J. Math. Kyoto Univ. JMKYAZ) 15
34-1 (1994) 15-40

Normal form of systems of partial differential
and pseudo-differential operators
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§0. Introduction

On scalar and higher order partial differential operators (or pseudo-
differential operators) with characteristic roots of constant multiplicity, we
know a normal form which brings a satisfactory consideration of those
structures:

(00) P(f, x, Ds, Dz) = Dtm+21|¢;|kssufndak(t, .Z‘)Dantm_k

= p\(t, x, Di, Dz)o---op(t, x, Ds, Dz) mod S™"[D.],
Pj(ty x, Dy, Dz) = (Dt_/lj(t, Z, Dx))omj

+:§jlbk(ty X, DI)O(DI_/lj(t, z, Dz))°(m’—k) ’

ordb, < vk—1, (vEN),

where ° means the operator product. (See H.Kumano-go [10] and
T. Nishitani [25].) In the above, the principal part of 2’ is only
(D:—Ai(t, x, Dz))’™, where Ai(t, x, &) is positively homogeneous of order v.
Using this normal form, H. Kumano-go [10] and S. Mizohata [24] character-
ized the C* well-posedness of the Cauchy problem on p(¢, x, D:, D:). We
remark that the above normal form corresponds to the following system:

Ql

0.0 ol

Qd
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Q' = In(D:—A¢t, x, D2))—D(t, x, Dz); m;Xmy,
D'(t,x, &) = Di(¢t, x, E)+D"(t, x, £),

Di(t, x, &) = J(my)lEN,

where

[
—

J(s)= ; SXs.

The principal part of the above system is @®icj<a{ln,(D:—Ai(t, x, Dz))
—J(m;)|D|"} and it is the Jordan normal form consisting of only one block for
each eigenvalue. The lower order term @.<;<aD”(¢, x, D:) is a matrix of
Sylvester type corresponding to the principal part. (See also K. Kajitani [5].)

On the other hand, on systems of partial differential operators (or ps.d.op.’
s) with characteristic roots of constant multiplicity, we have not yet such
simple and fructuous normal form. We know a normal form of Arnold type
given by V. M. Petkov. (See V.I. Arnold [2], V.M.Petkov [26] and Theorem
2.6 in this paper.) However, it seems that we need more simple normal form
in order to understand those structures.

In applications, we need 4 categories of differential operators and, corre-
sponding to them, w and I' have different meanings.

1. Differential operators acting on holomorphic functions.

In this case, w is an open set in C;' X C.¢ and I is an open conic set in C.’.
2. Differential operators acting on real analytic functions.

In this case, @ is an open set in R:' X Rz and I" is an open conic set in R¢’.

It becomes very important to introduce an open complex neighborhood @

of w and an open conic complex neighborhood I' ={£€ C*; |Imé&|< ¢|Re&],

ReéeT} of I (e is a positive constant.)

3. Differential operators acting on ultradifferentiable functions.
4. Differential operators acting on functions of C* class.

In cases of 3 and 4, w is an open set in R:'X R, and I is an open conic

set in R.’.

Here, we say that I is conic when O€I" and 1" implies o€ T for
arbitrary 0>0. Further, we often say that 2C R:' X R/ X Re! (or C:' X C¢X
C:9) is conic when (¢, x, 0)& 82 and (¢, x, £)€Q implies (¢, x, p€)EQ for
arbitrary po>0.
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We consider K X K systems of differential or classical pseudo-differential
operators of order v (VER, v=1) on wX I

(0.1) P(t, x, Di, D:) = IxD:— A(¢, x, D:)
Alt, z,6)~ ALt x, ),

At x, ) (positively) homogeneous of order v—i ,
(ieZ.={0,1,2,--- },
in case of differential operator, vEN and 0<i<v).
Throughout § 0 to § 3, we assume the following;

Assumption 0. The characteristic polynomial of P(¢, x, D:, D:) on A:
det(Alx — Ao(t, x, £)) has roots A;(t, x,£) of constant multiplicity e, on
wXI\{0} (1<j<d, 2eim;=K), that is, det(Alx — Ad(¢, x, £)) is decomposed
on wX I'\{O} as [T&1(A—A;(¢, x, £))™, where A;(¢, x, £)FA:(¢t, x, €) if j#7 and
m; are constant natural numbers.

Remark 0.1. We shall introduce matrices with entries of “meromorphic
formal symbols”. For them, Assumption 0 will be applied to formal sums of
type IxD:—27-0A«t, x, £) and satisfied except on poles.

Remark 0.2. When o X I is not simply connected, in general, A;(¢, x, &)
becomes multi-valued even if A(¢, x, D) is a differential operator. In order
to give the role of true symbol of ps.d.op. to 4;(¢, x, £€), we need decompose the
domain to some simply connected ones. However, in this paper, we treat it
as a global multi-valued function, because we need only formal calculus.

Remark 0.3. Evenif w X I isnotsimply connected, when every A;(¢, x, &)
is real, it is single-valued and smooth under Assumption 0.

Remark 0.4. Under Assumption 0, every A;(f, x, &) is as smooth as
Ao(t, x, £). (See Proposition 2.1.).

When we transform systems, we accept only similar transformations
(0.2) N~t, x, D:)°P(t, x, D¢, Dz)°N(¢, x, Dz)

in order to keep the form of IxD., where N~ '(¢, x, Dr) is the inverse of
N(¢, x, Dz) as the matrix of operators and A°B means the product of A and
B as the (matrix of) operators. (We denote the inverse of No(¢, x, &) as the
matrix of functions by (M(¢, x, £))7".) We call N(¢t, x, D;) a transforming
operator.

As a normal form of the principal part, the Jordan normal form is natural.
Here, since the commutator does not take part in the principal part, the
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principal part is transformed by the same rule as the matrix of functions.
Can we transform it to its Jordan normal form by a smooth and regular
matrix No(t, x, £)? The answer is “No”.

Example 0.1. /=1.

03  Adlt, z,8)/e" = (f :;)

Ao(t, x, £) is nilpotent and then it satisfies Assumption 0. However, to trans-
form the above Ao(¢, x, £) to a triangular matrix, we need a singular matrix.

t 0 t 1
If we take No(¢, x)= or Mi(¢t, x)= , we have
x 1 x 0

" _ 01,
(0.4) (No)'AsNo = t(o 0)5,

(0.49) (N)TAN, = x(o 1)5”.

