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On the zeros of the Epstein zeta functions

By

Akio FUJII

§ I. Introduction

T h e  purpose o f  th e  present artic le  is  to  ex tend  ou r recen t re su lts  [ 8 ]
concerning the distribution of the zeros of the Epstein zeta functions. We have
shown there that the  "k-analogue" of "the GUE law" fails for the Epstein zeta
functions C (s, Q) . A  m ore  precise definition o f " the  GUE law " and a lso  the
meaning o f  th e  "k-analogue" w ill be given below . T he  E pste in  zeta function

(s, Q ) is defined by

(s, C2) = I  ' Q  (x, for (s) > 1 ,2

w here x, y  runs over a ll in tegers exc lud ing  (x, y )  = (0, 0), s  = a ±  i t  with
re a l n u m b e rs  u  a n d  t, Q  (x , y ) = ax 2  b x y  c y 2 i s  a  p o s it iv e  definite
quadratic  form  w ith discriminant zl = b 2 — 4ac, a, b  and  c  a re  real numbers
and a > 0 and we put

Addlk

Some of the well known results concerning C (s, Q) will be recalled below. In
the present article, w e are  concerned with the distribution of the zeros of the
Epstein zeta functions associated with the positive definite quadratic forms of
more variables. H ow ever, w e shall treat only th e  sim pler cases among them,
fo r sim plicity. W e shall also give som e new  results concerning the  simplest
C (s, Q) . A  further extension is  possible and will appear elsewhere.

Let d  be a positive number. Here we a re  mainly concerned with th e  Ep-
stein zeta functions of the form

Gd (s) 1
(mi rn Z  +d  (m mi)) s

where 9'11( s  )  > 2, the  dash indicates that mi 's run over the  integers excluding
th e  c a s e  (mi, m2, m3, m4) = (0, 0, 0, 0). W e a r e  particu larly  intersted in  the
distribution of the zeros of G d .  We put for a convenience
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= .

W e  sh a ll show  b e lo w  th a t f o r  G d  ( s ) ,  th e  "K-analogue" of the "Riemann
Hypothesis" holds bu t the  "K-analogue" of "the GUE law" fails. These results
a re  th e  ex ten sio n s  o f  b o th  S ta rk 's  resu lt [23] o n  th e  "K-analogue" of the
"Riemann Hypothesis" a n d  th e  a u th o r 's  r e s u lt  [ 8 ] o n  th e  fa ilu re  of the
"K-analogue" of "the GUE law" for C (s, .  W e shall describe these in a more
precise form below.

W e start with recalling some of the know n results on C (s, Q) . F or a  con-
venience, we put

Z (s, Q) = 2C (s, Q).

Then Z (s, Q) is known to have an analytic continuation to  the  whole complex
plane with a simple pole at s = 1. The residue is known to be

27r
AdZII

T he following expansion (cf. Theorem 1 in  p.14 of S iegel [21]) a t  s 1  is
fundamental.

Kronecker's Limit Formula. A t s 1, w e have the fo llow in g expan
sion.

27r 
ja f2 7 r a b .Ad d iZ (s, Q) = 1 (2Co + log — 2Iog I 7 )

(Ta ± 1 2 a  ) 12)s  — ,/lQi
+2611 (s — 1)-1- ••• ,

where Co is the Euler constant, we put

(z) (1 __ e 2 )

m=1

for complex z = x i y  w ith y >  0 and A 1 is som e constant.

It is also well-known that Z (s, Q) has the following functional equation.

Functional Equation.

(
4

-)
1

E
-

sr (s )Z  (s , Q ) = ( -L4t) ' 2s 7r-(1 - sq- (1 — s)Z  (1 —S, Q ) ,\ 4 / 4

F (s ) being the 1- - function.

Another fundamental formula is the following.

Chowla-Selberg's Formula.

r(s 2 ) . / i
Z (s, Q) = 2a - s C (2s) ± 2a - 5 k 2s C (2s 1 ) r(s) 
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1 -
4a - s ir s k-i - s

F(s)
E ,  1

(n 
7rb3

+ n'-20.1-2s (n) C O S  a  V  
S - =  -rnk(y+ y - 1 ),,y  z e aY,:

n=1

where C(s) is the Riemann zeta function and we put

a1 _2 3  (n) = E d1-2s

d n

T his gives first th e  Kronecker's limit form ula in  the  following form (cf.
(39) of p.532 in vol. 1 of Selberg [20]).

27r

Z(s, Q) = I + 2 7 r( a r 2

2c0 1 0 ,g T S 1 - ) ±  —
3a— 1 ,/1 AI

0 0

+ 8 7 r Ea 
-  

(n) cos( n n l e  rrn.‘1A1A i (s — 1)
11A1 

n = 1

a

This implies immediately Kronecker's limit formula as stated above.
For the simplest case, Q (x , y )  = x 2 ±  y2, we have

Z(s) E' on? + inD-s = r (1'1 )z IC  (s) L  (s, X) ,
n=1

where x  is the non-principal D irichlet character mod 4, L (s, x ) is the corres-
ponding Dirichlet L-function and r (n) for n 0 is defined by

r(n) — 1.

Using the properties of C(s) and L (s ,x) , we get the following identities.

-
4 (C  (1, x) +  (1 , x ) )  =  7 r (2 C 0 +  lo g é )  +  

„a
+  47rEcr_ i (n)e - 2 '"

n=1

= 27r (Co — log2 — logi (i)1 2)

where I; (1, x ) is the value of the derivative of L (s, x) at s =-• 1. Using the fol-
lowing well known result

L (1, =

we get

L'(1, )_ E x (n) log n(   log (4m — 1) log (4m + 1)  \
\ 4m — 1 4m + 1

n=1 m=1
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1 1 1 (log3
3 5 log5 =  -8- log2 5 — -log2 3  + )2  

+  4 r-
(

_ 2  41 )(1o(g(4y ±  1) l o g  (4y — 12 )  )d y

y 1) 2( 4 y  —  1) /
f (Co — 21og2 — 4login (i)

T h e  la s t  expression is  v e ry  effective w hen one  w a n ts  to  h a v e  a  numerical
value of L' (1, x) a s  is already mentioned in  p.75 of Siegel [21] and also will
be used below.

Chowla-Selberg's formula gives next a  very good approximation not only
at s=1, but also on the real line. In particular, it implies that

= (2C0 ± l o g (  1/11 ) )
647 2a2

0 0

, 4 \ (nn - b )f - 1  i r n A T I I -  (y +1, - 1 )  ,
- I-  -  E0-001)cos y  e  2a ay

A4 a 0
n=1

(c f . (29) o f p. 529 in  vol. 1. of Selberg [20] ). T hus fo r d =  —  43 o r  — 163,
Chowla and Selberg have obtained

1Z < 0.

Using this kind of expression, Bateman-Grosswald [2] has also shown that

1Z  ,  Q )  >  0 if k >_ 7.0556

and

z (-

2 '  
Q) < 0  if  k :< 7.0554.2

1Thus they have show n that Z (s, Q) has a  rea l zero between and  1 if k >

17.0556. In fact, the above expression on  Z ( - - , Q ) gives further the  following

result which supplements the  above results of Bateman-Grosswald [2] when b
=  0. W e shall prove the following slighty more general result.

