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On A'-bundles of affine morphisms

By

Amartya Kumar DUTTA

1. Introduction

Let 0 : X — >Y  be an affine faithfully flat morphism of finite type between local-
ly noetherian schemes. T he aim of this paper is to investigate sufficient fibre
conditions (which would in  some sense be minimal) for X  to  be  an A '-bundle
over Y  relative to  the Zariski topology, o r  a t least an A u fibration over Y (i.
e., the fibre of 0 at each point of Y is A') .

In  ([B - D ])  this problem  has been investigated in  detail under th e  addi-
tional hypotheses that Y  is  affine and X  is dom inated by the affine n - space
over Y.

Recall that by a  resu lt of Bass, Connell and W right ( [B - C- W ], 4 .4 ) an
A I— bundle over an affine scheme is actually a  line bundle.

W e shall first prove the follow ing result (see 3.4) in Section 3.

Theorem A .  Let Y be a locally noetherian normal integral scheme and let 0:
X Y be a faithfully flat affine morphism of finite type such that

(i) The fibre of 0 at the generic point of Y is A l .
(ii) The fibre of 0  at the generic point of each irreducible reduced closed

subscheme of Y of codimension one is geometrically integral.

Then X  is an A ' - bundle over Y. In particular if Y  is an affine scheme then X  is a
line bundle over Y.

T h is  re su lt has  been  p roved  ea rlie r  in  (  [K -M ], Theorem  1) by K am -
bayashi and Miyanishi under the additional assumptions that Y is locally facto-
rial and the fibres of 0  a t all points of Y  are gemetrically integral. The other
re su lt  i n  t h i s  d irec tion  i s  t h e  follow ing theorem  d u e  to  K am bayashi and
Wright ( [K - W] ).

Theorem. Let Y be a noetherian normal integral scheme and let 0 : X — >Y
be a faithfully flat morphism of finite type such that the fibre of 0 at every point of
Y is A '. Then X  is an A l - bundle over Y.

T h e  p ro o f o f  th is  r e s u lt  is  q u ite  in v o lv e d  a n d  d if f ic u lt . O u r  result
(Theorem A ) , apart from  g iv ing  minimal sufficient fibre  conditions for an
a ffine  fa ithfu lly  f la t m orph ism  o v e r  a  loca lly  noe therian  no rm al integral
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schem e to be an A '-bundle , a lso  provides in the process, an alternative and
sim pler proof o f  th e  Kambayashi - Wright theorem  when q5 is assum ed to be
affine.

Using Theorem A we next prove (see 3.5)

Theorem B .  Let Y  be a  locally noetherian scheme, 0  : Y an affine
faithfully flat morphism of finite type such that

(i) The fibre of 0  at the genric point of every irreducible component of Y is

(ii) The fiber of 0  at the generic point of each irreducible reduced closed
subscheme of Y of codimension one is gemetrically integral.

Then all the fibres of 0  are A ' - forms. Thus if Y  is a Q - scheme then 0  is actually
an A 1 libration.

Examples in Section 4 would illustrate that the conditions in Theorems A
and B are the best possible.

Section 2 o f th is  p a p e r  is  o n  preliminaries. In Section 3 w e prove our
main theorems. W e make further discussion about our results w ith the help of
examples in Section 4.

2. Preliminaries

Notations. For a com m utative ring R , R1n1 d en o te s  a  polynom ial ring in  n
variables over R  and Rn a free module of rank n over R.

Definition 2 .1 .  A  flat affine morphism g5 : X  Y of finite type will be
called an An - f ibration if at ever point P of Y the fibre 0 - 1  ( P )  is isomorphic to
the affine n- space An over the residue field of P on  Y. In th is situation X  will
also be called an An - fibration over Y.

Definition 2 .2 .  Let k  be a field. A  k- scheme X  is sa id  to  be  an A ' - form
(over k )  if there exists a k - isomorphism X  x k l-e-= 'k  where k  denotes the algeb-
raic closure of k.

Now we recall the lemma ([K - M], 1.3) of Kambayashi and Miyanishi.

Lemma 2 .3 .  Let (R, 7r) be a discrete valuation ring and A a finitely gener-

ated flat R -algebra such that A [lbr] =R [1hr] [11 and A /7-cA is geM etrically integ-

ral. Then A= R i l l  .