In the former case, N, is regular except on {f =0} and in the latter case, M is
so except on {x=0}. In either case, we need accept an exceptional set for the

~ 1 0
regularity of matrix. If we take No=(x P 1), we can keep the regularity of

matrix. However, we lose the smoothness on {=0}. We cannot keep both
of the regularity and smoothness. (See also W. Matsumoto [12, I].) On the
other hand, if we consider Ao(¢, x, €), No(¢, x) and Ni(¢, x) as the matrices
with entries of meromorphic functions, No(¢, ) and Ni(¢, x) become regular
and (0.4) and (0.4") hold in such class. These are the reasons why we shall
accept an exceptional set for general case and why we shall introduce
meromorphic symbols for the holomorphic case and the real analytic case.
Further, when we transform systems of the form by Petkov to more simple
form, these ideas —the exceptional sets and the meromorphic symbols— again
play essential role.

We give our main theorem, which we reformulate in § 3.

Theorem (Normal form of systems = Perfect block diagonalization).
If P(t, x,D:, D) in (0.1) satisfies Assumption 0, there exists an open conic
dense subset @ of wXI. For an arbitrary (t., xo, o) in @, there exist a conic
neighborhood CUOXFO, {aj}lSde, {njk}ISde,ISkssl, (5,‘, njkEN, Eij:lnjk=mj~)
and a matrix N(t, x, Dz) invertible as the matrix of ps.d.op.’s on wo X1 such
that
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(0.5) N7 'oPoN has the following form modulo S~ .
Ql,l
Ql,z

Q1,81
Q2.1

Qd,Sd
ij = [ﬂlk(Dt_/lj(t’ Z, DI))_Djk(ty x, DI) ; njkx Nk ,
D*(¢t, x, &) = Do*(¢t, x, &)+ D*(t, x, &),

Do*(t, z, &) = J(n)€]”,

.......

Further, if the symbol of P(t,x, D., D) is holomorphic (Case 1) or real
analytic (Case 2), X =w X I'\@ is an analytic set, {0i}<jca, {Mirh<j<an<r<s, and
N(t, x, &) are taken globally on wXI'\X and (0.5) also globally holds.

Remark 0.5. In the above theorem, if v is an integer, if A«(¢, x, &) is
homogeneous and if '=NIU(—11) (I1 is convex and —I={& —&€)),
setting A;(¢, x, £)=(—1)"'A;(¢, x, —€) in wX(—11), we can take every term in
the asymptotic expansions of N(¢, x, £) and D*(¢, x, £) not only positively
homogeneous but also homogeneous in wXI'. This fact often makes the
considerations in applications simple and clear.

In the above theorem, (0.5) means that @’* is equivalent to the following
scalar higher order operator

(D:—Ai(t, x, Dz))°™*+ lower order terms .

Then, P(¢, x, D¢, D:) is equivalent to some of scalar higher order operators
with a characteristic of constant multiplicity on w.XI's. This suggests that
we can obtain necessary conditions on the well-posedness by the same way as
in case of single equation. For the necessity, we shall use various classes of
formal symbols. Further, we shall also use the above theorem in order to
show the sufficiency assuming the holomorphy or the real analyticity of the
original symbols. (See §4.)
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§1. Formal symbols

“KCCQ2” means that K is a compact subset of 2 and dK N 2= ¢, where
0A is the boundary of a set A. Let R be the set of real numbers, C be the set
of complex numbers, N be (1,2, -}, Z, be NU{0} and R: be {aER; a>0).
For t€R and xR’ (or t€C and x<= C?), we set &=(¢, x)=(x0, 21, ", T0).

For a=(ao, @, **, @), a’=(a6, ai, -, @%) in Z**' and B=(p\, B, -+, B¢) in
Z¢! we set |al=awtat-ta, ata=(atd, atal - artal), al=

N 5 0 e 3

Ds*=(— —1)'“'(73,%)&. We often identify e=(a, -, @))€Z¢ and (0, a)=
0, a1, -, @) EZ'. o' <@ means that ¢i<a; (0<i< /).
For @ in Z*" and B in Z¢, we set al&(¢, x, E)=Di“<a—a$>ﬂa(f, &). Fora

and B in Z¢, we denote DI"(a—%)Ba(t, x, E)=alfl(t, x, €) also by ald(t, x, £).

We set |€|=V(£)2+ (&) + -+ (&,)? not only for & in R/ but also for £ in
C:!. Then, |&| is holomorphic in the domain {|Imé&|<|Reé|}. Here, we
always take the branch which is positive for & in R./\{O}. We denote the
absolute value of £€ C¢’ by ||€] (=/[Im&*+|Re&]?).

We say that QC R:' X R:*X R¢! (or C:' X Cx! X C:?) is conic when (¢, x, O)
& Q for arbitrary (¢, x) and (¢, x, £)ERQ implies (¢, x, 0€)E R for arbitrary p
>0. When a conic subset 2 of 2 satisfies 2N{|&l=1}ccn{|él=1}, we
say that 2 is a conically compact subset of 2. We say that 2 in C C,' X
C./X C¢f is an analytic set if it is the zero set of a holomorphic function in 2.

For an open set (or the closure of an open set) 2 in C*, we set
H(2) = { holomorphic functions in 2},
M(Q) = { meromorphic functions in 2} .

M(R) is the quotient field of H(Q2).

Let {M.}5-0 be a positive, monotone increasing and logarithmically con-
vex (i.e. (Mn)*<Mn-1Mn+1) sequence. For an open set (or the closure of an
open set) 2 in R:, we set

E{MY(Q) ={fEC(R); VKCCR, 3IC, R>0,
Y aEZ*, supk|Df|<CR“'Ma},
B{MNQ) ={fEB(R); 3C, R>0, Va<Z", supo| D*f|<CR*' Mo},

On the topologies of the ultradifferentiable classes, see H. Komatsu [9].
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Making the notation simple, we admit M,=00 and set € {co}(2)= € (L) and
Bl{oo}(2)=B(R). We consider that {M,}={co} satisfies all assumptions
introduced hereafter. On {M,}%-0, we assume the following.

Assumption 1. It holds that

(1.1) {M./n'} is logarithmically convex and monotone increasing
and {M,} is differentiable (i.e. I Ro=1 My 1<R."M,).

or

Assumption 1'. For every k. Z, replacing finite elements of {Mx}5-o, it
holds that

(1.19 {Myu+r./n!} is logarithmically convex and monotone increasing.

On the properties on {Ma}5-0, see S. Mandelbrojt [11] and W. Matsumoto
[13].

Remark 1.1. Even if we replace finite elements of {M.}%-0, the spaces
E{M}(R) and B{M.}(2) rest same. Then, we can relax the conditions (1.1)
and (1.1") only for #>1. Indeed, for the condition (1.1") we always need
replace some finite elements of {M,}5-o depending on k.

Example 1.1 (Holomorphic and analytic classes). M,=w#! satisfies (1.1)
but does not (1.1°).

