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1. Introduction

L e t L  be  a n  real analytic  vector field in R3 . It is ca lled  a  differential operator of
L ew y type if it enjoys th e  following properties :

( a .1 )  L, L and [L ,  L ]  a r e  linearly independent.
(a. 2) 'real analy tic functions X  and Y  such that
( i )  X = X ,  ( ii)  L (Y )= 0 , ( iii)  L(Xd-iY17 )=0 and (iv) dXAdY AdY *O.

Suppose L  be  a  differential operator o f  L e w y  T y p e . T a k in g  a  suitable analytic
c h a n g e  o f  coordinates, o n e  c a n  tra n s fo rm  L  to  th is  : a (x )11 /2 (a /ax 1 —i(a/ax2))+
i(x 1 —ix 2 )a/ax 3 } , where a(x) denotes a nonvanishing real analytic function. T h e  operator
1/2(a/8x 1

 — i(a/ax2))+i(x, —ix 2 )3/ax, is  the  celebrated H . Lewy one ([3]): it is hereafter
denoted by L .  T h e n  th e  equation o f  L e w y  ty p e  L u = f  is  r e d u c e d  to  the  L ew y
equation L r u=  f . Sato  [6] and Greiner-Kohn-Stein [2] gave the micro-local solvability
c o n d itio n s  a n d  th e  lo c a l so lvab ility  ones fo r  th e  L e w y  eq u a tio n , re sp ec tiv e ly . In
Greiner-Kohn-Stein [2], t h e  fo llow ing  resu lts  a r e  included : L e t  2  a n d  ao denote
{(z1, z2 ) E C 2 ; I m z2 >  z1 1 z }  and {(z 1 , z2 ) C 2 ; I m z2 = I z1 1 2 } , respectively. R3 -={(x1, x2, x3)}
is identified with ao by  z 1 =x 1 -Fix 2 an d  z 2 = x 2 -k i(x i+ .24). L et Q  be  an open set in 123 .

[G -K -S -I]  L et f ce' (S2), then  the L ew y equation L x u=  f has a solution u E e ' in
a  neighborhood o f a  po in t P in  Q  if  an d  only  i f  Cb ( f )  g iv e n  b y  Cb(f)-=C(f)(zi, z2)1,3o
is real analytic  in  a  neighborhood o f  P, w here  C(f)(z i , 22 ) is the Cauchy-Szegi5 Integral
defined by

C(f)(zi, z2)= .fao  S(21, 22; w 3 , w2)fdcrw

w here S(z i , z2; w1, w2)=1/ {7r(i(W2 — z3) - 20,z1)} 2 a n d  da,„=d Re w,d 1m wi d Re w2.
[G -K -S -II]  —L,L x •K=K•(—L x L,)=1—C b  w h e n  acting on 8 ', w here the operator

K  is defined by

flog (Iz i
 2 — iX2) — log (  z i  2 +ix2)} K (f )= f* 27r2( 12, I  — ix3)

provided that the convolution is  w ith  respect to  the Heisenberg group.
[G -K -S -III] Suppose that the condition of [G-K-S-I] for f  is satisfied . If f  belongs
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to  o n e  o f  t h e  sp a c e s  (se e  Folland-Stein [1] f o r  definition) SPk (Q, l c), TVQ, lc),
Lw(Q, loc) o r  C- (Q ), then  one can find a  u w hich belongs to SPk + ,(co, l c ), f '„ + , ( ,  l c),
r,(w, loc) o r  C- (w), respectively, where w denotes a n  neighborhood (cQ ) o f P.

In  th is article, nevertheless, we investigate the  structure  of classical solutions for
the  Lewy equation from a  different viewpoint : in  [5], the  author gave a characteriza-
tion  tha t the  solvability o f  th e  Mizohata e q u a tio n  is  re d u c e d  to  th a t o f the  C auchy
Problem  for the Cauchy-Riem ann equation ; the  sam e is valid  fo r  th e  Lewy equation ;
th a t is , th e  solvability o f  th e  Lewy e q u a tio n  c a n  b e  re d u c e d  to  th a t o f the  C auchy
problem  for the C auchy-R iem ann equation ;  more precisely, for the Cauchy-Riemann
equation with two (or three) parameters, which is assured by th e  property o f "Heisnberg
group" a tta c h e d  to  t h e  Lewy operator ;  a s  a  result, it seem s that it has becom e far
more obvious why the  Cauchy-Szegb kernel appears in  solving th e  Lewy equation ; and
moreover, we have obtained delicate terms which a re  no t in  [2] o r  [6].