Corollary 1. Suppose that Q (x, y) = ax 2b x y cy2  is a positive de-

b  . —  4acl finite quadratic form, a >  0 and —

a  
is an even integer. Let k = 2a be as

above. Then there exist two positive numbers kl  and  k2 which satisfy 0 < k 1 <  k 2

and the following three properties.

1(i ) Z ( -

2 '
= 0 when k 121 or k = k2.
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1Moreover s  = —

2  
is a double zero of Z (s,Q ) for both cases.

1(ii) Z ( -

2 '  
Q ) > 0 when 0 < k  < 12 1 or k > k2.

Hence in this case, Z  (s, Q) has one real zero in 0 <  1R (s)  < -- o n e2
1real zero in —

2  
<  (s) < 1  and Z (s,Q)O ats  =  0, —

2  
and 1.

Z(
1

-

2 '  
Q ) < 0 when ki  < k  < k 2 .

This result is certa in ly  more precise and more comprehensive than Bate-
man and Grosswald's result mentioned above, although there is some restric-
tion to b. Our proof suggests that the last restriction might be relaxed further.

A  rough num erical calculation shows th a t  fo r  b  = 0 , w e  c a n  ta k e  the
above k1 and k2 as follows.

0.1417332-•

and

k2 = 7.055507955448-•.

1To prove that -  i2
-  s  a double zero in (i) of Corollary 1, w e shall use the

following result which holds for a general Q.

Corollary 2.

=
7)2

2a4{Cô — 41og22 — 41og2 • log (log

TC—log a  • (Co — log-
k

-  —21og2) + +  Co ±

• E ao(n) 
C o s t 1;176

) f o  
,--ie - rnk(y+y-1)dy}

a 

2log2)

zG Q)
2a2 1

log2 a  • f e tZ G - , Q) — log a • i f Z ( , Q)

— (log - - ) 3 81og2  ( l o g f-) 2 + (4C6— 16log22 — 8C1) logf,
14 3 4—--TC (3) + + 4Cglog4 — + 16C 2 — 8C1C0

—8C1log4 + Q) {— 7(2 +  2(C0 + 2log2) 2

+ 4 (Co + 2log2) log +  2 ( l o g fre ) 21 + 2D 1 ,  ( 4 1 ,
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where we write the Laurent expansion of C(s) at s = 1  in the following form

C (s) = s
1 ±  Co +  (s — 1) + C2 ( S  — 1) 2 4 —

and we put
CO

1 n7rby s-le-grik (y +9-1)dy .D (s, Q) = En —Yai-2s (n) cos a
n=1

Moreover, when k  is sufficiently large, then w e can locate the  real zeros
found in (ii) of Corollary 1 more precisely as follows.

Corollary 3. Suppose that Q (x , y ) = ax 2b x y cy 2 is a positive

2a 
4aci

d e -

form 11 —finite quadratic fo w i t h  a > 0. Let k  = 1)2 
be su f f ic ien tly  large. Then

Z (s, Q) has two real zeros pk and 1 —  Pk. where

^  = 3  ( 1 + 19--g-k- 6 ±  0 (7?
-1) )  as k 0 0 .

kr k \ k  k

Chowla-Selberg's form ula plays also an im portant role w hen one investi-
gates the distribution of the complex zeros of Z (s, Q) .

In fact, Stark [23] has shown that

for k  > K , all the zeros of (s , Q )  in  the region — 1  <  <  2, —2k t 2k
are simple zeros; with the exception of two real zeros between 0 and 1, all are on the

1
line a -= —

2  
and that for 0 < T  2 k ,

=_ lo g (kzTe )N (T, Q) ±  0  (log logT),

where N (T, Q) denotes the number of the zeros of C (s, Q) in the region —  1 < u
< 2,0 T.

This is  the "k-analogue" of "the Riemann Hypothesis" noticed above. (We

have replaced Stark 's rem ainder term  0  (log  (T  ±  3) (loglog (T  ±  3)) in
N  (T  Q) by 0 (loglogT). (cf. Remark in p.145 of Fujii [8].))

This seems to be a  surprising result, because it seems to provide us a key
to understand the following two opposite types of results. On one hand, in cer-
ta in  cases the Epstein zeta functions Z (s, Q) have even infinitely many zeros
in (s )  > 1 (cf. Davenport and Heilbronn [4 ]). T h is  is because they do not
have Euler product in  general. O n the o ther hand, they  have infinitely many

1zeros o n  th e  c ritica l line  ai (s )  = —

2  
(cf. Potter-Titchmarsh [18] a n d  Kober

[14]) and even strongly under certain hypothesis, almost all the zeros of Z (s,
1Q) lie on the the critical line 9i (s)  = --

2 '  
although they have not Euler product
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in general (cf. Bombieri and Hejhal [3] and Hejhal[11]).
To understand the situation m ore clearly , w e have show n recently that

"k-analogue" of "the GUE law" fails for Z (s, (2). T his should be distinguished
completely from the  zeta functions like C(s), a s  w e have seen in  the  previous
Fujii [6] [7] (cf. also Ozluk [17] ).

T o be  more precise, here w e shall define the notion "the GUE law". For
C(s), w e know  (cf. p.212 o f Titchmarsh [25]) th a t th e  num ber N (T) of the
zeros S+ir of C(s) in 0 < r < T, 0 <  <  1  is given by

N(T) = (T) ± 1 S  (T ) ,

w here w e suppose th a t  T T fo r any  r, 9  (T ) is  the continuos function de-
fined by

1 T 119(T) -= i-2 ) ) „(logr(71 + — log 7I

with

and

S (T) =  3--argCG

It is well known that

7 T T 7r 4_ 1 +(T) -=- 2 8  ' 4 8 T 5760T3

W hen T = r, then we put

N (T ) =  (N(T +  0 )  +  N(T — 0)).

W e have show n in [6] under the Riemann Hypothesis a n d  th e  Montgomery's
Conjecture tha t for T > To and for 0 < a = 0 (logT),

2
 rT

( S ( tT
2 a ) S (t)) di = —

1

2 {log (2 a ) — Ci (2a)
log

— 2ra • Si (2ra) + 7r 2 a — cos (27ra) + 1 + Co + (1)1.

