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On the structure of Cousin complexes

By

R. Y. SHARP and Zhongming TANG

O. Introduction

Throughout the paper, A  will denote a commutative Noetherian ring (with
non-zero identity), a n d  M  will denote an  A -m odule . It should  be  noted  that
M need not be finitely generated. The Cousin complex C(M ) for M  is described
in  [3 , Section 2 ]: it  is  a  complex of A-modules and A-homomorphisms

b - 2 1 1 - 1 60 b . +10 — >  I II B B 1 –■ • • • –> 113" –  B " • • •

with the  property that, fo r each n e N o (w e  use N o to  d e n o te  the  se t o f non-
negative integers),

/3" = 0  (Coker b"- 2 )
p e Supp(M)

htm p = n

(Here, for p e Supp (M), the notation h t, p  denotes the  M -height o f p, that is
the dimension of the A p -module Alp ;  the dimension of a non-zero module is  the
supremum of lengths of chains of prime ideals in  its  support if th is supremum
exists a n d  co otherwise.)

Cohen-Macaulay modules can be characterized in  terms of the Cousin com-
plex: a non-zero finitely generated A-module N  is  Cohen-Macaulay if and only
if C(N) is exact [4, (2.4)]. Also, the Cousin complex provides a  natural minimal
injective resolution fo r  a  Gorenstein ring: see [3, (5.4)].

The Cousin complex C(M ) will p lay  a  m ajor rôle in  th is  p a p e r . I t  i s  a
special case of a m ore general complex which can be constructed whenever we
have a  filtra tion g  o f  Spec (A) which admits M  [8 , 1.1]; th is  m ore  general
complex is called the Cousin complex for M  with respect to  g  and  is denoted
b y  C(g, M ) . A s this complex will also feature prominently in  th is paper, it is
appropriate fo r  u s  to  recall th e  details o f its  construction and definition from
[8, Section 1].

A  f iltration of Spec (A ) is a  descending sequence g - = (F i ) i e  N o o f  subsets of
Spec (A), so that

Spec (A) F o •  •  • Fi+ i • • • ,

with the property that, for each i e N o , each member of OFi =  F i \ F i + 1  is  a minimal
member of F i with respect to inclusion. We say that g  admits M if Supp (M) g F .
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Given such a filtration g r,  w hich  adm its M , the C ousin complex C(.97 , M)
for M  with respect to  ,F  has the form

— 1  N i 1V1 — > —> " • —> IV "" .1 d — >  • • •

with, for each n e N o ,

M n Coker d n - 2 ) P  •

The homomorphisms in  this complex have the following properties: fo r m e M
a n d  p E O F, the  component o f d - 1 (m) in  M r i s  m/1; and , fo r n > 0, x e M" - 1

and q e 8Fn , the component of d" - 1 (x) in (Coker dn- 2 ), is n(x)/1, where n: Mn - 1

Coker d" - 2  i s  the canonical epimorphism. The fact that such a  complex can be
constructed is explained in [8, 1.3] and relies on arguments from [3, Section 2].

The Cousin complex C (M ) mentioned in  th e  first paragraph o f this paper
is actually the Cousin complex C(.1r(M), M) for M  with respect to  the M-height
filtration Yf(M) = (11,), E N .  of Spec (A ), where

Hi = {p e Supp(M): ht, p for a ll i e N 0 .

F o r  clarity in  th is  paper, w e  a re  go ing  to  ca ll c(e(m), M ) th e  basic Cousin
complex f o r  M .  W e a re  go ing  to  show th a t th is  basic Cousin complex does
p la y  a  very 'basic' rô le  in  th e  theory of Cousin complexes, because we shall
show that any other Cousin complex fo r M  (with respect to  a filtration .F  of
Spec (A) which admits M ) can be obtained from C(Ye(M), M) by a  rather satisfac-
tory quotient complex construction which has the practical effect of deleting (for
each n e N o )  som e o f the  d irec t summands (Coker b" - 2 ), (p e aH n )  o f /3" and
leaving the  others intact.

