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A counter-example to the q-Levi Problem in P"
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§ 0 .  Introduction

L et D c  I "  b e  a n  o p e n  se t w hich is locally S te in . It follows then, from
the characterization of the pseudoconvexity of D  by  the plurisubharmonicity of
— log (5D  [1 0 ] , th a t  D  is itself Stein (if D  P " ). A  generalization o f the  above
statement in the g-convex case would be the following:

*) Let D c  r  be  an  open  subset which is locally g-complete. Then D  is
g-convex.

W e consider here th e  classical definitions o f g-convexity a s  introduced by
Andreotti and Grauert in [1].

T he statem ent *) could be called the g-Levi Problem in  P " .  It is known
[8 ] tha t * ) has an affirmative answer if  the  boundary OD o f D  is  sm o o th . In
this particular case the boundary distance (5, (with respect to  the Fubini metric
on P") is also smooth near OD and —log 6 ,  is a  g-convex function at the points
of D  which a re  sufficiently close t o  D.

In this paper we consider domains D c  P" with non-smooth boundary, there-
fore the distance (5D  is  on ly  con tinuous. U nder th e  assum ption that D c  P " is
locally g-complete it follows then that D has certain global g-convexity properties,
but with respect to some other classes of functions: D is a pseudoconvex domain
of order (n —  q ) [4 ], [5 ], D  is g-complete with corners [6].

The aim  of this paper is to give a  counter-example to *), therefore to show
that the g-Levi Problem in  P "  does not hold.

M ore precisely we prove:

Theorem I. There exists a  domain D c  P '  which is locally 2-complete but
D  is not 2-convex.

§ 1. The construction of the counter-example proving Theorem 1

L et u s  recall first some basic definitions a n d  results which will be needed
in  this paper.

I f  U  is  an  open  subset in  C " , a  function cp e G (U, R ) is called g-convex
i f  the Levi form L((p) has a t least (n —  q + 1) positive (>0) eigenvalues at any
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point of U .  Using local coordinates this notion can be easily extended to com-
plex manifolds.

A  complex manifold X  is called q-convex [1] if there exists a  C ' function
(so: X R  which is q-convex outside a compact subset K  of X  and  such that yo
is  a n  exhaustion function o n  X , i.e. X, = lcp < cl C X fo r  every c e R .  I f  K
m ay be taken to  be the  empty se t then X  is said to be q-complete.

A complex manifold X  is called cohomologically q-convex if dim c  I-P(X, <
oo for every i > g  and  fo r every g; E Coh (X ) .  If  H i (X ,.°F) = 0  fo r every i > g
and  every e  C o h  (X )  then  X  is said to be cohomologically q-complete. By
a m ain  result in  [1 ]  it follows that:

a) q-convex cohomologically q-convex
b) q-complete cohomologically q-complete

An open subset D  of a  complex manifold X  is said to be locally q-complete if
for every point x E OD there is an open neighbourhood U  o f x  such that U n D
is q-complete.

In  [7 ]  th e  following result is proved:

Proposition 1 .  L e t  X  be a  complex m anifold and V,, Vg Stein open
subsets. Then V= V, U • • • U Vg  is g-complete.

We shall need also the following special case of a result due to Siu [9] (see
[2 ] fo r  a  generalization to the q-complete case):

Proposition 2 .  L e t  X  be a  complex m anifold and AOEX a  closed Stein
submanifold. Then A  has a fundamental system of  S tein open neighbourhoods.

W e  c a n  n o w  b e g in  th e  c o n s tru c tio n  o f  ou r exam ple . W e consider
the  S egre  embedding x — >  P 3 g iv e n  i n  homogeneous coordinates by
T([x : y], [z : t]) = [xz : xt : yz : yt].

W e  f ix  a  p o in t  p E P '  a n d  w e  c h o o se  a  sequence o f  p o in ts  p, p ,

p E P 1 , p. Let A = x P i } U {p x } c P 1 x  P i , B =  r(A) and define,Y{ P
1  r

D = P 3 \B.
We shall prove that:
i) for every Stein dom ain U c P 3 the intersection U n D is 2-complete
ii) D  is not cohomologically 2-convex
This of course will end  the  proof of Theorem 1.