We call the right hand side the GUE part and the set of a for which the above
asymptotic law holds, namely, {a ; 0 < a = o (logT)}, in  th is  case, the univer-
sal range of a. The left hand side is, essentially, the number variance

1 f 7'
27a

2

7 , N (t) — a ) dt.
log2ir
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W e say that C(s) obeys "the GUE law" if the number variance

-1-i f o
r (s(c (x  + f))— s(G(x — 1))) 2dx

or
2

T1 f oT(s ( 2n- aT )
(t) d t

log- 27r

is

1 {log (2 a) — Ci (27-ra) — 2n- a  • Si (27ra) + 7r2a — cos (27ra) + 1 + Co)
71.2

as T 00  in  th e  universal range of a, which includes at least the range where

a —0  
00 a s  T —0 00 , where G (x )  denotes the inverse function of —

1

19 ( t )  for t >7r
to.  T h is no tion  can be defined generally, in  particu la r, fo r the  E pste in  zeta

27r functions, although G (x )  or 7, must be modified (cf. Enid [7] [8]), as will
log

be seen below.
N ow  w e turn to  the Epstein zeta functions and  recall our resu lts on the

zeros of Z (s, Q) . We notice first that for 0 < T 2k,

N (T, Q) = L0(T) (7) ,

where

LQ (T) = la rg
(

—
k  )1 4 -a

+  —
1  

arg F(-1
2  

+ iT) +
1 arg (1 + i2T)7r 71.

and

1,8Q (T) I C,

C being always some positive constant in th is article. Since

T log( ) ±  0  (1 )arg(— k ) - - " T  +  1 arg F(-1- +7C 7r/ 7r 2 Tr 6 \ or

the number variance with which we are concerned is

12 T - 2 /
2T

r
SQ (t)) dt,

a ir

lo kT
)

7r

where we put

SQ (t) = arg (1  +  i2 t) +  (;) (t) .
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If it obeys"the GUE law", then it must be that
21 f  2T -2

(S Q  ± an"S  Q  (t)) dt —  Clog a as a  co1 T kT
log- :7 -

with some positive constant C. Contrary to this, we have shown in [ 8 ]  th a t
for k  > K  and 0 < T  k , there ex ists som e positive constant C such that

2
1T r  2 -2  (sQ ear 

T  ) S Q ( t ) )  dt C
log

kTuniformly for positive a < Tlog- - .7r

W e notice tha t in  p.141 o f  [ 8 ], we have stated that this holds uniformly

for positive a —
1

log . However, as the proof shows tha t the last condition7 7
can be relaxed as above.

Consequently, we see that as k co
2

2 k -2
f  (S Q +

k
2 S Q (t)) d t C

fe k .

le2

uniformly for positive a < k lo g  . T h is  is  the  failure o f  th e  "k-analogue" of

"the GUE law" for the Epstein zeta functions C(s, Q).
A s a n  intermediate between , Q) and  Gd (s) , w e shou ld  mention the

study of Chowla and Selberg (cf. pp. 532-534 in vol. 1 o f  [20]) on the Epstein
zeta function of the following form

Hd ( s )  = E dmvs,

3where 91 ( s )  > —
2  

and  the  dash indicates that m; s ru n  o v e r the  integers ex-

cluding the case (mi, m2, m3) =- (0, 0, 0). They have proved first that

2 7 r  (2s — 2)
H d ( s )  =  Z (s ) (s - 1 ) d s-i

(y+y-1)
y

s-2
d y ,- r, 27rs1— s s

F (S) d  
2 

E 
n - 2 - 1

E   u 2 1 4 3 -2 )2  
I :

e

n=1 ualn

where Z  (s)  is introduced above. This expression gives a n  analytic continua-
3tion of H  (s) to the whole complex plane w ith a simple pole a t s  = with the
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residue 
2 7 r 

 . Further they have given a Kronecker's limit formula as follows.

27r \
f c -f   I

3
s

27r3= (2C0 2  log d )  + Z(
2

)  + 2OE 1 ' n ) ) e -27rNqd
u  u 2

n=1 u2In

From the above expression they have proved also, using the fact that ( - 2)
=  0 and  the  functional equation of (s) , th a t th e re  is  a  rea l numberpd such
that for d > do

Ha (pd) = 0,

where pd 0 as d 0 0  b u t  p d  0 .
We now proceed to our Epstein zeta function Gd . Sometimes it is better

understood if one  generalize th e  fram ework. Here we shall generalize Ga (s)
slightly a s  follows. Let 621 (x, y )  =  a i x 2 +  b a y  + c i y 2 a n d  Q2 (x, y) =  a 2x 2 +
bzxy c2y 2 b e  positive definite quadratic forms with the discriminants d i  and
A2, respectively. For any d >  0, let Gd Q 2 ) be defined by

(QL (M 1, M 2) ± dQ2 (M 3, M 4) ) s

where 9i (s ) >  2 and the dash indicates that ni,'s run over the  integers exclud-
ing th e  c a se  (mi, m 2 , m3 , m4) = (0, 0, 0, 0). W henever w e shall treat G d (s, Q1,
Q2), we always suppose further, to avoid complications, that a, b : and  c: in  the
definition of Q, (x, y )  a r e  integers for i = 1 and 2. W e denote Ga (s, Q, Q) by
Gd (s, Q )  W e shall show  firs t th a t the analogue of Chowla-Selberg's formula
described above holds in  a  symmetric form as follows.

Theorem 1. When N (s) > 2 , we have

Gd Q l ,  Q 2 )  =  Z(S, Q 1 ) +
' I2LI1I d '

 7   n s  —  1 ) 
 Z(s — 1,Q2)

r (s)

(  2 r   )s
' i i )

 r ( s )  E (s, d, Qi, Q2, AO ,

where

, (rh)rQi( m )
E (s) E (s, d, Qi, Qz , d i ) =   Ks_i(  

A A
4Tr

l
 A/C111)s i111 ln=1 min

Gd (s, Q1, Q 2 )  =
1

with
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K  (z) 10 0 u+u-1 
=  —  e  z  2 'du,, 2  o

for arbitrary 2.) and larg zl < —
2  

and 1'0 (m) = ni-cpx,y )  1. Moreover E (s, d,
_m<x.y<m

Q2, A i)  is an entire function of s and satisfies the functional equation

E(s,d,Q1,622, d i )  =  E (2 —  s,d , Q2, Qi, d i )  .

T his gives an  analytic continuation of G (s, (11, Q2) to the  whole complex
plane with a simple pole at s= 2 with the residue

47 2 

We denote E (s,d ,Q ,Q , A) by E (s ,d ,Q )  below.

Remark 1. As we shall see in the proof of Theorem 1, we can express
G d(S , Q 1, Q 2) in another way as follows.

2  7 1 - F(s — 1) 
Z (s 1, Q1 )Ge(s,Q1,Q2) = d - s Z ( s , ( 1 2 ) ±   d F(s)

( 2n-) s  2d - 1- 1 1  „ A
z-1 2 ) •

AllA 21 / (s) • 3 d , W2, %.11,

W e can also derive from  Theorem  1  a  Kronecker's lim it formula for
G d (s , (2 1 , Q 2 ) in the following form.

Corollary 4.
472

lim(G d (s, Q ,Qz) d1llA2 
s —  2 Z (2Q1)

b2 •1/121  )12 _ log d
4 7 2  [

2C0l o g wa 2 r 2 lo g li7 (
dAddilld21 2a2 2a2

(A/41,11 .1—d14).

r(22(m)rei(11 . )
87r2 mawl' 

n = 1 m i n

Remark 2. Remark 1 gives also a Kronecker's limit formula for Gd (s, Q l,
Q 2 )  in the following form.

47 2

lim (G d (s, Qi, Q2)
d 48 1 .621d  - 2 Z (2, Q2)s — 2 I

± 4 7 2 I  2G0 ±  1 a ' 21 I  (
dildiTS2T ° g liil °g 2a1 2
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(
82-c2d9 -3

  VH*
1A21 t v n r Q I  ( in )7 Q 2 17711.)(  4 Ki 1r\

n=1 (  min \ A/IA21 nd

W e should compare Corollary 4  with Remark 2. W e shall sta te  one con-
sequence in (i) of Corollary 11 below.