Example 1.2 (Gevrey class). M,=n!* (x>1) satisfies both of (1.1) and
(1.1).

Example 1.3. M,=un!"expan’® (0>1, a>0, kS R) satisfies both of (1.1)
for »>1 and (1.1") when 1< <2 and does only (1.1") when o >2.

Remark 1.2. We can normalize {M,}5-o as Mo=1 replacing M, by
(Mo)™*M,. Through this paper, we treat only normalized {M.}5-o. It is
convenient to introduce M, for negative n. We set M,=Mo=1 for »n<0.

Under the condition (1.1), it holds that

|
12 Er<ate (a+rsp gr=p).

Under the condition (1.1"), replacing {Mn}5=0 by {CR"M,}5-0 (C, R>0) and
further M, suitably for 0<#n<2k,+1, it holds that

!
1.2) qf"r! < Mﬁﬁm (¢+7<p, a,7<p, 0<k<k.).

Under (1.1) or (1.1'), it holds that
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e )

(In case of (1.1"), we take £=0 in (1.2).)

This implies that € {M,}(2) and B{M,}(2) are closed under decomposition by
F#0 and by |f|=0>0 respectively. (See W. Rudin [28].)

To consider the structure of systems of ps.d.op.’s, those asymptotic
expansions are essential. (See, for example, F. Treves [30] and
W. Matsumoto [14].) Then, we only consider the asymptotic expan-
sions naming them the formal symbols and denote them by a(¢, x, &)=
Nreadlt, x, ). Of course, these are formal sums. We are concerned with
the formal symbols and treat neither true symbols nor true operators up to § 3.
(On the construction of a true symbol from a formal symbol, see L. Boutet
de Monvel and P. Krée [4], L. Boutet de Monvel [3], W. Matsumoto [14],
F. Treves [30] e.t.c.)

It is essential that we only need the arithmetical operations and the
differentiation in the calculation of formal symbols, both of which are the
local operations.

We consider formal symbols on a conic set wXI'. Of course, we can
replace w X I" by a general conic set 2 in R;'X R:*X Re? (or C:' X C2* X C¢¥).
However, on the view points of applications and notation, we adopt a product
set. Corresponding to the four categories of differential operators mentioned
in Introduction, we introduce following categories of formal symbols.

Definition 1.1 (Meromorphic formal symbol). Let wXI' be an open
conic set in C.'XCi/XC: We say that a formal sum a(t, x, &)=
Seoadt, x, £) is a meromorphic formal symbol, when {a«¢, x, £)} satisfies
the following;

There exist an analytic conic set 2 in o XI" (o XI'\X N{&=0}=0) and
¥€ R, and it holds that

(1.4) at, x, &) belongs to MwXINIH(wXxI'\Y) and it is positively
homogeneous of order x—7 on € (iEZ.,).

(1.5) For an arbitrary conically compact subset @ in wXI'\Y, there
exist C>0 and R >0, and we have

lat, x, E)ISCRNNE|" on @ (I€EZ.).
Remark 1.3. (1.4) and (1.5) imply

(1.5) For an arbitrary conically compact subset @ in wXI'\X, there
exist C>0 and R >0, and we have
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la:8(t, z, E)] < CR™llall|BN|&]< on @
(iEZ+, an+[+ly BEZ"‘I)'

On the other hand, (1.5") implies (1.4) and (1.5) except the meromorphy and the
positive homogeneity.

Remark 1.4. In the estimate (1.5) and (1.5"), & is used as a meromorphic
scale of order. We can replace it, for example, by one of & (2<:</).

Remark 1.5. In Definition 1.1, > does not depend on i. This is very
important in applications.

In Definition 1.1, if 2 is empty, we have a holomorphic formal symbol.

Definition 1.2 (Holomorphic formal symbol). We say that a formal
sum a(t, x, £)=X%0at, x, £) is a holomorphic formal symbol if a(¢, x, ) is
a meromorphic formal symbol with 2 =0.

Corresponding to differential operators with real analytic coefficients, we
use the meromorphic and holomorphic formal symbol classes on @ X I @is
a complex neighborhood of w and I' is {£€ C.*; |Im&|<e|Re&|, Re£ET),
(Fe>0). (See ppls6, 2.)

Definition 1.3 (Formal symbol of class {M,, N,}, case of M,<oo and
N,<0). We assume that each of {M,}5-o and {N.}7-o satisfies Assumption 1
or 1, respectively. Let wXI be an open conic set in R:' X R:*X R:*. We say
that a formal sum a(¢, x, &)=2%0a(t, x &) is a formal symbol of class
{M,, N.}, when {a.(¢, x, )} satisfies the following;

There exists k€ R, and it holds that

(1.6) at, x, &) belongs to C*(w X I") and it is positively homogeneous of
order k—ion & (i€Z,).

(1.7) there exist C>0 and R >0, and we have
la:8(t, z, )] < CR™ M.y Niwip(2) 7 E]*7171#! on wxI'
(i€Z., a€Z."", BEZ.Y).
In case of M,=c0 and N.<co, we replace (1.7) by the following;

(1.7) there exists R >0 and, for every :=Z, and e Z,**, there exists
C:>0 such that

la:8(¢t, x, &)] < CiaR¥ Nivia|El*""" on wXI'.

In case of M,=N,=co, we replace (1.7) by the following;
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(1.77) for every i€Z., a=Z.!"', BEZ,, there exists Cip>0 and we
have

la:{8(t, x, E)] < CiagE|*~71# on wXI'.

Remark 1.6. In case of M,=oc0 and N,<co, we set L,=max{l,
maXi+ial<n{Cia}} and My=n!*L\Ls---L,. Then, {M,}5-o satisfies Assumption 1’
and a(t, z, ) in S{oo, N.} belongs to S{M., N.}. In case of M,=N,=
starting from L,=max{1, maxX;+maxiia.ien<n{Cias}}, we set M, by the same way.
Then, {M.}5-o satisfies Assumption 1’ and a(¢, x, &) in S{co, oo} belongs to
S{M., M,}. Therefore, on the calculus, we need consider only the case of
M,<o and N,<co. On the notation of S{M,, N.}, see the following part.

We can also treat the case of M,<co and N,=0, but we shall not use this
class in applications.

Remark 1.7. Through all definitions, we assume the positive homogene-
ity on a:«(t, x, £). In applications, it is useful but on the view point of a closed
calculus, we can drop it. By the same reason, we can also relax the meromor-
phy of a:(t, x, £) in Definition 1.1.

