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Free complexes defining maximal quasi-Buchsbaum
graded modules over polynomial rings
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Mutsumi AMASAKI

Introduction

I n  t h e  study  o f  hom ogeneous ideals defining two codimensional locally
Cohen-Macaulay subschemes of a projective space, any knowledge of maximal
generalized Cohen-Macaulay graded m odules o v e r a  po lynom ia l ring  R  (i.e.
graded modules M  of the  sam e Krull dimension as tha t o f the  ground ring R
su c h  th a t 1R (H,VM)) < oo fo r  a l l  i < dim(R), m denoting th e  irrelevent max-
imal ideal of R) is very useful in  tw o respects. First, fo r  a  homogeneous ideal
a  o f  height tw o in  a  po lynom ia l r ing  R = k[x ,  xr ]  having th e  property
lR (H m (R/a)) < co for i < r  — 2, there is an exact sequence

0—N/ 1 >M --+ a-0

with a maximal generalized Cohen-Macaulay graded R-module M and  a  graded
free R-module N  such that H 1 (M) = 0, so  tha t once the structure of M , such
as its  syzygies, is fully understood, the problem  can be reduced to the  analysis
o f the  linear mapping -r. Second, denoting by t o th e  m in im um  o f a ll t  such
that a, 0, le t M ' be  the m odule over R' = k[x 2 , ,  x r ]  defined by the exact
sequence

to-1 (1,x1 )
0  R ( 1 )  
1=0

w here th e  l in e a r  fo rm s  x l , ,  x r  a r e  chosen sufficiently generally. Then
,(M ') ( R / a )  fo r each  i < r — 1  a s  a n  R'-module, s o  M ' i s  a maximal

generalized Cohen-Macaulay R'-module satisfying e Tn .(M') = to , which bears a  lot
of information on the generators o f a . In  fac t, applying Goto's structure theorem
for maximal Buchsbaum modules over regular local rings (see [G2, (3.1)], [EG,
Theorem 3.2]) to  the  above M , M ', we could give a  complete classification of
homogeneous prime ideals that define arithmetically Buchsbaum subvarieties of
codimension tw o in projective spaces (see [Al, §7]).

Keeping that in  m ind, we will investigate the structure of m axim al quasi-
Buchsbaum graded modules over polynomial rings (i.e. graded modules M  over
R with mli rn

i (M) = 0 for all i < dim(R)), especially in a simple case where t(M ) :=

Communicated by Prof. K . Ueno, July 3, 1991



144 Mutsumi Amasaki

#{ ( M )  0 ,  i < dim(R)} 2  a s  th e  first step. O u r  m a in  results, described
in section four, are obtained in the following manner. Given a  finitely generated
graded m odule M  having no  free  d irec t sum m and over a  noetherian graded
k-algebra R  and its  minimal free resolution

•  •  •  — +  Lo M -+ 0 ,

le t L . denote the minimal complex such that Hi (L.) ExtV(M, R ) for 0 < i <
b := dim(R) — depth ,,,(M), which is obtained by connecting the  dual o f L '. and
the  complex L". giving a m inim al free resolution o f  th e  kernel o f the  dua l of
OV (see (4.2)). Then L . is  the m inim al part of the mapping cone of a certain
system of successive chain maps (see (1.6)), which forms the basis of our approach.
W hen R  is  a  polynom ial ring  and M  is  a  m axim al quasi-Buchsbaum graded
R-module with /(M) < 2 , o n ly  one chain map is involved, and besides, it can be
handled by the linear algebra over k  (see (2.1), (2.5)). Thanks to C . M . Ringel's
theorem (see (3.3)) and an explicit formula for the chain maps from a direct sum
o f Koszul complexes to another provided in  (2.6), we thus get detailed results
for the case /(M) < 2, along with some observations in the case /(M ) =  3. Note
th a t th e  same method applies also to generalized Cohen-Macaulay R-modules
satisfying /(M) = 1, m 2 1-1„,' (M) = 0 for i < dim(R).

One may naturally feel inclined to give a  necessary and  sufficient condition
for those successive chain m aps m entioned above to correspond to  a maximal
Buchsbaum module, in order to generalize Goto's structure theorem. It is possi-
ble indeed at least over Gorenstein rings, which will be discussed in a forthcoming
paper.

T he idea o f m aking use  o f mapping cones a n d  its  first applications (2.5),
(4.6), (4.10) were reported for the m ost part a t  the conference held in K yoto in
autumn, 1990 (see [A 2 ]) . After that meeting, a joint w ork [CHP] was sent to
me, which contains another treatment of maximal quasi-Buchsbaum modules over
regular lo ca l r in g s . A lso, Y . Yoshino argued a b o u t th e  sam e subject, laying
stress on equivalence of categories, mainly over Gorenstein local rings in [Y ]. He
pointed out, among other things, that Schenzel's characterization of Buchsbaum
modules in terms of dualizing complexes (see [SV, Chapter II, Theorem 4.1]) is
false, unless the  ground ring  is  r e g u la r . I  a m  grateful to  him  fo r stimulating
discussions and for providing me with some elementary knowledge of representa-
tions of quivers, especially Ringel's results.

§ 1. Mapping cones

Throughout this paper R denotes either a local noetherian ring with maximal
ideal m and residue field k  = R/m, o r  a  graded ring 0  R, with m  =  t  >  1  Rt
w hich is generated over a  f ie ld  k  = Ro b y  a  finite num ber o f  homogeneous
elements a s  a  k-algebra. In the second case, R-modules are  always assumed to
be  g raded  a n d  Hom,(M, N) = (D, E  z f lom ,(M , N ), fo r  a l l  p a irs  o f  R-modules
M , N , where Hom,(M, N ), denotes the additive group consisting of homomor-
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phisms of degree t. Moreover when we consider a homomorphism f :  M  N ,
it is assumed that f  e Hom,(M, N) 0 , unless otherwise specified. Let L. = (L i ) ,
be a  complex of R-modules with differentials a i

L : L i —> (i e Z). W e  sa y  th a t
L .  is  minimal (resp. sp lit exact) w hen Im (ah c m L i _i  ( r e s p . H i (L .) = 0, L i

Im(ah C) K er(a)) for all in  Z .  Let L*', and for an integer n, let L[ — n].,
denote the complexes obtained by setting L* i = Hom R (L ( , R), (at+i)*: L* i

L* i+ 1  (d u a l map), 14— = L i a t t - ' 3 = at_,, and

L [> n], = { L

0 0 < n )
am,.] (i >= 

0 (i n)

respectively. W e set

ot(L .)= sup fil H i (L.) 0 , /3(L.) = infliiii i (L**) 0 O} ,

where Œ(L.) = —cc (resp. =  co) if and only if L . (resp. L**) is exact. The
mapping cone o f  a  chain m ap g.: L. L ' .  will be denoted by con(y.).. Recall
that

con(tt.)i = L + 1  C) L i , ar ,(#.) = - -i+1 P i ]

f o r  a l l  i e Z . F u r th e r , w e  d e n o te  th e  s e t  o f  c h a in  m a p s  kt. a s  above by
Hom,(L., L'.), t h e  s e t  o f  sequences v. = (v i )i  e  z  w i t h  vi e Hom R (L i , L ) b y
hom R (L., L'.) and  the  se t o f chain automorphisms (resp. chain endomorphisms)
of L. by Aut R (L.) (resp. End R (L.)). T h e r e  is  a  natural identification of the sets
hom R (L., L '.) and hom R (L[ — n]., it].) obtained by shifting subscripts from
i  to  i + n, under which the element of hom R (L [ — n]., n].) corresponding to
v. e hom R (L., L .)  will be denoted by v [ —  n].. L et ( OR), eem(R), 'x(R), cgy(R),
Wo(R),  ( exm(R), cem o (R ) be  sets of complexes defined by

'A R) = { L .leach L i i s  a  f initely  generated free R-module}  ,

(em (R ) = {L. e W(R)I L. is minimal}  ,

x (R ) = {L. e W(R)lim(aiL ) itiL i_i f o r all i 0, ot(L.) < 13(L.)} ,

y(R) = {L. G (e(R)Iim(aiL ) t i l L i _ i  f o r all i <O } ,

(go(R )= {L. e ce(R)1L 1 = 0  f o r all i < 0, H i (L .) = 0 f o r all i > O} ,

xm(R) = x(R) fl ce m(R) , m 0 (R) = Wo (R) f l m(R) .

The cem 0 (R) is nothing but the  se t o f the  m inim al free  resolutions o f  finitely
generated R-m odules. Under this identification w e w ill denote th e  element of
Wm0 (R) which gives the minimal free resolution of a  finitely generated R-module
E  by res(E)..

(1.1) Lemma. For each complex L. ec 6 x(R) (resp. y(R)), there are a minimal
P. E ce x m(R) (resp. 'm(R)) an d  a split ex act Q. E ego  (R ) such that L . P. C ) Q ..
Moreover these P., Q. are determined uniquely by this condition up to isomorphism.
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Pro o f . F or each i e Z, le t 4  be a free direct summand of L i such that

rank R (4) =  /R (Oi
L (4 ) + mL i _i /mLi _i ) = /R (Im(Oi

l ) + mL i _i /mLi _,)

and put = 8 N 4 ) .  Observe th a t ei
L 114: 4 —> 4 i'_1 i s  an isom orphism . The

relation Of(4') = 0 implies that (Li + mL i/mLi ) fl (Li' + mL i/m4) = 0 in the vector
space L i/mL, = L i 0 R/m, therefore

L, = Li" 0 Li 0 Li'

with a  suitable free R-submodule L'/' of L i . Let us replace with another free
submodule P  L i f o r  each  i, constructing Pi in  t h e  following manner. First,
p u t Pi = Li" for i < O. S in c e  Li 0 Li' = 0, = = L i f o r  i < 0, we have

irank,(Pi ) = rank,(4") ,

Pi + Li = Li" + L ;,

L i = Pi C ) LiC) L'i' ,

aiL(Pi) OE i1lPi-1

for i < O. Suppose there are Pi satisfying (1.1.i) (i 1 )  for some / > O. T h e n  the
equality ahaiL +i(L r+,))= 0  and (1.1.1), (1.1.1 — 1) imply

3il4-1(14"+1) OEP, + Li' = P, + 8,L+1(L 1),

so that m odifying free bases of L'r+ 1 ,  w e obtain  a  free  submodule P, + 1  w hich
satisfies (1.1.1 +  1 ). Thus we get a minimal complex P. e ( h i(R ) (ar = ah ,,,)  and
a split exact complex Q. e ( go (R) (OP = Q. = Li 0 L'i') such that L. = P. 0 Q..
It is clear that P. e (exm(R) if L. e  x (R ). Let P'. e cem(R), Q'. e Wo (R) be another
pair of minimal and split exact complexes satisfying L. :-.L= P'. 0 Q'. and let it.: L. —>
P'. be the natural projection. Then 9. := n.lp.: P. P'. is a chain map such that

9i C) R/m: C ) R / m  HAL.® R/m) 4 Pi' C) R/m

is an isomorphism for all i E Z, since both P. and P'. are minimal and free. Hence
P. P'., i n  particular rank R (P,) = rank R (Pi') a n d  rank R (Q,) = rank,(QD fo r  all
e Z .  A s a  result, Qi = 0  for i < 0 a n d  Q. Q'..