Hereafter, we a re  mainly concerned with  G d  ( S )  ,  fo r simplicity. However
we shall mention briefly how one can extend to a more general case.

Theroem 1 implies also the following result on the trivial zero free region
of Gd , the trivial zeros of Gd (s, ()) and the value of G (s, Q) at s 0.

Corollary 5.

) If d > 8.6, then for any a and for any t,

Gd(a ± it) 0.

(d )  For any d > 0 and for any positive definite integral quadratic form
Q(x, y),

Gd (S , Q )  =  Oats =  — 1 , - 2 , - 3 , - ,

( )  For any d > 0 and for any positive definite integral quadratic form
Q (x, 1,1)

G (0, Q) -= Z  (0, Q) = — 1.

It is notew orthy that the value of Gd (s, Q) o r Z (s, Q) a t s 0  does not
depend on d or Q.

Naturally, we do not claim  that the constant 8 .6  in  the  above corollary is
best possible. In fact, it comes from a  rough computation of do (a ) which will
be discussed in the section 3. W hen the  class number h (— d )  of the positive
definite quadratic forms with the  discrim inant — d is  1, then the  proof of (1)
of the above Corollary 5 can be modified to get similar results for G d (5. Q )

A s another consequence o f Theorem  1, w e  have the  following corollary
concerning the less triv ia l real zeros of G (s, Q) .

Corollary 6. For a sufficiently large d and for any positive definite in-
tegral quadratic form. Q (x, y) , there is a real number pa such that

G d (pd, Q) =0 ,
where pa —• 0 as d 0 0  but pd O.

T h is  i s  a n  e x te n s io n  o f  Chowla-Selberg's re su lt  o n  H  (s)  mentioned
above. This will be refined in a more precise form in Theorem 3 below.

It is more convenient to write the formula in Theorem 1 for the case Qi  =
Q2 = Q in  a  m ore symmetric form. M ultiplying both sides o f tha t formula by

b  (3 ) —  Gd2 171-A I )  
s rs ) ,  we get
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G d Q ) / d
2 7 r11 ) s F (S) Z (• (2) (. d

2 17) F (s )
2  r   (  2 r    ys

T (s  — 1 )Z (s  — 1,Q) + 2,,fd (s, d, Q)
• A/1 i/d1,61

= Z (s Q) ( 27r \-sT (s) Z s, Q) ( a/d271rdl \ / -2 F (2 s )/

• a f i fE ( s ,d ,Q )

= f  (s) + f  (2 — s) g (s) , say,

where we have used the functional equation of Z (s, Q) mentioned above. Thus
we have the following functional equation on Gd Q )

Corollary  7. When we put

a (s = G d (s ,  Q  ( .41
2

176  )  F (s) ,

then we have

a (s) = cr(2 — s ) .

The critical line of G (s, Q) is  9is = 1. A t the  critical point s = 1, we
have the following consequence.

C o ro lla ry  8. For any d > 0 and for any positive definite integral
quadratic form Q (x, y) , we have

da2 7) 2
b
a i i

2
tA
a )12)Gd (1, Q ) = 27r( c o + log

81,61 47r21A1
4log 1

47r, 1,61  E (1, d, Q) ,

where

E (1, d, Q) EOEN(m)rQ(mn))K0(.111  dn).
n = 1  min

1This corresponds to an explicit evaluation of 4 -
2
- , Q) described above. If one

uses the remark after Chowla-Selberg's formula, then one gets also

47r 27r2
Gd (1, Q ) =  (2C0 ±  3 a

167rn r b )  nri/FAT4 r  ±  Ea-1(n) cos( e a ±
'0,61 a N/1,61 

E  ( 1  d ,  Q )

n=1

We may mention a special case for Gd (S) as follows.
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Corollary 8'. For any d  > 0, we have

G d (1) + 8.0 (1, x) + 2nE (1, d)d

r
2

= + 27r (Co — 21og2 — 4logIn W I) + 27-rE (1, d)

with

00

E (1, d) = E O E r(n )r( 71,1))K0(27r,Idn).
n=1 min

The expression in Corollary 8' provides u s  various information concern-
ing a real zero of Gd (s) . We may summarize them in the following theorem.

Theorem 2. There exist two numbers D1 and D2 such that 
1

<  D1
16r 2

< D2 and they satisfy the following three properties.

(1) G d (1) = 0 when d  = D I or d = D2.

Moreover s = 1  is a double zero of Ga (s) f o r both cases.

(ii) G d (1) > 0 when 0< d  < D 1 or d  > D2.

Hence in  this case, Gd ( S )  has one real zero in  0 < 91 (5) <  1 , one real
zero in 1 < 9i (s) < 2, and Gd(s) 0 for s  = 0 ,1 , and 2.

(in) G d  (1) < 0  when D1 < d  <  D2.

W e shall see below, by our rough computations, that

D I0 . 1 5 6 . -

and

D2 =- 6.039-•.

To prove (i) of Theorem 2, we shall use the following expression of G'd (1)
and G;; (1).

Corollary 9.
,77.2

(1) = 8C of ; (1, X )  ±  4Iog ( C0 4  + I: (1, x )) (log

12
2

27rE (1, d) G-  log d c o ) .

7r.2 7

d l  2

x
(

8L— (1, ) 27.cr (1)(1) = 4C27 + 16C11: (1, x) + 3 4C0C1r + 3
7r2 71"+ 2Co rcr "  (1) + 8Iog ( C 1   + (1, X)

L -  (1. x)
1d 4 2 
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± 8 ( 1 0 g
, T

7 - .2  ) 2 ( CCJC (1 X ) ) (
2 \ 3

°-- d(s log) 27rE(2) (1, d)
d 8 3

, T 2
• 27rE (1, d )  1 (log

2
Co log -  r" (1)),4 -  d d

where E(2) (s, d ) is the second derivative of E(s, d ) with respect to s.
P art ( ii)  of the above Theorem 2 gives an analogue of Theorem 3  in  Bate-

man and Grosswald [2].
When we use Corollary 9, we need the estimate of L -  (1, x) and L —  (1, x).

W e notice the following corollary which is a  resu lt o f  the  definition and the
Chowl a-Sel berg's formula.

Corollary 10.
3

( ) (1, X ) -=  ‘;Cor ± 2C' (2) — 1
2
110, — n-log2 n- (log2) 2

— 6
7r2

logrr — — Co — 27r logn • log177 (i)1 22rD' (1) ,6

where we put

C 0

D (s) 0-1_2 (11\ f ,) 0 y e
n= 1

= D (1) ± (i) (s — 1) + D -

2

( 1 )  (
s  

— 1) 2 + ....

(ii) L—  (1, X ) = -2-
2
1-Cgr 9n-C1log2 3n-00 (log2) 2  ± — 67cC0C1

— 2n- (log2) 3 - - 1
2 7r3log2 — 3n-C (3) ± 6C -  (2) — 6 C 0 '(2 )

3 n.2 g7 r 4
—
2

n a 37rCe, log2 4 (logrr) 2 7r2C
4 24

± log177 (i)1(6Cin- — 37-ra  - 1- —  37r(logr) 2 )

• 67-rD' (1) logr 37TD-  (1) .