Proof o f  C la im  i). L e t  Y = -r(P 1 x  13 ' )  w hich is a  quadric in  P 3 . Then
V, = U\Y is  Stein being the complement of a hypersurface in the Stein domain
U .  O n  th e  o ther hand  un Y \B  is  Stein being th e  interior of an intersection
of Stein domains in  the S tein m anifold U n Y. In d e e d ,  fo r every k E N  M k =
un Y\t(p, x  P 1 U••• U P k

 x 112') i s  Stein being th e  complement o f  a  divisor in
the Stein manifold U n Y and clearly U n Y\B = (nM k )° (the interior being taken
in  un Y). B y  P roposition  2  th e re  is  S tein  open subset V 2  o f  P3 su ch  th a t
V, U  a n d  v2 ny= uny\B . Since clearly unD=v,uv2  it fo llow s from
Proposition 1 th a t unD is 2-complete, which proves Claim i).
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Proof  o f  Claim  ii). Let Q3 d e n o te  the canonical sheaf o f 13 3  and (.9 the
structure sheaf of P ' .  If D would be cohomologically 2-convex then in particular
it w o u ld  fo llo w  th a t d im e  H 2 (D, Q 3 )  < c o .  B y  Serre duality  th is im plies that
dim c  11,1 (D, (9) < cc.

F ro m  the exact sequence:

HO(p3 ,  (0)
( 6  (9 I B ) 11,.!(D, (9) — ' • • •

it follows that dim  c  H
°
(B, (91,) < co w here C I, m eans sheaf theoretic  restriction.

But th is  is  impossible since B  has infinitely m any connected com ponents. Thus
the proof of Theorem  1 is complete.

Acknowledgement. The au tho r is  g ra te fu l to  Deutschen Forschungsgemein-
schaft for the financial support during  th is research.

INSTITUTE OF MATHEMATICS OF THE ROMANIAN ACADEMY
P.O. Box 1-764
RO-70700 BUCHAREST, ROMANIA

References

[ 1 ] A. Andreotti and  H. Grauert, Théorèmes de finitude pour la  cohomologie des espaces com-
p lexes, Bull. Soc. Math. France, 90 (1962), 193-259.

[ 2 ] M . Coltoiu, Complete locally pluripolar sets, J .  reine angew. M ath., 412 (1990), 108-112.
[ 3 ] K . Diederich a n d  J .  E .  Fornaess, Smoothing g-convex functions a n d  vanishing theorems,

Invent. Math., 82 (1985), 291-305.
[ 4 ] 0 .  F u jita , Domaines pseudoconvexes d 'o rdre  général e t  fonctions pseudoconvexes d'ordre

général, J .  M ath. K yoto Univ., 36 (1990), 637-649.
[ 5 ] K . M atsum oto , Pseudoconvex domains o f general order an d  g-convex domains in  complex

projective sp a c e , J . M ath. K yoto Univ. 33 (1993), 685-695.
[ 6 ] M . Peternell, Continuous g-convex exhaustion functions, Invent. Math., 85 (1986), 249-262.
[ 7 ] M . Peternell, Algebraische Varietdten u n d  g-vollstdndige komplexe Raume, Math , Z . ,  200

(1989), 547-581.
[ 8 ] W . Schw arz, L ocal g-completeness o f  complements o f  sm ooth CR-submanifolds, Math , Z.

210 (1992), 529-553.
[ 9 ] Y . T . S iu ,  Every Stein subvariety admits a  S te in  neighbourhood, Invent. Math., 38 (1976),

89-100.
[ 1 0 ]  A. T akeuch i, Domaines pseudoconvexes infinis et métrique riemanniene dans un espace projectif,

J .  Math. Soc. Japan, 16 (1964), 159-181.