(1.2) Definition. With the notation of (1.1), we put min(L.). = P., se(L.). = Q..

(1.3) Lem m a. Let L., L . e  AAR) satisfy 1,(4 0 R/m) = 1,(L ®  Rim) fo r  all
i e Z .  T h e n  L . L'. if and only i f  min(L.).

Proo f . Almost the  same as the  last part o f the  proof of (1.1).

In the argument below, let a and b denote nonnegative integers with a < b.

(1.4) Lem m a. Given complexes L. e (OAR), G. E ( go (R) satisfying a(L.)< a and
a  chain m ap it.: L . G[— a — IL  w e  have H,(con(p.).) Hi (L .) f o r  i < a,
l i a (con(p.).) 110 (G.) and Hi(con(tt.).) -= 0 fo r  i>  a . In  particular a(con(p.).) a,
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with equality if  and only  if  1-10 (G.) 0 O. Moreover if  b f i ( L .)  a n d  b  -  a  1 3 ( 0 ,
then Hi (con(p.)**) = 0 f o r i < b , i.e. b Mcon(p.).), c o n ( .) .  e (6) x(R).

P ro o f . Easily verified by the long exact sequences arising from the short
exact sequence

(1.4.1) 0 G[- a]. -> con(1.4.). L . 0

and its  dual.

F o r  a  complex L. e ce(R) and  an  integer n, we define a  complex o-
n(L .). by

(i < n)

fL i (i < n) aia„(1..) P (i

1Pi _„ (I > n)
i_n (i > n)

where P. = res(Im( )). and EP  is  the map P0 P o /Im(Or) Im (O a
L ) Note

that an (L.).e W m(R) if L. e Wm(R) and that oc(o-
n (L.).) a ( L . )  with equality if and

only if *L .) < n.

(1.5) Proposition. L e t L . e W z m (R ), G. e ' 0 (R), and suppose oc(L .) a  <
b 1 3 (L .) , G. = res(Ha (L.))., Ext i,(11„(L.), R ) = 0  f o r a l l  i  (0 _< i  <b  -  a). Then
an (L.).e Wœm(R), oc(aa (L < a < b  . i6(o-,,(L .).) and there is a chain map 12.: o-

n (L.).--+
G [- a - 1]. such  that L . min(con(a.).)..

P ro o f . P u t G. = res(Ha (L.))., P. = res(Im(01,- )).. Since

(1.5.1) 0 -> .) -+ L a llm(a14.,) Im(01) -+ 0

is  exact, th e re  is  a  cha in  m ap  if .: P. G [  - 1 ] .  su c h  th a t E := Lalm(eaL+1) 1̀=-
Coker(Or (4 - ) ). Moreover (L a])[a]. min(con(p'.).). since both (L a])[a].
a n d  min(con(y%).). g iv e  m in im a l fre e  resolutions o f  E .  L e t  pi.:
G [- a  -  1]. be the chain map obtained by setting pti = p a fo r  i a , = 0 for
i < a. Then con(y.) ; =  con(p '.),, for i > a, con(a.) i = L i f o r  i < a, ar" ( g.) coin-
c id e s  w ith  the  com posite  m a p  con(y.)„ = Go  CD P, -> E ->lm(On

L ) La _i  a n d
Im(Orn (".) ) m L a _i , therefore  L. min(con(P.).).. C lea rly  a(aa (L.).) < a < b,
while b < fi(o-

a (L .).) follows from the long exact sequences arising from the dual
of (1.4.1) with L. replaced by o-

a (L .)., since K .)  =  fl(con(t.).) and b - a < I3(G.)
by hypothesis.

(1.6) Corollary. For a complex L. e  ' x ( R ) ,  suppose Ext i,(Hi (L.), R) = 0 for
all i, j (0 i  <  b  -  j ,  0  j  a ) ,  Œ ( L . )  a  <  b  K . ) .  Pu t OD. = res(1-1; (1,.)).e
c 0 (R ) f o r  e a c h  j  (0 j  < a). T hen o -

o (L.). e WzIgz(R), Œ(o-
0 (L.).) < 0 < b

fl(o-
o (L .).) and there are  inductively defined chain maps kt".: cro (L.). G( ' ) [- 1 ]. ,

pm.: cot-IGO - 1 ) J. -> G( i ) E -j - 1]. (1 < j < a) such that L . min(con(lia ) .).).. More-
over o-

o (L .). = 0  if L  =  0  f o r all i < 0 , and FI,(o-
0 (L).) = 0 , 'P (a0 (LX') =  0  for

all i E Z i f  R  is Gorenstein and HAL.) =  0  f o r all i < 0.
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P roo f. The case a = 0  follows from (1.5). Suppose that a > 0 and that our
assertion is  tru e  fo r  a — 1. Put L '. = (7,,(L.).. B y (1.5) there is a  chain map
p.: L'. G ' [ — a — 1 ] . su c h  th a t  L. min(con(y.).)., Œ(L'.) a  — 1, b :5_ fi(L'.).
Since HA '.) H A .) , R) 'L" Ext i,(1-1A .) , R) = 0 for all i, j (0 i <b — j,
0 < j  <  a — 1) by hypothesis and (1.4), there are ch a in  m ap s e ) : o-

o (L'.). —>
120 ) .: con(tcu -

1 ) .). Gu ) [ — j — 1]. (1 < j < a — 1) such that L'.=min(con(p ( ' . ) . ) . ,
b < fl(o-

o (L '.).) by  the induction hypothesis. Let con(ii(a-1).). G[ —a — 1].
be the chain map extending ftc. by LI Ir ( a ) . , se (con ( #

(-1) . ) . ) . = O. Then con(u (a).).=con(p.).0
se(con(a - 1 ) .) .) ., so  th a t L .-- --- '- min(con(p.).). m in(con(k t (") .).).. S in c e  c o (L'.). =
cro (L .)., th e  inequality a(cro (L .).) < O < b 5_ Acro (L .).) fo llo w s. It is  c lea r  th a t

= 0 if L. E  W g n o (R ) . When R is Gorenstein, its injective dimention is finite,
therefore Maci(L.).) = oo if oc(o-

o (L .).) =  —co, which implies the  last part.

(1.7) Remark. A s is  seen  by  th e  proofs, the existence of the chain maps
pu ). (0 j  a) w ith  th e  property L . m in(con(tc.).)., L. min(con(p (a) .).).

stated in (1.5), (1.6) is a  consequence of the hypothesis a(L .) <  a  only and  other
conditions such a s  th e  inequality Œ(L.) < /3(L.) appearing  in  th e  definition of

x(R ) have nothing to d o  with it.

(1.8) Lem m a. L et L ., L'. e Won(R), G., G'. e c ' i 0 (R ) be complexes with a>
max(a(L.), cx(L'.)) an d  le t  p.: L. —> G[— a — p ' . :  G '[—  a  —  1 ]. b e  ch a in
maps.

(1) I f  min(con(u.).). min(con(p'.).)., then L. L '. and G. G'..
(2) We have con(u. p'.). con(p.). c o n ( i t '. ) .  f o r the  chain map it.® p'.:

P roo f. (1 )  S in c e  L 1 = min(con(tc.).) i f o r  a l l  i < a, Im(0,c," ( P.) ) = Im(81),
(L [ a ])[a ]. res(Im (a)). and the same holds for L'., one finds that the hypo-
thesis min(con(it.).). m in(con(ti'.).). im plies L .  L'.. T o prove  G. G ' . ,  it is
e n o u g h  to  observe t h a t  G . (resp . G '.) gives a  m in im a l f re e  resolution of
Ha(min(con(i2 .).).) (resp. Ha(min(con(If.).).)) by (1.4).

(2) Obvious.

(1 .9 ) Proposition. Given chain maps p., p'.: L.—+G[— a —1]. with L. e  AAR),
G. E (G (R ), a> a(L.), a  necessary and  sufficient condition for min(con(i.c.).).
min(con(.4%).). is that there are  chain automorphisms 9. e Aut R (L.), Ii . E A UtR (G.)

such that p'.(p.i [ —a — 1].p. (chain homotopic).

P roo f. If there are chain automorphisms cp. and satisfying the condition,
we have

(1.9.1) P P i — ifri-a-1 P i —  °P.-A for a ll i e Z

with suitable v i e Hom R (L i , Gi , )  (i E  Z ) .  The maps

i _ vA i  :  p a (i e Z)
0 9 i
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therefore give a chain isomorphism A.: con(y.).—■con(p'.).. Hence min(con(y.).). --L, '
min(con(p'.).).. Conversely, suppose min(con(p.).). m in (c o n (p / .) .) , .  Then there
is  a  chain isomorphism A.: con(ki.). c o n ( p '.) .  b y  ( 1 .3 ) .  P u t  a. =  0 0 " ,  0 ' ,  =
6;0noe.), M = Coker(a.+0, M' = C oker(+1), E = 1-10(G.), N = 1 1n(aaL ), 11N  = 2

a-1 I
 
N'

and let M  M ' (resp. 45: M  N ,  M '  N )  denote th e  isomorphism (resp.
homomorphisms) induced by Aa (resp. aa , We have a commutative diagram

G, e  L a + 1  - -± r — >“  G o 0  LaN  c  L a _ i

(1.9.2)

Since H i (L .) = 0 for all i a by hypothesis, one finds Ker(S) E  Ker(6'), more-
over 'IN S =  (5'ri by (1.9.2). There exists therefore an autom orphism  nE : E E
which makes the  diagram

0  — > E . - - + M =3 ■ N — ) . 0

(1.9.3) I nN

0  — >  E M' \

com m utative. Now observe that G., L [> a]. give free resolutions of E, N  respec-
tively and that M  (resp. M') is the module defined by the element of Extl(N, E)
represented by 8G pa + ,  (resp. g G it a' ± I ) ,  where 8G : Go  E  is  the  natural surjection.
L e t 0., 9 '.  be chain autom orphism s o f  G., L [ > a]. compatible w ith  q E ,  riN

respectively a n d  le t cp. be th e  chain automorphism of L . defined by cpi = (14 - a

( i  a), = A r" (". ) (i < a). The diagram (1.9.3) implies that r1E 8 G tia + 1  =  G O !la +1
and  8 G  /la

' +1 9 1  = 8 G  ?la +1 (p a+i represen t th e  same element of Exti(N , E), in  other
words there are v E Hom ,(L i , Gi , )  (i =  a, a + 1) such that

— 1Potta+1= u1 V 0 + 1V aaaL +1  •

Since L. e (OR), th is  can  be  com ple ted  to  th e  form (1.9.1), therefore 12%9.
tfr[— a — 1].y . a s  desired.

Given complexes L ., L'. E (6(R), a  chain map L. and homomorphisms
9.ehom R (L., L.), tfr. E hOMR (L., L '[1].), we define OOP., €
hom ,(con(p.)., con(.).) by

OOP., 9., =
v i]

0 (pi

for a ll i E Z .