We call « the order of a(¢, x, £). Let us denote the set of the meromor-
phic formal symbols of order « by Sx*(w X I'), that of the holomorphic formal
symbols of order « by Sx*(wXxI') and that of the formal symbols of class
{M., N.} of order « by S*{M,., N.}(wXTI), respectively. Further we set
Su(wXT)=USu(wXTI') and so on. On the other hand we set Skmom(w X 1I")
={a(t, x, )ESk (wXT); a(t, x, E)=ad(t, x, £)} and so on.

Definition 1.4 (True order). When a(t, x, £)=2%0a:(t, x, £) has the
order «, at, x, £)=0(0<i<i.) and a.(¢, x, £)*0, we say that a(¢, x, £) has
the true order x—1i. on wXx 1.

The rules of calculation are common to all categories of the formal
symbols. Then, we represent them by S(wXI') or S. We introduce a
product in S(wXI"), which corresponds to the product of ps.d.op.’s.

Definition 1.5 (Product and adjoint). For a(¢, x, &)=2%0a:(t, x, £) and
b(t, x, &)=2%obi(t, x, €) in S(wXT), we set

(18)  alt,z,8)b(t, 2,8 = Rt 1,6,

itz = 3N Lam(t 2 Obunlt, 2, 8),

j+k+lrI=i,7€Z.¢ 7'

(Product of a(t,x, &) and b(t, x, €) in S),

1L9)  a*t.z,8) = Bart, 8,
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1
dz'* =

a;3(t, x, €),

) - T i
itlrl=i, ezl Y
(Adjoint of a(t,x, &) in S).

Proposition 1.1 (L. Boutet de Monvel and P. Krée [4]). Let S be Su, Su
0r S{Mn, N.}. We assume Assumption 1 or 1" on {Mn}s-0 and {Nn}n-o respec-
tively in case of S=S{Mn, Nn}. S(wXTI') is *-algebra over C. If the princi-
pal part alt, x, €) of a(t, x, &)=270ai(t, x, &) does not vanish identically in
case of S=Su, does not vanish in case of S=Su and |a«(t, x, £)|=co>0 in
case of S{Mn, Nu}, a(t, x, €) is invertible.

For a ring G, we set Mat(K,, K; ; G)={K, X K, matrices with entries in G},
Mat(K; G)=Mat(K, K; G) and GL(K; G)={invertible square wmatrices of
order K with entries in G}. For A(t, x, &)=(a™(t, x,E)<i<ri1<r<kC
Mdt(Kl, K G), we set Ai(f, X, §)=(d{k(l‘, x, 5))1951{.,19151(2, where ajk(l‘, X, f)
=3 0a(t, x, £). We have A(t, x, £)=270A(t, x, £).

Let S be Su(wXT), Su(wXT') or S{Mn, Nu}(wXI") (M,<oo, N,<c0) and
@ be a conically compact subset of o XI'\Y. For A(¢, x, £)=270At, x, &)
in Mat(Ki, Kz ; S"(wXT)) (At, x, E)=(a?(t, x, £))), we set

1
(1.10) 1A; TI=IA; TlI(@)= > max sup 2K 1!

i€Z.,acZ.*1,peZ,t Gk (t,1,6)ED (2[)1Mz‘+|a|Ni+|ﬂ|

X |81, 2, E)|gl e e

where K>max{Ki, K:}. |A; T|(&) converges for 0< T<1. Here, Mu, Na
and |€| are replaced by #!, n! and |&| respectively in case of S=Sy and Su,
X =0 in case of S=Su and S{M,, N,}, and @ can be replaced by w X I in case
of S=S{M,, N.}.

Following L. Boutet de Monvel and P. Krée [4], we obtain the following
propositions on matrices with entries of formal symbols.

Proposition 1.2. Let S be Su, Su 0r S{Mn, Np} (M,<00 and N,<0).
We assume Assumption 1 or 1" on {Ma)s-0 and {Nn}n-o respectively in case of
S=S{M,, N.}. For A(t, x, &) in Mat(K,, Kz; S“(wXT)) and B(t, x, &) in
Mat(Kz, Ks; S*(wXT)), A(t, x, E)°B(t, x, ) belongs to Mat(Ki, Ks;
S (wXT)) and satisfies

(1.11) lA-B; TI|<|A; TIIB; TI,
where K in the norm (1.10) is taken as K >maxi<:<s{K.}.
By virtue of Proposition 1.2, we have

Proposition 1.3. 1) For S=Su, if A(t, x, &) belongs to Mat(K; S*(w X
I') and satisfies detAo(t, x, £)F0, it has the inverse in GL(K; S™(wX1I)).
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2) For S=Su, if A(t,x,E) belongs to Mat(K; S(wXT)) and satisfies
detAo(t, x, £)F0, it has the inverse in GL(K; S~ (wX1I")).

3) Let S be S{Mn, No}. We assume Assumption 1 or 1" on {Mnf5=0 and
{NnYnzo respectively. If A(t, x, &) belongs to Mat(K; S*(wXTI")) and satisfies
|det Ao(t, x, E)|=co>0, it has the inverse in GL(K:; S " (wXxI)).

Proof. Let I—A be A°(A,)'. A7!is given by (Ao¢) 1e25-0A°" where
A’°" means the operator product of A”s of h-times. In this procedure, the
pole set increases only by the decomposition by det A¢(¢, x, £) in case 1).

Q.E.D.

The formal symbol A(¢, x, &) whose principal symbol satisfies the condi-
tion in Proposition 1.3 is called “non-degenerate”. On the other hand, if the
principal symbol of A(¢, x, &) does not satisfy the condition in Proposition 1.3,
A(t, x, &) is called “degenerate”. We remark that there exist formal symbols
which are degenerate but invertible.

§2. Separation of characteristic roots
Let G be a ring. We denote

B

B = B . € Mat(K; G), B;EMat(K;;G)

Ba
d
(BE~=K),

by B=B®B:D:--PBs=P<;<aB; and say that B is split to {Bj}lSde.

Further, let us set @’=(gh, qh,-1, ", qf) (gi€Z., ZFiikgi=m;) and

J(A, @ 1<7<d)=D1<;<a] (4, @) =P1<;<a®mn,2 11 DAL+ J(£)), where L€
b

G, @ n=r=1 means the direct sum on . from m to 1, D*A does AD---DA and

01
0 1
J(k)= EMat(k; G).
0 1
0

J(A;, @’) is a Jordan normal form with respect to 4;. ¢4 is the number of £ X k&
blocks in J(4;, @°).
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Example 2.1. In case of K=nu=10 (d=1), 41=0 and ¢'=(0, 0,0, 0,0, 0,
1,0,2,2), J(0, " )=7(4)DJ(2)DJ(2)DJ(1)®J(1) has the following form.

01
01
0 1
0

0

For A(t, x, &)=2%0A(t, x, E)EMat(K; S*(wXT)), we give some ele-
mentary propositions.