N ow  w e sha ll s ta te  ou r resu lts . F irst, deno ting  th rough  by  k  a  p o s itiv e  integer
o r  00, w e sta te  th e  following

T h eorem  I. Ev ery  Ck solution u o f  the homogeneous Lewy equation L x u = 0  in  a
neighborhood o f  P(x?, x (,), A G Q  can  b e  ex p ressed  in  th e  f ollow ing f ashion: 3 p: a
constant>0;

u(x ,, x 2 , x ,)= w 1,'• h . (w2)n =
in 0)9 ,

w here w,.= xi—ix,—(xi—i 4), w2= w -I-i(x, —  x3-2Ax ,-I-24x 2), (op= (x ,, x2, x3); Iw,V2

< p , Hmw 2 1< p } and h (z ) (n=- --0, 1, 2, •••) are holomorphic i n  a  com plex  dom ain D p =
IzEC O<Rez<p, Imz1<p} , f urtherm ore li„,(z) (m-=0, 1, 2, ••, h ) are  continuous in
fzEC ; OSRez<p, Hmzl<pl. (The sum m ation is uniform ly  convergent on compact sets
in we .)

R em ark . It fo llow s that every  C  solution of the homogeneous Lewy equation is
"a  function" o f  th e  independent two solutions w, and w 2 .

Next w e  h a v e  obtained t h e  follow ing another expression w hich corresponds to
[G-K-S-I]

Theorem I I .  Given f (x) -=  f (x  x 2 , x,)E_C 1 (123 ),  then the Lewy equation L x ii(x )=  f(x )
has a  C ' solution u(x) in a neighborhood of  P(x?, XI , .x3) 1?' if  and  only  i f  th e re  is  a
positive constant c( 1.x'31) such that the function A f(x) given by

A f(x )= 1  S(x ;  v)f (Y)dY idy2dY

wlim S,(x; Y)f(Y)dY Y 2d Y ,

xEQ Ix 1?3 ;  l x k - 4 < c ,  k=1, 2, 31, is  Lipschitz continuous in  Q , and ex tends holo-
morphically i n  x ,  t o  the  com plex  dom ain fx,c--_-- C ; Re x,#.24H cl unif orm ly  f or x , and
f or x 2 , w here S (x ; Y )001/0r[xi-F4±y1+34 - 2(x,-1-ix2)(Yi — iy2)-1-i(y2 — x3)]} S s ( X  Y)=--

1/ {7rEe2 + Xl+ 4+31+ — 2(x +ix2)(Y, x 3 ) ] } 2 , w  1(3)1, Y2, y2)EP;(yi—xi)2
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+(y2 — x2) 2 < c■ , y 3 - 4 - 2 X 2 Y 1 + 2 X 1 Y 2 I  < c }  and co denotes a  positive constant such that
min {c, c/[2(2c+141+141)]}.

Notice th a t  S(x ; y )  is  ju s t  th e  Cauchy-Szegd kernel : S(x ; y)=S(2,, 22; wi, w2)
where z1=x1d-ix2, Z2

=
X 3 + i Z 1 1V1=3)14-iY2 a n d  1v2 , --- ya+ i l w i l 2 . Therefore we get

the following

Theorem I I I .  L et f (x )E C 1 (R 3 )n L 2 (R 2 ). Assume Af(x) satisfies th e  above condi-
tion. T h e n  C 2 ( f ) = = . C 2 f ( x )  is real analytic in  a neighborhood o f  P ;  that is,

Cof(x)-=1„S(x; Y)f(Y)dY1dY2dY2

Itni Ss(x ; Y)f(Y)dY1dY2dY3

is real analytic in  a neighborhood of  P.

N otation. For a  function g(x )=g(x i , x 2 , x 3 ) ,  e ( y i ,  Y 2 , y2; xl, x2) denotes g (x i+
yi, x2d-Y2, Y2-1-2x2y1 - 2x1Y2).