Also, we p u t  - v. = ((— 1 )iv1)10 z h o m R ( L . ,  L '[ 1].).

(1.10) Lemma. L et L ., L'., be as above and put L". = con(p.)..
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(1) For 9., 9'. e Aut R (L.), e Aut R (L'.), y .  e hom R (L., L'[1].) satisfying
the condition 9. = t fr. 0 ( 0 . ,  9 . ,  v . ) .  e Aut R (L".), there is a  homomorphism

. e hom R (L., W .) such that 0(1/., 9'., V .). is a  chain automorphism which is
chain homotopic to o(0., y . ) . .

(2) L e t 9, e Aut R (L.), f r. E  AutR (L'.), v., e hom R (L ., L '[1].) and suppose
B(11r., 9., v.). e AUt R (L".). Then NO., e Aut R (L".) if  an d  only  i f  - v. —
is a  chain m ap . Moreover, when this is the case, 0(0., 9., v.). = e(0., y'.). if
- v. — - V. =' 0.

Proo f . (1) By hypothesis there are hom R (L., L [1].), e hom,(L'., L'[1].)
such that

(Pi — q,1 =  iL+1Ci + — = a1 1 I +
for a ll i e Z .  Put

=  Vi (i

Then we have

0 (0%, 49 %, v'.)1 — 0(0., v.)1 = aic-n( 4 . ) [  C :+ 1  ° ]  +  [ °
a c o n ( p . )

0 Ci0 Ci-i

for a ll i  by direct computations.
(2) Clear by definition.

The following lemma follows from the proof of (1.9).

(1.11) Lemma. Given L. eÇ (R ) w ith a> *L .), G. e Wo (R) and a chain map
tr.: L. —> G[— a — 1]„ put L". = c o n (p .) .. Fo r each .1. e Aut R (L".), there are  9. e
AutR (L.), e Aut R (G.), y .  e hom R (L., GE— a].) such that e(0  —a — 9., v.), is
a  chain autornorphism o f  L". which is chain homoto pic to

(1.12) Lemma. L et L . e 'y (R ), L'. E (6(R), P. = min(L.). and let p., p'„: L. -4
L '. be chain m aps. T hen p. = if  and  only  if  /1 .1p. = 11 '.1p.•

Pro o f . Put Q. = se(L.).. Since every chain map from a  split exact complex
to  an  arbitrary complex is chain homotopic to zero, we have /2.1 Q . '= 0, p.I Q.  0.
Hence the conclusion.

§ 2. Complexes whose homology modules are vector spaces

From  now  o n  K . denotes the  complex giving the m inim al free resolution
o f the  residue field k  = R im , i.e. K . = res(k).. Let p  b e  a nonnegative integer
a n d  G. = K .P. In  th e  graded case, let p„ (n e Z ) be nonnegative integers such
that p,, = 0 for all bu t a  finite number of n and put  G. = (D„K .(n)P-. Note that
G. K. OR G0 , where G o =  RP in the first case and G, = 0,, R(n)P- in the second.

(2.1) Lemma. L et L . be a  complex in  ey(R ) and c  an  integer.
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(1) F o r chain m aps it., y '.: L . —  G [—  c]., th e  follow ing conditions are
equivalent.

=
(ii) = 14101-rionL) (mod in)
(ni) i l oh - 10.4_0 l(al) (mod m) f o r all i e Z.
(2) Fo r a chain map y.: L. — > GE—  c]., we have )2 1-

± , 0  (m o d  n t) . Con-
versely, given a  linear m ap h e Hom,(L c , Go )  satisfying 110,11_1 0  ( m o d  m ) ,  there
is a  chain map y.: L. — ÷ GE—  c]. such that y a = h.

(3) For every g e A ut R (G0 ), we have id„. (:) g e Aut R (G.). Moreover f o r each
A. E Aut R (G.), there is an automorphism g e Aut,(G o )  such that A . i d , .  g.

Pro o f . (1) Since it . it '. if and  only if

5,u, — = vi_1aiL for a ll i E Z

with v. e hom R (L., G[ — c + 1].),

the implications (i) (iii) (ii) are clear. S uppose  (ii)  holds and  put 13 .= min(L.)..
Then Im(ti c l,, —,tt',1 p trtG, =Im(0), so there is a  map Vc E HOMR(Po  G 1 ) fulfilling
PcIpc — ifclpc =  a v c . This can be completed to a  chain homotopy —
0, therefore ft. by (1.12).

(2) I t  i s  c le a r  t h a t  p c ac
i -
4 1  = O  (m od n i ). C o n v e rse ly , l e t  h e

Hom R (Lc , Go ) satisfy h 1 0  (m o d  m ). S in c e  Im (h a e
L.„) m G o  = Im(a?), there

is a  linear map p c + ,  e Hom R (L ,,,, GO satisfying =  hac
L
+ 1 . Hence the exis-

tence of y . a s  stated.
(3) The first pa rt is  obv ious. The second follows from (1).

(2.2) Remark. By (2) of (2.1), we can associate with each h e Hom R (L c , Go )
satisfying hac

L
+ 1 0  ( m o d  n i )  complexes con(p.)., min(con(p.).)., taking a  chain

map L. GE—c]. s u c h  th a t  y e =  h. T he  property (1) of (2.1) implies that
they are determined uniquely by h  u p  to  isomorphism.

(2.3) Lem m a. A ssume R  is graded . For a complex L. e  on(R) and an inte-
ger c , suppose that L . L .  with L ( ") . E (ent(R) (n e Z), L ( n)

• =  0  f o r all but
a f inite number of  n  and that each Pen) is isom orphic to the direct sum o f  a finite
num ber (possibly  m ay  be z ero ) o f  cop ies o f  R (n ). T hen f o r every  chain m ap
y.: L. G [— c ]. ,  w e  hav e y . = n(n).12.11.00., where ir (n) .: G[— c]. K [—  c].(n)P-
denotes the natural projection for all n e Z.

P ro o f . Put VI'''. = n°1)41.1 We see vc" ' 0  ( m o d  n t )  for n n', therefore
p. v " . by (1) of (2.1).

L e t q  b e  a nonnegative integer a n d  F. = K ." . In  th e  graded case  le t qa ,
(m e Z) be nonnegative integers that are zero for a ll b u t  a  finite number of m
a n d  se t F. =  K (m )m . A s in  th e  ca se  o f  G ., w e have F. = K. (DR  Fo  w ith
Fo  =  R" or Fo  = (:)„, R (m )q". Fix a positive integer a and denote by {v 1 . . . . .v }
a free basis o f K a , , ,  where we assume that each y , is a  homogeneous element
of K a + ,  in  th e  graded case.
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(2.4) Definition. A m inim al complex L. e (em(R) is called decomposable if
there are minimal complexes L ' L ". e Wm(R) different from zero such that L.
L . 0  L".. W hen L . is not decomposable, we call it indecomposable.

(2.5) Proposition. Given chain maps y., y'.: F .-3 .G [-a-1 ]., put h= h '=
1.14 1 and le t h,, h; (1 1 s )  be the elements o f  HomR (Fo , Go ) (Hom R (F0 , Go ),deg(vi )
in the graded case) such that h = v, 0  hi ,  h' = vr ® h; .

(1) W e hav e min(con(p.).). m in (con(p '.) .) . i f  an d  only  i f  there are  g e
AutR (G0 ), f e Aut R (F0 )  such that

(2.5.1) ghif h; (mod nt) for a ll 1 (1 1 s) .

(2) Suppose R  is graded and that deg(v,) = d  f o r all 1 (1 1 s ) .  Then

min(con(u.).). 0  m in(con(p(m , m  -  d).).).,
rn

w h e re  p(m, n). d e n o te s  th e  c o m p o s ite  m a p  K.(m)q- c: 4 G [-  a -  1].
K [ -  a - 1].(n)P- f o r each pair (m, n)e Z 2 .

(3) Suppose R is a local ring. T he m inim al complex min(con(y.).). is decom-
posable if  and only if  there are g e Aut,(G o ), f e AutR (F0 ), integers p( J), q ( i ) (j = 1,
2, 0 < p( j ) < p, 0 < q ( i ) < q, (p ( i ), q( i ) ) 0 (0, 0), (p, q)) such that

" p( 1 ) p(2) = p q(1) q(2) =

0
(2.5.2) ghif

hr)
(mod m)

with G HOMR (Rq w , RPu ) ) f or all 1(11  s )

where the linear m aps are  identified with matrices.
(4) Suppose R is graded, deg(v,)= d f or all 1(1 F.= K.(d)q and G.= K.".

Then the above (3) holds, with (mod nt)", Aut,(Go ), Aut,(Fo ) and Hom,(Rt, R`')
being replaced by  "=", GL(p,k), GL(q,k) and Hom k(kt,k e )  respectively.

Pro o f . P u t P. = min(con(p.).)., P'. = min(con(p'.).)..
(1) By (1.9), we have P. P ' .  if and only if there are chain automorphisms

(p.e AutR (F.), tfr. e AutR (G.) satisfying p'.(19. tli[ -  a -  1 ] .y . .  O n the other hand,
for such go., tp. there are f  E AUtR (Fo), g e AutR (G0 ) with the property cp. idR . 0
f -

1 , 0 . ,  idR . 0 g by (3) of (2.1). Therefore P. P'. if and only if it'.(idi c  0  f ' )
g),u. for some f  E AUtR (F0 ), g e Aut,(Go ). Moreover this condition is

equivalent to

(2.5.3) 14+1(i4,, ® f 1 ) ( id ic 0 0 9)12 .+ 1  (mod ni) ,

b y  (1) o f  (2.1). S in c e  1 4 + 1 0 4 „ , f = vt 0  h; f - 1 , ( i 4 0 0  g )  i ia + 1  =

(id R O 9)14+1 = E1, 1 v t 0  ght , one sees that (2.5.1) and (2.5.3) are the same.
(2) S ince  K a + 1 0 0 -

 R ( m  -  d ) s q - ,  o u r  assertion i s  a n  immediate con-
sequence of (2.3) and  (2) of (1.8).
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(3) Suppose P. = L ( 1 ) . 0  L ( 2 ) .  with minimal complexes L( i ) . ( j = 1, 2). Then
each Lu ) . satisfies LP )  =  0 for all i < 0, Hi (L( i ) .) = 0 for i 0, a and mHi (L( l ) .) = 0
fo r i = 0, a, since P . h a s  th e  sam e property . There  a re  therefore chain maps
pu ) .: K.q( j )K [ — a — ( j  = 1, 2) fo r  suitable nonnegative integers p( J) , q ( i )

such that LP ) . = min(con(p ( i ) .).). by (1.6), (1.7). Thus

(2.5.4) P. = min(con(le" ) .

b y  (2) o f  (1.8). We see p(2) = q( 1) +  q (2) = q  b y  (1) o f  (1.8), so  that
the "only if" part of our assertion follows from (1). Conversely, if (2.5.2) holds,
there are  chain maps ( j = 1, 2) a s  above defined by the condition je ,  =

vr h r  b y  (2) o f  (2.1), fo r  w hich w e have (2.5.4) b y  (1). T his together
with (2) of (1.8) shows the "if" part.