First, we consider the case of smooth symbols. For the elements in
Su(wXT), we regard them as the elements in Sw(wXI'\Y). We represent
wXT (wxI'\Z in case of Su) by 2.

Proposition 2.1. Let S be Su or S{Mn, N.}. We assume that A«(t, x, €)
belongs to Mat(K; Skon(Q)) and satisfies Assumption 0 (in case of S=S{Ma, N},
Sfurther (1.3) on {Mn}n-0 and {NpYn-0). Then, the eigenvalues {A;(t, x, &)}
of Alt, x, &) belong to Skom(R2).

Of course, we need only Rudin’s condition —almost increasing— on
{Mu/n")5=0 and {Na/n!}n-o instead of (1.3), but we do not adhere to the best
possibility on this condition. In Propositions 2.2, 2.4 and 2.5, we also assume
(1.3) but also need only Rudin’s condition. (See W. Rudin [28].)

Proof. By virtue of the following formula, the proposition is obvious.
@) Mtz 8 = —— [ Llogldet(Alx — Alt, =, )} dA,
2mmy/ —1Jc dA

where C is a simple closed path around A;(¢, x, &) alone in C. Q.E.D.

In general, the Jordan structure of the generalized eigenspaces changes
depending on (¢, x, £). However, as the dimension of each generalized eigen-
space is constant, we have the following.

Proposition 2.2. Let S be Su or S{Mn, N.}. We assume that Adt, x, &)
belongs to Mat(K; Ston(RQ)) and satisfies Assumption 0 (in case of S=
S{Mx, No}, further (1.3) on {Mn}r=0 and {Nn}n=0). For arbitrary (to, xo, &) in
8, there exist a conic neighborhood w. X T's in @ and a basis of the generalized
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eigenspace of Ai(t, x, &) in Shom(woe X Is).

Proof. Since the following matrix P;(¢, x, £) gives the projection to the
generalized eigenspace of A;(#,x, &) and it is smooth, the proposition is
obvious;

©22) Ptz &) — Zﬂl: [t Adt, 2, ©)yar,

where C is a simple closed path around A;(¢, x, &) alone in C. Q.E.D.

By Proposition 2.2, following H. Kumano-go [10], K. Kajitani [5], T.
Nishitani [25] and W. Matsumoto [15], we have the following proposition on
P(t, x, D:, Dz) given in (0.1). We denote the set of differential polynomials
on D, with coefficients in S by S[D:].

Corollary 2.3 (Separation of characteristic roots). Let S be Su or
S{Mn, No}. We assume that P(t, x, Dy, &) belongs to Mat(K; S*(2)[D.]) and
satisfies Assumption 0 (in case of S{Mn, Ny}, further Assumption 1 or 1" on
{Mp)3-0 and {Nn)3-o, respectively). For arbitrary (to, xo, &) in 2, there exist
a conic neighborhood woX I in & and N(t, x, &) in GL(K; SNw. X T)), for
which it holds that

(2.3) N(t, x, &) o P(t, x, Dy, £)°N(¢t, x, &) = Dr<j<aP’(t, x, D1, £) ,
where

Pj(t, x, Dy, E) = Im;Dt_Bj(tv X, é) s
B(t, x, é)ngﬂ'(t, x, &) .

Herve, By'(t, x, E) belongs to Mat(m;; Skom(woXI's)) and has the unique
eigenvalue A;(t, x, &) (1<7<d).

In order to obtain the above corollary in case of S=Sy and S{M», N.}, we
can apply the proof of T. Nishitani [25] on scalar operators to systems.
His proof stands on a successive approximation. On the other hand,
{N:(¢t, x, &)} and {B/(¢t, x, £)} are obtained easily in class S{oo, }. The
author gave another proof directly evaluating them. (See W.Matsumoto [15].)

On the view point of technique, Corollary 2.3 corresponds to the decompo-
sition of scalar and higher order operators mentioned at the start of Introduc-
tion. Corollary 2.3 is the best result if we hope to keep the smoothness of
symbols.

We hope to take N(¢,x, €) in Corollary 2.3 globally. However, in
general, it becomes meromorphic in case of S=Sy. Further, if we hope to
transform B¢ (¢, x, £) to its Jordan normal form, we also need accept an
exceptional set for N(¢, x, £) and B’(¢, x, £), which is a pole set in case of S
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=Sx. (Recall Example 0.1 near (¢, x)=0.) By this reason, from now on, we
consider Sy instead of Swu.

As we globally consider the structure of systems in case of S=Su, we
assume the following.

Assumption 2 (In case of S=Su). The eigenvalues of Ao(¢, x, £) are
holomorphic in o X I".

We denote the number of %X £ blocks in the Jordan normal form of By'(¢,
x, &) at (¢, x, &) by qit, x, &) and set ¢’(¢, x, £)=(qnt, x, &), g~ (t, x, &), -,
ql(t, x, &), (DrL1kqi(t, x, E)=m;). Further, we set Q(m)={q=(qn, gn-1, -,
Q)EZ"; D kqr=m} and give it the lexicographic order and the order
topology. It is easily seen that q’(¢, x, &) is lower semi-continuous and
especially, in case of S=Su, @’(¢, x, £)=maxwxrq’(t, x, &) except on a conic
analytic set. By these facts, we have the following proposition.

Proposion 2.4. Let S be Su or S{Mn, Nx}. We assume that Adt, x, &)
belongs to Skom(wXI') and satisfies Assumption 0 (in case of S=Su, further
Assumption 2 and in case of S=S{Mn N.}, further (1.3) on {Mi}n-o and
{NaYs=0). There exists an open conic dense subset U’ = qeomyU’(q) of o XT
such that q’(t, x, &)=q on U’(q). Especially, in case of S=Su, U’=U’(q%)
(3 q% in Q(my)), w X I\U’ (=237) is a conic analytic set and q’(t, x, )< q% on
29,

Remark 2.1. In case of S=S{M,, N.}, in general, U’ is composed of
some of U’(q)’s.

Example 2.2.

A0, x, 5)/«51“:(8 ﬂf)t))’ ”{z?} x:g;

For the above Ao(t, x, &), U((1,0))=(0, ) and U((0, 2))=(—o0, 0).

The existence of the matrices of the above type causes many difficulties
in the theories on the systems of differential equations with non-quasianalytic
coefficients. (See W. Matsumoto [12,1] and [16] and also Remark 4.1 in § 4 of
this paper.)

We set [q]l=(q", ¢* -, ¢¥) and Q=Q(m1) X Q(mz) X - X Q(ma). The
above proposition brings the following.

