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Tame extension operators for Hermite’s
interpolation problem on
algebraic varieties

By

P. B. Diakov* and M. I. MITREVAT

1. Introduction

Let V be an algebraic variety in C" and let H(C") and H(V) denote
respectively the space of entire functions on C" and the space of holomorphic
functions on V. These spaces will be regarded with the topology of uniform
convergence on compact subsets, then they are nuclear Fréchet spaces. In the
following we shall consider these spaces as graded (i.e. with fixed system of norms)
Fréchet spaces with the system of norms

[Fl,=sup |[F(z2)l, r>=1, FEH(C"),
lzl<r

and

£, = sup [f(I, r=1, feH).

lzl=<r

We shall consider also as graded the space H(V)*!, k=1,2,..., of all
(k + 1)-tuples f = (fo,....fi), where fy,....fre H(V), with the system of norms

If1, =max {|f;ll,;0<j<k}, r>L

Suppose L is a first order linear differential operator in C" with polynomial
coefficients. For any k =0, 1, 2,... we study the following

Problem. For given f;,...,f,e H(V) find an entire function F such that the
restrictions of F, LF,...,I*F on V coincide with f, fy,....f, respectively.

By analogy with the classical case we call this problem Hermite’s Interpolation
Problem. Our aim here is to study this interpolation problem from the point
of view of linear functional analysis. We improve our previous results (see [4])
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on existence of linear extension operators solving the Hermite’s interpolation
problem showing that these operators are linearly tame in the sense of the
following

Definition. Suppose (E, ||-|l,) and (F,|[l-|) are two graded Frechet
spaces. An operator T:(E, | - ||,)—(F, |l - ||, is said to be linearly tame if there
exists a constant a such that

vraC,: | Tx|, < C,l x|,  VxeE.

The notion of tame operator appeared in the paper of Sergeraert [15]; see also
Dubinsky and Vogt [5].

We obtain even a little stronger “tameness” (see Theorem 3) by proving that
for our extension operators constants C, = Cr?, where C,d do not depend on
r. Using this fact we show that the extension operators act between some spaces
of holomorphic functions with radial bounds on the growth. As a consequence
we get that the Hermite’s interpolation problem has for data with bounds on
the growth a solution with almost the same bounds on the growth.

Our proofs are based on the structure results for ideals, generated by
polynomials, obtained in [3]. For a convenience of the readers we formulate
here these results in an appropriate form (see [3], Corollary 4 and its proof).

Theorem 0. Let Q = {Q,(z)}¥-, be a finite set of polynomials of variables
z=(zy4,...,2,) and let

J@=1{ 3 G0 GueHICY)

be the ideal, generated by Q in the algebra of the entire functions H(C"). Then
there exist linear operators
R: H(C") > H(C"), 0 <k < p, such that:

(@ F=RyF+ i (R F)Q, for all FeH(C");

k=1
(b) ker Ry = J(Q), R3 = R,, Ro(H(C™) is a coordinate subspace of H(C") with
respect to the natural basis z* = 25'---23", aeZ’, ;
() IIRF|,<Cr" I1Fla, k=0,1,..m FeH(C"), where the constants
C,,ay,d, depend only on Q.

It is well known by the theory of functions of several complex variables (see
[7] or [8]) that any holomorphic function on V can be extended to an entire
function on C". Moreover, using so called “cohomologies with bounds” (see
[14] or [6], [8]) one can prove the following

Lemma 1. For any fe H(V) there exists an extension Fe H(C") such that
IFl, < Cor®| flly,  Sfor r>1,

where the constants C,, d,, a, depend only on the algebraic variety V.
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Sketch of the proof of this lemma, based on cohomology technique is given
by Mitiagin [13].

2. Spaces of admissible data

The (k + 1)-tuple (fo, f1,....f)eH(V)*! is said to be “admissible data” for
the Hermite’s interpolation problem if there exists a solution for these data. It
is easy to see that in general case not any (k + 1)-tuple (fy,...,f,) gives admissible
data. For example, if k =1 and L is a tangent operator for V in the point zeV,
then we have LF(z) = Lf,(z) = f,(2) for any solution F of the Hermite interpolation
problem with data f;, f,, i.e. if Lfy(z) # f,(z) then the pair (f,, f;) does not give
us admissible data.