We note that
1  r  P (N /  e cos 0, -N/ e sin 0, n; x i ,  x 2 )  Af(x)----  2 7 2  j d e d ) 7 d 0

le+i(72 — x3)} 2

—  
 1  

l i m,
f  (N/ e cos O, -‘/ e sin 60, 72 ; xl, x 2 ) ded)7c10

=-.2 is2±$±477—x3)}2

where {($, 7), 0); OSO_<27c1.
Next we obtain the following theorem which, in a sense, corresponds to [G-K-S-II].

Theorem IV .  Let f(x)ECk(R '). For Vpositive constants c and co it holds that

1.,1—1 f($ , I ) ;  xi, x2)de 621= f (x)— A f (x)— R f (x) ,27c2 o e—l—i(77—x2)

where

llf(e , xl, x2) 22 f ('0 / cos 0 , 1 /  sin 0, )7; x i ,  x2) 
0 /$exp(—i0)

do,=-1 \ 

and R f(x ) is a certain function which belongs to Ck(D e)  and extends holomorphically in
x , to the complex domain lx 3 E C ;R e x 3#4±c} un iform ly  f o r x 1 an d  f o r x2. Here Dc
denotes {(x1, x2, x2)ER 3 ; x 3 —  < c }

Now our main theorem is as follows :

Theorem V .  Let f(x)ECk(12 3 ). Assume f (x )  satisfies th e  solvability condition in
Theorem II. Then every Cm solution u (x ) o f  th e  Lewy equation in  a  neighood of
P(x?, 4 1, x2) can be expressed in the following fashion, Provided in  {1, 2, •, •, •, le}

u (x )=n (x)+C  L f (x )±  R  {A f (x)+ R f (x)} ,

where n(x) denotes a  Cm solution of  the homogeneous Lewy equation which has a  form
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stated in T heorem  I and CLf (x )  denotes
— 1

d e
çr -fe  Ilf (e, )7; x l, x 2) 

2 7 1 .
2

0 '3 --c
,

x 

and R LIA f(x )+R f(x )} is given by

R 1, {A f (x)+ R f (x)} =
—1  r {A f ($P  , TP)+ oR f .($P  , )7P   TIP )} cledn ,R7-c Jsa —in—{x,—xi—z(x2—x2)}]

w here $P, nP , r P  a n d  Sa denotes $±4, ri+-4 —ix3-1--e 2 +e— xi— AH-(4) 2 -1-(4 ) 2 +24$
+2472 and {(e, ,)ER' ; E'+,'<'}, respectively; provided 3 is  a suitably  choosen positive
constant such that the above integral can be def ined.

Remark V .1 .  CLf(x)ECk+l, RL{Af(x)+Rf(x)1EC k , i f  f(x)ECk.

W e mention tha t T reyes ([7 ] and  [8 ]) gave  an  integral representation of solutions
of "solvable" linear PDEs.

F ina lly , a b o u t  th e  p ro o fs ;  f ir s t  T h e o re m  I  is  p ro v e d  in 8 2 .  N e x t  w e  p r o v e
Theorem IV  in  § 3 . To prove necessity p a rt of Theorem  II, w e prepare the following
"key Lem m a" w hich is proved in §4

Lemma A .  Given f(x )E C i(R 3 ), assume the Lewy equation L u ( x ) f ( x )  h a s  a  C'
solution u (x ) in  a neihgborhood o f  P .  T hen, there is a positive constant c(#1 A D such
that, tak ing a constant co  such that 0<c 0 < min {c, c/[2(2c+ I x?1+141)]1, it holds that

1 x  72)/02—xodO.f (x )= L x ip .v .  .-5 u (x i , 2 ,

1
± L  Ou(E, )7; xi , x2)  d(e+i72)}+Lx{CLf(x)}x{27r2i fe+2.(72—X3)}

w here € is  the oriented path ABCD ; A(0, xi—c), B(cg,4—c), C(c,I4+c) and D(0, 4-1-c),
and au(e, n ; x „ x2)  denotes

u"(A/ $ cos 0, -\/ $ sin 0, 72 ; x,, x 2)cl0 .0

Theorem IV  and Lemma A  explain w hy the Cauchy-Szegti kernel appears in  solv-
ing  the Lew y e q u a tio n . T h e  sufficiency o f  Theorem  II follows from  Theorem  IV and
the  subsequent Corollary to Proposition B:

Proposition B. L e t U  be a neighborhood of  (4 ,4 )  in  R 2 an d  I  an open interval
in  I?' containing x3 . L et h (x )E  L ip  (U X I )  an d  be continuously  dif f erentiable i n  x 2.
T ak ing a suitable positive constant 3, the function RLh(x) given by

)7P , P )Ri.:12(x)= X
•S a  Le_in_ dedn (x 1 3)

satisf ies the equation

aL {I? fli(x)}
{

(  a
ax

•  a  ) + (x ,_ i x o   ax jR  r,h(x)-=h(x)2 , ax2
in U,2,
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where r=v+e— xi— A -E(4)2+(42-Ex3+24e-i-2.02 and U,3= {x ; (x i - 4 ) 2 ±(x 2 - 4 ) 2

<3 2 , x3EI} n P and S 5  are the same notations as in Theorem V.)

Rem ark B.1. I f  h(x )ECk , th en  REh(x)ECk+i.

Corollary B.1. Same notation as above. L et h(x )EL ip (U x I) and extend holomo-
rphzcally  in  x 3 t o  a complex domain {x 3 EC ; Rex 3 # .4 ± c } (c : a positive constant such
that c # 1 4 1 ) uniformly fo r  x , and for x 2 . T h e n ,  3 a positive constant 3 such that the
function R L h(x ) satisfies the Lewy equation L x {RL,h(x)} =11(x) in U .

Theorem V thus resu lts  from  T heorem  IV  a n d  Corollary B .1 ; Proposition B  is
proved in  § 5 . Finally, though Theorem  III results from  Theorem  II and  [G-K-S-I], a
direct p roo f to  it is  g iven  in  §6.

§ 2 . P roof of T heorem  I

L et u(x) satisfy th e  homogeneous Lewy equation

(2.1) L ,u(x )=0

in  a  neighborhood o f  P. S e t  x° , -(x7, x 2
0 , 4 ) .  W e  d e n o te  u(x ,+x ?, x2 + 4 , x3+ A +

2.4x i - 2 4 x 2 )  b y  u (x * x ° ) . T h e n  u(x *x °) is  a  C ( 0 )  solution of (2.1) in  a  neighbor-
hood 0  of the origin in  R3 , w here 0= { x ; xTd--.4<p, lx81<p}  ( 3 p : a positive constant).
Introducing the polar coordinates x1+ix2=---rexP(i0), (2.1) becomes to

i a a (2.2) +2ir a x 3 }-it(r, O. x 3 )=0r
where 6+, .x 3 ) - u (x * x ° ) . Considering the Fourier series o f  ii(r, 0 , x ,) , f ro m  (2.2),
w e  have the following:

(2.3) u(x*x°)=i1(r, 0, x 3 )•-= x3)exp(in0),

(2.4) a  -I-2ir +n} f i n(r, x 3 ) ,0ar ax, r
in  I(r, x 3); 0<r< , I x2I <p} O.

Notice that
n—
r

u n (r, x 3)

is uniformly convergent on com pact sets in 6 .  N ow  (2.4) a re  rew ritten  a s  follows:

(2.6) +i x2)} =0 in  (75

w here (7), -_--= { (t, x3);0<t<p,Ix31 <pl.
Therefore (2.6) give th e  following Lemmas:

Lemma 2.1. f i„=0 fo r  vn >0.

Lemma 2.2. F o r  v n5 0  A/ t nii„(A / t , x 2)  is holomorphic in

(2.5)
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On the other hand, we easily obtain the following

Lemma 2 .3 .  A /T - n i t , ( A f f ,  x2)EC ° ( J  0=01) f o r n=0,1, ••• , k.

Therefore, putting hn(t-Fix2)=A/T - n ii , ( 0 n ) ,  w e have
CO

u(x * x 2)== (x  — ix 2)" h .( x  +  +  ix 3) .
n = 0

That is,

u(x„ x 2 , x 2 )= E wY• hn(w2)
2=0

w hich converges on compact sets in cop , by virtue of (2.5). Taking Lemma 2 .3  into
consideration, we have thus proved Theorem I.

Rem ark. From H. L ew y [4 ] it is known that every C l solution of (2.1) can locally
extends holomorphically in  a  complex domain

z2)EC 2 ; Im z2> ziI 2 , Rez2=x2} .