T o  g o  in to  a  little  m ore detail about o u r  m ain results, le t us say , fo r a
prime ideal p  of A , tha t p  is  significant, o r  o f  significance, for C(F, M ) if there
exists i e N o fo r  which p e OFi and the direct summand (Coker cli - 2 ) ,  of the term
M t i n  C(.F, M ) is  non-zero; otherwise, we say that p  is  insignificant, o r  of  no
significance, for C(F, M ) .  (By [8 , 1 .5], any significant prim e for C(.97, M ) must
lie  in  Supp (M).)

We shall show that if p  is a  significant prime for C(F, M ), and i E N o is such
tha t p E OF, then (p E Supp (M) and) i = h t , p  and

(Coker di
-

2 ), Hp' ,

th e  'to p ' local cohomology m odule for the A r -m o d u le  M . In particular, for
q E Supp (M) o f  M-height j ,  th e  `q-pare of the  basic  C ousin  complex fo r  M
satisfies (Coker Hig,,(M g). These results show that, for each i e N o ,  the
i-th  term  in  C(F, M ) is isom orphic to a  d irec t summand o f  th e  i-th  term  in
C(M) = C(dr(M), M), the basic Cousin complex for M .  However, we can actually
say more, as it tu rns o u t that there is a  morphism of complexes

(w r  _  : corm,
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such that co- ': M  M  is  the  identity mapping o n  M  and, for each n E N , and
each prime ideal p e aF that is significant for C(,F, M) (so that p e Supp (M) and
n = ht m  p), the restriction of co" to  the direct summand (Coker b" - 2 ) ,  of 13" pro-
vides an isomorphism of (Coker b" -

2 ), onto (Coker d" - 2 ) ,; but for p e Supp (M)\aFn

having h t, p  =  n , the restriction of co" to (Coker V - 2 ) ,  is  z e r o . Thus each w"
(n e N 0 )  is  a n  epimorphism whose kernel is a  direct summand of 13".

W e a re  also able to  deduce from  this structure theory  that if  C(,F, M ) is
exact, then so too is C(.e(M), M) and these two complexes are isom orphic. This
gives another way in  which C(Ye(M), M) is 'basic', because it is, up to isomor-
phism, the  only possible candidate for an exact Cousin complex for M.

T h e  im petus fo r  th is  w o rk  cam e from  study  o f  a  balanced b ig  Cohen-
Macaulay module (see [7 , (1 .4 )] for the  definition of this concept) over a local
ring. Suppose, temporarily, that A  is local with maximal ideal m .  I n  [8, 4.1],
a Cousin complex characterization of balanced big Cohen-Macaulay A-modules
was given: le t d := dim A, and  le t g(A) = (Di ), N o b e  the  dimension filtration of
Spec (A ) given by

Di = 1p e Spec (A): dim A / p  dim A — i } f o r  a ll i e N 0 ;

then M  is  a  balanced big Cohen-Macaulay A-module if and only if  C(g(A), M)
is  exact and  H i (M ) 0  O. T h e  w ork  in  th is  paper a rose  o u t  o f  a  desire to
compare, for a balanced big Cohen-Macaulay A-module M, the Cousin complexes
C(g(A), M ), 0°(A), M ) and  C(Ye(M), M ) and to  explore whether a prim e ideal
q of A with ht q + dim A/q < dim A could have any significance for any of these
Cousin complexes. In fact, we shall show, as an example illustrating our results,
that such a  q  has n o  significance for any o f the  three complexes, and tha t the
three complexes are isomorphic.

W e now revert to the situation where A denotes a commutative Noetherian
ring (with non-zero identity), and M  denotes an  arbitrary A -m odule. Also, .9"; =
(1 'i)io N . w ill a lw ays denote  a  f iltra tion  o f Spec (A ) w hich adm its M , and the
Cousin complex C(347 , M ) will always be denoted by

0 M  •  •  •  M n + 1  — >  •  •  •  .

1. Technical results about Cousin complexes

In  this section, we collect together some results which are  fundamental for
working with Cousin com plexes. Although some o f  them can be approached
by means of straightforward modifications of arguments already in  the  literature,
w e d o  take th e  opportunity to po in t ou t th a t th e  w ork in  [2 , (3 .1), (3 .2) and
(3 .3 )] often provides a  sh o r t  p roof that a  com plex is isom orphic to a Cousin
com plex. We thus begin with a  brief reminder about complexes of Cousin type.