Proposion 2.5. We assume that Ad(t, x, &) belongs to Skom(wXI") and
satisfies Assumption 0 (in case of S=Su, further Assumption 2 and in case of
S=S{M,, Ny}, further (1.3) on {Mn}3-0 and {Nn}2-0).

1) Let S be Su. There exists No(t, x, &) in Mat(K; Shom(w X T)), invertible as
a matrix of functions, such that
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(2.4) (No(2, x, €))7 Au(t, 2, E)No(t, x, &) = J( A, @5, 1<j<d)&",
where the pole set X=\Ui-12". (qb and 3’ are those in Proposition 2.4.)

2) Let S be S{Mn, Nn}. There exists an open conic dense subset U=qcq
U(lq]) of wXI. For every (to, xo, £s) in U([q)), there exist a conic neigh-
borhood woXT's in U([q]) and No(t, x, &) in Mat(K; Shom(woXTs)), inverti-
ble as a matrix of functions, such that

(2.4) (No(t, z, &) Ao(t, x, E)N(t, x, §) = J(A;, @'; 1< <d)|&|
on woXIs .

In both cases 1) and 2), we can take the entries of No(t, x, &) as the polynomials
of the entries of Adt, x, &), and {A{t, x, &)}.

Remark 2.2. To see the last assertion in Proposition 2.5, we remark that
we can obtain a Jordan basis through the construction of Jordan chains, that
is, solving linear equations with parameters by the fundamental transforma-
tions. Here, we do not rely the formula (2.2).

By Proposition 2.5, following the proof of Proposition 2.3 and the proofs
in V. I. Arnold [2] and V. M. Petkov [26], we arrive at the result on P(¢, x, D,
D;) by V. M. Petkov.

Theorem 2.6 (Normal form of V. M. Petkov [26]). We assume that
P(t, x, Dy, &) belongs to Mat(K; S*(w X I')[D.]) and satisfies Assumption 0 (in
case of S=Swu, further Assumption 2 and in case of S=S{M,, N,}, further
Assumptions 1 or 1" on {Mn}s-0 and {Nn}n<o).

1) Let S be Su. There exists N(t, x, &) in GL(K; S«wXTI")) such that
(2.5) N(t, x, &) P(t, x, D, E)oN(¢, x, &) = Pr<,=aP’(¢, x, E),
Pi(t, x,&) = In(D:—A(t, z, £))— C'(¢t, x, &),

CU(t, z, €) = 3CA(t, x, ) € Mat(m;; S¥),

Coé'(t, x, &) = J(0, gb)&”,
C/(t, x, ) ; generalized Sylvester type (i1=1) .
(g% and pole set ¥ =\U%127 are those in Propositions 2.4 and 2.5.)

Here, the matrix F of genevalized Sylvester type corvesponding to J(0, q°)
means the matrix which is decomposed to blocks {F¥y} (F& is the block
corresponding to the h-th block of size k in the divection of row and to the
W -th block of size k' in the dirvection of column, 1<k, k'<m; 1<h, h"<qi).
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Further, F& has the following form;

<*O*) when (B, B)=(F, 1),

(2.6) .
P0 when (k, W)<(k', 1),

where, we give the lexicographic ovder to {(m;—k+1, h); 1<k<m; qi>1,
1<h<gi}.

2) Let S be S{Mn, Nu}. There exists an open conic dense subset U=\qcq
U(lq)) of wXT which is obtained in Proposition 2.52). For every (to, xo, Eo)
in U(Lq)), there exist a conic neighborhood woxT'o in U([q]) and N(t, z, &)
in GL(K; S"woXT's)) such that (2.6) holds in woXI'o replacing Co'=
J(0, g2)&* by Ci=J(0, ¢)I&l".

In both cases 1) and 2), the entries of Ci.(t, x, &) 1<;<d) and those of
N..(t, x, £) ave the polynomials of {A(t, x, E)Vh<i<a, those derivatives of order
up to i., the entries of A«t, x, £) and those derivatives of order up to io—1i
(0<:i<i,).

Remark 2.3. In Corollary 2.3 and Theorem 2.6, in case of S=S{M,, N.},
the entries of N(t,x, &), N(t, x, &), B(t, x, & and C%(t,x, &) belong to
S{Mp+3, Nuss}. If {Mn}n-0 ({ N30, respectively) satisfies Assumption 1, they
also belong to S{M,, Nn+s} (to S{Mn+s, N.}, respectively).

Remark 2.4. We can take No(t, z, &) in Shmom(w X ") in case of S=Sy.
Let us denote the pole set of A(t, x, &) by X4, that of C(¢, x, €) by Z¢s and the
zero set of detNo(t, x, &) by Zy,. It holds that Xc;CXaU Zg,.

In order to see the form of matrix of generalized Sylvester type, we give
an example corresponding to Example 2.1.

Example 2.3. In case of K=m=10(d=1), A=0and ¢'=(0,0,0,00,0, 1,
02,2), J(0, ¢")=J(4)DJ(2)DJ(2)DJ(1)DJ(1). Corresponding to J(0, ¢*), the

matrix of generalized Sylvester type has the following form,
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* * * * * * *

* *

* * * * * *

* * * * *

* * * * *
J

where the entries vanish except the asterisks.

Remark 2.5. For ¢’=(g#,, gh,-1, -, qi) in Q(m;), we set 8,=21721¢% and
nin=ko for 1+ ZRaghi<h<X¥iqi (1<k.<m;, that is, 1<h<g;). It holds
that ](0, qj):@1ShssJ(7ljh).

§3. Normal form of systems in formal symbol classes

If we adhere to the given principal part, Theorem 2.6 would be the best
result. However, if we accept some entries of lower order terms as a part of
the principal part, we can further transform N~'o PoN in Theorem 2.6 to more
simple form. In order to carry out this, we need use degenerate and inverti-
ble formal symbols. (See the last part of § 1.)

Theorem 3.1 (Normal form of systems = Perfect block diagonalization).
We assume that P(t, x, D:, €) belongs to Mat(K; S*(w X I')[D:]) and satisfies
Assumption 0 (in case of S=Su, further Assumption 2 and in case of S=
S{Mn, N.}, further Assumption 1 or 1" on {Mn)5-0 and {Nn)2o).