§ 3. Proof of Theorem IV

First we easily see the following

in cop

exp(—i6){ a.30 — ik}P(N / e cos 0 , e  sin 0, 72; x i .  X 2 /

_  a—i , —P(A/Tcoso, Are- sin 0 , 77 ;  x „ x2),ay)

w h e re  ai t a. a \

az, — 2 ax, )•

Now, for simplicity, we use the following notations :

a. a
a = c ,  /3-=4-1-c, r-=4— c; acE, n) -= — 1  ay)

11f7(e, 72; x ,x 2)=

where X  denotes e  o r 72;

P(-V e cos O, / s in  0, .72; x„ d o ,

o exp (- 0 )

ef(e, ; xi, x 2) -=  0 f  "(A/ e cos O,e  s i n  0, 72; x,, x 2 )d0;

2,7
ef e(e, 72; x i, x2)=1 .  f :(-V E cos 0 , e sin 0, 72; x,, x2)d0

'['hen
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a çqd,c4-i-c Hpe,,2; x „
2r 2 3° Jx c H-i(v— x 3 )

a —1 f. d e V  Hf (e, )2 ; x„ x 2) di2 t

a z , — o  27r2 j O i r  6 2 +e - Fi(72— x 2)

, i i m  a  f _ 1  .ça 5 i3   n i c e ,  7); xi, X2)  d )

a z , 27 2 o  
d $  

r s2+$+472—x2)

,; j  —1  çar   a(e, n)ef(e, ;  x i, x2)  ( i v y )

=7T t 272 .10 Jr 62+e±i(7)—x3)

cap9 & f 0 ( ,  7); x i ,  x2)  dedv
2 7 ,z  ir  26 {6 2 -Fed-i(v— x3)}

Hf v ; x„ x2)  ci c i n }
-27 2 .)03r sz+$+i(72—x3)

,3 2711 a 0, 72; .x1, x ,)
k =m { dn5 dO
e-o 2 7 r 2 r E2+$±i(n—xs)

d e
y '

d 0
ff(A/ e cos 6), A/ e sin 0,77; C 1, X2) 

 a
,

▪ 27r2 0 os 2 + e - k i ( n  — x 2)

i2 1  Vp3  I lln (e , ; X 1, x2)  d e d n }
▪ 27r2 .103r 6 2 + e - Fi( — x3)

1   CA  0 f ( a , n; x „ x2) , , 1 v  f(xi, x2, )2) 
27r2a d - i ( v — x 3 ) a 7 ) - t .  27r 8-0 elr s2±i(n—x 3) (177

car  Of(e, .; x 2 ) 1 - P  d$+ 27 2 IN '01 .0 s2 +e-t--1(7—x3) -1 = r

H f ( e ,  n. ; x i ,  x2) d e d n—Af(x)-1-1€iT 27r2 0  Jr s 2 +e-H(77— X3
)

1 V f(a, n ; x ,, X2) dn+P.V.  1  . r  f  ( x "  X 2 '  7
)

)   dn1 i27r2 Jr a+i(72—x2) 17 r 77—x3

+f(x i,  X 2 ,  x3)—Af(x1, X2, X3)

e f (e , ;
 X 1 ,  X 2 )   1"  1 9  de±  

2
-

72 0 e+i(77 — X3) _1,7=r

i21  S'ap9   H.f22(e, x l ,  x2) 
 d $ d n  .

27r2 0  Jr e±i(n —x s)

On the other hand,

a  j  —1  fcgde f,q+c  1-4(e, n; x„ x2)  d '2}
ax 3 27E-2 ,)0 e+i(y)—x2)

—
a { - 1 Hge, )7; x i, X2)  d , t11M de .

axs — 0 2n2 0 r 
2 
±e+I(n — X3) j

a 
=    d 6 3  flog [s2-1-e-f-i(v —x3)] } 77H f(e ,x l ,  x 2)dn

ax32 7 r 2  o r
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=   aa 27r2 [tog {62 + x 3)1 H f ; x i , x3)ngdex3 

a  Him .çoaax 32 7 r 2 de P  log Is2 ±e±i(z7—x 3)111.f ,r(e, ;  x i , x2)dyi j r

Ca
2

1
2r

2

n ;  . x „  x 2 ) i e + 1 0 7 — x 3 ) } - iiii,==y e

1 Ça X 1 ,  x 2 )   ( led ) ?

