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Remarks on the elliptic cohomology
of finite groups

By

Michimasa TANABE

1. Elliptic character

Let E ll* (? ) be the elliptic cohomology based on the Weierstrass cubic

y2 =4 x 3 —g2x—g3

over

Ell * = Z[ 1/6 ][g2, g3, 4 - 1(Z1=g1 - 27gN)

(see [3], [11]). The coefficient ring Ell* = Ell*(pt) can be viewed as the ring
of modular forms on F(1)=SL2(Z) over Z[1/6]. (The grading on Ell* is given
by —2 x weight.) In other words E//* is the ring which represents the functor

{Z[1/6]-algebras A}—{isomorphism classes of F(1)-test objects over AI

with universal test object

(Euniv, couniv)=(y 2 = 4 x 3 —g2x—g3, dx/y),

where a F(1)-test object over A means a pair (E, a)) consisisting of an elliptic
curve E / A  and a nowhere-vanishing invariant differential co on E  (see [10,
Chapter II]). This identification is natural in the sense that the formal group
law associated to E ll with canonical orientation is the formal group k u n iv

associated to E u n iv ,  with parameter T =  — 2x/y.
For n 2 le t E2nEE// - 4 ne)Q be the Eisenstein series given by the q-

expansion

E2n(q)=1 —(4n/B2n) ,E
1
 chn_1 (k )e ,

where

z/(ez —1)=1—z/2+ E B 2 2 '/ (2 n )!
n 2 1
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and

i( k )= d .

Then the Tate elliptic curve Tate(q) is given over Z[1/6]((q)) by

3)2 —4,3c3 —1÷2 E4(q)x +  216 E 6 )

and there is a unique ring homomorphism

A: Ell*—>Z[1/6]((q))

classifying (Tate(q), dx / y ). (This A is nothing but a q-expansion homomor-
phism which is injective.) Since the formal group associated to Tate(q),
viewed as G./qz, is canonically isomorphic to formal multiplicative group a.
we have a canonical isomorphism of formal groups over Z[1/61((q)) :

O: Om . . - >/1* kunlv.

This isomorphism 0  is actually a strict isomorphism of formal group laws,
where we take local parameter T =t —1 for G.—Spec Z[ t, t - 1 ] . Therefore, by
using the theory of Landweber-Novikov operations, we have

Theorem 1 . 1  ([1 3 ]). There is a unique natural transformation of multi-
plicative cohomology theories on finite CW-complexes

A (X ): Ell*(X )— >K*(X )[1/6]((q))

such that

(1) A(pt)= A.

(2) Let A(C13 - )=1im,, A (CP") and d e n o te  b y  x ' ( re sp . x ')  the canonical
orientation for Ell (resp. K ) then

A(C13 - )(x E ")=0 (x 9 .

Here K*(?) is Z/(2)-graded complex K-theory.

The above A(?) is called elliptic character.

2. Modularity of elliptic character for finite groups

Let G  b e  a  finite group and B G  be its classifying space. S in c e
K*(BGi)=0 for a filtration {BG,} on BG consisting of finite subcomplexes

we have elliptic character

A(BG): Ell*(BG)—>K*(BG)[116]((q)).
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Using Atiyah's isomorphism K*(BG) -=' k(G ) ([1]), w e h a v e  a  natura l ring
homomorphism

Ell*(BG)—>MG)[1/6]((q)),

where k (G ) denotes the completion of the complex representation ring of G
at the ideal consisting of the virtual representations of dimension 0.

For a prime p  let GLp G : gPN =-1, N>0), Rp(G)=(.1-?(G));̀, and denote
by Cp the completion of the algebraic closure of Q p. Then there is a character
map

xp(G) : Rp(G)--Mapc(Gi,p, Cp)

which is a  P-adic analogue of the usual group character (see [6 ]). Thus for a
prim e p 5  (from  now  o n  w e  f ix  a  p r im e  p 5 )  w e h a v e  a  na tu ra l ring
homomorphism

Ap(G): Ell*(BG)—>Mapc(Gi,p, Cp((q)).

We shall study modularity property of this Ap(G). Before stating our result we
give a  brief account of P-adic theory of modular forms.

L e t V (n)= V (Z 9 [ p.], F(1)) be the ring of 1(1)-generalized P-adic modu-
lar functions over .E3 =Zpftpd, where i s  a primitive Pn-th root of unity (see
[10, Chapter V], [5, Chapter 11). T he ring  V (n) represents the functor

{P-adic /3-algebras A}—{isomorphism  classes of trivialized elliptic
curves over Al.