Remark 3. For our purpose, the follow ing rough estim ates of L-  ( 1 , X)
and L—  (1, x) are enough. Since

d   (  loe r  =  logx (2 logx),dx \ x1 2

l o e x
 i s  monotone increasing for 1 e2 and monotone decreasing for x  e 2.

Hence, we get
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999

-0.162741< (log,(14kk--11))2 ( l o g z(14k k++11)) 2 ) (log39 99 99 9)) 2
 < L

"

 (1
, 
x )

k=1

<_ E(  (log i(i 4k k-
-

1 1)) 2( l o g i(i 4k k++1 1)) 2 ) <  - 0 .14554.
k=1

Similarly, 
l o g 3 x

 is  monotone increasing for 1 x e3  and monotone decreas-

ing for x e3 , we get

999
(log (4k - 1) ) 3( l o g (4k ± 1) ) 3 )0 . 02354 < E( < L  (1 , x )\ 4k  - 1 4k + 1

k 1

999

<E(  (log(4k - 1)) 3( l o g  (4k ± 1) ) 
±

3 )( l o g  (3999) ) 3 < 0.16621.\ 4k -  1 4k  + 1 3999
k=1

In fact, the Euler-Maclaurin summation formula gives us

(1, =  - 0 .1541417-•

and

L -  (1, x ) = - 0 .0 9 4 8 8 2 8 .

W e notice that when d  is sufficiently large, then the two real zeros found
in Corollary 6 and (ii) of Theorem 2 can be located more precisely as follows.

Theorem 3. F o r a  suff iciently  larg e  d  an d  f o r any  positive definite
quadratic form Q (x, y) , Q) has two real zeros p a and  2 -  p a, where

1 47r21  ( 1l o g d  4 2  1 + 0 ( 1 ) )
dP d  =  d  I I  Z  (2, Q) d I I Z (2, Q)

as d - •  co .

This gives a  refinemennt of Corollary 6.
W e  tu rn  o u r  attentions to  th e  complex zeros o f G d .  Concerning this

problem, we shall restrict ourselves only to  G d  ( s ) .  However, as one sees that
we can extend our results, namely, Theorems 4, 5 and 6 to  G d ,  Q )  with h H
A ) = 1, although we shall not state the results.

W e shall first proceed to show the analogue of Stark's results [23] on the
"K-analogue" of the "Riemann Hypothesis". We remark first, by (i) of Corollary
5, tha t if

= > 2.94,

5
then G d  (5 )  has no  zeros in  N (s) = a  -

2
. Hence we have on ly  to  trea t the
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zeros in the region

— —

1  
< 9=1 ( s )  < —

5

2 2'

F irst of all we shall show the following theorem.

Theorem 4. There exists a number K  such that if  K > K , then all the
1 5

zeros of Gd (s) in  the region < a  < -2- , — t K are simple zeros; with the

exception of two real zeros between 0 and 2, all are on the line a = 1.
W e shall next show the following theorem.

Theorem 5. Let N (T, G) denote the number of the zeros of Gd (s) in the
1region — —
2  

<  < '—

5  
0 t  5  T. If K  > K  and 0 < T  < K , then2

T K TN (T, G ) = log + 0 (loglogT) ,r i r e

uniformly for K.

This corresponds to Stark's Riemann-von Mangoldt formula for N (T , .
F in a l ly ,  w e  s h a l l  p r o c e e d  to  t h e  ana logue  o f  t h e  f a i lu r e  o f  th e

"K-analogue" of "the GUE law " or the corresponding Berry Conjecture [1] for
Gd (s) . Before stating our results, we shall first clarify the present situation. In
the proof of Theorems 4 and 5, we shall see below that

N (T , =  arg((—Tr
T s T r u  i T

) +  a r g  Z (1 + iT ) +  AG (T) ,

where idc (T) C. H ence the number variance with which we are  concerned
is

arc
T
i f_r_T - 1 (SG

2 KT
) S G (t)) dt

2
,

log

where we put

S G (t) argZ (1 + it)  +  AG (t)

If it obeys "the GUE law", then it must be, as above, that
2

1  f  T-1
( S G (  KT SG(t)) dt —  Clog a as a  0 0

T log2

2

with som e positive constant C . However, we shall prove below the  following
theorem.
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Theorem 6. For K > K and 0 < T K , we have
2

1 r  T-1 4_  a n -  )
T 4 7. ( S G

( KTS G  (t)) dt C

2 - log

uniformly for 0 < a < Tlog K T .

Hence we see that as K C°,

1 
2f

(SG (  + c u r )  S G ( t ) )  dt C
2 log

K

2

uniformly for 0 < a <
Thus we see the failure of the "K-analogue" of "the GUE law" for G d (s)
Here we should pay an attention to  a  special case of Ga (s) . Namely, when

d = 1, then w e know , as in Theorem 4 of p.30 in  Grosswald [9] , th a t for any
integer n 1,

E = E d
n=mi+mi+mi+mi din

(1 (mod 4)

Hence, we have

G1 (s) 8(1 — 2 2 - 2 s) (s) — 1) .

T his  fact is , in  fac t, strongly noticed by Siegel in pp.145-146 o f  [21]. Thus
Gi (s) has the  functional equation and the Euler product. However on the cri-
tical line 91 (5) =1, we have only such zeros of G1 (s) a s

s  =  1  +  nTrin ±1, +2, ±3, •••.log2'

This means that the number of the zeros of G1 (s) o n  th e  critical line in the re-
gion 0  <  (s) T is

Tlog21

1
O n the o ther hand, b y  Selberg [20], w e know  that o n  th e  line 91 (s) =  —

2  
or

3(s) = —

2 '  
the number of the zeros of G1 (s) is at least

A TlogT,

with some positive constant A. Moreover, the Riemann-von Mangoldt formula
for G1 (s) is, using the notations and the results which is mentioned in the pre-
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vious section,

N (T , G I ) 2N (T)
[ Tlog21T  1 0 0 ,  _  Tz= (1  +  logz )±  d G i (T) 2S (T) ,
[ Tr [ it

where

IdG, (7') 1.

Consequently, we see that
G1 (s) has almost no zeros on the critical line, namely, the R iem ann Hypoth-

esis fails strongly for Gi (s).
A nd th a t th e  results m entioned above im plies, under certa in  hypothesis,

tha t "the GUE law" holds for Gi (s)
Furthermore, using only the properties of C(s), we see that at s = 2,

6< (2) 
Gi ( s )  = ± 6C (2) Co ±  4( (2) log2 + 6C' (2) + A (s  — 2) ± • • •,s  — 2

where A  is som e constant. Comparing this with Corollary 4, we get (ii) of the
following corollary.

Corollary 11.

r (m )r (n ) K 1 (27c1f)
(i) L(2, x) = 3 timEfri7E

d - 3
Cr3n=1 min

(ii) L (2, x) = ± 9  C' (2) ± 4log2 + (0122 7.t.2

r (m )r (11
m

m ( 2 7 r .1 0  .— 3E.,/WE
n=1 min

W e see also that at s = 1,

G1 (1)( o )  lim ( (1 — 2 2 - 2
1
) (s) ) = 8C (0) 2log2 = —  8log2  < O .