1) Let S be Su. There exist N(t, x, &) in GL(K; S(wX 1)), {8;}1<j<a and
{njk}lstd,lskss, (85, njnEN, Diimn=m;), such that

(3.1) N(t,x, &) P(t, x, Ds, £)°N(t, x, £)
= Pi<j<a®i<r<s,Q*(¢, x, D¢, E)
Q" = Li(De—At, x, £))—D**(t, x, &) ; nwX nje,
D*(t, x, &) = Do'™*(t, x, £)+D"*(t, x, £),
4 (¢, x, &) = J(na)& € Mat(nn; Skom(w X T)),

0

(1) bfh(njk)> < Mat(nu; S™Hwx 1))

D7%*(t, x, &) = (
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2) Let S be S{Mn, N.}. There exists an open conic dense subset U= qeq
U([q]) of wXT (different from that in Theorem 2.6). For every (to, Xo, o)
in U([q)), there exist a conic neighborhood ws XTI« in U([q]) and N(t, x, )
in GL(K: S(woXT's)) such that (3.1) holds in w. XTI o replacing &* by |E|,
where {8;h1<i<a and {Mh<j<anr<r<s;, are decided by the rule given in Remark
2.5. (The entries of N(t,x, &) and D**(t, x, &) belong to S{Mn+re, Nns+ro}(@o X
Ts) for some ko in Zv. If {My}n-o ({Na}nzo, vespectively) satisfies Assumption
1, they also belong to S{Mn, Nn+ro}(@oXT's) (to S{Mniro, Na}(wo X Ts), respec-
tively).

In both cases 1) and 2), we can take the entries of {D/(t, x, £)} and of
{N:(¢t, 2, E)} as the polynomials of the entries of {A«t, x, &)}, {A:(¢t, x, E)h<iza
and those derivatives.

Remark 3.1. The orders of the entries of N(¢, x, £) and N(¢, x, £)”! are
different each other and some of them may be positive.

Remark 3.2. On woXI', (in case of S = Su, we take wo XI5 such as
w.XI'sNX=¢), we can construct true symbols from the fomal symbols
N(t, x, &) and D(t, x, £)=Pri<j<a®Pr<r<s,D*(t, x, E). Of course, we need
some additional conditions on {Ma}5-0 and {Na}5-0 in case of S=S{M,, Ni}.
(See, for example, L. Boutet de Monvel and P. Krée [4], L. Boutet de Monvel
[3], F. Treves [30] and W. Matsumoto [14].) Thus, Theorem 3.1 implies the
theorem given in § 0.

Proof. As the proofs are parallel, we treat only the case of S=Sy. We
start from Theorem 2.6. Since the operator is split to P'(¢, x, D., £), P¥(t,
z, Dy, £), -+, and P%(¢, x, D:, £), we can consider each one independently.
From now on, we only consider one of {P/(¢, x, D:, £)} and omit the suffix “j”.
We set r=max{k; 1<k<m, g.=>1} and »'=min{k; 1<k<m, g.>1}. Then,
the size of the largest blocks in the Jordan normal form Co/£:*=J(0; q.) is
r X » and the smallest one is »' X 7',

We classify C(¢, x, &) to three cases.

1. There is at least an entry not vanishing identically on the first column
from the » +1-th row to the last row.

2. Every entry on the first column from the »+1-th row to the last row
vanishes identically but there is at least an entry not vanishing identically on
the »-th row from the » +1-th column to the last column.

3. Every entry on the first column from the » +1-th row to the last row and
on the »-th row from the » +1-th column to the last column vanishes identi-
cally.

In either case, we reduce the system as follows.
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Case 1. Let ¢ be the maximum of the true orders of the entries on the first
column from the » +1-th row to the last row. We take a weighting operator
W(&)=1,&"""@®In-,. Taking the similar transformation of P(¢, x, D, &) by
W(&), we have;

(3.2) P(t, 2, Dy, &) = W(E)°P(¢, x, D, &) W(E)

= In(D:—A(t, x, £))— C(t, x, £),
Clt,z, &) = g}éi(t, x, &) € Mat(m; SY).

Co/£1¥ has the following form, where J.[k]=J(k) (' <E<7).

1

J-(1]

J-[2]

: ]r’[qr’]

Co rests nilpotent but has a Jordan chain longer than 7.

Case 2. Let ¢ be the maximum of the true orders of the entries of the »-th
row from the »+1-th column to the last column. We take a weighting
operator W(&)=1I,£&""Y@®I.-, and take the similar transformation of
P(t, z, Dy, &) by W(&);

(3.3)
P(t, x, D, &) = W &) P(t, x, Ds, £)°o W(E)
= I.(D.—A(t, z, &))— C'(t, x, &)

C(t,x,8) = 3Cilt, 2, 8) € Mat(m; ).

Ci/&:” has the following form.
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J-1]

Jrlar]

Cs rests nilpotent but has a Jordan chain longer than 7.

In case of S{M., N}, the entries of C(¢, z, &) and C'(¢, z, £) belong to
S{Mpsv-p, Nnvv-n). If {Ma}5-0 ({Na}5-o, resp.) satisfies Assumption 1, they
also belong to S{Mn, Nn+v-n} S{Mnpsv-u, Na}, resp.) by virtue of the
differentiability of {M,}r-0 ({Nx}5-o, resp.).

Case 3. C(t, x, £) is split to the first » X » block and the rest (m—») X (m—7)
block. Here, the first block has the form of D! in (3.1).

In Cases 1 and 2, we apply Theorem 2.6 again, where new 7 is larger than
the original ». In Case 3, we consider only the rest (m—»)X(m—7) block.
In any case, we repeat this procedure. Since, through each procedure, new »
becomes larger or else the size of system to be considered becomes smaller, we
arrive at Theorem 3.1 in finite procedures. Here, N(¢, x, &) is the alternate
products of non-degenerate transforming operators of type N(t,x, &) in
Theorem 2.6 and degenerate weighting operators of type W(€&) introduced
above.

In each procedure of Cases 1 and 2, the zero set of detN(t,z, &) is
incorporated in the exceptional set.

Q.ED.

§4. Applications to the Cauchy problem

§§ 4.1. Cauchy-Kowalevskaya theorem for systems. We consider the
Cauchy problem in a complex domain 2 for a system of partial differential
equations with holomorphic coefficients;

(“1) {P(t, x, D¢, D2)u = f(t, x),

u(to, x) = p(x),

where
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(4.2) P(t,x,Dt,Dx) = ]KDt—|[2s Aa(t,x)Dza.

If v=1, (4.1) has the unique local holomorphic solution for holomorphic ¢(x)
and (¢, x). When v>1, we have the following theorem.

Theorem 4.1 (W. Matsumoto and H. Yamahara [17]). In (4.2), we
assume v>1. The following four conditions ave equivalent.

@) V(to,x.)ER, Yw: complex neighborhood of (to, x.), Velxr)eH(wN
{t=t.}), VIt x)eH(w), I1u(t, x): holomorphic solution of (4.1) in a
neighborhood of (to, xo).