(4) As stated at the beginning of section one, all homomorphisms are homo-
geneous of degree zero in  the case R  is graded.

When R  is a  regular local ring (resp. a polynomial ring over k), the complex
K . is  the  Koszul complex o f R  with respect to  a  regular system of parameters
(resp. indeterminates over k), so the chain map i ,  can be expressed by an explicit
formula.

(2.6) Lem m a. A ssum e R  is  a  regular local ring of  dim ension r w ith m =
(x1 , x,.) or a poly nom ial ring k [x ,, x r ]  w ith deg(xi ) = 1 (1 j  r). Let
{u1 , ur } b e  a  f r e e  b as is  o f  K ,  such that O N u i )  = x  (1  j  r ) ,  J  =

i 1, • • • j1)1 1<  •  •  •  < r}  for 1 r an d  u , = u 1 A • • • A u i , f o r  I =
j,) e I , w here F, = { 0} , u 0  = 1 . G iv en  an R -linear m ap h = L ,7  r r ut

h, e Hom,(Fc , G0 )  with 1 c  r ,  h ,  E Hom,(Fo , G0 ) (Horn R (F0 , GO, in the case
R = k[x 1 , ..., x r ]) , we set

= 0 f or i < c ,

pc = h ,

pc .r i  =  E  E  sg n (  
,  I \ J )

ut ( 4 , 1 0  hi vi for 1 > 1 .

Then !I.: F. G E — c ]. is  a  chain map satisfying p c = h.

Pro o f . N o te  tha t O f . =  Of' 0  id, , = 0!` 0 id G ., = aPc .  Clearly
ai

6 E - c 3 iti -= O= ar for i < c. Suppose 1> O. F i r s t

0  id G o )p c + i,  = E sgn( u* ( -1- 1 k " J I
OK .1)

v-v1 1 " I \ J  •
I  e  r e + 1 + 1  .7 E 1 1 + 1 J ,  I \J )

O n the  other hand,

lic + I(
0K-F1+1 

0  idF o )

pc + , sgn .)u t 0  (xf ui v i ) idF0)j j j, /\./
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E  E= sgn  ( I  ) sgn  (
j e  I J e  f l  

4 0 (x i i.i.,) 0  h,,, ( i ,J )

I e  F , ,, ,  J c l \ j
i ,  I V J, 1\(j, .1)

I= E E sgn (
(J

, j ) ,  1  v i ,  . 1 )1 4  0 (xi u,) 0 h i v i d )
j e l J e f f

l e  l ' , , , ,  J c l \ j

1 )
l i t  CI ( s g n  

( J
j  . ) ( x i u j  \ i )) 0  li, v ,=  E  E  E  sgn  (

l e 1
c+1+1 .1 e r1+ 1 i e  i J, I\J j, J\i

J c l

=  E  E  sgn
I \ J ut ( , i ( u

l e l-,+ 1 + 1  J E  Ft+,
aiK .1)) ,

J c l

therefore Di
G N`Ift, = p i_ i O f for i > c also.

For the rest of this section we confine ourselves to the case R is graded. W e
will denote th e  se t  {t1H,(L.), 0 0}  b y  Ti (L .) (i e Z ) fo r  each L. E W (R). Given
integers j 1 , . . . , i,, t1 , ... , t ,  w ith  il < • • • < ii ,  / 1, le t  Ct

i : ' ' ' '  :: denote the set of
minimal complexes L. e cem (R ) satisfying the condition

{ Hi (L.) = 0 for i 0 i i , ... , i, ,

mHi (L.) = 0 for i = i i , ... , ii ,

(L.) c Iti l for all j  (1 j I).

(2.7) Corollary. A ssum e th at R  i s  a poly nom ial ring k[x,, ... , x,.] with
deg(xi ) = 1 (1 j  r, r 2) and that 0 < a r — 1. L e t L. e W m(R) be an in-
decomposable m inim al complex different from z ero  satisfying L i = 0  f o r  i < 0,
Hi (L.) = 0 f o r i 0 0, a, mHi (L.) = 0 f o r i = 0, a .  Then L. e C I .,  L,  R(m — r)
f o r  som e m e Z  o r  L. e  C ,_ m + a + 1 ,  L t .  r="' R(m — r — 1)(r% ) "  f o r  som e m e Z,
p > 1.

Pro o f . If Ha (L.) = 0 (resp. Ho (L.) = 0), the complex L. coincides with K.(m)
(resp. K [ — a].(m — a — 1)) for some m e Z, since L. is indecomposable by hypothe-
sis. H e n c e  o u r  assertion in th a t sim ple case. Suppose that neither o f  Ho (L.)
and  Ha (L .) is  z e r o . By (1.6) and (2) of (2.5), there a re  integers m, p, g  (p .. 1,
g 1) a n d  a  cha in  m ap  tt.: K(m)q —> K [ — a — 1] .(m — a — 1)" su ch  th a t L.
min(con(y.).)., therefore L. e Cl;a„,_„,+ a + 1 . Let h 1 eHom R (R(m)q , R(m —  a —

 1 )11a+1 =

Hom1(10, V ) (I e f )  b e  the  linear maps determined by the condition pia + ,  =
E/E r ,  U t  0  hi • Then

g r  = E
sgn ( (1, ... , r) )  ,

..041 A  • A  Ur ) * 0 U j  0  hu ....... OW
J E Fr-.-1 .1, (1, ... , r)\J

by (2.6). Since Ih(1..... r ) \ J I J  G 1 r— a-11 =  { h i l l  E 
r

a+1}
,

implies that rankk(kt, 0 k) = g  by (4) of (2.5). In  other words,

rankk( " ( ' ) 0 k Kg.P) =

the indecomposability of L.
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so that se(con(p.).)rR ( m  — L, min(con(p.).)
r K [— a], .( m  —  a — 1)P

R(m — r — 1)( r - . ) P  a s  desired.

(2.8) Lem m a. L et R  be as in  (2.6), F. be as  above and L. e Wwz(R). For
each linear map h: F„ L„ there exists a  chain map y.: F. L. such that y, =
In  particular, there is a  chain automorphism A. e AutR (F. 0 L .) such that

a r  
rid 0,  

idd  •

P roo f. Passing to the duals, set =L  =  L * ' - ' for i e Z  and let F'.,
b e  the com plexes in W m (R ) whose differentials a re  induced naturally from

those of F., L . respectively. Since F'. has the  same structure as G., there is a
chain m ap a'.: L'. —> F .  such  that i f° = h*  by  (2) o f (2.1). It is  enough  to  put
pi = L i  for a ll i e Z.

(2.9) Proposition. L e t R  be as  in  (2.7) with r>  3  an d  a  be an  integer
satisfying 0 < a < r — 1. Fo r every L. e W ox (R ) having the property L i =  0  for
i<O, H i (L .)=  0  f o r i 0 ,  a, r — 1, mH i (L.) = 0 f o r i = 0 ,  a, r — 1, there are
E(m).  G  c0,,ny m + , 5  r(m ) . e  c o , a , r -m

+a+1,-m+r+i (M G Z),1 which are z ero f or all but a, m
finite number of  m, such that

L. (0 L , (m). )

P roo f. By (1.5), there is a  chain map ft.: G[ —r ].  for suitable 1).
(n e Z) such that L. = min(con(Y.).).. Since (7,._1(L.)1 =  0 for i < O, Iii(cr - I (L . ). )=
0  for i 0, a, mH1(ar-1(L.).) = 0  for i = 0 , a, it follows from (2.7) that

( 0
 p ,(m ). 

e

fo r  som e minimal complexes P' (m). e C2„„ r(m) .  e m+a-Fi(m G Z), which are
ze ro  fo r a l l  b u t  a  finite  num ber o f  m , satisfying goo= R(m — P;'('")
R(m — r — 1)( r% )1 ‘ (l, l','„ > 0). P ut P ("). = P' ("+ r). P" (n+r+1).  and le t Tr( ") . be the
p ro jec tion  as in  (2.3) w ith  c = r (n e Z ) .  W e  have  it. O n v(")

• w i t h  v("). :=
n(")./.1.1p(.). by that lem m a, so that

(2.9.1) L. = min(con(v (n).).). .

Fix n and let P. = P ( ") ., P'. = P' ("± r) ., 13 ". = p(n+r+i).5 = v ( ")., p = p„. Obviously
there is a n  automorphism g e Aut R (R(n)P) = GL(p, k) such that

gv,  =  [h
-1

with a surjective h" e Hom,(P;', R(n)P") for some p" (1 p" p ) .  Write

gvrIp; =  [ h'h,„1



(2.10.1) 7;(1) U Ti
(21 =  TA .) Ti") n Ti121 = 25 f o r all i

(2.10.2) {(Ti") + (i' -  +  1 ) )  n V 2 1 =  0 , (T;(2 ) + (i' — + 1)) n V1 ) =
for all pairs i, i' with 0 i < <  a  ,

then L . = L (11 .10 L ( 2 ) . w ith minimal complexes L " ). E W m (R) (j = 1, 2) fulfilling
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w ith  h' e H om ,(g , R(n)P'), h " e Hom R (g ,  R (n)P") (p' = p - p") a n d  l e t  ii e
H om ,(g , g') b e  a  linear m ap  such  tha t h" + h"rt = O. Then (2.8) guarantees

[id e , 0 1
the existence of a chain automorphism A. e Aut R (P.) such that A,. = ,  -

h idp; : j '
f o r  w h ich  w e  have  gvr Ar =  h' 0  h": P; e P;' - > R(n)P' e R(n)P". Let v'.: P'. - >
K [ - r].(n)P', v" .: P". - > K[ - r].(n)P" be  the chain maps satisfying v if = h', v;.' = h".
Since (idK i _,.1. 0  g)v.A. ,--' v'. e v". by (1) of (2.1), one finds that

(2.9.2) m in(con(v (n).).). = min(con(v.).). ''-' min(con(v%).).10 min(con(v".).).

by (1.9) and  moreover that

(2.9.3)
Imin(con(v%).). e C2 ir,H-10,-(.+0+r

min(con(v".).). E (o+r, 1),—(n+r+1)+a+1,—(n+r+1)+r+1 •

This holds for a ll n e  Z .  Our assertion therefore follows from (2.9.1)-(2.9.3).

The above (2.7) and (2.9) are special results. Unlike the cases treated there,
in  general it cannot be expected that every indecomposable minimal complex
L. e Won(R) satisfying L i = 0  ( i < 0), H (L.) = 0  (i i 1 , i i ), m H i (L.) = 0  (i -
i1 , ii ) is contained in C i

i: ' ...  ti: for suitable t 1 ,... ,t i ,  even though R  is  a  poly-
nomial ring (see (2.12) below). The following proposition gives a  general formula-
tion. F o r  a  se t  T c  Z  a n d  a n  integer n, le t T + n denote the  se t { t+nite T}.