1.1. Definition. (See [2 , (3 .1 )] .)  A complex C = (C),, _ 2  of A-modules and
A - homomorphisms is  sa id  to  b e  of Cousin type for M  w ith respect t o  F  if  it
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has the form
-2dc. „ f . d a 'd . , „ , n +

• ' • " • — > 

and  satisfies the following for each n e N o :
(i) SuPP (Cn) F„;
(ii) Supp (Coker 4:- 2 ) g-
(iii) Supp (H" 1 (C ) )  g  F„,,; and
(iv) th e  natural A -hom om orphism  (C"): —> O p . aF„(C ) p  fo r which, for

y e C" and p  e  OF,„ th e  component o f  (C " )(y ) in  th e  summand (C) p is  y /1
(it follow s from  condition  (i) and  [3 , (2 .2) and  (2 .3)] th a t  th e re  is  su c h  an
A-homomorphism) is  an isomorphism.

1.2. Rem arks. (i) B y [2 , (3 .2)], the Cousin complex C(F, M ) is a  complex
of C ousin type for M  with respect to

(ii) Let C  = (C 1) _2 and Y ' = (Y ') i „._2 b e  complexes of Cousin type for M
with respect to „F. By [2, (3.3)], there is exactly one morphism of complexes

cP = 00 6 - 2 : Y.

which is such that 0 - 1 : M  M  is the identity mapping; moreover, this morphism
is an isomorphism.

(iii) Let L be an A-module such that, for some n e N o , we have Supp (L) g
Fn ;  le t L ' = lO p e  oFn  L p .

N ote that, for p e OF„, we have Supp A ,  L p c {pA p }, so that each element of
L p (considered as A-module) is annihilated by som e pow er of p , and  that, by
[2, (1.2)(ii)] (applied to L  and the filtration (Fi + n )i N 0 !), the natural A-homomor-
phism L' O p  L ' p  i s  an isomorphism.

T he  following example o f the  use  o f 1 .200  establishes a  result which we
shall need later.

1.3. Example. Let S be a multiplicatively closed subset of A .  As in [8, 1.1],
we denote by S - 1 .97  the filtration (G,), N o  o f spec (S 'A ) ,  where Gi = {S -  l p : pc F. ;

and p n s = 0}.
Now S - 1 ,F  adm its S ' M ,  and w e need to  know  that S '(C („F , M )) is iso-

morphic, a s  a  complex of S - 1 A-modules and 5 - 1 A-homomorphisms, to

C(S - 1 .F, S- 1 /14),

the Cousin complex f o r  S 'M  with respect to S - 1 .F.
O ne can approach this by straightforward modifications of the arguments

given in [3, Section 3], as is suggested in  [8 , p . 475]. However, another approach
is by means of 1.2 (ui), as we now sh o w . It is clear from 1.2(i) that S ' ( C ( , ,  M))
satisfies conditions (i), (ii) and (iii) of 1.1. T o  check condition (iv), let n e No ,
an d  n o te  tha t, for p e  OF„ with p fl S  = 0, the A-module (Coker d" -  2 )  h a s  a
natural struc tu re  as an  S 'A -m odule , and , on  use  o f the  comments in 1.2(iii),
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w e can see that there a re  S ' A-isomorphisms

SA M" 0  (Coker dn - 2 ) ' 4  0  (SA  (Coker d" 2 ))5-1
p E aF „ p E aF „

pns= 0 pns= 0

It now  follow s from  1.2(iii) app lied  to  th e  SA A-module SA  (Coker dn- 2 )  that
(C(F, M)) satisfies condition (iv) of 1.1.
W e can now  apply 1.2(i), (ii) to  see that there  is a  unique isomorphism of

complexes of S'A -modules a n d  SA A-homomorphisms

= (t/J (C(Yr, M)) C ( S A F , SA M)

which is such that O A  : SA M  S A M  is  the identity mapping.

1.4. Rem ark. Let n e N o a n d  q  e  Fn . It follows from the  last two para-
graphs of 1.3 (used with the particular choice S = A \q) tha t the direct summand
(Coker dn - 2 ) ,  o f Mn is  Ag-isomorphic to  th e  n-th term  in  the  C ousin  complex
C(Fg , M g ).