Let X, be the set of all (k + 1)-tuples which are admissible data; then X, is
a linear subspace of the space H(V)**!. Further we give a characterization of
the spaces X,,k=1,2,....

If G,,...,G, are entire functions we denote by J[G,,...,G,] the ideal,
generated by them in the algebra H(C"). It is known (see e.g. [3]) that the ideal

Jo = {FeH(C": F|, = 0}

is finitely generated by polynomials. Let P,,...,P, be polynomials such that
Jo=J[P;4,....,P,]. Then we have

Theorem 1. Suppose f,, fie H(V); then (fo, f1)e X, if and only if
FI_LFoeJ[Pl,...,Pm, LPl""’LPm] (1)

for all entire functions Fy and F, which are extensions of the functions f, and f,
respectively.

Proof. Suppose that (f,, fi)€ X, and the entire functions F, and F, are
extensions of f, and f, respectively. Then

(vafl) = (F0|V’ LFO‘V) + (0, [Fl - LFO]V)

and therefore (0, [F, — LF,]y)eX,. This means that there exists an entire
function G, such that G|, =0, LG|, = [F, — LF,],. Since G|, =0 we have

GelJy=J[P,,...,P,]),ie. G= Y G,P, where G, i = 1,...,m, are entire functions.
Obviously we have =1

13

LG= 73 LG, P, +
i=1

13

G,-LP,eJ[P,,...,P,, LP,,...,LP,].
=1

On the other hand [F, — LF,— LG], =0, therefore F, — LF,— LGeJ[P,,...,P,,
LP,,...,LP,], hence (1) holds.

Conversely, if (1) holds, then there exist entire functions g;, h;, i=1,...,m,
such that
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F,— LF, = .il g;P; + 'i h;LP;.
Obviously we have
[F,—LFy]y = [ié h;LP.], .

Consider the entire function

Since

1

LHly =[5 Lh-Pi+ 3 h-LP, =
i i=1

i=1

hi'LPi]Va
=1

we obtain LH|, = [F, — LF,],, hence the entire function F,+ H is a solution
of the Hermite interpolation problem with data f, f;.

To give an analogous characterization of the spaces X, k =2, 3,..., we need
the following lemma.

Lemma 2. The ideals
J. ={GeH(C": G|, =0, LG|, =0,...,L*G|, =0}
are finitely generated by polynomials.

Proof. We shall use an induction with respect to k. It is known that the
ideal J, = {feH(C"): f|, =0} is generated by polynomials P,,...,P,. Assume
that for some k = 0, 1, 2,... the ideal J, is generated by polynomials Q,,...,Q,€J,.
Since

o1 = {fedi: L, =0},>

we have
Jes1 = { Z ng,* ngH(C"), LY Z ngj)lV = 0}'
i=1 i=1

It is easy to check (using Q;e€J,), that

s

(Y 0,00 = [T 614 0.

ji=1

therefore

Jys1 = { Z ng,* ngH(C"), [ gij+1Qj]V = 0}~
j=1 j=1

J
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Consider the polynomial homomorphism
l/II H(cn)s+m+l - H(Cn)z’
where
Ylho, hys...ihps G1s..ngs) = (hg — Z ngj’ Z h;P; — Z gij+1Qj)-
j=1 i=1 i=1

The module kery is generated by a finite number of s+ m + 1-tuples with
polynomial components (see [8, Lemma 7.6.3]). Suppose these generators are
(Gog» Gy gseeesGgmer,0)s £ = 1,...,r. Then it is easy to see that the polynomials
Go, ¢ =1,2,...,r generate the ideal J, .

