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A duality theorem in  Hopf algebras and its applica-
tion to Morava K-theory of BZ/pr

By

Kakhaber KORDZAYA and Goro NISHIDA

O. Introduction
Let E* (  )  b e  a  complex orientable theory. Then choosing an orientation

class x E  E 2 (BS9 , we have an  isomorphism E* (BS') E* [[x]] , where E* is
the coefficient ring. Let N be a  natural number and let [N ]x = x + F  ••• +Fx (N
tim es) be the N - sequence, where x+ F  y = F (x , y )  is  the  formal group law of
the theory E* . Note th a t  [Mx is the Euler class of the standard S 1- bundle

Si B z / N  BS'

Therefore if [N ] x  is  n o t  a  zero - divisor, from  the  G ysin  sequence it follows
that

E* (BZ/N) "=" E*[[x]i / ( M x ).

Suppose that E* (BZ/N) is  a  finitely generated free E* - module. Then

E* (BZ/N X B Z / N ) E* (B Z / N ) E* E* (BZ/N)

and the product map m : BZ/NxBZ/N - 0.BZ/N imduces a ring homomorphism

m*  : E* (BZ/N) E * (BZ/N) ®E * E
* (BZ/N) .

Thus E* (BZ/N) is a bicommutative Hopf algebra over E* and so is its dual

homE. (E* (BZ/N) , E ) .

In  th is  p ap e r w e  sh a ll s tu d y  a  duality betw een th e  algebraic groups of
such H opf algebras and  the ir  dua ls . F o r  typ ical application w e consider the
p- adic Morava K (n) - theory. Let K (n) *  (  )  be the p - adic Morava K (n) - theory
of period 2 so that the coefficient ring is

K (n) * = Zp[va, vn -
1 , t, / (tP " -

1v n )

where deg t =--- 2 and Zp is  the  ring  of p-ad ic  integers. For a Zp - algebra R we
define
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K  (n)t,=  K  ( n ) * ( ) R.

If R  is  a  finitely generated free Zp - module, then K ( n ) 1 ( )  w ill be  a  complex
orientable cohomology theory. Throughout this paper for any local field L  we
deno te  by  0.1, i t s  ring  o f integers. Suppose K.,  is  s u c h  an extension of the
p-adic  num ber field Qp th a t  th e  residue fie ld  OK,, /m  F p n .  T h e  algebraic
group associated with the Hopf algebra

K (n)Sx. (BZ/P r)  =  0 If u [ [X ] ]  /  [P r] X ,

w here  [p] x  i s  the p-series of the Lubin-Tate form al group law, can be de-
scribed by the local class field theory (see [3]). Using our duality theorem we
get that the group of homotopy classes of ring spectra maps

BZ/pr+  K  ( ) w.

is isomorphic to  ( Z / p .  Here L  is certain finite free extension of OK,z, BZ/pr +

is  the suspension spectrum of BZ/Pr+ and K (n) 1, is  the ring spectrum of coho-
mology theory K  (n)i ( ) . T his  i s  a  generalization of the  re su lt of the  first
named author [4].

1. A duality theorem

In  th is  section b y  an R-H opf a lgebra  w e m ean  a bicommutative Hopf
algebra A  over a  domain R  such that A  is finitely generated free R-module. If
A  is such a Hopf algebra, then for the dual

A * = hom R - module(A, R)

we have an isomorphism A * OR ( A  R A ) *  and A *  i s  an R-Hopf algebra
in our sense. We fix the notations:

m :A  O R A A  multiplication,
u : R A  unit,
d :A — • A O R A  comultiplication,

counit (augmentation),
s :A —• A  coinverse (antipode).

Definition 1. 1. For an R-Hopf algebra A  and an R-algebra S , let

f , g  E  hOMR —module (A , S )

We define a convolution of f  and g  by

f * g n't"° (f .
 0 g) .O E  hOMR— module (A , s) ,

where m' is the multiplication in S.



Duality theorem in Hopf algebra 773

Lemma 1. 2. L et A  be an R-Hopf algebra and le t S  be a commutative
R - algebra. Then horn R—algebra ( A , S ) becomes a group with respect to convolution.

Pro o f . Since S  is  commutative m" ° (fog) A  E hom—R—algebra (A , S ) .  Let u ' be
unit of R-algebra S . It is easy to  check that u'°s is the unit of convolution and
P s  is the inverse of f .

Definition 1. 3. F o r any Hopf algebra, b E A  is  ca lled  grouplike ele-
ment of A , if d b =b 0 b .

Lemma 1. 4. L et A  be an R - Hopf algebra and le t S  be a commutative
R - algebra. T hen the set {grouplike elements in A  ® p  s) is  a group with respect to
multiplication in A  OR S.