Here a P-adic Ba -algebra means a Ba -algebra which is complete Hausdorff in
its P-adic topology and a trivialized elliptic curve over A means a pair (E, ço)
consisting of an elliptic curve E/ A and a trivialization ço of it, i.e., an isomor-
phism of formal groups over A:

:

There is an obvious inclusion

V (n)-> V (n +1)

for every O.
The Tate curve Tate(q), viewed over Bn((q))= (Bn((q)))7), has a canonical

trivialization

çocan= 61 -
1 :

Then evaluation on (Tate(q), 9 can) gives an injective q-expansion homomor-
phism

X: V (n)--.131 7 ( 3Y.
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For any aE Z 'f ', and fE  V(n) we define [a ifE  V (n ) by the formula

[a if(E , so)=f(E,

where a '  acts on ço via an automorphism of G.. This gives the action of Z;)
on V (n ). Let

1 / k(n) { f  E  V (n ) :  [a ] f  a k  f (V aE rol
and

V * (n )= T V k (n),

where 11 — { a e n : a—=i(pn)}. Note that there is an obvious inclusion

Vk(n)c-4Vk(n+1)

since 11+1 C Tn.
Let dT/(1+ T) be the standard invariant differential on G.. Then for

any trivialized elliptic curve (E, ço) we have an invariant differential ço*(dT
(1 + T ) )  on E  w hich uniquely extends to  a  nowhere vanishing invariant
differential on E . Thus for any f E E l l ' we get an element TE V '=  V '( 0 )
defined by

p)=f(E , ço*(dT/(1+T))).

Therefore there is a ring homomorphism

Ell*—> V

which preserves q-expansions and hence is injective. When we regard Ell* as
a subring of V via this homomorphism Euniv V admits a trivialization cio univ
given by

'Puniv( T)=expo, ( lo g ,,  ( T ))E  V[[711.

For (Euffiv 0  V , d x ly ) is clearly isom orphic to (E ,  e (d T / (1 + T ) ) )  as
[(1)-test objects for any universal trivialized elliptic curve (E, ça) over V and

dx/y=dlogg... ( T)( T  =-2x/Y)

and

ço*(dT / (1+ T))= d log G. (q)( T)).

Theorem 2 . 1 .  Fo r any  x E E ll '(B G ) and g E G  o f  order If  there is a
(necessarily unique) element f e V '( n )  such that

Pp (G )(x )](g )= f(Ta te (q ), ço .).
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Proof. First consider the case G=Z/ pnZ and g =g n  (the canonical gener-
ator of Z/PnZ).

Let

fn—  ÇOurilv( 12,, ---1 ) E p  V (n).

Then fn has weight —1 over rn, i.e.,

fnEpV(n)n V - 1 (n )=PV - 1 (n)

since, for any oE

[a] fn = [ ( 2 ] ( T i l t v ( ' p n  1))

=[a]((exp R,, — 1))

=(exp[a].R.,,„ log)( pn —1)

= ((a - l expk_ a) loga.,)( 1)

= a - 1 (expRon,, log )( V .-1 )

= a 1fn.

Now the q-expansion of fn is given by

fn(Take ( q ) ,  socan) —  X (fn)

= /-1- ((exp&n,v logo.,)( 1))

logo,.)( — 1)

= 6 ( pn— 1).

Therefore for any x =E ia i ( x E i i ) i  of degree 2k in

Ell*(BZ/ PnZ)= Ell 
* [ [ x E 1 1 ] 1 1 ( [ p n ] È j x E 1 1 ) ) ,

[A p(Z/ PnZ)(x)](g)=Ez /1(a,)[0(zp(Z/ pnZ)(x9) i i(gn)

= E i / 1 (a i)O ( -p . - 1 ) 1

=(Take ( q ) ,  can )

for f= E i  aifyfE V ' ( n ) .  This proves the result for G=Z/ PnZ and g =g n .

Now for a general G and g  G of order Pn there is a unique homomor-
phism

a: Z/ PnZ— > G

which sends gn to g .  Hence for any x e E V (B G )
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[Ap(G)(x)](g)=4.1p(G)(x)ja(gn))

=[Ap(Z/pnZ)(a*x)](gn)

= f(T a te (q ), 0can)

for some f E V - k(n).

Remark 2 .2 .  The above result asserts that every element in Tm Ap(G) is
P-adically Thompson series.

3. Relations between elliptic character and H K R  character

Throughout this section we denote simply by Ell the P-adic completion of
E ll .  (Recal that p  is a fixed prime

Let 0 p be the valuation ring of Cp and )0p be the valuation ideal. Let m
be a maximal homogeneous ideal of E ll*  ( =Zp[g2, g3, 41) containing (p,
Ep_i) and choose a local homomorphism

0 : (E / / * ),— ) P-

The restriction of 0 on Ell* classifies an elliptic curve over 0 p whose mod t) p
reduction is supersingular (see [18, Chapter V §§3-4] and [9, §§2.0-1]).

Theorem 3 .1 [7 ], [8 ], [6 ]. L et G2,p={(g, h)EG 2 :  [g, h] = 1 , gP"-= h '= 1 ,
N > 0 } .  Then there is a generalized character map

(Ell)*(BG)—>Mapc(G2,p, Cp)

which extends to the isomorphism

(Ell)*(BG)0(Ell„)*Cp:4MapG(G2,p, Cp)•

To relate the above character map to elliptic character we need to specify
an exponential isomorphism

(Q 2p/Zp) 1;Êunlv(PP)tors

as described in [6]. This requires some facts about elliptic curves and modular
forms.