Suppose the polynomials Q,,...,Q, are generators of the ideal J,, i.e.
J,=J[Q,,...,0,]. Then the following theorem is true:

Theorem 2. Suppose fo, ..., fi, fis1 €HWV); then (fo..... [ x> fxs1)E Xk if and
only if (fo,....fL)eX, and

Fypy — L'FeJ[Py.... Py, L7104, LET1Q)] 2

for any solution F of the Hermite's interpolation problem with data fy,....f, and
for any entire function F, ., which is an extension of the function f,, .

Proof. If (fo,....fx» fu+1)€ Xk 41, then obviously (fy,...,fi)€ X,. Suppose F
is a solution of the Hermite’s interpolation problem with data f,,....f, and F,,,
is an entire function, such that F,,,|, = fi+,. Then we have

(f07---’fk’fk+l)=(F|V’~-"LkFlV» Lk+1FIV) +(0,~'~’0’ [Fk+1 - Lk+1F]V)

and certainly (0,...,0, [F,; — L*"*F],)e X, ,,. Therefore there exists an entire
function HeJ,, such that L**'H|, = [F,,, — L**'F],. Since J, = J[Q;,....0,]
we have

H = Z h;Q;
ji=1

for some h;e H(C"). It is easy to see that

Lk+1H|V — [ Z hij+le]V’
j=1

=
thus [**'HeJ[P,,...,P,, L**1Q,.....[**'Q,]. On the other hand [F,,,—L**'F
—[¥*'H], =0, ie.

Fuyr — LF*'F — I**'HeJy c J[Py,..., P L*1Q, .., L1 Q]

hence (2) holds.
Conversely, if (2) holds, then there exist entire functions g;, i = 1,...,m, and
h;, j=1,....s such that
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J

) - L**'F = Z 9:P; +
i=1

L WL, &)
Consider the function H = Zj=1 h;Q;. It is easy to see that
Lk+lH|V =L Z hij+1Qj]V =[Fis1 — LkHF]V»
j=1

hence the entire function F + H is a solution of Hermite’s interpolation problem
with data fo,...,fk, fk+1'

3. Tame extension operators

Suppose as in the previous section that V is an algebraic variety in C" and
the ideal Jo = {fe H(C"): f|, = 0} is generated by polynomials P,,...,P,. Let
feH(V) and Fe H(C") be any extension of the function f. Applying Theorem 0
to the ideal J, = J[P,,..., P,] we obtain corresponding operators R;, i =0,...,m.
Then the function RyF does not depend on the choice of an extension F (since
ker Ry = J,), therefore the operator

So: HV)—> H(C",  Sof = R,F,

is a correctly defined linear continuous operator (see [3]). Moreover as we show
in the next lemma the operator S, is tame.

Lemma 3. There exist constants C, a, d depending only on V such that
ISofll, < Crll flla, 7> 1

Proof. We fix an arbitrary function fe H(V). By Lemma 1 there exists an
entire function F such that F|, = f and |F|, < C,r*?|f],,,, hence we get by (c)
of Theorem 0 that

ISof I, = IRFI, < Cyr | Fllg,,
S Cl(jzrdlrd2 ”f”alazr = Crd ”f”ara
where C=C,C,,d=d, +d,, a=a,a,.

Let us note that the existence of a tame linear extension operator
So: H(V) > H(C") follows by the results of the paper [3] as it was observed by
Aytuna [1]. Indeed, by ([3], Cor. 3) it is known that operators R;,, 0 <i < p,
act continuously in the spaces H(4,g), r > 1, where B =(B,,...,B,) is a vector
with positive coordinats and 4,5 = {ze C": |z;| <rB;, | <i<n}. Let us consider
also the space H(Vn4,z), r > 1, and put

[FlpB = SupAga IF(Z)l’ FGH(ArB)’ 1 < P < r;
|flps = SUPyaa,, | f (D], feHVnd,p, 1<p<r.

As abeve (corresponding to any function ge H(Vn4,p) the function R,G, where
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GeH(4,p) is any extension of g) we obtain a linear continuous operator
S8 H(Vn4,5) > H(4,).