(2.10) Proposition. A ssume that R  is graded and that K i i s  the direct sum
o f  a finite number of  copies of  R (- i) f o r every i 0 , namely, the residue field
k  has a  linear f re e  resolution ov er R . L e t L. e (6' m (R ) be  a m inim al complex
satisfying a := oc(L.) < cx, L i = 0  f o r i < 0 , and m H i (L .) = 0  f or 0  i  a. If
there are  subsets Ti

( i ) T A . )  ( j = 1, 2, 0 < i < a) such that

(2.10.3) Ti (L ( i ) .) =  Ti
( i )( j 1, 2, 0 i a) .

Moreover

(2.10.4) LY )E P  R ( -  t  -  + (j = 1, 2)
i=0 te TV)

f o r all i' > a, where are  suitable nonnegative integers.

Pro o f . In  the  case  a = 0 , one  h a s  L .  G. with suitable p„ (n G Z), which
is nothing b u t our assertion. Suppose a > 0  a n d  tha t ou r assertion is true  for
smaller values of a. L et p.:o -,,(L.). - >G[ - a -  1] .  b e  th e  chain map satisfying
L. min(con ti.).). (see (1.5), (1.7)). Observe first that G. G( 1 ) . e  G ( 2 ) .  with

(2.10.5) Gu). = K.(n)Pn ,
—ne TV)



Free complexes 157

since Ho (G.) H (L .) by (1.4) and 1 1 U Ta
(2 ) =  T a(L .), Ta" )  n Ta( 2 )  =  0  by (2.10.1).

Besides, since oc(ca (L.).) < a ,  Ti(a.(L.).) = Ti (L .) fo r ( < a  b y  (1.4), there are
P ( i

) • e (got(R) (j = 1, 2) with

(2.10.6) T;(P(i).) = Ti m ( j = 1, 2, 0 i < a)

such that o- a (L.). P " ) . 0  P ( 2 ) . by the induction hypothesis. Here we may assume
, a -1

(2.10.7) R ( - t  -  + ( j = 1, 2, i' a - 1)
i=o t E  Tji )

for suitable TN), >  0 . Denote the projection from G[ -  a -  1]. to  0 [ - a -  1].
by  (- du). for each  j  =  1, 2. The conditions (2.10.2), (2.10.5), (2.10.7) imply that
(TC Po +1 I = 0  (m od  m) for j  j ' ,  therefore L. L ( ' )

• (i) L 1 2 ) .  with

(2.10.8) L(i). = min(con(row.p.lp(i).).). ( j  =  1, 2)

b y  (1) o f  (2.1), (2) o f  (1.8). T h e  properties (2.10.3) a n d  (2.10.4) follow from
(2.10.5)-(2.10.8) immediately.

(2.11) Lem m a. S uppose R  is graded an d  le t  lc .: F. -> G [-c]. be a  chain
m ap such that p i i s  a  m atrix  w ith entries in  k  f o r every  i e Z , w here F .,  G.
are the m inim al com plexes defined before an d  c  an  integer. Giv en nonsingular
m atrices f  e Aut,(F,), g e A ut,(G o )  w ith entries in k  and a hom om orphism  v• e
hom,(F., G [- c + 1].), the map 0(14- c]., cp., v .). with cp. = id,.  f , t f r. = id ,. 0  g
is  a  chain automorphism o f  L. := con(p.). i f  and only  if  It c cpc  = tlf o g , an d  - v. e
Hom,(F., G[- c + 1].).

Pro o f . Note first that the four conditions O(/i[ - c]., cp., 0).e AutR (L.),
t1/[-  c].k t. a n d  p c 9 , = tfro p ,  a re  equivalent by hypothesis and

(1) o f (2.1). Moreover, ic.cp. t i / [ -  c ].y . if  0(0 [ -  c ]., cp., v.). e AutR (L.). Our
assertion therefore follows from (2) of (1.10).

(2 .12 ) Exam ple. Assume R = k [x  , ,  x i.] w ith  r 4, deg(x ; )= 1 (1
Let h e Hom,(K 2 , K o ( - 2))0  b e  a n  R-linear m ap and  C.: K. - > K[ -  2]. ( - 2) the
chain map defined by the form ula in (2.6) with c = 2, = h. Let further d  be
a positive  integer, F. = CA = 1 K .(m), = C' . 0 • • • 0 Ç.: F. -> F [ - 2].( - 2), L'. =

d times

con(C.)., L . = con(.). L'.(m) Take another chain map L. - > G[ - 3].
with G. = K .(m -  4) which satisfies, for reasons of degree,

0 0

0 0
woo 0

1-13 — 0 w (m) for each m (1 < m d) ,

0 0
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w h e re  t h e  u p p e r  m  —  1  a n d  t h e  lo w e r  d — m  r o w s  a r e  z e ro , w (m) e
Hom R (K [ — 1] 3 (m — 2), K o (m — 4)), w( m) C, -= 0 (mod m) (see (2) of (2.1)), 10m ) e
Hom,(K 3 (m), — 3)) and

L'3 (m) = K[-1],(m  —  2) 0 K 3 (m) R(m — 4)( ; )  (D R(m — 3)( ; )  .

P u t P. = m in(con(jt.).).. W e have

To (P.) = {tl — d t —1} , T1(13.) 102 — d t ,

T2 (P.) = {t13 — d t  3 }  a n d  HAP.) = 0 fo r i 0, 1, 2 .

(1) If h = (4 1 A  U 2 ) *1  and vv ( m) = (u i  A  U 2 ) *  0  1 , W ( m)  = (ui A U 3 A  U 4 ) *  0  1

for all m (1 < m < d ), then P . is indecomposable.
(2) If r = 4  a n d  h  is generic, then

P. = P m ). 0  K [-2].(d —  3), 0  0  P( m) . ( "0 ' 1 '2---m,-m+2,-m+4. •
m=1 

P ro o f . Let us prove (2) first. Write  h= 1 < < < 4  (u1 A ui r  h i i  with h e  k .
Then, with respect to  the bases U2 A U3 A U 4 , — U1 A U3 A U4, U1 A U2 A U 4 , — U1 A

U 2  A  U 3  O f K 3 a n d  141, U2, U3, U4  O f  K[— 2] 3 ( — 2), the expression of C3' is  the
alternating matrix

h23

h13

h 1 2

O

by (2 .6). F o r  a  generic h , the m ap G  i s  therefore an isomorphism, so min(L.) 3

m ust b e  the direct sum  of some copies of R ( - 4). O u r  a s se r t io n  follows from
this and (2.3).

N ext w e prove (1). Suppose P. is decomposable, say

ID. _  Q (1)•  0  Q (2)• , 0  0  Q .  e  ot(R) ( j = 1, 2) .

Since min(L.). a2 (P.). a2 (Q( 1 ) .).(D o-
2 (Q( 2 ) .) . by (1) of (1.8), it  is  n o t h a rd  to

verify using (1.9) that

02(42(i).). min(L.).(m) (j = 1, 2) .
—m e To(QuI.)

H ere w e m ay assume w ithout any loss o f  generality that d' := — inf(To (Q" ) .))
satisfies 1 < d' < d , o n  accoun t of the  conditions  Q .  0  0  (j =  1 , 2 ) and
dimk(H o (L A )  1  fo r  a ll t e Z .  Put

= K.(m — 4)
—(m-4) e T2(Q ( ) ) .)

and let

o h3 4 h24

h34 o hi4
h24 h14 O

h23 h 1 3 h 1 2

to).: G(j)[— 3].
—m e T0(Q(110
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be a  chain map satisfying min(con(ttu ) .).). Q( i ) .  ( j  =  1, 2). Further, let n( m- 4 ) .:
G[ -  3].-> K.(m - 4) be the projection. By the construction of P., dim,(H 2 (P.),)< 1
fo r  a l l  t e  Z , s o  7-2(2").)n T2(2( 2 ).) =  0, T2(Q ").)u T2(Q ( 2 ).) =  T2(P.) and
G( " [ -  3]. 0 G ( 2 ) [ - 3]. G [ - 3 ] . .  In  a d d it io n , - (d ' -  3) e T2 (P.). It follows
therefore that

(2.12.1)
{

7TT' - 3 ) (ti (31 ) 0 ti (32 ) )11(d , +1) = CI
7CT' - 3 ) 01(31 ) o tt(32 ))1,(d ,) = 0

if - (d' -  3) e T2 (Q" ).)
if - (d' -  3) 0 T2(Q( 1 ) .) •

To apply (1.9) to  the present case, we have to  know  the structures of AutR (L.),
AutR (G.).

CLAIM 1. F o r  e a c h  2. e AutK (L.), th e re  a re  f,,, E k (1 < m  < d) different
f ro m  z e ro , c h a in  m a p s  v(1 ) .: K.(l -  1) - > K[ - 1].(l -  2) (2 .._1 d )  a n d  v• e
hom,(F., FE -  1].( - 2)) such that 2. -, 0(9E - 21, cp., v.). with

[ f i 0
9. = id K . 0 • .. e Aut R (F.) ,

(2.12.2) =

0
v ( 2 ) .

O

0-

0
0

1,(3).

• • •

0
0

0

0

• • •

•• •

•••

V (d)

0 -

0

0

Proof  o f  Claim  1. B y  (1.10), (1.11), (2.1) a n d  (2.11) th e re  a r e  maps
(pm . = id K . f " ) e AutR (F.), 9 ( 2 ) .  = f(2) e Aut R (F.( -  2)) = Aut R (F.), v'. e
homR (F., F [ -  1]. ( - 2)) satisfying 2. 0(9 ( 2 ) [ - 2 ] . ,  (pm . ,  y ' .)., ( 2  (PV ) = 9(312 ) 2,

E Hom R (F., F [ - 1].( - 2)), where

[ f i i ) 0
e Aut,(Fo )

0 f»1

w ith  0 0 f,V)  E k  ( j  =  1, 2, 1 m  d). O n e  s e e s  C;f,;,1 ) =  2 ) C ;  f o r  all m
(1 < m < d), therefore f ; t

1 ) = f,„2 ) (1 <m  <  d), namely, 9 ( 1 ) . and 9 ( 2 ) . coincide with
o n e  a n d  th e  sam e chain  m ap , w h ich  w e  w ill deno te  by  (p.. O n  th e  other
h an d , fo r  reasons o f  degree, there a re  cha in  m aps v" ). (2  <  I < d )  and E•
hom,(F., FE - 1].( - 2)) defined by (2.12.2) such that - v .  b y  (1) of (2.1). It
follows from (2) of (1.10) tha t 0(9{ - 2]., 9., v.). is  a  chain automorphism which
is chain homotopic to  2..

CLAIM  2. F o r  each 2'. e Aut,(G.), there a re  gi e k (1 1 d +  1) different
from zero satisfying

[91
2.'. 9'. = idx. 0

o

f d

f ( i )  =



(2.12.5)

Moreover

(2.12.6)

(c1. +1),(d'+1)11
gd'+1(fri'W

l ( d ' )

W y3 nr(x) #

g d , i f d ,
, iw ( " 1 ) 1K[ —1] 3 (d' —1) # 13

(mod ni).

(mod n i) .