Proof. I t  is  e a sy  to  se e  th a t th e  product o f grouplike elements is again
grouplike. Let bEA  OR S  be a grouplike element. Then E (b) = 1 and by defini-
tion b • s (b) =s (b )  =1 . So s (b) =

Definition 1. 5. F o r  a n  R - Hopf a lg eb ra  A  and  a  com m uta tive
R- algebra S , the groups hom—R—algebra (A , S )  a n d  {grouplike elements in A  ORS}
are denoted by G R (A ) ( S )  and GP (A )  (S), respectively.

Lemma 1. 6. Let A  be an R - Hopt algebra. The grouplike elements in A
are linearly independent.

Proof. Let K  be  the quotient field of R . Then A  O R K  is  a  Hopf algebra
over K . W e consider that A C A  O R K  and it is  easy  to  see  tha t grouplike ele-
ments in  A  have the sam e property in  A  0 R  K . So it is enough to  show  that
grouplike elements in A ORK are  linearly independent. Let b, b ,EA O R K  are
grouplike elem ents w ith b = Z À ,b,. W e m ay assume th a t  6 , a re  independent.
F o r  any  grouplike element b w e have e (b) = 1. T hen  1 = e (b) = A j s  (b e) =
E2 i . But Ab -= b Ob =EA :2A, Ob i  and  db = E.Lbe Ob i . The bi Ob ;  are
linearly independent, so by comparing coefficients w e get 4 = 0  for i */  and
2f=2,. A s Eil i =1, follows that E2 1bi equals some b,.

Lemma 1. 7. Let A  and S  be as in the previous lemma. Then

G R (A ) (S) GP (A * ) ( s ) .

Proof. Consider an S-algebra map (/) : A 0  R  S — S .  T his map corresponds
to  an  element b e  (A OR S) * =A *  O R  S . In other w ords for any f E A  O R  S ,
(f ) <f , b >. We denote such ç1 by Ob. By definition we have:

<f >  =  < f • g , b> = (f  • g ) = (79 ( g )
=  < f ,b >  •  < g ,b >  = b Ob>.

Here f  and g  are  any elements of A  OR S. So f  Og sp a n  (A S ) ( A  R  S )
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and we get that db -= b Ob. Now group operation in GR (A) (S ) is defined exact-
ly as multiplication in dual Hopf algebra (A OR S) * =A *  OR S.

Corollary 1. 8. For an R - Hop! algebra A and a commutative R - algebra
S, GR (A ) (S ) and Gt (A ) (S ) are finite abelian groups.

Proposition 1. 9. Let A and B are finite dimensional Hopf algebras over
an algebraically closed field K . Suppose f  : A  B  is Hopf  algebra m onom orphism ,
then induced group homomorphism

G (f) : GK (B) (K) G K (A) (K)

is an epimorphism.

Proof. See [1], page 180.

Theorem 1.10. Let A  be a free bicommutative f inite dimensional Hopf
algebra over an algebraically closed field K. Then G (A) (K)""=""- GR (A * ) (K).

Proof. In this proof we shell write sim ply G (  )  and G* (  )  instead of GK
( ) (K ) and G*K  ) (K ) . Consider the inclusion G* (A ) — .A . Since elements in
G* ( A )  a re  linearly independent, w e can extend to th e  group algebra K  [G *

(A )] and we get a Hopf algebra monomorphism

i : K [G* (A )] — •A.

Then by Proposition 1. 9 induced homomorphism

= G (i) : G (A) G [G * (A)] )

is an epimorphism. Note that

G (K [G * (A )1 )  = horn—K—a 1 ge bra  (K [G* (A)1 , K) hom (G* (A ), K * )  = G * (A ) A  .

G* (A ) A i s  the character group of G*  (A ) . Note that the adjoint of A  : G (A) —■
G* (A ) A i s  the natural pairing yo : G (A ) X  G * (A) K * g iven by yo (a, x ) = a
(x) . The same argument for A *  g ives an epim orphism  j pg : G (A * ) --.G * (A * )
and taking the character dual we have a monomorphism

(G * (A *) A  --* G (A * ) A  .

Since all groups are finite abelian we have  (G* (A *)A )A :G *(A *\.) By Lemma
1. 7 G * (A*) G  (A ) and G (A * ) G *  (A ) . It is easy to check that the resulting
map G (A) —.G* (A) ^ is nothing but A  H e n c e  A  is  isomorphism.

Let K  be a  discrete valuation field with maximal ideal o f OR generated by
7r. Let A be an OR - Hopf algebra. In A 0 0 „ K  w e have induced K-Hopf algebra
structure.