22r2 Jo Jr e+i(11—x3)

Therefore we have :

L  ; x 1 ' x 2 )  dy)}x 22r2 o

1  c Of(a, 77; x i ,  x2)
 (127=f(x )— A f(x ) 272 .11 a±i(ri—x 2)

1  f19  f ( X l f  )C
3 ,  7)) d y 2 + fa r  ef(e, .72 ; xi, x2)1"13 de

xi i i n —x, 27r2 Jo L .-1-•z(72 — x2) _ r

21 

2 7 r
2
 o  

Crlf(ei ;  xi, x2) Ie±i(7)—x 3)1- '] Vde

T herefore  it is p roved  that R f(x ) defined by

R f ( x ) = L x {
- 1 q ,

d e
x+c  1 1 1.( ,  77; xl, x2) 

 d 2 2 }  f ( x ) + A f ( x )27r2 0 $-Fi(7)—x3)

b e lo n g s  to  C° (D c ) and extends holomorphically in x3 t o  the c o m p le x  d o m a in  ix , C ;
Re x s *x2+cl uniformly for x, and for x 2. T h is  completes the proof of Theorem  IV.

§ 4. Proof o f  Lemma A

Let u(x) be a C ' solution of the Lewy equation

(4.1)L u ( x ) = f ( x )

in a neighborhood D of P .  W e m ay assume Q= Ix ; x .,- 4 1 1 <2c, j=1, 2. 3 ,  w h e r e  c
is  a suitably chosen positive constant s u c h  th a t  c *  4 1 .  Set Q c = ix ;  x i —x3} <cf .
T ak e  °(x i , x2, x 3)  in Qc . L e t  (x,, x 2) be fixed for a w hile . T ak ing  a positive constant co

such  that co m i n .  (c, c/[2(2c+ 141 +1 x? D R  w e  s e e  0 (Y1/ Y2/  ; x,, x2) C'(134+3'22
<0,1X {I x3— 41 c}). T hen from  (4.1) we have :

1(  a
•  

 a
• a(4.3) { 2  a y i  — ) + (z  a y , z 2  a x j u ( Y 1 , y z , X 3 ; X 1 , x 2 )-= f

°
(3
)
1, Y 2 , .7C3 ; x ,,  x 3 )•y i  i y )

3

Set y1-i-i312=rexp(i0). T hen  (4.3) becomes to

a i a(4.4) 2r ar 2r2 0, 60 + i a
a
x , }u 4 (r, 0, x 2 ; x„ x 3)= irexp 0, x3; xl, x2),

w here r ( r ,  0, x3; xi, x2)--='e (r  cos 0, r sin 0, x3 ; x i , x2), w here g  denotes u or f .  Con-
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sequently, from  (4.4), we have :

(4.5) aar2 +i a
a
x ,  )63u(r2, x3 ; x i, x2)=I1 f (7'2, x3; x i, x2)

Putting t= r 2 ( r = t ) ,  (4.5) is  rew ritten  a s  follows :

(4.6) ( ,,aa+i  x 3 )e u(t, x3; xi, x2) =Hit- (t, x 3 ;  x ly  x 2 )at

in  .0-={(t, x3); 0<t<cS, I x 3- 4 < c }
(4.6) gives th e  following :

1(4.7) (-)u (t, x3; x i , x2)=- 2
7r i ,f,92 .°-E.li71 ) (; xtd-li: x )  d 1x3) C 7 ; (:)0 1 1$+f ( ie 2  (;td-X 1 ;XX32) d e d r

Letting t--4) and  noticing that Ou(0, x 3 ; x l , x 2 ) = 2 ru (x ), we thus obtain :

c.r3-c u(x i , x2, 72)  d + 1   f  e u(e, 11; xl, x2) dC+CL.f(x)(4.7) u(x)=P. V. 1
ri.).3+e 77—x32 7 r 2 i  3 $d-i(77—x 3 )

f o r  vxe,f2,

W e thus have the conclusion of Lem m a A  by operating L x  t o  th e  b o th  handsides
o f (4.7).