2. Comparison of Cousin complexes

T his  sec tion  c o n ta in s  o u r  m a in  resu lts  w hich  re la te  C (Jr(M ) , M )  and
C(<F, M).

2 .1 .  Notation. In  add ition  t o  the notation introduced at the end of the
Introduction, the following will be in force for the whole o f th is section.

W e shall write the basic Cousin complex for M, th a t is  C(Y e(M), M) where
the M-height filtration 119 (M ) = (111)i e  N .  of Spec (A ) is given by

H. = e Supp(M): ht m  p i l for a ll i e N 0 ,

as
n 1 3 - '  n o  b o  n 1 D  b " +1

D D "•— ■ .L .P n .u n - + . . . .

We shall also let = No denote a second filtration of Spec (A) which admits
M, and the Cousin complex C(W, M) will be denoted by

0 M N °  N 1 --+ • • • N "  N" •  •  •

2.2. Definition. For each p e Spec (A), we define the - height of  p, denoted
by ht.5, p, as follows.

If p  F o ,  then we set ht, p  =  —1. I f  p e fl( N0 F , then  w e set h t, p  =
If neither of these conditions is satisfied, then the set e N o : p e has a  greatest
member, n  say, and we set ht, p = n.

N ote that, for p e Supp (M) we have ht i f ( m ) p = ht m  P.

O ur first lemma in  this section establishes some simple but useful properties
of the .F-height of a  prim e ideal in  Supp (M).
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2.3. Lem m a. L et p, q e Supp (M ) with p q. (The sy m bol c '  is reserved
to denote strict inclusion.)

( i ) I f  htg  p  is f inite, then htg  p < ht g

(ii) If  h t, p  =  cc ,  th e n  ht, q = co.
(iii) In any  ev ent, h t, p h t ,
(iv) For every p e Supp (M ), w e have htm  p h t ,  p.

Pro o f . (i) Let h t ,  p  =  h. Suppose tha t h t, q  =  k h, and look for a con-
tradiction. Then q e Fk \Fk .,., and p e Fh g Fh. Thus q is not a minimal member
of Fk , and  th is is a contradiction.

(ii) Suppose th a t h t, q  =  k, finite, and look for a  contradiction. Then q e
Fk \Fk ± i  a n d  p  e  F h . T h u s  q  is  n o t  a  m in im al member o f  Flo  a n d  th is  is  a
contradiction.

(iii) This is immediate from (i) and (ii).
(iv) L e t  h t m  p  =  n , so that there is a  chain p o c  p i  c  •••c  p „  =  p  of prime

ideals in Supp (M). If  h t , p  =  co, there is nothing to p ro v e . Otherwise, it follows
from (i) and (ii) th a t h t, p i is fin ite  for a ll i = 0, n  and

h t, p o <  h t, p  1 <  •  <  h t , p „  =  h t , p  .

H e n c e  h t ,  p  n.

2 .4 .  Lem m a. Suppose, tem porarily , that A  is  local w ith maximal ideal m,
and that m e OF„. Then dim I / (C (F , M )) n  —  i —  1  f o r all i = 0, n — 1.
(W e interpret the dimension of the zero A -module as —1.)

Pro o f . Let i e N o  with 0 i n  —  1. W e  m a y  assume that I-P- 1 (C(g", M))
0. Let

Po OEP1OE'''OE Pt = ni

be  a  chain of prime ideals in Supp (111 1 (C(317 , M ) ) ) .  By 2.3,

h t, p 0 <  h t, p i <  • • • <  ht, p , =  ht, m = n.

But, by [8, 1.4(i)], we have p o F i + i ,  and so i + 1h t ,  p o . H e n c e  n t  +  i  +  1,
and  the  result follows from this.

O ur next result is a  generalization o f pa rt o f the  Theorem of [6], and  of
[8, 1.8].

2.5. Proposition. Suppose, tem porarily , that A  is  local w ith maximal ideal
m , and that m e OF„. T hen M ", the n-th term  in the Cousin complex C(F, M),
is isomorphic to H"„,(M), the n-th local cohomology module of M  with respect to m.