Obviously if feH(V) then S§f=S,fls,,. therefore the operator S, act
continuously from the space H(VNd4,p) into the space H(4,p), i.c.

Vp <r apl <r, Cp: IS0f|pB < Cp|f|p;B'
Taking p =r/2 we obtain
lSOfléB < Cr|f|pr S Crlf‘rB fOI' any r> 1’

hence

“ SOf”r < Cr “f”bn r> 1’

where b = 2 max (B,,..., B,)/min (B,...,B,). However in such a way we get no
information about the constant C,. For us it is important to know how C,
depends on r because we apply Lemma 2 to spaces of functions with bounds on
the growth.

Consider for any k =1, 2,... the operator

T,: HC") —» H(V)**?, T,F = (Fly, LFly,...,L*F|)).

It is easy to see that the operator T, is continuous and X, = T,(H(C"),
J.=ker T,. Of course the following natural question arises: Does there exist
a linear continuous right inverse operator for the operator T, k=1,2,..?7
Obviously if there exists such an operator, then it corresponds a solution to every
admissable data for the Hermite’s interpolation problem. Therefore we call it
“extension operator” for the Hermite’s interpolation problem.

Existence (or nonexistence) of continous linear operators solving many linear
problems of complex analysis was proved by Mitiagin and Henkin [12]. Vogt
[17] found conditions for splitting of exact sequences of nuclear Fréchet spaces,
i.e. for existence of continuous linear right inverse operators. By his technique
have been obtained many results on existence of continuous linear operators,
solving some problems for holomorphic or C<®-functions -see Bierstone and
Schwarz [2], Meise and Taylor [9], Meise and Vogt [10], Meise, Taylor and
Vogt [11], Taylor [16], Vogt [18]. Here we prove the existence of tame right
inverse operators of operators T, directly, using the results of the paper [3].

Theorem 3. For any k=1, 2,..., there exists a linear operator S,: X, — H(C"),
which is right inverse to the opeator T, and tame in the sense

“Sk.f”rS Ck'rdk “f”akr’ rZ 1, (4)
where the constants C,, d,, a, depend only on k and V.

Proof. Suppose that for some k=0, 1, 2,... there exists an operator S,,
which is right inverse to the operator T, and satisfies (4). Take (fo,....fx, fu+1)€E
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X,+1: then by Theorem 2 (fy,....f,)e X, and the relation (2) holds. Put
F=38.fo."»fu)» Fxs1=So(fx+1)- By the proof of Theorem 2 it is known that
the Hermite’s interpolation problem with data fi....,f,,, has a solution of the
form F+ H=F + Zj.=1 h;Q;, where the entire functions h; are determined by (3).

On the other hand it is known by Theorem O that for any ideal in H(C"),
generated by polynomials, there exists a tame linear splitting with respect to
generators. In particular, for the ideal

J=J(Py,....P,, [¥*1Q,,... [**10)

there exist tame linear operators R;: J - H(C", i=1,...,m and Ri:J — H(C"),
j=1,...,s, such that we have for every GeJ

G=Y R(G)P+ Y RIG)LK*1Q,.
i=1 j=1
If we put G=F,,, — L*"'F we get (3) with h;= Rj(F,,, — L**'F). Therefore
the entire function

s
F+ ) Rj(Fy 4y —L"'F)-Q;
i=1
is a solution of the Hermite’s interpolation problem with data f,,...,f,.,; and
we obtain that the operator

S 1(foreoorfie1) = Silfor s f) + ;1 Ri(So(fi+1) — L"“S,‘(fo,,.,,fk))Qj

is a right inverse operator for T,,,. Using the obtained explicit formula for
S.+1 we get immediately by induction with respect to k that the operator S, ,,
k=0,1,2,..., is linear and continuous as a composition of linear continuous
operators. Moreover, we get that the operator S, ,, k=0, 1,..., is tame. Indeed,
it is easy to see that the operator L is tame in the sense

ILE], < Cr' | Fll5,,

where the constants C, y depend only on L. If the operator S, satisfies (4) then
using the estimate (c) of Theorem 0 and Lemma 3 we obtain for the operator
S,+1 the estimate

||Sk+1.f||rS le¢+lrdk+l Hf”u;ﬁln r= 1,

where the constants C,,,, d,;, a,,,; depend only on L and V.