160 Mutsumi A masaki

N ow  le t us re tu rn  to  the  proof of (1) of (2.12). L et 9 .,  v• b e  a s  in  Claim
1 and  9 '. be  a s  in  Claim 2. Then

(2.12.3) n r - [ — 3 ]3/1 30 (9[ — (p., v.)311;3(x+1) = ( g d , +i f x +i  W1 d '  + 1 ) , 0)

(2.12.4)
Irr - 3 ) (P'E — 3]3/230((pE — p., 1 '.)31 =  (0 , gd'+1(fd'W ( d ' ) W ( " 1 ) V ( 3 1 '+" ) )  •

When h=(u i  A u2 )* 0 1, w ( m) =(4, A u2 )* 1 ,  w " ) = (u, A u3 A u4 )* 1 (1 < m <d),
we find

E' := (G) - 1  (nag —
2 ]3( -

2 ))

= m • u ,) 0 ( R • u K 3
l e r le r ,\ F

with f  ={ (1, 2,j)13 j r } by (2.6), so  tha t w( x + 1 ) vr 1) 1E ,(x )0  (m od nt) again
by  (2.6) applied to V1" 1 ) .. Therefore

Since (4 ) - 1 (tn-L-2) = CY1(6) - 1 (inE2)(m), con - lonLAno = K [ — 1] 3 (m — 2) 0
E'(m) L'3 (m), the relations (2.12.1), (2.12.3)-(2.12.6) le a d  to  a contradiction by
(1) o f  (2.1), i f  9 '[ - 311.11.8((p[ — 2] ., (p., v.). ,u( 1 ) . 0  p ( 2 ) .. T h u s P . cannot be
decomposable by (1.9).

§ 3 .  Classification of matrices

I n  o rder to  charac te rize  indecomposable minimal complexes L. e (gon(R)
having the  property L i = 0  (i < 0), H i (L .) = 0  (i 0, a), m il i (L .) = 0  (i = 0, a), it
is  im portant to analyze the condition stated in  (3) o f (2.5). In  h is paper [R],
C. M. Ringel dealt with this problem many years ago in  a  m ore  general setting
(see [K a , p p . 82, 83] also). H ere, for the convenience o f  th e  reader, we will
explain a  p a rt o f  his results necessary for our study.

Let k  be a field of arbitrary characteristic, Z o  the set of nonnegative integers
and  s a positive in te g e r . F o r each pair (p, q) G  Z 1) , le t mat(p, q) denote the set
of p x q-matrices with entries in  k  and  mat(p, q, s) th e  product of s  copies of
mat(p, q) equipped with the natural Zariski topology, where we understand that
mat(p, q) consists of the single elementrepresenting the unique k-linear map from
0  t o  kg o r  le  t o  0  in  th e  c a se  p = 0 o r  q = 0. Two elements h ( h= b t<iss>
h' = (h;), < I ,  of mat(p, q, s) are, by definition, equivalent if there are nonsingular
matrices g e GL(p, k), f  e GL(q, k) such that gh i f  = hi for all 1, in  which case we
denote h — h'. It is clear that i s  an equivalence re la tion . P u t Mat(p, q, s) =
mat(p, q, s)/'..  a n d  f o r  e a c h  h e mat(p, q, s), l e t  <h> e Mat(p, q, s) denote  the



Wt —1,3

W t,s  =
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equivalence class represented by h.
<h> = <h'> < h " >  if th e r e  are
mat(p - p', q - q', s) for some (p',

We say that <h> is decomposable and denote
h' = (11;) 1  < 1 < , e mat(p', q', s), h" = (hD1 e

q') e V ; w ith  0 < p' < p, 0  q' < q, (p', q') o

(0, 0), (p, q) satisfying h -
( [

 WI 0
0

•

1 )1 < 1 < s

When <h> is not decomposable, we

ca ll it indecomposable. L et {y,},„  denote the  sequence o f integers
the condition yo = 0, Yi = 1, Yt +  2 =  sYt+1 - y  (t 0) and put

defined by

A, = {(YY1-1-2 + YYt+1 + z)01Y, z E Z o , z > 0, y + z 2}

for t > 0  a n d  A = U, > 0  A i . Observe th a t (y,+2, v + )  (1),+1, Yt)X, /4+1 = A,x for
a ll t > 0, where

[  s 11 _1 [ 0  —1
x = [ 1— 1  o x —  Li s •

(3.1) Remark (cf. [R ], [K a, p . 8 2 ]) .  P ut p(p, q) = p2 + q 2 - sp q . W e have
{(p, q)eVilp(p, q)= 01 = {(0, 0)1 for s 3 a n d  = {(p, p)lp e Z01 for s = 2. Using
the fact that p((p, q)x) = p(p, q) for all (p, q) e V ,  one can prove

1(p, q) e Z (
2,1 p(p, q) > 01 = {(p, q)1(p, q) o r  (q, p) e Al

U {(Yt+15 Yt)lt 0 }  U {(Yt5 Yt+i)lt °I

for s > 2.
W ith each h = (h 1 . .... h5 ) e mat(p, q, s), regarding h  a s  a  p x sq-matrix, we

can associate an  element of mat(sq - rank (h), q, s), say h = (hi , , h), such that
th e  columns o f  th e  transposed m atrix o f  h fo rm  a  f r e e  basis o f  Ker(h). If
h' = (h' 1 , ...  h'5 ) -  h  and Tz' =  , ha is an  element of mat(sq - rank(h'), q, s)
associated with h ' in  the same way as above, then rank(h') = rank(h) and h' - h.
T his assignm ent therefore gives rise to a  m apping g': 

U p , q e
) M a t ( p ,  q, s)->

(p , q) Z6 Mat(p, q, s) (cf. [D1R, pp. 15, 16], [K a, p. 8 2 ] ) .  In  general, V 2 (<h>) =
<h> fo r  a l l  h e mat(p, q, s) satisfying rank (h) = p. N o te  th a t  <h> E Mat(p, q, s)
is decomposable i f  rank(h) < p, (p, q) O (1, 0 ) a n d  m oreover that, in  the  case
rank(h) = p, <h> is decom posable i f  a n d  o n ly  i f  s o  i s  1 1 ( < 0 ) .  We define
ei(<(hi,..., hs)>) = <Chi- e2(<(h1, hs)>) = <(h25 • • • [iv  -h 1 )>.

t,(3.2) Lem m a. A ssume s > 2. For each t > 0, le t w, -= -15 • • • wt, )  be an
element o f  mat(y, + ,, y„ s) such that

-  -
0

Wt —1,2

0
(1 I s - 1)

O

cot,1 =

O
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where con ,, = 0 e mat(1, 0) f o r all 1 (1 1 s), the f irst (I — 1)-y1 row s o f  co , are
z e ro  f o r 1 1  s  —  1  and the m atrices w >  0 )  are  defined inductively on
t. Put Q, = <w e > e Mat(y,,,, y„ s). Then Q, is  indecomposable f o r every t 0.

P ro o f . P u t  co; = ( co co(— c o , t ,i 1 ,2 5  •  •  •  w t , s - 1 )  fo r  t 1. S in c e  r a n k (w )  =
Yt+i, Vi(<o0) = 0 1 ( 21_1 )  a n d  0 2 (0.0) = Q„ the indecomposability of f2 1_1 im -
plies that of 0 , for t > 1. Besides, it is clear that S20  a n d  0 1 are indecomposable.
Hence our assertion.

(3.3) Theorem (cf. [R, Theorem  3], [K a, Theorem  4], [K r ] , [D i] ) . L et s,
p, g  be integers w ith s > 2, p > g > 0  and Q, (t > 0) be as in  the  above lemma.

(1) For each t 0, the set Mat(y„„, s) contains exactly one indecomposable
element, namely, 0 1.

(2) I f  (p, g) e A , then <h> is decomposable f o r all h e mat(p, g, s).
(3) For each pair (p, 9) = (YY,+2 + zy,+1, yy1 1 +  zyr )  with y 0, z  > 0, s 2,

t 0 , th e  se t {h e mat(p, g, s)I<h> = ‘21 + 1
4 ) Y  0 fli e l  is  a  nonempty Zariski open

subset o f  mat(p, g, s).
(4) Suppose s = 2. W e have y, = t f o r t 0. I f  <h> is  indecomposable for

some h e mat(p, g, 2), then (p, g) 0 A , that is, p = g, g + 1.
Case 1. W he p = g, the pair

w 1 o
1 0 0

O w l
0 1 •

• O e mat(p, p, 2)
. 0 •

•
• 1

0 1 •

o o
represents an  indecomposable class f o r every  w  e k . I f  k  is algebraically closed,
each indecomposable element o f  Mat(p, p, 2) hav e a representative o f  this form.
Case 2. W hen p = g + 1, the Q _ 1 i s  the only  indecomposable element of  the set
Mat(p, p —  1, 2).

(5) For each positive integer p, the set lh e mat(p, p, 2)1<h> = <(1, 1)> (" }  is
a  nonempty Zariski open subset o f  mat(p, p, 2) if  k  is algebraically closed.

(6) Suppose s 3. I f  <h> is  indecomposable f o r some h e mat(p, g, s), then
(p, g) 0 A . Conv ersely , if  (p, g) 0 A  and # k = cx), there ex ists a  nonempty Zariski
open subset U p oi  mat(p, g, s) such that <h> is  indecomposable f o r all h e U
M oreover, #{<h>lh e Up ,q }  = oo when p(p, g) < 0  (see (3.1)).

§ 4 .  Maximal quasi-Buchsbaum graded modules

Throughout this section r denotes dim(R).

(4.1) Definition. F o r  a  complex L. e cgx(R) a n d  a n  integer b  with a(L.) <
b 13(L .), we denote the R-module C o ke r (( )*: L* -+ L*b ) by md(L., b).

(4.2) Lem m a. (1) L et L . be a minimal complex in x)x(R) and b an integer
satisfying Œ(L.) < b M L . ) .  Then, the R-module md(L., b) has no free direct sum-
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mand, and besides, it has a m inim al free resolution
L * ,_ , of). picb m d(L . ,  b)__, O .

(2) For each R -m odule M  without any free direct summand, there is a minimal
complex L. e ' x ( R )  and an integer b  as in (1) such that M  md(L., b). More-
over, we may choose b  to  be  r — depth„,(M).

(3) Suppose R  is  G oren stein  and  le t L . b e  a m inim al complex in 'x z ( R )
w hich satisf ies Hi (L.) = 0  f o r  a l l  i  < 0  an d  Flo (L .) 0 O. T hen  fl(L.) r  and
depth(m d(L., b))= r — b f o r each b (1(L.)< b  /AL.)). M oreov er, the K ru ll di-
mension o f  md(L., b )  is  r  i f  W H A M  <  oo  f o r all  i  (0 i <  b), except in the
case b = r, H i (L.) = 0  f o r i 0 , l,(m d(L .,r)) <  oo.

Pro o f . (1) For each L. e cex(R ) and b > ot(L.), the R-module md(L., b) have
a free direct summand if  a n d  only if  the re  is  an  au tom orphism  e  A ut R (L*b )
such that the  matrix representing ri( )*  contains a  row whose components are
all ze ro . T h is  being true if and only i f  I m ( a L )  mL b since K er(4) =
the minimality of L. implies that md(L., b )  has no free direct sum m and. The
last assertion is obvious.