In fact, we see that

G1 (a ) < O in  0 <  a  < 2.

Combining the  present evaluation of G1 (1 )  w ith Corollary 8 ', we get further
an expsression of I : (1, x) .

Corollary 12.

I : (1, x) = — log2 ±  flogr — ( E r  (m)4 -
11))Ko (27N/W)

n = 1  min

At s = 0, we have
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G1 (0) = 8(1 -  2 2 ) ( 0 )  ( - 1 )  =  8  ( - 3) • ( - -12-) • (—  +-2 )= —1.

This is included in (iii) of Corollary 5.
F inally , w e  notice another com plicated expression of L'"  (1, x ),  which

comes from a  comparison of the coefficients of (s — 1) 2 in  the  T ay lo r expan-
sions of G 1 (s) i n  two ways, namely, Corollary 9 and what comes from the pre-
sent expression of  G 1 (s).

Corollary 13.

L „, ( i ,  x ) 83 f  136 ( l o g -2) + 16 (log2) 2logn- — 4C2r + 4C0C1z

4  3+ 12C1rlogn — 4ralogn- — 8nlog2 • logr —

2 4+ -3-72 logr + 8nlogr • (log2) 2 —  —
3 7c (log) 3 + 16log2 • (logr) 2

+ 16C -  (0) log2 + 4
3
7  (3) + 16C' (2) logr — —4

3 72 (logn) 2

4
— . 00721ogr — 16n. (log7) 2 • logl W I+ 16E -D r (1) logr

— 2rE (1,1) (CF) — — 2 — (logn-) 2 ) — 2 E 2 1 (1, i)} .

W e shall prove Theorem  1 and Corollaries 4 and  8 in  the  section 2, (i)
and (ii) of Corollary 5 in the section 3, Corollaries 8' and 9 and Theorem 2 in
the section 4, (iii) of Corollary 5, Theorem 3 and Corollary 3 in the section 5,
Corollaries 1 and 2 in  the  section 6, Theorems 4 and 5 in the sections 7 and 8
and Theorem 6 in the section 9. Some of the numerical calculations in this arti-
cle have been done using Mathematica.

Finally, we should notice, among many works, the existence of the works
37 (pp.708-734) of Hecke [10], Terras [24] and Hoffstein [12]. 37 of Hecke [10]
has show n the existence of infinitely m any zeros o n  th e  critica l line  of the
general Epstein zeta functions of many variables. Terras [24] has tried to ex-
tend Chowla-Selberg [20] and Bateman-Grosswald [2]. Hoffstein [12] has tried
to extend Bateman-Grosswald [2].

§ 2. Proof of Theorem 1 and Corollaries 4 and 8 and a remark on (i) of
Corollary 11

Let Qi (x, y ) ,  Q2 (x, y ) , A i and 4 6 2  be the same as in  the  previous section.
We suppose first that 9i (s) > 2. Then we have

G d (s , Q i, Q 2 )  = E' (Q1 (mi, -
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-

+ E rQ2 (m)
m=1 —.0<mi,m2<c*

(Q1 (m i , m2 ) ±  dm) '

= Z  (s, Qi) Eo(s , d, Qi, Q2) , say.

We simplify Eo(s, d, Qi, Q2) further as follows.

E0 (s, d, Q1, Q 2 )  =  E r 2 (m) Erch (y) (y dm) - s.
m i v = 0

We notice first that

7r- sr  (s) E0(s, d, Q i, Q 2 )  = f  x s - 1  E rch (m) ErQ, (y)e - 7 1 - ( v+d m)idx .
m=1 v=0

Using the following transformation formula (cf. p.48 of Siegel [21]),

ErQ, (n) e-n7rx 2  1  E4 n n  
= rQ,(n)e ,

-11,811n=0 n=0

we get next

7r- s F(s)Eo(s, d, Qi, Q2)

24 v
rQ2 (m) Ero, (y)e - r

( d m x +  
 wilx )dx

A/lid f °  x s - 2

m=1 v=0

0 0

f 0
1 s - 2

r4)2 (m ) e ' d mxdx
m=1

2  
f °°1

rQ2 (m) ErQ,(y)s_2 e„,,,,„ix, 4v ) d x

m=1 v=1

= W i(s) +  W 2(5), say.

CO

2   V '
C  (s )  =

rQ2 
on) f o w xs- 2 e—d"dx

m=i

2   F (s — 1)  V  rQz (m)  =   2   F(s —  1)  z  s  ___ 1 ,  Q 2 ) .

(rd )s - 1 ( r d ) s - 1m=1

4
By a change of variable x  = 1

A il
.1

y

j d m  
y, we get

2
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F2 (s )  =  02Aiir ch (m) E rch (v ) i i 4dvdm )sv

m=1 v=1
2 f dvm (y+y - l)d y

0

2  1  f  4  
 ) 

s-1 v2V1

(
) s-1

d
2  r,f h k,m) r‘h (11 )

-Y k 1 11 11 2n
n=1 niv=n

• ys  2 e r v i
2
2 (y+y- l)d y

rQ 2 (m )N 1
( n )

2  1 4  \s 7i.E n s-21E
d s V  \ IA »  zm s - 1it n=1 min

•f y s  2e 1r1A211xV-d(Y+Y-1)dy
0

n
2  2  4 

 s -

2
1

E  s _ i ErQz(m)roi(—.  n  2 Ks-i Vdn).
n=1 min

M
s - 1

(1/41A711

Thus we have proved that

2 it  F (s — 1) 
F(s) — 1,Q2)Gd(S, Q 2 )  = Z (S ,Q I )

A Z ill

 2/d( v irc,2(m)roi((  ni))4 7 r  
\ i d )  F Cs) n  2  L m

s - 1

K5-1A/1,611'/d11).
n=1 min

Since

s-1(
rQ2 04 1 ) rQ1(—

m
m  s — 1 )  

KS —  fn 2  E
n=1 min

is an entire function of s, this gives an analytic continuation of Gd (s, Q 1 , Q 2 ) to
the whole complex plane with a simple pole at s =  2.

Using Kronecker's limit formula for Z (s, Q2) as described in  the previous
section, we get the following expansion at s =  2.

2  
71-

(s  — 1 ) 
 Z  (S  —  1, Q2)

/ 1 1 1 - d s -1  F ( s )

27T   (1 logd
\dd  

( s2 ) • (1 — (s —  2) + •••) • ( s _ 2
d2 

(2c 0 -I-- I gT—cl'A21-
4d2I ° 11_121 "  2 a 2 2a2

210b 2 i   0 ,62.  )12) + ...)

27r
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4 2

d • (2C 0 ± logw r4 r 2  

6•  Add )
— 21°67 (

21 2
2a 22 a 2 log d  — 1) ± A ' (s

d  CI I rA
s —

— 2) +•••.

Since the other terms in Gd Q 2 ) in the above expression are regular at s
= 2, s  =  2 is a simple pole of Gd Q l, Q2) and the residue is

4 2

di/Id1111121 .