U sing  t h e  r e s u l t  ([B - C- W ], 4 .4 ) w h ic h  a sse r ts  th a t e v e ry  lo c a lly
polynomial algebra is the  symmetric algebra o f a  finitely generated projective
module and the fact that the Picard group of a factorial domain is trivial it fol-
lows from the above lemma

Corollary 2 . 4 .  Let R  be a principal ideal domain with quotient field K  and
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A  a finitely generated flat R - algebra such thet A O R  K =1 0 1 and A O R  k  (P) are

geometrically integral for all prime ideals P of R. Then A =R m .

3. Main Theorems

In this section we prove our main theorem s (3 .4  and 3 .5 ). The crucial step in
the proof of Theorem 3.4 is Lemma 3 .3  which uses the lemmas 3 .1  and 3.2.

Lemma 3.1. Let A be a faithfully  flat R - algebra, c an element of R n and
M  an m X  n - m atrix  w ith coefficients in R . Suppose that the system of linear equa-
tions

c=x M (3.1.1)

has a solution for x  in Am. Then the system  (3 .1 .1 ) also has a solution in Rm.

Proof. Let L be the cokernel of the map f  : Rm — > Rn defined by y  yM, g
the canonical map Rn — * L and let f ,  g ' be the  induced maps A m — >An  a n d  An
- - *L O R  A  respectively. W e thus have the commutative diagram

Rm R" L 0

p
f ,

g

Am An L ORA

w here both  the horizontal row s a re  exac t. Since th e  sy s te m  (3 .1 .1 )  h a s  a
solution over Am, i. e., j  (c) E im  (f), we have g ' (j (c)) = 0, j .  e., p (g (c)) =0.
But A  being faithfully flat over R , by a  well - known result (see [A - K], pg. 85,
Theorem 1 .9 )  th e  m ap p  L —  'I, R  A  i s  injective so  th a t g (c ) = 0 . That
shows that c Eim e . ,  the  system  (3 .1 .1 )  has a solution in Rm. Hence the
result.

The following lemma has been proved in  ([B - D], 3.9).

Lemma 3.2. Let R  be a noetherian local ring and A a f initely generated
fla t R - algebra. Suppose that there ex ists a  regular sequence a, b  in  R  and an
elem nt aE  GLn  (R [l/ab]) such that

(i) A [1/ a] = R[1/ a][F 1, -  • F] = R [1 / a] [nl

(ii) A [1/ b] = R [l b][G1,• • • , Gn] = R [l / b] En' .
(iii) [F1, • • • ,Ffri] a = [G1,• • • , G ].

Then A =R ini .

The next lemma shows tha t fo r  a  faithfully flat R - algebra A, Lemma 3.2
would be valid even if a  is  an affine transformation of R [1/ ab]

Lemma 3.3. Let R  be a noetherian local ring and A a f initely generated
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faithfully flat R - algebra. Suppose that there exists a regular sequence a, b  in  R
such that

(i) A[1 / a] = R[l / a] [F1,—, F n ] = R [l/a] [ni .
(ii) A [1/6] =R[l/b] [G1,•••, On ] =R [l/b ] [nl .

(iii) G 1 =  E /I i iF J )+ p i , where 2 0 , j
1 5j S n

Then A =

Proof. W ithout loss of generality we may assume that Fi, Gi E A  for all i
so that ALl,  ij R [1/a] for all i, j .  Now in  view of Lemma 3 .2  it is enough to
show that there exists U 1,••-, U nE A [l/a], VI, •••, VnEA[l/b] and a  m atrix  A
E G1.0, (R [l/ab ])  such that

(i) A [1 /a]=R [1 /a][U 1 ,•••, Ern].
(ii) A [l/b] =R [l/b ][V 1 , , Vn]
(iii) , Un] A = Vni

L e t  A  = (the  transpose  m atrix). Note th a t  R [1/ab][F1,••• , Fn ] =
R [1/ab][G1,• , Gn] so that the m atrix A  defines an element of GLn  (R [1/ab]).