5. P roof of Proposition B

First w e prove Proposition B in  case  o f 4= 24= 0 ; th a t is , w e shall prove that

h(eP, 77"  , XP
)  

R Lh(X )-= — 7r- .  ,  dedne_in— (x 1 —ix2)
is  a solution of

(5.1) "E{Rfli(x)} =h(x)

in  (13, by taking a  suitable positive constant 6. In  th e  ac tua l c a se , V ', e ,  XI ' , So and
11,3 denotes e, 7), V+722— x1-4-+ x3, {(e, 77) 1=e2 ; V+ 772 < 6 2 } a n d  {x e R 3 ;  4 + 4 < 6 2 ,
x, , respectively.

Now first we choose a positive constant 6 so that the above integral can be defined.
Then w e easily obtain th e  following Lemmas :

Lemma 5 .1 .  Putting z1(—=x1-Fix2)=rexp(i0), it holds that

h(e, 72, ICl 2x 3 ) / ( ( - 2 s ) d e d n

=_ r __1 exp {i(n +1)0} .ç 0 rn +1h n (r, r, x s )dr, ,
n=0

2rz
where 12n er, r, her cos 0, r sin 0, r 2—r2-1-x3)e - Ln0do

0
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Lemma 5 .2 .  Sanie notation as above.

!6>t{i>1 zi
ICI' —1z11 2 x3)/(C - 21)dEd77

= E rn exp r, x 3 )dr.

By these Lemmas we have:

71-1?Lh(x)= r - "- 1  exP Ii(n + 1)01 r" -" li n (r, r ,  x 3 )dr

5
— E r" exp {—inO}Ç r - "h_„_,(r, r , x 3 )dr,i=o

Therefore, we see

Riji(x)E Ci(U 6 ) and

E (R d i(x )), 
 27c"  (  

ai  a
 --1--2r aax3 )1?Lh(r cos (), r sin 0, x3)ar r  ao 

=-(270 - 1  E  {h„(r, r, x 3 )e " 8 -1--h_„_ 1(r, r, x 3)e - " "
74=2

=h(r cos 0, r sin 0, x 3 )= h(x 1 , x 2 , x3).

Finally, in case of (x?, x?)#(0, 0), the proof is a s  follows:
We put h*(0=h(t i 1-x?, (2+ 4  (3+ 2x?)2+ 24(2 ), where t= (t i , 12 , (3 ). Then, by virtue

of the result proved above, 3 a  positive constant 5  so that

Ri t h*(t) satisfies L 2 11? L2 h*(01=h*(1) in U d ,

w h ere  L
-
3 . 1 (  aa

. a
t2)2 , . 2 )+ ( t1 - 2 - C  •2 k at, di-

Set x j =t i d-x°, (j= 1 , 2 ) and x 3 =13 +2x?t1 +2At 2 . Then Rr t h*(t) ---- Ri-,h(x) i s  a  C 1 solu-
tion of i{R t h(x)} = h (x ) in U .  T h i s  completes the proof.

§ 6. Proof o f  Theorem III

Suppose A f (x ) satisfies the condition of T h e o re m  II . T h e n  Cb f ( x )  satisfies the
same condition; that is , Cb f (x )  belongs to Lip (Qc )  and extends holomorphically in x,
to  the compex domain { x 3 /23 ; Re x 3 # 4 ± c }  uniformly fo r x i a n d  fo r  x 2 . S e t  M =
1(x1, x2, x3, x 4)G R4 : x4=4-1- .41 , 4=(x?) 2 -1-(4 ) 2 a n d  P*=(x?, x?, x?, x?). We can extend
Ch f (x ) to the function Cbf(xi, x2, x3+i(x4 — xi — A )) which is defined in  a  neighborhood
0  o f  P*ER 4 ,  where Cb f (x,, x 2 , w ) is  holomorphic w ith respect to  w .  Let us denote
Cb f (x „  x 2 , x3--1-i(x4-4—.4)) by C b (f)•  We note C fb(f)1m=Cbf(x,, x2, x3)==.C2(f). It is
known that  C 2 ( f )  i s  the boundary function of

C(f)(zi, f (Y  1, Y 2, Y 3) dyidy2dy3
w2=I wil 2 1 li(W2—z2)-21.7)izi r J 2

which is holomorphic in {(z, z,)E C 2 ; Imz2> I z i  "}, where (iv„ Re iv2)=(Y1-F1y2, y3).