(2) P u t  b = r — depth,„(M), L'. = res(M)., L". = res(Ker((OP')*)). and let e
denote the composite map L','„ C o k e r ( )  K e r ( ( a F ) * )  c  L '*

°
. W e define a

complex L . by

(C i+i)*
L

i
=  

f g _ b _ i  ( i > b ) '
(i < b)

= e  ( i  =  b  +1 ) .

( i > b + 1)

Then it is clear by definition that Im(0(- ) c m L i _i  fo r  i b  +  1 , oc(L .) <  b f3(L.),
M  md(L., b). O n the other hand, as remarked in  the proof of (1), Im(0,1-4 1 )
m L , since M  has no free direct sum m and. H ence L. e  xm(R).

(3) Since Extr (m d(L., b), R) HAL.) for i < b f3 (L  .)  and since the injec-
tive dimension of R  is  r ,  th e  first assertion follows immediately by local dual-
ity. The proof of the second half is left to the  readers.

W e need the  following easy bu t fundamental lemma.

(4.3) Lemma. (1) For m inim al com plexes L ., L'. e Wxm(R) and integers b,
b '  w ith cz(L.)< b fn . ) ,  or(L'.) < b' # (L ' . ) ,  w e hav e md(L., m d ( L ' . ,  b ' )  if
and only  i f  L[b]..-

(2) L e t L ., b  be as  abov e. T hen md(L., b )  is decomposable if  and  only  if
so  is L..

(4.4) Remark. T h e  correspondence between m odules and com plexes as
above can further be developed. Restricting th e  consideration to modules of
finite projective dimension, Y. Yoshino established an  equivalence theorem for a
stable category of R-modules and a subcategory of the derived category of com-
plexes of R-modules (see [Y, §1]).
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In  the  a rgum en t below , w e assume th a t  R  i s  Gorenstein o r  is  a  poly-
nomial ring exclusively so that we can make use of the local duality in  its sim-
plest fo rm . Given a maximal quasi-Buchsbaum R-module M of finite projective
dimension having no free direct summand and a m inim al complex L. e  'xn(R )
su c h  th a t M = md(L., b )  w ith  b = r —  depth m (M ), w e  have  L i = 0  fo r  i < 0,

(M )  Hom,(Hb _,.+ ,(L.), 11„,(R)) for 0 i < r and mHi (L.) = 0 for i < b. The
results concerning L . obtained in section two yield a  number o f consequences
o n  th e  m o d u le  M . W hen R  is  g ra d e d , f o r  in tegers i,, ,  i1,  t 1 , ,  t ,  with
0 < j 1 < • • • < j 1 < r, I  >  1 , le t  1;0 ',   denote th e  se t  o f  graded R-modules M
satisfying the condition

H i
n ,(M) = 0 for i r ,

mH,(M ) = 0 for i = ..., it ,

s . T,(M ) for all j  (1 j l),

where Tt n
i (M ) = {till m

i (M ), 0 0} for each i 0. N ote th a t dim(M) = r o r  0  for
a ll M E D    .  W e first state three results corresponding to (2.10), (2.7) and
(2.9) in  this order, omitting their proofs. For convenience sake, the residue field
k  will also be called maximal quasi-Buchsbaum from now on.

(4.5) Theorem. A ssume that R  is a Gorenstein graded ring and that K i is
the direct sum o f  a  finite number of  copies of  R (—  i) for all i > 0. L e t M  be
a m axim al quasi-Buchsbaum graded R-module o f  finite projective dimension which
has no free direct summand. I f  there are subsets Ttn i c  T„,f (M) (j = 1, 2, 0 < i < r)
such that

{ T( 2 )'

(T( 2 w + (i' — + 0) n To)i = , (Tow + (i' — i + n T( 2 )i =

for all pairs i, i' with 0 <  <  <  r  ,

'Poi u T( 2 )i = T n
i (M) , To)in = 0 for all i (0 < i < r) ,

then M  M ( 1 )  C) M ( 2 ) w ith  m ax im al quasi-Buchsbaum graded R-modules
( j = 1, 2) o f  finite projective dimension satisfying 7',„(M ( i ) ) = V D ' f o r a ll i, j
( j = 1, 2, 0 i < r).

P u t i(M) = #{i H (M ) #  0, i < r} for each R-module M.

(4.6) Corollary. L et M  be as in (4.5) and assume that R  = k [x l , ,  x , . ]  with
deg(xi ) = 1 (1 j  r ,  r  1). I f  M  is indecomposable and i(M ) < 2 , then M
Coker(0,; 1 )(— M ) E D d„, f o r some m e Z  (see [G 2]) or M  e D

md,,(1.+a

a _i  f o r  some a,
me Z  with 0 < a <r  — d , where d = depth  (

(4.7) Proposition. L et R  be as in  (4.6) with r 3 and M  be as in  (4.5). If
M  is indecomposable and fil 11;„(M) 0, i <  r}  = {0, a, r — 1} with 0 < a < r —  1,
then M E D

 
f o r some m e Z.
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(4.8) Remark. T h e  ab o v e  re su lts  (4 .6) a n d  (4 .7) im p ly  th a t ,  i f  R  =
xr ]  w ith  r = 1 , 2 , 3 , a n  indecomposable m axim al quasi-Buchsbaum

graded R-module having no free d irect sum m and is contained in  o n e  o f  D,?„
DO.,: m1 2 ,  D .0: , , ,2  3 5  D , !., : m2  25 Dm

O :m
1 ,2

2, m _ 4  On G  Z ) .  A s is seen  by  (2.12), however, the
sets D '   :  ( 1  1  r  — 1, 0 < i l  < ... < i, < r, t 1 , . . . , t, e Z) d o  n o t c o v e r  a ll
indecomposable maximal quasi-Buchsbaum graded R-modules with no free direct
summand, in  the case r > 4.

M ore results can be deduced by the  u se  o f (2.5) a n d  (3.3) when M  i s  a
maximal quasi-Buchsbaum R-module of finite projective dimension and /(M) < 2.
G iven such a n  M , one  sees easily that M  is  free  if i(M ) = 0 a n d  th a t  M  is
isom orphic to the  d irec t sum  o f  some copies of

 C o k e r ( ( ) * )  (Coker((0)*)(m)
(m G  Z ) in  th e  graded case) and of a  free R-module if  /(M) = 1, so  w e confine
ourselves to the case i(M ) =  2 . Also, we only deal with the case R  is  a  poly-
nom ial r in g  fo r  th e  sake  o f  simplicity, leaving a  general formulation t o  the
interested readers (cf. [Y, § 6]).

(4.9) Lem m a. L e t  R  b e  as  in  (4.7), i„, i 2 ,  a ,  t  be integers w ith 0 __ i, <
i2  < r, a = i 2  —  i, < r —  1, t _. 0 and F. = K .(a + 1 + r)'', G. = K .(r) 7 ' (resp. F. =
K .(a + 1  + r) ',  G . = K .(r))  b e  complexes, w here  ly ,l," deno tes the  sequence

defined in  the  previous section w ith respect to  s = ( a 
r

+ 1 . A ttaching subscripts

to the elements of  Fa + , so that { I ' ll I s }  =  F a + ,, we define a chain map kt.: F. —>
GE— a — 11 by Lir a +1 =u  0  co, (resp. p a + , = E7,, up ® to),) (see (2.2), (3.2)).
Denote the R -m odule md(min(con(p.).)., r — i 1 )  by  A ( i ,,i ,,, ) (resp. B (1 1 ,12 ,1) ). T h e n
A ( i i ,,, ) (resp. B o 1 ,i 2 . 0 )  is  the only indecomposable maximal quasi-Buchsbaum graded
R -m odule in  D a'1 2,0  satisf y ing l,(.11„;(4,, i 2 ,,) )) = y „ le(IligA (ii,i,)n = y , + , (resp .
IR (H i

i ii,(A i , , i 2,0 )) - y, + i ,  1 RV -Fn.
 20 (i i j . 2 , 0 )) =  yt )•

Pro o f . Notice th a t s 3. Use (2.5), (3.2) and (4.3).

(4.10) Theorem. A ssume R  = k[x l , ..., x r ]  w ith deg(xi ) = 1 (1 < j  r), r 2.
L et M  be a m axim al quasi-Buchsbaum graded R-module which has no free direct
sum m and such that M  G Da

i 4 0 , q :=  I R (11;(M ))> 0 ,  p := 1„(I-P(M ))> 0 w ith

0  i ,  <  i 2  <  r ,  a = i 2  —  i , .  P u t  s  =(  a  ±
r

 1 ) ,  F. = K .(a + 1 + r)q, G. = K .(r)P.

L et f urther {yr }t ) .o ,  A , (t > 0) and A  be as in  the  preceding section if  a < r —  1.
(1) T here is a  chain map p.: F. — > G[— a —  1]. determined by the condition

Pa+1 = 1 E  r 1
 up ® h1 f o r some h = (h,), a e mat(p, g, s), h l  E mat(p, q) such that

M  = md(min(con(p.).)., r —  i,).
(2) Suppose a < r —  1, (p, q)= (yi + i , Vi) (resp. (q,1 (P. = . 7,+1, yt ) )  for some t 1.

Then either M is decomposable or M'+._' A ( i 1,12 ,1) (resp. M ''' 13 ( I 1 ,,2 ) ). M oreov er the
latter case occurs as long  as h  is generic.

(3) Suppose that a < r —  1 and that (p, q) (resp. (q, p)) coincides with (yy1+ 2  +
zy,,,, yy,+ , + zyt ) e A , f o r som e t O . T hen M  is decom posable. M oreov er M  L-'
A (1 1 .1 2 ,,+ 0

9 Y el A ( i i ,i 2 m ez  (resp. M ''.-' B( i ,i ,,, + , ) sY  0 B 1 ,21 z) as long as h is generic.
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(4) Suppose that a < r  —  1 and that neither (p, q) nor (q, p) lies in  A .  If
#k  = co and  h  is generic, then M  is indecomposable.

(5) Suppose a = r —  1, i.e. i, = 0, i 2  =  r —  1. Then M  is  indecomposable if
and only  if  p = q = 1 and h (1) e mat(1, 1, 1).

Pro o f . (1) N ote th a t depth,,,(M) = i 1 , ExtrR (M, R), f l f „ ( M ) „  for t E Z,
i =  i 1 , i 2  and  ExtrR (M, R) = 0  for ij 1 , i 2 , r. Use (2) of (4.2), (1.6) and (2.1).

(2) Use (4.3), (4.9) and  (3) of (3.3).
(3) Use (4.3), (4.9), (2.5), (2) of (3.3) and (3) of (3.3).
(4) Use (4.3), (2.5) and  (6) of (3.3).
(5) Observe th a t  s = 1, namely, mat(p, q, s) = mat(p, q). I n  th is  case the

classification is  trivial.