Now the given relations may be expressed as

G i= (  E bu F i + c ) la m

for bu , c i ER, m Thus

Ci E Gf.
(3 .3 .1 )

Now let c  denote the vec to r [c1,•••, en] of Rn an d  le t F, G denote respectively
th e  v e c to rs  [F 1 ," ,  Fn], [G 1, ••• , G n] of

 A .
 L e t  B  denote the  n x n-m atrix

w hose  (i, j ) t h  e n try  is  bu and D  th e  scalar matrix  a m i ,  w h e re  I  is  the  n x
n-identity m atrix. From  (3 .3 .1 )  we have the matrix equation

c = [— F  G][B  : D] T ( 3 . 3 . 2 )

Therefore by Lemma 3 .1  there  exist r [ri,•••, rn ] and s = S n] in  Rn

such that

c= [—r : s][B :  D IT .( 3 . 3 . 3 )

B y (3 .3 .2 )  a n d  (3 .3 .3 )  we have  [F — r]B T  = [G  S ] D. Since A,J=bi,/ani this
equation implies

(F —r) A = G —  s. (3 .3 .4 )

Now let U i=Fi — ri and Since ri,si E R  for all i,

A [l/a] =R [l/a] Un], A[l/b] =R [l/b ][V i ,• - ,  Vn]
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and b y  (3.3.4)

[U 1, •• • , Uni A =  [v 1 ,• • • ,

Hence by Lemma 3.2, A = R ' .

The following result will prove Theorem A.

Theorem 3 . 4 .  Let Y be a locally noetherian normal integral scheme and let
çb : X — > Y be a faithfully flat affine morphism of f inite type such that

(i) The fibre of 0 at the generic point of Y is A I .
(ii) The fibre of 0  at the generic point of every irreducible reduced closed

subscheme of Y of codimension one is geometrically integral.

Then X  is  an A L - bundle over Y .

Proof. Let P be a closed point of Y and let R=Oy,p. Replacing X  by X X y

(Spec R )  w e  assume th a t  Y = Spec R  fo r  a  noetherian norm al local domain R
and X  = Spec A  fo r  som e finitely generated faithfully f la t R - algebra A  and
prove that A =R m .

Let K  be the quotient field of R . By conditions ( i)  a n d  ( ii)  we have

(I) A  R K =K [1 ]

( H )  A  R k (P) are geometrically integral for all prime ideals of R  of height
one.

The case dim R =- 0  (i.e., when R  is  the field K ) follows from (I) and the case
dim R =  1  (i.e., R  i s  a  discrete valuation r in g )  fo llow s from  (2 .3 ) . So we
assume that dim R  2.

Since A  is finitely generated over R  from  ( I )  it is easy  to  see  that there
exists a non - zero element a ER such that

A[l/a] =R [l/a] [F] ( =R[l/a] (11 )  for some F A .

Let P1,..., P t b e  the associated prime ideals of aR. Since R  is  a  noetherian nor-
mal domain, ht P 1 fo r  all i, 1 Let

S = R \ ( U  P t ), R I =S - 1 R , A I =S - 1 A.
t=i

Then RI being a semi - local Dedekind dom ain is a  P.I.D. and  hence by  (2.4),
A I =Ri l l . Therefore there exists bE S  such that

A [1/6] =R [1/6] [G ] ( =R [1A ] El ' )  for some G EA.

Note that by construction (a, b) form a sequence in R . Since

R[1/ ab][F] = A[1/ ab] =-• R[1/ab][G],
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we have a relation

G= 2F -  t t  for some Â, ,u E R [l/ab ].

Therefore by Lemma 3.3, A =R i l l .

We now prove Theorem B.

Theorem 3 . 5 .  L et Y be a locally  noetherian scheme, 0 : Y an affine
faithfully  flat morphism of f inite type such that

The fibres of 0 at the generic points of all the irreducible components of
Y are A'.
The fibres of 0 at the generic points of all irreducible redced cloed sub-
schemes of Y of codimension one are geometrically integral.

T hen all the fibres of 0 are A 1 -forms. In particular if Y  is  a Q - scheme then X is
an A' - fibration over Y .

Pro o f . F ix  a point P E  Y. We show that the fibre a t P is  an A ' - form. Let
A s before we may assum e Y = Spec R where R is  a local noetherian

rin g  w ith  maximal ideal P  and  X = Spec A  w here A  i s  a  finitely generated
faithfully flat R - algebra. W e prove that the fibre A  R k (P) is  an A '-form  over
k (P) by induction on ht P (= dim R). The case ht P=0 is trivial.