We may remark here that although s 1  is a simple pole of Z  Qi )  in
the above expression of G d  Q l, Q 2) =  1  is a removable sigularity for G (s,
Q1, Q2) .  Because using the functional equation o f Z (s, Q 2 ) and Kronecker's
limit formula for Z (s, Q2) , we get first that

2  7   F  (.5 —  

IiI Z s — 1, Q2)
d S - 1 ( 3 )

2  r 1  (I_A2 1) 3-22s  r2 s _31, ( 2 s ) z  (2 s ,  Q 2 )

A/Ail

-  ( 1 + ( S 1) lO cgrylTi i4 7 C 2

— 1/IA11
27r 

• (1 — (1) (s — 1) + •••) (1 —  r (1 ) (s —  1 ) +  )

AA 21

27r   (
2G0l o  a 2+ r 2loglri 2 i213a24 -2 1 ) .2 )  ±  •  •  • )

27r
= s / L i   (2c

0 + loga  2 1 0 g 1 7 7
(2ba22 A2T

 2

2 a2  )

1
 )

22
zi

r
d ( l o g dt2 .

21 -I- 2F' (1) ) + A "1 (s — 1) -I- • •••

Hence, applying again Kronecker's limit formula to Z(s, Q1), we get at s = 1,

Z (s 2  7   F(S — 1) 
Z  (S  — 1,Q2)l i I  d s - 1 f ( S )

21r ( co 1- log lia1 2 1 210g11)
(2ball

ii/11.1  )12

— 2logl ( -21? -/ 2' ‘ 7 1 : ) 12)
2r 47r2log d 1i - - F2 +  2 F ' (1 ) )  -I- (s — 1) ± ••..

ds- 1 F(s) 4
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Thus s  =  1  is a  removable singularity of Gd (s, Qi, Q2)
Under the translation s —■ 2 — s,

s-i 
nE rQ2 (m) ( —
m

min

becomes

rQi (m)N 2( -1 1 1

n 2 _1M s

min

and the integral

s  2
e
 ir  f2c ( y + y - - 1 ) d y

Y AfFLCIT

=

is invariant. Hence, we see that

E(s,d, Qi, Q2, = E(2 — s, d, Q2, (21,

where E (s, d, Q, Q2, AO is in troduced  in  th e  statem ent o f  Theorem  1. This
proves our Theorem 1.

As we have written down explicitly the Laurent expansion of
2  7   F ( s  — 1 )  

Z s  — 1, Q 2 )
V W . ds - 1

at s  =  2, we get immediately

47 2 

'62  )d LId
li M (G d  Q l ,  Q 2 ) s  — 2

n 2
m

s - 1

fo 
CO

 

• ds-1 F ( s )

(  2  rc  F (s — 1) 
 Z (s 1, Q2)

d
I i iI

 

47r2

z (2, Q1 )

 

142
S  — 2

▪ 8 7 E 2  

 c 's N 2 ( n)re1(7n)

m
n=1 in

=  Z  (2, Qi)
472

dOd1llA21 (2C
0l o g i z i

a 2
21

. , / d n )

2 l o g i n ( 2 a
1

0
d21  )12 _ lo g  d  —b2

2 4422

• 87r2r Q 2 ( m )  N i(In n )  )K 1( 47r d r t - ).
141Z111 

n = l
/
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This proves our Corollary 4 as described in the previous section.
The proof of Corollary 8 is also included in the above argument.
Finally, we shall give a short notice on (i) of Corollary 11.
Corollary 4 and Remark 2 imply first that for Q = Qi = Qz and d  = z11 = d2,

/E  rQ(m)rQ(;7i
-j )

, Q) (1 —
= 8 r 2  

d21 d "
(2 VTI

n=1" m i n

 

K 1 J 1
id n ))

•

Taking Q = x 2 ±  y2 and letting d  tend to  0 0 , we get (1) of Corollary 11.
In fact, it can be easily seen that

< lim irn  E
d-00

/
Z(2, Q)

r(m)r(-11))
K1(2 Z(2, Q).

u2 n=i fl21,2

Since for a> 0,

- 1 2e4_ a
e  2K1 (a )  = l ( f  e a l a rfr  d y  f  e  a " r 1 dy) 1 (e - a +2 2 a  / a

we get

• / r(m)r(2-1-) \
m m )Ki(20 )d

“ 2  n = 1 m n

CO

< 1 V r (k)  r (1 ) ±  1  N l e _0 7 Er  ( k )  r (1)d k 1 d
kl<d 1=0 241<k152i+ld

< V  r(k)E e _irv g 2A V  r (k)  < V  r (k) <  z  ( 2 ,
k2 Z-J k2Z - J  k2

ksd 1=0 k s 2 i + l d k=1

On the other hand, for a>0,

i f ° ' 2e-" K, (a) e - 2 e  2 dy
a

Hence, we get

r (m ) r(!-) K
I (2 7 r if) -d E  r  (kk )  ( 1 )  e - 4 7 r \ / —ki

d<kls2d
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r (k)C -
1

L  r ( l )  <  E r ( k )
k2 Z  (2, Q)

1<lcs2d d 2d 1 <k s2 d—
k

<I

§ 3. Proof of (i) and (ii) of Corollary 5

W e start from  th e  following decomposition done at th e  beginning of the
previous section.

G d  ( 3 )  =  Z (s) E0(S, d) ,

where Eo (s, d )  = Eo(s, d, Q, Q) for Q (x, y )  = x 2 ± y 2.
Suppose that 93 (s ) =  a  >  2. We notice first that

iz(s)i = 41n(1 2-( )-)-11 4n0 + 1 )-i ri + ps p p pa  p *2 p°

(1 1

= 4(1 + 1 )(HO +  1 )-1)2 = 4(1 + 1)(n P
2a

 )

2

p pa 2°' 1 )---1

\ Pa

=  4 ( 1  +  1 ) C2 ( 2 6 )  

2a! (a)

where p  ru n s  o v e r  th e  p rim e  num bers and X  i s  th e  nonprincipal Dirichlet
character mod 4 as is introduced in the section 1. On the other hand,

1E0 (s, d)i E r (11) Er (,) dm)
m=1 p=o

• 1  V r(m) +  L r ( m ) r ( v )  ( y  +  dm) -
a

da m Û
m=1 m=1 v=1

< 1 r (m) L r (m) E  r ( v )  
L-J m a
m=1 m=1 (4vdm)1

< 4 C( c)L  (a ' X ) + 2ald ( .111
+

r (m )

 \I2

1 6  / c r \ 2 t o - V—4 C(a)L (0 - , X) ± 2 ) X)
(4d)

d '

Thus IZ (s) I > (s, d)
provided that

c(c! 20, x .4(1 ± 1 ) (2a) >  4  C(cr)L (a, x) 16) 2 1 , ( ) 2

(4d)2a/ d °

>  e -4ir E
d
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The last condition is satisfied if

d >
/ 4Jc( 0- \ o' x )2
2 a  \ 2 /  \ 2  /

  

( 2  (

°
2) 242. ' 202)2 + 4 (1 +  1  ) C 2 ( 2 6 )  ((GO',  (a, X)2a C2 (a) 
2 (1 + l  ) C2 ( 2 6 )  

2d /

We put

do (a)

/21 - aCM 2L( 2
-

   

+ a a2-26, c()44  x ) 4 + 2 a  ( c
)

1  )  C 2  (2 6 )

L X )
2

( 1 +  1  ( 2 (2o) 
\ 2°1 C2 (0)

Thus we see that for any a > 2, if d > do(a), then

G d (O. ±  it) 0 for any t.
Now to prove (i) of Corollary 5, suppose that

di = d o (a1)

for any a l > 2. Then for d > d i and  for a  al, we have

Z(0 . + it)1 4(1 + 1 ) 2 ( 2 6 )  > 4 ( 1 1 )  C2 (26,1) 
2 ' C 2 (o- ) 2ci C2 (o-1)

= 4  ((a i)L (a i.X )
16 c (a91 ) 2L (0 .