(4.11) Proposition. L et R , i„ i 2 ,  a  be as in  the  above theorem and assume
a < r —  1, #k  = co. For each pair of  positive integers p, q satisfying p(p, q) <O,
there exist an infinite set X p ,q and indecomposable maximal quasi-Buchsbaum graded
R-modules M u )  ( j e  having no f ree direct sum m and such that M u )  e /) * 0 ,
IR (11;(M (i))) = q, 1„(111,4(M (i ))) = p f o r all j e X  and M u )  M (F) f o r j  f .

Pro o f . Use (2.2), (2.5), (4.3) and (6) of (3.3).

(4.12) R em ark . (1) T he elements o f D,,;,' a _ , a re  obtained from those of
g i l; 0  b y  shift of grad ing , so  that (4.6), (4.10) a n d  (4.11), together w ith (2.6),
describe fairly well the structure of a maximal quasi-Buchsbaum graded R-module
M  with z(M) < 2, when R  is  a polynomial ring.

(2) M . Cipu, J .  H erzog and D . Popescu dealt w ith the  same problem by
a n  approach different from ours in  [CHP, §

Finally, we state some partial results on  the  multiplicities and the numbers
of minimal generators of the modules treated in  the above theorem.

(4.13) L em m a. L et the notation be as in  (4.10). Then

e m ( m )  =

— 1) — 1)
rankk(tir-i,-Ei 0 k),

1R (M/mM) — (
r

)q  + (
r

)p —  rankk(tir-i, +1 k) — rankk (tir _i i  k )  ,
i2

where we understand (
—

n
1

)  = 0  f o r n e Z 0 .

con(u.)., P. = min(L.)., Q. = se(L .)., b = r —

= md(P., b) md(Q., b), M = md(P., b), e
•

P ro o f . P u t L. =

easily N := md(L., b)

i „  One sees
( r
Vi 

 — 1 ) q+— 1
( r — 1

1 )p, l i ,(N/mN)

a free R-module with
for a ll i e Z . H ence

=( r )q  +
i

— rank k ( k). Besides, N ':
2

lR (N' irriN')= rank k (ak+ 1  k )  and  rank k (af' 0 k)
follow the desired formulae.

= md(Q., b) is

rank k (p i k )
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(4.14) Lem m a. L et c, p, q, r (1 • c • r) be positive integers, R  = k [x i , • • • , xr]
a polynomial ring and F. = K .(c + r)q, G. = K .(r)P . Given h = ( 111)1. T, E mat(p, q, s)

with s = 
(r ) ,

 le t p.: F. —> GE— a be the chain map as in (2.6), where Hom,(Fe , Go )
c

and mat(p, q, s) are  identified. A ssum e h is generic. T h e n

rankk (pc 0 k )= inf ( p , ( c
r ) q ) ,

r
(2) rankk (p,. 0 k ) = inf (  

c
 p ,  q ) ,

rankk (pc + 1  0 k) =  (
c

r

 I
q  and p c + , is  injective i f  1  < 1 < r — c - 1  and

+  

— 1)
P q,

(4) rank,(14,,, 0 k ) = (
1
) p  and

+ 1)
q > P.

P c-rl is  surjective i f  1 I < r —  c —  1 and

Proo f . The assertions (1) and (2) are trivial.
(3) Suppose r 2. Let R ' = k [x i , • • • , xr-i], = 1, • • • < • • <
r —  1} (0 1 r —  1 ) ,  h' = (h 1 )1 , K '. the Koszul complex of R ' with respect

to  x 1 5 • • • 5 X r -1 , F'. = K '.(c  + r)q, G'. = K '.(r)P and F'.— > G'[— c]. th e  chain
map defined a s  in  (2.6) such that it', = h'. By definition,

( (3)2)
b tc+ /  = ki

( 1 )

c+, + tq+, + Ptc+, with

y eu+), = E E sg n  ( 
I  )  

up 0  u ,  hi \ j ,
J ,  I \ J

J c l

(I, r)
ii (

c
2+)1 = E E  sgn e(11, 14(f,r) ,

(J, r) , I \J)  
l r )

1E r;+i - i je

(I, r)
14 ru  ( 8 )  hr ( I \ J , r )  'lAc+1

, , ( 3 )

F1' 

s g n  (

J, ( I \J, r))F
;1 -1 -1  

J c l

W hen regarded as m atrices, the  above linear m aps satisfy ii(c14?/ = ti (c2-r)/ =
(r — 1 ((r — 1) — (1 — 1)) q  > — 1)— 1)

( — In  a d d it io n , p q,c  ) c
therefore, with th e  help o f (1) and  (2), w e find by induction on r  th a t lic+ ,  is

injective and rankk (p.,,, 0 k) = +
r

 1 )q .

(4) Similar to (3).

(1)

(3 )
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For positive integers c, r w ith 1 < c < r, we define

Z4 fo r / < 0 o r  1 > r —  c ,

S c ,l,r
{(p, q) E ZZ

(r —  1)q 
or q > + 1)

P
p }

fo r  1 < I < r —  c —  1 .

O ne sees

{(p, q) E V i l p(p, q) > 0} c {(p, q) e Z4lp .._. (s — 1)q or q .._. (s —  1)191 = Sc,/,,

for every 1, where p(p, q) is  the polynomial as in (3.1) with s =  (
r

)

.
c

(4.15) Proposition. Let R , M  and i1 , i 2 , p , q  be as in (4.10). Then

—inf(( r p,
i2

r
— 1) ( — 1) — 1)

—  inf. ( r )p,
) )

—r 1 r ) 13' ( 11  q )/2 + 1/ 1

IR (M/mM) — ( r  ) q —  (
r  

)p _.  o.
V i ! i2

In  the first inequality, the equality on the left can actually be attained if (p, q) E
S i2— ii+ 1 ,r— i2 ,r , and in the second, if (p, q)E Si 2 _i i +i , r _i 2 , r n si 2 T h e  equal-—i i +1,r—i2-1,r•
ity  on the right can always be attained in both inequalities.

P roo f. Put c= i2 —i i  +1 and let h, u. be as in (4.10). Since rankk (pc + , 0  k).__

i n f

(

r  p , r
i c  +  1 q  ,  with equality if (p, q) e S,,,,,., 0 _<_ 1 ..  r  —  c by (4.14) as long

a s  h is generic, the  formulae in  (4.13) im ply our assertion.

(4.16) Remark. (1) By (2) of (4.10), (4.13) and (4.14), one can deduce formulas
for the multiplicies and the numbers of minimal generators of the modules defined
in  (4.9), since (y„ y„, i ), (yr + „ y1) e Si2 _i i ± ",._ i2 ,r (1Si,_ i i + i ,r _i2 _,,,. for t 0 by  (3.1).

(2) The Betti numbers of the modules treated in (4.10) can also be expressed
by  a form ula sim ilar to  the second one described in  (4.13) (see (1) of (4.1)).

(3) Examples show tha t the inequalities in  (4.15) are  not sharp in  general,
if (p, q) lies in the outside of the ranges mentioned there. Consider, for instance,
the case r = 5, i l  = 2, i 2 = 4, p = q = 1.

(4) The formulae in  (4.13)—(4.15) also hold when R  is  a  regular local ring
of dimension r and M is a maximal quasi-Buchsbaum R-module with i(M) = 2.

§ 5 .  Remark on the case where three local cohomology modules are nonzero
vector spaces

W e end  by giving a formulation of the classification problem of maximal
quasi-Buchsbaum modules M with t(M) = 3 over a  regular local ring R  of dimen-
sion r > 3 which contains its residue field k, in terms of the linear algebra over k.
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Let R , r  be  a s  above, p i , p 2 , p 3 ,  a, a ' b e  positive integers with a < a' < r,
G. = K », G '. = K .P2,  G". = K »  b e  complexes and jt(i ).: G . -*  G I- a - 1].,
con(i.P.). G"[ - a' - 1]. = 1, 2) be chain maps. Put F(j ). = conGt ( i ).).,
con(if ( i ).). ( j = 1, 2). S u p p o se  L (1 ) . L (2 ) .. T h e n ,  there is a  chain isomorphism
'V.: F( 2 ) . -> F( 1 ) . by (1.8), so con(p" ).A'.). = L (1 ) . = L (2 ) .. It follows therefore from
(1.9) that

(5.1) i " [ -  a' -  11.0 2) .

for some chain automorphisms 2". a Aut R (F (2 ) .), tr. a Aut,(G".), where

(5.2) 1%2". 2 .
[ -  a]. v . ]

0 O.]

with suitable 0'. a A ut R (G'.), 0, E  A U tR(G .), y. a hom R (G., [  -  a ] . )  by (1.11) o r by
the  proof o f (1 .9 ). Besides, the formula in (2.6), together with (2.1) and  (1) of
(1.10), allows us to  assume that i/J i , t/i;, t/i;' (i a Z), /di )  ( j = 1, 2, i a Z), =  1,
2) are a ll matrices with entries in  k. In particular, as in (2.11), the fact that 2.
is  a  chain map implies

(5.3) 11(1).0. = -  a  -  1].P (2 ) .

[0 ' [- a]. 0
in  other words is also a  chain map,

0
of (1.10). Again, we may assume that v i (i e Z ) are
in  k  by  (2 .6 ). P u t f  = f ' = th , f "  = g = v a

hu ) = it (41, hV ) = tt'açi+1 I G.' hP) = The
(5.3) imply by (1) of (2.1) tha t

and  hence so  is - v. by (2)

matrices with components
,+1, 9? ) = 1,44)-Fi (i, J  =
conditions (5.1), (5.2) and

(5.4.1)

(5.4.2)

(5.4.3)

Moreover

(5.5)

h(1)(id,,, 0 f) = f  'h ( 2 ) ,

0 f ') = f  " hi(2 )

( h p  g i ;  d
J  I ) I K e r ( g Y ) )  =  f  " h ( 2 ) 1Ker(g(?)) •

h'i (i ) g(2i) = 0 for j  = 1, 2

by (2) of (2.1). Conversely, the existence of fE GL(p, k), f ' e GL(p', k), f " E GL(p", k)
a n d  g = v a , ,  w ith  - v. a Hom R (G., GE- a ]. )  satisfying (5.4.1)-(5.4.3) implies
L (1 ) . L (2 ) ..

Thus the classification of maximal quasi-Buchsbaum R-modules M with the
property 1R(1-1(1‘4)) P i  >  0 ,  1R(1 1 (M)) =  P 2  >  0, /R(FPril(M)) P 3  >  0 ,  1-11,(M) =
0  (i i 1 , i2 , i 3 , r) fo r some i ,  i 2 , i 3 w ith  0  <  i 2 <  i 3 <  r has been reduced
to  the classification of the elements (h, hi, h'2 )  of

mat(p 2 , p i , s2 ,) x mat(p 3 , p2 , s 3 2 ) x mat(p 3 , p i , s 3 1 ) ,
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which satisfy the condition corresponding to (5.5), under the equivalence relation
r

(W", h", h 2' m) — (h( 2 ) , hri ( 2 )  , h2'(2 1 ) indicated by (5.4.1)—(5.4.3), where s2 1 = ( . .
/2 - 1 1 +  1 ) '

,  S 3 1  = ,  a = i 2  — a' = i 3  —
13 — 1 2 + 1( i

3  
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