Consider the case ht P=1, i. e ., dim R=1. Replacing R by R/Qo where Qo
is a minimal prime ideal of R, we may assume R to be an  integral domain with
quotient field K. Note tha t condition (ii) now means that A Ø R k (P) is geomet-
rically integral. Let k be the normalisation of R and let X= A O R.k. Then Â is
finitely generated faithfully flat § - algebra. By the Krull - Akizuki theorem 'if is

a Dedekind domain and  since R is  local, R  is  in  fact a P.I.D.. Moreover k (3- )
a re  algebraic (in fact finite) extensions of k (P) for every maximal ideal 1-) of

k. T hus by  (i)  and (ii)

(1) Xe k-K =K [11 .
(2) A  w k (15 )  are geometrically integral for every maximal ideal i" of IT

H ence by  (2 .4), X = - P I . In  particular A ® R-k (P ) =k (P ) i n  V P e Max R show-
ing that A OR k (P) is  an A' - form over k (P) .

W e now  consider the case h t 2 . B y induction hypothesis w e assume
that A ORk (Q) are AL - forms over k (Q) fo r  all non - m axim al p rim e  ideals Q of

R . Let R  denote the completion of R and let X=AO R k. Then 1-?- is  a  complete
local ring  w ith  maximal ideal P  such  tha t R/P - -  f i n3 . Now A  i s  a  finitely

—

generated faithfully flat § - algebra. Moreover for any non - maximal prime ideal

Q—  of 12— , (2- nR*P so that A— O R-1.(Q ) is an A 1 - form over k (Q) . Thus replacing
—

R by R we may assume R to  be  a  complete local noetherian ring and further
replacing R by R/Qo w here Q o is a m ininal prim e ideal of R w e m ay in  fact

(i)

( i )
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assume R  to  b e  a  complete local noetherian domain w ith  maximal ideal P  such
that the fibres of 0 at all non-closed points are .A1-forms and the fibre a t the
generic point is A'.

Let K be the quotient field of R. Since R  is a complete local ring the norma-

lisation R.-. of R  is  a  finite R-module and hence is a  noetherian normal local do-

main. Let AT= A OR.k. Clearly AT is a  finitely generated faithfully flat i-module
and b y  (i), XØ k K  (=A O R K) =K w . Now let be a prime ideal of IT of height

one. Then Q =C 2 n R * P and hence A (8)Rk (Q) and therefore A T  ® k()(e i)  is  an

A '-form  over k (ei). In particular X ® ,y k( -6 )  is geometrically integral. Thus by

Theorem 3.4, X = k i n . In particular A  k (15 ) = k (T) 111 , w h e r e  i s  the unique
maximal ideal of J  H ence  A O R k (P ) is  an AO-form over k (P)

T hus a ll fibres of 0 are  AO- forms. Since separable A.'-forms over a field
a r e  t r iv ia l  i t  f o l lo w s  th a t  if Y  i s  a  Q- scheme th e n  X  is  a c tu a lly  an
AO- fibration over Y. This completes the proof of the theorem.

Remark 3.6. The above proof shows th a t in  the  statement of Theorem
3.5 it is enough to assum e in (i) tha t the generic fibres are AO-forms. (In the
proof take R  to  be the  integral closure of R  in L  where L  is  a  finite extension
of K  such that A O R L = 0 1).

Remark 3 .7 .  In the situation of Theorem 3.5 if Y  is neither normal nor
a  Q- scheme then  a ll fibres being A '-form s does not im ply that all fibres are
actually A ' (see [B-D] , 4.2). Also it is well - know n that if Y  is  a non-normal
schem e  then  a n  AL fibration n e e d  n o t  b e  an A '- b u n d le  e v e n  i f  Y  i s  a
Q- scheme (see [K-W] , 3 . 4) .

Remark 3 .8 .  S.M . Bhatwadekar h a s  p o in te d  o u t  a s  a  corollary to
Theorem 3.5 that when Y is a reduced affine scheme then under the hypotheses of
Theorem B , there actually exists a finite surjective morphism (I) : Y '- - *Y from an
affine noetherian scheme It such that X X  y  Y' is a line bundle over Y'.