Pro o f . N ow  that L em m a 2.4 has been proved, this can be achieved by
straightforward modification of the argument given in  the  proof of the Theorem
in  [6 ], and  so w ill be left to  the reader.
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2.6. Corollary. L e t  n  e N o a n d  q e OFn . T h e n  t h e  d i re c t  summand
(Coker d" - 2 ) ,  o f  M "  is A  g -isom orphic to H"g i t ,(M g ), the n-th local cohom ology
m odule of  M g  w ith  respect to  the m axim al ideal of  the local ring A g .

Pro o f . This is immediate from 1.4 and  2.5.

2.7. Corollary. I f  p  i s  a p rim e  ideal o f  A  w hich is o f  significance for
C(.F, M), then p e Supp (M) and ht, p = ht m p.

Pro o f . By [8, 1.5], p e Supp (M ). Let h t ,  p = n, necessarily finite. By 2.6,

1-1;;A p (M , )  (Coker d" - 2) ,  0  O.

H ence, by [5 , 6 .1 ], n  d i m A , M  =  h t m  p. O n  t h e  o ther hand , htm  p n  by
2.3(iv), and  so  the proof is complete.

2.8. Rem ark. Let p E Spec (A). It follows from 2.7 and 2.6 that, for p  to
be of significance for C(F, M), several conditions are necessary. It is worthwhile
for us to  stress the details.

(i) If  p e Spec (A )V o ,  then p  is  o f no  significance fo r C(.97 , M).
(ii) If  p e Fo \Supp (M), then p  is  o f no  significance fo r C(F, M).
(iii) I f  p e Supp (M ), th e n  htm  p h t ,  p ,  a n d  p  only has significance for

C(,F, M) if htm  p  =  ht, p ; in fact, when this condition is satisfied, p  has signifi-
cance for C(F, M ) if  and  only if  Hh

p', P(M ,) 0  O.
(iv) In particular, if p e nnE  No Fn , then p  is o f no  significance for C(. , M ).

2.9. Remark. If  follows from 2.8 that, for each n e N o ,

M" =  0  (Coker d" - 2 ), .
po aF„naH„

2 .10 . Theorem. (W e use the notation of  2.1.) Suppose that F i G .  f o r  all
j e No, so that, on use of  2.3(iv), ht m  p h t ,  p  h t  p f o r all p e Supp (M).

For each n e N o ,  let

S '= 10 (Coker d" - 2 ), .
pe aF„nan,,\ac„

Then d"(S") g 5n + 1  f o r  all n e N o ,  and so , if  u" denotes the restriction of  d" to
S" (for each n  — 2 )  (interpret S - 2  = S - 1  = 0), then

0 0 S°  -"2■ S • • • S"

is a subcomplex of  C(g", M ); w e denote this subcom plex  by  S (,, A M).
The quotient complex C(F, M)/S(.97, A M) is isomorphic to the Cousin complex
M).

P ro o f . L e t  n E N o a n d  p e OF„ (10H„\OG,„ a n d  s u p p o s e  t h a t  0  x  e
(Coker d" - 2) .  Let q e OF„,, be such that the component (x  +  Im d" - 1 )/1 of d"(x)
in the direct summand (Coker d"-1), o f  m n+ 1 is non-zero.

SPI-H . _4
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By 2.8(iii), q e aF 1 n OH„,, . By 1.2(iii), x is annihilated by some power of
p; hence, since multiplication by  an  element o f A \ q provides a n  automorphism
of the A-module (Coker d' 1 ),, we must have p  q .  This means that q o ac„,,,
fo r otherwise, since p e G„, i , w e should have a contradiction t o  the  fact that
each member o f ac„,, is  a m inim al member of G 1 w ith  respect to  inclusion.
Hence q e ôF 1 flôH + 1 \ G + 1  a n d  it follows that d (S ) g  S " ' ,  a s  claimed.

L et us write the quotient complex C(.F, M)/S(., g, M) as
,-2

0 M  - ■° Q °  4
° Q1 Q n  Q n +

O ur strategy is to show that this complex is of Cousin type for M with respect
to  g  and then appeal to  1.2(ii). First note that, for each n e N o ,

Q" 0 (Coker d" - 2 ), = 0  (Coker cln- 2 )
Ppeac„naF„naH,, p e  aG„IlOH„

H ( M , ) 0  (Coker e 2 ) (C o k e r  en-
2 )

p
p ed G „fld li„ p ac„nal p eaG „

N",

in view of 2.6, 2.8(iii) and 2.9. It is thus immediate from 1.2 tha t Supp (Q") g G„
and the  natural A-homomorphism

(Q"): Qn QnPpE ac„

is  an isom orphism . Thus C(F, M)/S(.97, g, M) satisfies conditions (i) and (iv) of
1.1 (for g).