Lemma 1. 11. If u E A  o x  K is grouplike element, then u E A  .
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Proof. Let u E A  o k  K  be  a  grouplike element. Assume tha t u E A. We
consider additive bases of A , e l, ez, ,  en. Then u = Ebieg, fo r  some bi e  K.
W ithout losing generality we assume that b1 have minimal valuation. Let y (b1)
= — x <O. Then X U  EA  and

d  (r x  u ) = 7 rx u O u = E  rx  bib; ei e i

must be  in A OA. But v (rxb i
2 ) =  — x  0. So d  (7 x u )  A  0 A  and we get the

contradiction.

Definition 1. 12. Let S  be a  quotient field of domain R and le t T be
an algebraic closure of S. We define a  splitting field of R-Hopf algebra A  as a
subfield of -,S7  containing splitting fields of both S - algebras A O R S  and A *

 R

S.

Proposition 1. 13. Let K be a discrete valuation field and let A be a
free bicommutative f inite dim ensional OK -Hopf algebra. If L  is  a splitting field of
A  then GoK  (A ) ( OL)=- Gon(A * ) (OL).

Proof. For the simplicity of the notation we write G instead of Go,,. From
Theorem 1.10 it is clear that

G (A )  (L ) _G  (A *) (L ) .

Here L is finite over K and thus the extension of the valuation of K to L is dis-
crete. Now according to Lemma. 1. 11 we have

c (A ) (L ) =  G  (A ) ( OL)

and

G (A*) (L) = G (A * ) (OL)

Hence G (A ) ( 0 L) G(A*) (OL)

2. Topological Application

Now we consider ring spectra maps

BZ/pr+ K  (n ) R .

Group operation among such ring spectra maps f  and g is defined by following
composition

d
B Z / p r , B Z / p r , A BZ1pr+ K (n )  R  A K (n)k --• K (n) R.

Let us denote Hopf algebra K (n) CR' (BZ/pr) by A R (n, ,

AK(n, = K (n)9? (BZ/P r )  =  R [[x ] ]/  [P ]x .
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In th is  case [p ]x  is p-series of Lubin-Tate formal group law F (x, y ). Thus
we can choose such an orientation x, that

[p] x = px — xP"

So AR (n, r )  is free of rank pn over R. W e write its algebraic dual as A'/(n, r),

(n, =  hom R -m odute R , .

Let !  be a spectra map of degree 0

f : BZ/pr + K  (n)R.

We can consider !  as an element of cohomology ring

f =  f (x ) E K (n)
°
R (BZ/ pr) = AR (1, r)

and thus we can consider !  as a homomorphism

f : (n, r) R.

Lemma 2. 1. The following conditions are equivalent

a) f  E hOm--R — algebra(A p  (n. r), R)

h) f  is a ring spectra map BZ/ pr + K  ( n )  R

c) f (F (x ,  u ) )  =  f  (x )  f  ( y )

Proof. a ) means that following diagram is commutative

(n, O R ( n , Ait (n,

f  Of f

R OR R

Considering the dual diagram we get

AR (n, OR A R (n,

f * Of*

RORR

where f *  (1 ) =  f (x ) and ¶ (x) -=F  (1 x ,  x  1). T hus commutativity of this
diagram implies that a) <#. c).

b) means that we have commutative diagram
BZ/pr +  A  BZ/pr+

m

BZ/ pr

f A f K(n) R A K(n)R

g

K(n)R.
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We can consider that f ° m, ° (f A .f.) K ( n ) cr?' (BZ/pr x BZ/pr) . By definition
we have that

and

So b) <=> c).

Let C  b e  the  completion field of the algebraic closure of p- adic numbers
(lb. Instead of 0c, we shall simply write O.

Theorem 2.2.G o  (A  (n , r ))  (0 )  (Z / P Y )" .

Pro o f . See [3], Lemma 4. 7. (ii) and Lemma 4.8. (ii)

Theorem 2. 3. Let L be a splitting f ield of Ao,,„(n, .  Then the group G
of homotopy classes of  ring spectra maps

BZ/pr+ — ' K ( ) oL

is isomorphic to (Z/Pr ) n
.

Proof. A ccord ing  to  the  Lemma 2.1 we see that G  is equal to Go/. (AA. (n,
r ) )  (O L ) a s  a  s e t . Considering definitions o f group operations in  G  and  GoL.
(At i (n, r ) )  (Oz.) we find out that in fact there is a group isomorphism

G 7-=-  GoL (A t z.(n, r)) ( OL).

A th (n, r) and L satisfy the condition of the Proposition 1. 13. Thus

GoL  (A ti  (n, )  (OL) GoL (A k (n, r)) ( OL) .

But it is clear that

GoL (Ao L (n, r)) (OL) "--= Go (Ao (n, r)) (0)

and from Theorem 2. 2 follows that G f=" (Z / Pr ) n
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