Let M *(n )= M *(B ,i, r
( p n ) a r i t h )  ( r e s p .  m i * (n ) _

m *(Bn, ri(pn)arith)) be the
T i  o  arith\ring of 

F ( p n ) a r l t h  

(re sp .
 ( p

 )  )  modular forms over B n = Z p k -pn] (see [10,
Chapter I I ] ) . These rings represent the functors

{Bn-algebras A}—{isomorphism classes of r (p n )a r"-te s t objects over Al

and

{Bn-algebras A}—{isomorphism classes of r i (P n ) '" - t e s t  objects over A)
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r i (p larith\ _respectively. Here a  r ( p n r r i t h  

(resp. ) test object over A means a
triple (E, co, R) (resp. (E , co, e)) consisting of an elliptic curve E/ A, a nowhere
vanishing invariant differential to  on E , and a r W T I - 1 t h  

(resp.
 ri(pn)arith)

structure (resp. e ) on E  which is an  isomorphism (resp. inclusion) of
A-group schemes :

: ppnxZ/ pnZ=; E[pfl]

and

t :  ppnc-*E[pn],

where E[pfl] denotes the kernel of multiplication by pn on E.
For every n  0  there are natural inclusions, which do  n o t  preserve

q-expansions,

M*(n)c->M*(n+1)

and

Mi*(n)c-->M*(n)

since a r(pn)""-structure  j9 gives a r ( p n - l ) a r i t h _ structure RI x pZ / PnZ and
a Pn)r i t h -structure 131Ppn- The first inclusion has the effect q  1-*q" on the
q-expansions and the second one has the effect q 1-, qP '. There is also a
q-expansion preserving natural inclusion

Mi*(n)c - >M1*(n +1)

which is compatible with the above ones.
Any trivialized elliptic curve (E ,  9 ) over A  has a  PI(Pn) "-structure

given by the trivialization

9  l ltipn:

Therefore we have a E(P n r th -test object (E, 9*(dT 1(1+ T)), ço - l itip0 over A
and a q-expansion preserving ring homomorphism

1111*(n)->V*(n)

which is necessarily injective.
Let

fi(n)uffiv: lipnxz/pnzL'>(Eunive M * (n ))[p n ]

be a universal r(pn) a r l t h . s tructure. Let E ll* (n ) be the integral closure of Ell*
in M *(n )(M *(n )[1/p ] is itself integral over Ell* [lip]), mn be a maximal ideal
of E ll* (n ) containing m E ll*(n ), and tfin=m n (E //*(n ))„ . Then the isomor-
phism
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(Z/1 n Z)2 2 4 Euniv[1 n 1(M * (n))

given by

(a, b) fi(n)univ(V ., h)

induces an isomorphism

g(n)un iv : (Z/pnZ) - - >Euniv[Pn i (nin)

since E u n iv  E ll * b n  is supersingular (cf. [18, Theorem V.3.1 and Proposition
VII.2.2]). Here we may assume that

R(n)univ(a, cl)=s0,-;rh„( :.-1)(v aEz/pnz).

Therefore we have an exponential isomorphism given by

(a, b) 4 ( ,& u n iv (Pn a, Pn b ) ) (V  (a, b ) E ( - 1F Z /Z ) 2)

and the generalized character map factors as

(Ell„,`)*(BG)—>Mapc(G2,p, )—>Mapc(G2,P, CP),

where Ell*( 0 0 )= U n E l l* ( n )  and

E11*(œ )— , Op

is an extension of 0 .  (We assume that mnpm,,IE//*(n)(V n 1).)
Let

x2,p(G) :  Ell*(BG)— >Mapc(G2,p, _0/(00))

denote the composition

Ell*(BG)— >(E/4)*(BG)— >Mapc(G2,p, Ell*(00)).

Theorem 3 .2 .  For any  x E E ll* (B G ) and g E G  of  order pn, xzp(x)(g, 1)
lies in (Ell*(n)(11111*(n))/Ac—>V(n)) and

A p(x)(g)=[x2,p(x)(g, 1)1(Tate(q), 9can).

P ro o f  By using naturality, as in the proof of 2.1, it is enough to show the
result for G=Z /PnZ  and g= gn. By the construction of HKR character and our
choice of an exponential isomorphism, for any ai(x E ")ieE ll* (B Z /
pnZ),

x2,p(x)(gn, 1)=Ei aii(z)uni,(1, 0)i

= E i a içodrtiv( p .-1 ) i
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=Ei az.g.

Therefore we have

A p(x)(90=x2,p(x)(gn, 1)(Tate(q), ,Pcan).

Remark 3.3. The above relations between Ap and ap are analogous to
relations between moonshine and generalized moonshine.
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