L et us now  turn  attention to  condition 1.1(ii). Of course, Supp (M) g Go ,
so  le t n e N (we use N  to denote the set of positive integers). Then

Supp (Coker 0 - 2 ) g Supp (Coker cln-  2 )11 Supp (Q" - 1 ) g F„ n G„_1 .
Suppose tha t p e OG„_1 n Supp (Coker 0 - 2 ) and look for a  contradiction. Then
ht, p h t ,5  p = n — 1, so  tha t p e Supp (Coker dn- 2 )\Fn , a  contrad ic tion . Hence
Supp (Coker 0 - 2 ) g G,,, and C(97 , M)/S(., g, M) satisfies condition (ii) o f 1.1 for
A  I t  re m a in s  fo r us to  check condition (iii).

Let n e N o . F i r s t  of all, on use of the results of the immediately preceding
paragraph,

Supp (H" - 1 (C(.97 , M)/S(.F, g, M))) g Supp (Coker 0 -
2 )

g Supp (Coker d n ')n  G,,.

Suppose tha t p e OGn Supp (H " ' MVS(F, g, M ))), and look for a contra-
d ic tio n . T h e n  ht, p h t g  p = n, s o  t h a t  p E Supp (Coker dn- 2 )\ F ,, , ,  Since
C(F, M) is  of Cousin type for M  with respect to  „F, it follows that

(H" - 1 (C(g", M))) p = (11"(C(F, M ))) O.
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It therefore follows from the long exact sequence of cohomology modules which
results from the exact sequence of complexes

0 —> S(.37", M)--* C(F, M)—> C(.F, M)/S (F, 5 M)—> 0

that (H "' (C (., M )/S(.,  M))) p (H "(S (f; , M ) ) ) , .  However, it follows from
1.2(iii) tha t (S") 0 ,  because

S" = 0 (Coker d' 2 ) .
p' e aF„M3H„\OG„

Hence (1-1"- 1 (C(F, M)/S(..F, 5 M)))„, (H "(S(F, 5 M ))),, = 0, and  we have a  con-
trad ic tion . T hus Supp (H"' (C(., M)/S(..F, 5, M)))  G „ . +1. . W e  h a v e  therefore
proved that the complex C(F, M)/S(.97, g, M) is of Cousin type for M  with respect
to  g, and so  an application of 1.2(ii) completes the  proof.

With the aid of 1.2(ii) and 2.9, we can now immediately deduce the following
corollary of 2.10.

2 .1 1 . Corollary. (W e use the notation of  2.1.) Suppose that F, g. G. a l l
i e No . T here is a  morphism of complexes

e = cm
which has the following properties:

( i ) M —> M is  the identity mapping;
(ii) f o r each n e No ,  the  m ap 0": M" —> N" is  an  epimorphism whose kernel

is a direct summand o f  M";
(iii) f o r each n e No an d  each p E aG„ fl aHn w e  have (p e u„rlarin  too , and)

the restriction of  0" to  the direct summand (Coker d" - 2 ),  o f  M " gives an  isomor-
phism (Coker d" 2 ) (Coker e" - 2 ) ;

(iv) f o r each n E N o  and each p e u n n aHn \ac„, the restriction of  0" to  the
direct summand (Coker d" 2 ) M " is zero.

2 .1 2 . Remark. Theorem 2.10 a n d  Corollary 2.11 c a n  b e  a p p lie d  to  the
basic Cousin complex C(fe(M), M) for M  and C(F, M), because, by 2.3(iv), H. g
Fi fo r  a ll i e N o .