(b) Aot x, &)= a=vAut, x)E* is nilpotent and, in the normal form of
P(t, x, D, &) in Theorem 3.1, it holds that

(4.3) true ovder of b™*(p) < 1—(v—1D)(npm—p), (1<p<mnj).

(c) In the meromorphic formal symbol class, P(t, x, D:, €) is transformed to
a first ovder system.

(d) The determinant of P(t, x, D¢, Dz) in sense of M. Sato and M. Kashiwara
[29] is @ Kowalevskayan polynomial, that is, its degree is K : the number of
unknown functions and equations.

We prove the above theorem as (a)=(b)=(c)=(a) and (b)e(d). We can
prove (a)=(b) by the usual way as S. Mizohata [22] applying Theorem 3.1.
(b)=(c) and (b)e(d) are trivial. Then, we need show (c)=(a). We reset
t.=0. We have the fundamental solution E(¢; x, Dz)=25-0t*e(k)(x, D) for
=0, where e(k)(x, D) is a differential operator of order at most vk with
holomorphic coefficients. Under Condition (c), we can show the following
inequality;

) e & < 3 CR* (k= m&l",

on an arbitrary conically compact set in 2 X C:/\X, where v. is a non-negative
integer, X is a conical analytic set and C and R are positive constants. Since
e(k)(x, &) is a holomornhic function of x and &, (4.4) holds on 2 X C¢ by the
maximum principle. This implies that E(¢; x, D.) operates on the holomor-
phic functions of x on 2N{¢#=0} for small [#|.

The proof of (c)=(a) is a modification of M. Miyake [18], where the
formal solutions were considered. (See W. Matsumoto and Yamahara [17].)

A detailed proof will be given in the forthcoming paper.

§§4.2. Levi condition for systems. We consider the Cauchy problem in
a real domain £ for general system of partial differential equations with real
analytic coefficients;
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P(t,x, D:, Dr)u = f(t, x),
4.5
(45) {u(to,x) = o(x),
where
(46) P(t, x, Dt, D.z:) = IKDt—‘l E Aa(t, x)Dxa .

By the same way as S. Mizohata [21] (or K. Kajitani [6]) and [20], we have
the following theorem.

Theorem 4.2. We assume that all coefficients of P(t,x, D:, Dz) are real
analytic in Q. If the Cauchy problem (4.5) is C™ well-posed in Q, that is,

(@) V(to, x.)ER, Fw: neighborhood of (to, x.), Veolx)=C*(R’), Vf(t, x)
eC™(R*™Y), 1u(t, x)e C(w): solution of (4.5) in w,

the following three equivalent conditions hold.

(B) Aot x, &)=2a=vAdt, )E® is nilpotent and, in the normal form of
P(t, x, Dy, &) in Theorvem 3.1, it holds that

4.7 true ovder of b*(p) < 1—(v—1)(mum—p), (1<p<mj).

Further, the principal part of (3.1) in sense of Volevit has real characteris-
tic roots.

(7)  In the meromorphic formal symbol class, P(t, x, D¢, €) is transformed to
a formally hyperbolic operator, that is, an operator of first order and with real
characteristics.

(8) The determinant of P(¢, x, D¢, Dz) (=detskP) in sense of M. Sato and
M. Kashiwara [29] is a hyperbolic polynomial. (We say that p(t,x, t, &) is
hyperbolic if its total degree is equal to its degree on t and it has only real
roots on T for all (¢, x, E) in X RL)

detskP is a polynomial with real analytic coefficients. (See M. Sato and
M. Kashiwara [29] and E. Andronikov [1].) Then, if a root on ¢ has a
constant multiplicity, it is real analytic. Assuming that every root of detsxP
has a constant multiplicity, we can again apply Theorem 3.1 on N™'ePoN in
Condition (7). We denote this new normal form by adding a tilde.

Theorem 4.3. We assume that all coefficients of P(t, x, D:, Dz) are real
analytic and every root of detskP=0 on t has a constant multiplicity. Then
the following thrvee conditions are equivalent.

(@) The Cauchy problem (4.5) is C™ well-posed in £2.
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(e) Condition (y) holds and further in the novrmal form of transformed
operator N~ e PoN in Theovem 3.1, it holds that

(4.8) true order of b7*(p) < —(mm—1p), (1<p<mpu—1).

(&) In the meromorphic formal symbol class, P(t, x, D:, €) is transformed to
a formally hyperbolic system with a diagonal principal part.

We prove the above theorem as (a)=(e)=(¢)=(a). We can show (@)=
(¢) by the usual way as S. Mizohata [24] applying Theorem 3.1. (&)=(¢) is
trivial. Then, we need to show ({)=(a). We reset t.=0. We have the
fundamental solution E(¢, x, Dz)=2%-0 t*e(k)(x, D:) for f=0, where
e(k)(x, D:) is a differential operator of order at most vk with holomorphic
coefficients in a complex neighborhood £ of 2. However, under Condition
(8), the order of e(k)(x, D:) is at most £+ v.. By virtue of the assumption of
the constant multiplicity of characteristic roots, E(¢; x, D;) is expressed as a
Fourier integral operator 2¢1E3,: E'(t, x, £)=2s0t*e’(k)(x, £€) modulo
Su~", where ¢, is a phase function with respect to a characteristic root A; and
e’(k)(x, &) belongs to S#**V°(2 X R?). Under Condition (&), we can show the
following inequality;

(4.9) le’(k)(z, &) < CR*k!E

Vo'
’

on an arbitrary conically compact set in QX I\X, where v, is a non-negative
integer, I' ={£€ C% |Im&|< e|Reé&|, ReEE RY), T is a conical analytic set in £
X I" and C and R are positive constants. Since ¢’(k)(z, &) is a holomorphic
function of x and &, (4.9) holds on 2X I" by the maximum principle. This
implies that E(¢; x, Dz) operates on the functions of x in C*(2N{¢t=0}) for
small |¢].

A detailed proof will be given in the forthcoming paper [16].

Remark 4.1. In Theorem 4.3, if we remove the real analyticity of
coefficients, (€) (=(&)) is necessary for C well-posedness but not sufficient.
We can construct a counter-example:

010 0 0 0
LD — 0 0|D:—( 0 0 (2)
0 v(it) 0 0

where u(t) and v(¢) are nonnegative, they belong to C2(R), suppx={0}U
Uszil@zn, @2e-1] and  suppy={0}UU%-1[@zn+1, @2x] (@»0). The condition
(e) is satisfied on each [@n+1, ax] (REN), on [a1, ) and on (—oo, 0] but the
Cauchy problem for the above operator is not C* well-posed at the initial time 0.
(See W. Matsumoto [16] and [12,1].)

We can also obtain the characterization of Gevrey well-posedness by the
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similar manner.

(1]
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