4. Application to functions with bounds on the growth

Using the tameness of operators S, from Theorem 3 one can obtain that
the Hermite’s interpolation problem for data with bounds on the growth has a
solution with “similar” bounds on the growth.
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Let for any p >0, 6 >0, H, ,(C") be the Banach space of all entire functions
of order p and type < ¢ (i.e. such that ||F|, < Cexp (or?) for some C > 0) with
the norm

IFll,,=sup{lFl,exp(—or’), r>1}.

We denote by H,(C"), H?(C") the algebras of all entire functions of order p,
which are of minimal or finite type respectively, i.e.

H,(C") = lim proj,., H, ,(C"), H’(C")=limind,., H, ,(C").

Analogously we consider the Banach spaces H,,(V) of all holomorphic
functions of order p and type < ¢ on the algebraic variety V < C” with the norm

1/ 1p.e =sup {IIfl,exp(—oar’), r>1}

and correspondingly the algebras of holomorphic functions on V of order p, which
are minimal or finite type respectively:

H,(V) = lim proj,o H, ,(V), H?(V)=limind,_ H, (V).

Theorem 4. [If f,,...,f, are holomorphic functions on V of order p and finite
type such that (fq....,f) is admissible data for the Hermite’s interpolation problem
then there exists a solution of order p and finite type. Moreover extension operators
Sk from Theorem 3 act continuously as follows:

St X NH, (VY1 - H,(C"), S,: X, nH/ (VY"1 - H(C".

Proof. By Theorem 3 we obtain

ISk < Cer®™ Nl f llar < Cir™ 1| f 11,5 €XP (0(ar)?)
< Cell f .0 exp (a17),
where o, = 20af, C, = C, sup {r* exp (— aalr?), r > 1}.
Therefore [|S,(f),.0, < C, I £, i.e. the operator S, acts continuously from the

space X, NHLL!(V) into the space X,nH,, (C"). Since g, is proportional to ¢

the operator S, acts continuously from X,nH,(V)*' into H,(C") and from
X, NHP(V)*! into H?(C").

The statement of Theorem 4 can be easily generalized if one consider instead
of majorants of the kind exp (gr”) another system of majorants. Suppose the
system M of increasing functions M ,(r): (1, ) = (1, 00), p =1, 2,..., satisfies the
condition

(@ Vd,D,p3p,C:r'M, (Dr)<CM,(r), r>1,

or

(b)  ¥d, D,pip,C:r*M,(Dr)< CM(r), r> 1.
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Consider in the case (a) the spaces
Hy(C") = lim proj, Hy, (C"), Hy (V)= lim proj, Hy,(V),
and in the case (b) the spaces
H™(C") = lim ind, H,, (C"), HM(V) =limind, Hy (V),
where H, (C") and H, (V) are respectively the Banach space of all entire
functions F such that

I Fllae, = SEI:(IIFll,/M,,(r)) < oo,

and the Banach space of all holomorphic functions f on V such that

IS lne, = Sl>lrl>(||f||,/Mp(r)) < o0.

By Theorem 3 we obtain in the case (a)
Vpap, C: 1SN, < Cir™ 1 f law < Cur®™ | f 1 u,,. - Mp(ayr)
< CCl S m, - Mp(r),

i.e. the operator S, acts continuously from the space X, nH,, (V)*! into the
space Hy (C"). Analogously we get that Vp3p', C such that the operator

S, Xin HMP(V)""1 = Hy,(C7)
is continuous. Hence we have the following.

Theorem 5. Under above notations if the system of majorants M = (M)
satisfies (a) (respectively (b)) then the operator S, from Theorem 3 act continuously
as follows:

Si: Xy NHy (V)1 = Hy(CY),
or respectively

Se: X NHM(VY*H - HM(C™).
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