Thus it follows from 2.10 th a t the modules

S "= 0  (Coker b' )
Pp e 011,\OF,

form the terms o f a  subcomplex of C(ite(M), M), and the corresponding quotient
complex is isomorphic to C (,, M ) . Furthermore, 2.11 te lls us tha t the re  is  a
morphism of complexes S2 = C (Y e (M ), M ) — >  C (F , M) such that co- 1 : M
M is the identity mapping, and for each n e No a n d  each p E an-„, the restriction
of co" t o  the direct summand (Coker b"- 2 )p o f  13" is  zero  if p  u n , b u t gives
an  isomorphism of (Coker b" - 2 )p onto (Coker Cin - 2 ) ,  if p e un.
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3. Applications to exactness of Cousin complexes

We begin this section with reminders of the definitions of the small support
and  the  depth of the A-module M  (recall that M  is not assumed to be finitely
generated).

3.1. Definitions. Recall from  [1 , Section 1 ]  tha t, w hen  A  i s  local with
maximal ideal m, the  depth o f  M , denoted by depth M  o r  depth, M , is defined
to be the smallest integer i such that Ext i,(A /m , M ) 0 if any such integer exists,
a n d  co otherw ise. For non-zero finitely generated M , this depth is, of course,
finite, bu t for a  non-zero  M  w hich is not finitely generated, it is possible for
this depth to be co.

B y  [1 , (2 .1 )], Wm. ( M )  0  fo r  a l l  i < depth M , w hile I - P ( M )  0  f o r  i —
depth M  i f  depth M  is  f in ite . T h u s , b y  [5 , 6 .1 ], i f  depth M  is finite, then
depth M  dim M.

W e now  revert to  the situation where A  denotes a  general commutative
Noetherian ring, not necessarily local. T h e  sm all support, o r  little support, of
M , denoted by supp (M) o r  supp, (M), is defined by

supp (M ) = {p e Spec (A): depth„, M, is finite} .

It is  c lea r tha t supp (M) Supp (M); if  M  is finitely generated, then these two
sets are equal, b u t in  general this need not be the case.

3.2. Remark. N ote that, by  3.1 and 2.3(iv), for p e supp (M),

depth„ , M h t m p h t ,  p .

Note also that if p is  a prim e ideal of significance for C(97, M) then, by 2.8, we
m ust have p e supp (M).

3 .3 . Rem ark. Suppose th a t n e N and  th a t the Cousin complex C(.97 , M)
is  exact a t  M = M-1, mo, m n - 2 .  L et L  be  a  finitely generated A-module
such that (0: L) is not contained in  any prime ideal p  w hich is of significance
fo r C(F, M ) and  satisfies ht, p n  —  1 . Then an argum ent entirely similar to
the 'partially exact Cousin complex argument' of [3, (4.6)] will show that

E x t iA  (L ,  M )

(L, Coker d n - 2 )
for i < n;
fo r i = n .

3 .4 . Proposition. L e t n E N .  T hen the Cousin complex C(.3re, M) is exact
at M  = m n - 2  i f  an d  only  i f ,  f o r ev ery  p e supp (M), w e have
depth„ , M min {n, ht., p}.

P r o o f .  ( )  L e t p e supp (M ), so  th a t, p e Supp (M ) b y  3.1 and  ht., p  is
non-negative: le t this height be r. Then, b y  2.3(iii), p is not contained in  any
prime ideal q which is of significance for C(F, M) and satisfies h t, q <  r. Hence,
by  3.3, Ext i, (A/p, M) = 0 for a ll i < min {n, r},  so  tha t depth„, M  min In, rl.
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Assume that depth„, M min {n, h t , p l for every p e supp (M ). Sup-
pose that t e N  is such that C(F, M ) is exact at M = M°, Mt-2 but
not exact at Mt - 1 ; we suppose that t < n, and look for a contradiction.

Let p  be a m inim al member of Supp (1-1'(C(.3F, M ))), so that

p e Ass (Ht - 1 (C(g7, M))) .

By [8, 1.4], h t , p t +  1. By 3.3, Exti, (A/p, M) 22_ Hom, (A/p, Coker d ' ) ,  and
s o  ExtiA , (A p /pA p , H o m , ,  (A p /pA p , (Coker dt - 2 ),), a n d  th is  is  non-zero
because

pA e  A ss ,, jv p ,))) g  Ass, ((Coker dt - 2 ))  .