4. Examples

In  th is  section w e mention som e exam ples to illustrate that the  hypotheses in
our theorems cannot be relaxed.

Note th a t th e  exam ple ([K -W ], 3 .2 ) of A . Bialyniki-Birula shows that
the assumption that the  morphism 5 : X—> Y is  "affine" is necessary in our re-
sults. It is also easy to construct examples to show tha t the condition of "faith-
ful flatness" is essential. For instance, let Y  be the affine plane Spec (k[x,
k  a field, and let X= Spec A  where A = k[x , y] [u, y] / ( x u  yy — 1). Then the
fibres of A at a ll prime ideals of k [x , y ]  of height are A' but (x , y)A =A .

W e now  discuss th e  finiteness condition. Note th a t  i n  ([B -D ], 3 .11) it
w as show n  tha t i f  Y  i s  an  a ffine  scheme a n d  X  i s  a  f la t  a f f in e  Y- scheme
dominated by some affine n - space over Y, then the condition tha t "0 : is  a
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morphism of fin ite  type" can be deduced from  appropriate  fibre conditions.
But below we quote an interesting example of Bhatwadekar which illustrates
th a t in our situation (i.e., without the additional assumption that X  is domin-
ated by AT), the condition th a t 0  is  a "morphism of finite type" cannot be de-
duced from  other conditions even w hen Y  is  the affine line  and X  an affine
noetherian regular factorial integral scheme dominated by another affine noeth-
erian regular factorial integral scheme Z  which is of finite type over Y.

Example 4.1 (Bhatwadekar). Let R  -=C[x] and K =C (x ) . Choose an ele-
ment y in C[[x]] which is transcendental over C (x ) and let B  -=C[x , 1/x , y],
A = B n c [H ] .  Let Y= Spec R, X = Spec A and Z = Spec B.

W e first show that A  is  a factorial domain. Note tha t R[y, 1/x] =A[1/x]
=B  are all factorial domains. Now it is easy to see that x C [[x ]] n A =x A  so

particu lar, xth a t  A /xA C , in part r, i s  a prime elem ent o f A . Therefore, as

nx n An  x nc  [ x ] (o), it follows by Nagata's criterion that A  is  a
11 0 0

factorial domain.
We now show that A  is  noetherian. By a theorem of Cohen it is enough to

show that every prime ideal of A is finitely generated. Fix PE Spec A. If x E P
then as x A  is  a maximal ideal of A, P=-x A  is  in fact principal. So assume x 0
P. In th is case x A  and P are comaximal so that there exists c E P  such  that (x,
c) A = A. Thus A /cA  =A  [1/x] /cA [1/x ] =B /cB  w hich is of course noetherian.
Therefore P/cA  is finitely generated and hence P is finitely generated. Thus A
is a noetherian factorial domain.

Now R  being a P.I.D., A  is obviously faithfully flat over R. As A [1/x ] =
R [1/x , y ]  it follows that A O R K =K in and A/ (x — a)A  * C m  for all a*O . We
already showed that A /xA  '"=" C. Thus all the hypotheses o f (2.4) (except that
A  is  a finitely generated R - algebra) are satisfied. But as A /xA  C ,  clearly A
is not finitely generated over R.

In  ([B - D ], 3 .10 and 3 .1 2 ) it w as show n that if Y  is  an affine integral
sch em e  w h ich  is  e ith e r  normal or a Q - scheme and if X  i s  a flat affine

Y- scheme dominated by the affine n - spac over Y such that fibre at the gener-
ic  point of Y i s  A ' and the fibres a t  the generic points of all closed sub-
schemes of Y of codimension one are integral, then X  is  an A l - fibration over
Y. However the following example shows tha t in our situation the condition of
integrality on height one fibres does not imply geometric integrality.

Example 4.2. Let Y be the affine plane Spec R  where R =C [x , y] . Let A
= R[u, v] / (yu + x —  v 2 )  and X  = Spec A . A  i s  a free module over R [u] and
hence over R. The generic fibre is A'. For any prime ideal P of R  with y OP,
A  R k (P) =k (P) However for P= y R  the fibre is integral but not geometri-
cally integral.
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