1) 01
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Now let L j t  deno te  the tangential Cauchy-Riemann operator a/32,-2izgia22) t o  aA +

w hich is identified w ith M .  W e denote the inner product

gdy i dy z dy, in L 2 (..1,0 b y  ( f ,  g).

Then w e easily  see the following :

Lemma 6 . 1 .  Let u, vEC 1(U ), where U is an open set in R^. Suppose u=v on
U r i ,  then L m u = L Ly  on Un,..92.

Corollary 6 .2 .  L e t u E C '(,% ). Suppose Wt is an CAR') extension of u, then L A O
=E x u  on Ai.

Since Cb(f )1 31-= C b(i) is  the boundary function of C(f )(z ,, z2 ), by virtue of Corollary
6.2, it follow s that

(6.1) xlCb(f)1, v)=0 for vvE C ° (-91) •

O n the other hand, w e see  the following

Lemma 6.3. (E x  {Cb(f)} • v)-=-(1-Ji iC1f1 , v) for 4 veCV.51)•

P r o o f .  If C IfE  C ',  b y  v i r t u e  o f  Corollary 6.2, (L 5 1  {C f } , v )=- (L x  I CU} , v)=
(E x  {Cb(f)} , In the actual case, w e have only to approximate  C f  by appropriate
C" functions.

W e thus obtain (L,.qi IC J  , v) =-0 for \I V  C7) G 9i). Here, (L m {CV} , v)= (a/am CV } , v)
—24,(a/a,) { c f  } , v)-=(a /.321 C f } ,  v ) .  T herefore  a/a.,{CU } =0 in distribution sense.
Therefore C f  i s  holomorphic in z i and in z2 in a neighborhood of PI which is identified
with P *; and hence, we conclude that Cb(f)=- Cbf (x) is real analytic  in a neighborhood
of P .  This completes the proof of Theorem III.

Appendix

W e here consider C ' solutions of the homogeneous Lewy equation (H. L )  L x u=0
in  a  neighborhood o f  P. A n y  holomorphic function  of w, and w, is  a solution of
(H. L) ; but, of course, the converse is  n o t  true. A s  is a lready  rem arked , how ever,
e v e ry  C ' solution is  "a function" of th e m . Suppose that there exist tw o independent
solutions W, and 147 ,, nam ely, such that rank a(ifi,1472)/a(x„ x2, x2)=2 satisfying (H. L),
such  that every  C ' solution is  a holomorphic function of W, and W 2 . Then we easily
see  tha t every  C ' solution is  a holomorphic function of w, and w 2 . T h e re fo re  it  is
not true that there exist tw o independent solutions W, and W, of (H. L) such that every
C' solution is a holomorphic function of them . F rom  T heorem  I  w e see  the following

Proposition A. Let u be a C' solution of (H. L) in a neighborhood o f  P .  Then u
is a holomorphic function of iv, and co, if and only i f  'a positive constant c such that
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.ço
2 ' 14(4d-rc0s0, 4+r sin 0, x 3)e - i " G d0

is real analy tic in  x 3 E1x3—c<x,<4-1-cl f o r  n=0, 1, 2, ••• and 2 rE10<r<c}.

N ow  le t A  be an  rea l an a ly tic  v ec to r  f ie ld  in  R " .  Suppose th a t  i t  e n jo y s  the
following properties :

(A .1) A , A, A , a re  linearly independent, where A1-1 -=[A , A1] (i =0, 1, 2 , ••• , n-3)
and Ao

,==..[A, A].
(A.2) 3 X 1 ,  2 X 2 , ••• , s u c h t  h a t  X J (j = 1, 2, ••• , n -1 )  a r e  complex-valued

solutions of AX 1 =0,.
(A .3 )  r a n k a (X i , X2, • • • , xn_o/acti, t 2 ,  • • •  ,  to= 77 — 1, w here  t1(j=1, 2, ••• , n ) denote

coordinates variables.

W e propose questions :  under w hat conditions can  every  C ' solution of A u = 0  be a
holomorphic function of the X,, X 2 , ••• , Is it true that every  C ' solution of Au=0
is  " a  function" o f  them?
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