Hence p e supp (M ) a n d  depth,, M p t .  However, ht, p  t + 1, a n d  so
depthA , M p < min {n, ht, p } . This contradiction completes the  proof.

3 .5 .  Corollary. The following conditions are equivalent:
( i) C (F , M ) is  exact;
(ii) depthA , M p h t ,  p  f o r all p e Supp (M);
(iii) depthA , M  =  h t , p  f o r all p e supp (M).

Pro o f . This is now immediate from 3.2 and  3.4.

We are  now ready to state and  prove our m ain result in  this sec tion . It
shows that there can be essentially at most one exact Cousin complex fo r M,
a s  i t  shows that i f  C(F, M ) is  exact, then the  basic  C ousin  complex fo r  M,
C (if(M ), M ) is exact and isomorphic to C(..F, M).

3 .6 .  Theorem. Here, we use the notation of  2.1, so that = (G), E  N . denotes
a second f iltration of  Spec (A ) which adm its M .  W e shall suppose that Fi c G.
f o r all i e No , so that, by  2.3(iv), ht m  p h t ,  p h t g  p  f o r all p e Supp (M ) and
the results o f  2.10 and 2.11 are  available.

I f  C(A M) exact, then
(i) M ) is  exact;
(ii) the morphism of complexes e  = C (F ,  M )  C(A M ) o f  2.11 is

an  isomorphism;
(iii) supp (M) is equal to the set of  prime ideals of  A  which are of  significance

f or C(S, M), and also equal to the set of  prime ideals of  A  which are of  significance
f o r C(.97 , M);

(iv) f o r p e supp (M ) w ith ht, p  =  n, w e have p E OFn f l OG„ and the restric-
tion  o f  0 " t o  the  d irec t summand (Coker d" - 2 ) ,  o f  M " giv es a n  isomorphism
(Coker CP- 2 ) ,  (Coker e" - 2 ),;

( v )  both the com plexes C(W, M) and  C(.97 , M ) are  isom orphic to the basic
Cousin complex C(Jr(M), M) f o r M , so that all three complexes are exact.

N o te . Given an exact Cousin complex M), we can always use the basic
Cousin complex C(Ye(M), M ) in  the  rô le  o f C(F, M ) .  Thus this theorem gives
information about all exact Cousin complexes.
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P ro o f . Let p e supp (M ) .  By 3.2 and  3.5,

depthA , M h t ,  p  ht."- p h t 4  p = depthA , M .

Therefore depthA , M  =  ht, p =  ht, p =  ht g  p  fo r  each  p E supp (M), a n d  so  it
follows from 3.5 th a t  C(3, M ) a n d  C(Yf(M), M ) a re  e x a c t. A ll the  remaining
claims now follow easily from 2.11, 3.2, 2.8(iii) and the Note immediately preceding
this proof.

3 .7 . E xam ple . Suppose that A  is local with maximal ideal m .  I n  [8, 4.1],
a Cousin complex characterization of balanced big Cohen-Macaulay A-modules
was given: le t d := dim A , and le t g(A ) = (D i )i e  N o b e  the dimension filtration of
Spec (A) given by Di = tp e Spec (A): dim A / p  dim A  — i l  for all i e No ; then M
is  a  balanced big Cohen-Macaulay A-module if and only if  C(.9(A), M) is  exact
and H ( M )  O.

Let us assume tha t M  is a  balanced big Cohen-Macaulay A-module. Vari-
ous characterizations of the small support of M  are provided by [7, (3.2)] (where
the  small support was called the supersuppore of M).

N ote that, for i e N o , w e  have

tp e Spec (A): ht p g 1p e Spec (A): dim A — dim A/p .

It therefore follows from 3.6 and  [8, 4.1] that a ll three Cousin complexes

C(g(A ), M) , C(Y e(A), M) , O f f (M ), M)

are isomorphic and exact, and that only primes in supp (M) (which, by [7, (3.3)]
o r  3.6, m ust satisfy htm  p = htA  p = ht ( A ) p) have significance fo r these Cousin
complexes.

Thus a prim e ideal q of A  with ht q + dim A/q < dim A  has no  significance
for any of these Cousin complexes: it w as a  desire to investigate this point, and
compare these  three  Cousin complexes, which provided th e  im petus fo r  this
research.
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