principal part o f f is able to be any  solutionS 1 . 0  o f  (2.2.1)
and (2.2.3) w ith gi=0.
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§ 3 .  Asymptotic expansions of parametrix

We may consider only two c a se s . T h e  first one is that the phase function T(z, s)
has n o  singular p o in t with respect to s, namely, as T(z, s)#0 (s 0). T he other one
is that V(z, s) has a  discrete singular point with respect to s inside o f  s> 0 , because
b y  t h e  definition o f  gr(z, s), cam(2, 0)=--asazcz, co=azAcz, )n*0, i f  a,V(z, 0)=
A (z, X )=0 , so that near s=0, it holds that (a ) 2 (Z, s)#0 if  as T(z, s )= 0 . T h e  omited
case (a?/T=0 a t s=0) is , however, im portant because it is t h e  asymptotic expansion
on  the  doub le  characteristics of the  orig inal operator. Only th e  first case appears on
l(z, X); A(z, X)<01. T h e  f ir s t  c a s e  a n d  t h e  s e c o n d  o n e  appear exactly  on
1(z, X ); A (z , X )> 0 1 . I n  f a c t ,  th e  s o lu t io n  s =72(z, X )  o f  u = o  is  negative on
{A (z ,  X )< 0 }  a n d  p o s i t i v e  o n  {A (z, X )>0 } b e c a u s e  aAn = —asu  / u .azA >o on
{A (z, X )=0}={a 8 T=s=0 }.

3 .1 .  The first case.

L et us define [ ' f (a, k, a)  as

1 (a, k, c)-4 , e- "sa 1(logs) k f(s)ds,

fo r Re a>0  and R e a 0 ,  w here f  is  a  smooth function i n  sE [0, 00) such that the
support of asf  is com pact in (0, 00), and lims — f =0 i f  Re (7=0, and  where k  is one of
natural numbers including z e r o .  We extend to meromorphic functions fo r the  whole
aE C  a s  well as the  ['-function by the relation that

f (a, k, c) , (a-1)1' f (a -1 , k , c)+1 ' f (a-1, k —1, u)-Pr a s f (a, k,

We denote [ ' f (a, k, 1) with f =.T.-1 by P(a, k).

Lemma 3.1.

f(a , k  1 )=1 . (0 ) a  i : C j k log(1/a)iF(a, k — j)-I-0(— co) as I a I

except f o r a=0, —1, —2, ••• , where the support o f  f  is compact in  [0, 00).

F o r th e  purpose o f this section it suffices to get the  asymptotic behavior of

0(a, k, f)=-5:elw(")f(z, s)sa - 1 (logs) k ds.

We consider t h e  c a s e  th a t as W(s)<O, (namely, o n  {A(z, X ) < 0 } ) .  T h e n , w e  put
t=— T(s)le -'. We can write s= p(t)=tp(t), (p (t)> 0 ). Then the integral 0(a, k, f )  is

0 (a , k , f ) , I n tl:70,1-10o  - ,k p rg p) dt.

By using the Taylor expansion in  t  and t log t, we get, asymptoticly,
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0(a, k , f)

Jo
 e- "I'7 (0 )ta " ) '(log t) k  p(0)â" ) - 1 ,a'(0)X(t)dt

Ca. b. t ) J0
-e -it*ta ( "(logt)ita (tlogt)Tab iX (t)d t,

where th e  parameters (a, b, 1) of varyvary on

{ 0 < 1 < k ,0 a ,0 b  a n d  ad-b+k—l#0},

X (t) is a  cut off function near 0 and C a  a r e  symbols o f pseudo-differential operators
with th e  same order a s  f  has.

Lemma 3.2.

0 (a , k , f)= . 1o e' ( " ) f(z, s)s '(lo g  s )'d s

- a( "(log 1/1

(a. 6.1) 
ba)illel - a m - '(10g1/1e1)Vloglile M e l ) b,

w here the variables (a, b, 1) of E are  on

{0.<1<k, 0<a, 0_<b and ad-b+k—l#0 },

bo=r-(lel/iA) a " ) .f(0)

and b at  h as  the sam e order as bo has.

R em ark . In  case of as w>o, namely, o n  { A >0 }, th e  same type of expansion holds
with th e  same principal symbol bo .

3.2. T he second case . T his case  has a singular point a,W=0 inside o f th e  integral
domain sE [0, co). T he  singularity is the  simplest c a se  that aW<0 a t  a,vr,o, and
also t h e  integrands a re  smooth. Therefore it has th e  asymptotic expansion near the
singular points asYr=0 as

0(a , k , f) ,--e' w ( 1 ) P(1/2)e - ' ' 11 (—V r 8s(a)) - 1 / 2

X[b0- 1- 1)1161 - 1 ± ••• b.71E1 - 3 ± •••1,
where

bo = (a r (c ) (loga) k  f(a ),

and I);  a r e  symbols of pseudo-differential operators with th e  same order a s  bo , namely,
f ,  and where s=u(z, X )  is a solution of

a,W(s)=0,

so that it is a  symbol o f pseudo-differential operator o f order 0 and  yo=?F(a) satisfies

a,ça—A(z, X+2-1J7q))=0,
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go=0 on A=0.

This fact is im portant. The phase function go is one for C—A=0 starting  at A=0.

3.3. The conclusion. I n  constructing th e  parametrix E = E k 1i(a, k, f , D )  at
Theorem 1 , w e  ta k e  the principal am plitude function f0  o f f °  as fo i s  an  elliptic
symbol being a constant in z  (9,f0=0) a t  s=0 and extend it on  s>0 by

cazd-as— LA+a-F6>f 0=o
by following the process of construction.

2x(the order o f f ( k ) —the order of f ( o ) )+k

never exceed z e r o . Then the parametrix has the asymptotic behavior a s  follows.

Theorem 2 .  1 )  On {(z, X); A(z, X)<01, E is asymptoticly expanded as I,.
2 )  On {(z, X); A(z, X)>01, E is asymPtoticly expanded as the sum o f I, and 12.

(K { 0L -;"..1_2m, 0<m, 0<n and 3m+n- 1#0 }),

e F(1/2)e

where
a o=( e I l iA )a f = 0

and
b0=(0'1171,(6)) 1 / 2 66 ( 1 ) Îo(6)#0.

a;  and 17;  have the same order as f o has.

Remarks. 1) a=1— c(i A)' •
2) go is a solution of the equation

a,,—A(z, X+2 - 1 Pço )=0 ,

go=0 on A(z, X )=0.

Then (azga, 7go)=0 on A(z, X)=0.
3) a  is  a solution of the equation

X+2 - 1 Pço)=0 ,
so that

(ao—L))(y=1,
and

a = 0  on A=0,
where

D i
'
l (g )

= E  CA ( a) (z, XH- 2- V7ço)3 ) -i-.A(a)(z, x +2 -ip w )ari.
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4 )  A (c ) and ã (a )  a re  so lu tions of the  equation

(a,— L°A ( , ) )g=0 ,

w ith  the initial conditions

respectively. N am ely,

5 )  1 o(a) are solutions of

w ith  the initial condition

where

g A=0 -= A, a n d  a  (=g o ) ,

g=g o(z--a, X+2 - 1 J7go).

(a,— L A (,)+ii(6)+5(a)v =0,

g1.4=o=fo,

A( 0) =- L'A(a)±v(A(a)),

v(A(a)) is  a  scalor term depending on the phase  function 4a, an d  d(a), a(a) a r e  scalor
terms appearing in the construction of parametrix.
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