1, x ) 2

(4d1)62
2

16 >  d
4
ai C(ai)L (ai, +  c(o-A2L(0-21,202

(4d) 912L z  1

E0 (0-
1, d) Eo(a, d) 1E0 (o- +  it, d) I.

Thus we see that for any d > al = do (a l)  and a

G d (0. ±  it) O.

In particular, since

doG) = 8.595913749 •••,

Gd (s) 0

5for d > 8 .595913749"  and  fo r any Ns =- a  - 2-,
To justify the above argument we shall show that
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C2 (2a) _4(1 + 1) 4a (a) , say,
2a/ C2 (cr)

4 )is monotone increasing fo r  cr log(1 +> and  that Eo (a, d )  is  monotonelog2
decreasing for a  > 2.

The latter is clear from the definition of E0 (a, d) .
To prove the former, we see first that

a , (a ) _  Cc22((20.0-
)) I  lo2g0.2 ±  4 ( 1 +  21, ) i l  ( 2 a )

1
Lc1 (a ) 1

C2 (2a) fl o g 2 4 ( 1

0 0

1 V  A (n)+ 2 (1 +
00

1 ) v  A (n) 1
C2 (a) t 2ai Z-J n2 an=1

2 6 / Z-1n u
n=1

where A (n) = log p  if  n = p k  with a  prim e number p  an d  an  integer k 1,
and = 0 otherwise.

log (1 + 4) 
F o r  > we havelog2

log2  (12 4  ) > 0  and 1 2 > 0 for n 3.
2C \ 2' 22a nu

Hence

a' (a) > 0
log (1 + 4) 

for a > log2 . Consequently, a (a) is monotone increasing for a >

lo (1 + 4)
log2

This proves (I) of Corollary 5.
By the  functional equation of G (s, Q), namely, Corollary 7 stated in the

section 1, we get trivial zeros as described in the statement (ii) of Corollary 5.

§ 4. Proof of Corollaries 8', 9 and 10 and Theorem 2

Corollary 8 implies the second equality of Corollary 8'. W e shall notice
th e  a lte rna tive  expression  o f Ga (1 ) m entioned in  C oro lla ry  8 '. A t s =  1 , we
have

Z (s) =-: 4(s
1+  Co ±  (s — 1) + ...)

• (L (1, x) (1, X) (s — 1) ± ( 21 ' X ) (s 1) 2

By the functional equation of Z (s) mentioned in the section 3, w e have at s = 1,
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)ts  Z(2 — s)— 1) 
F(s)

(s 1) V s - 2  r i ' s  —

ds _l 1/1) r (S )

= (1 ± 2Iog (s +  1
2-(21og ) 2 (s — 1) 2 + • • •)

• (1  —  2 r (1 ) (s — 1) + 2cg —  2 +

• 4( 1
1
 s  ±  Co ±  CI (1 — s) ±  •••)

• (L (1, x)± L' (1, x) (1 — s) L'' s

Thus we see that the value of

Z(s) 7C  r(s —  1)  z  (
ds -1F  ( s )

at s =- 1 is

8 (L (1, X) ( -logd — logy) + L' (1, X )).

Hence, we get

CI (1) = 8 (L (1, x) (-1
2
- logd — log) L' (1, x)) 27rE (1, d)

This shows the first equality in Corollary 8'.
The above expansion also gives the explicit evaluation of the coefficiant of

(s — 1) in the Taylor expansion of

Z (s) ± 7r r — 1 ) Z

at s =- 1 as

7.(.2)2
4Iog - (— CoL (1, x) -FI: (1, x)) 8C01: (1, x) — 2(log —

d  
L (1, x ) .d

T o  ge t a n  explicit evaluation o f Cd (1 ), w e need the  va lue  o f the  derivative

with respect to s of the function ( 7  ) 3 2 jC -1 E ( .3  d )  at s =- 1. It isr(s)

= 27rE (1, d) (log I r +  Co )  + 2 ( E  - 1.ogn(Er(m)r(- /-11-))K 0 (271-vcrYs)2
n=1

(— logm)r (m)r(:)) K o (27r../Yi )
n = 1  min

(1
2 ' x)- 2 + ...).

s
d  s - i F(s) —1)
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CO

E(Er (m )re± )) 1 f -  -27c li--±1
2c1  kg/ d y l

m  2  0
 e

n= .1 min
Y

Since

E( (n-2-log n - log m)r(m)r  =  (_
1

log n - log 14 ( 1±)r(m )m 2 m
min min

=  (log m - 11

n)r (m)4 171)  =  -  ( 72
-log n - log m)r(m)r(Wi ) ,

min min

we get

E(02 gn ogni r m) , ( n ) — O.
m in

Since

eI -

207 dn logy 
d y  =  f e

-22r-V7rn 1L±11- logy 
2 2 dy ,

we get

 logy_ 
d y  =f o

- e 2

Consequently, we get

7 2 7.1.
Ga (1) = (- Co 7i -( 1 ,  X)) ± 8Col: (1, X) - 2(lo

)2

g-
d

-

7 2

2 E (1, d )(lo gT i +  Co).

This is (i) of our Corollary 9.
Let E' (1, d )  and E -  (1, d )  be the first and the second derivative of E (1, d)

with respect to d, respectively. Then we see easily that

E' (1, d) = ir   E .F t (E r (m )r ( ) ) , (2 7 r A / d n )
n=1 min

and
0 0

E -  (1,d) = 7 r ,  Evw(Er(m)r(n))Ki(2ridn)
n .., 1m i n M

2

±  l En(Er(m )r( 71)(1(2(27r/n) K0(27T-4Fr ) ).2d m
n.-- 1 min



Thus we see that

and

Hence both

and
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E' (1, d) < 0 f o r  d > 0

r (1, d)  > 0 f o r  d > 0.

— 8 (L (1, x) ( - logd —  lo g )  +  L' (1 , X ))

27E (1, d)

727

are monotone decreasing convex and continuous function of d.
Since

— 8 (L (1, x) (-12- log4 — log7) ± L ' (1, x )) > 27rE (1, 4) ,

— 8 (L (1, X) ( 12 7) ± (1, X )) < 27E(1, 1 )1 ° g  16172
l o g

1 6 7 2

E(1,d) > 0  fo r  any d > 0,

and

— 8 (L (1, X) (logd — log7r) L' (1, X)) — cc as d 0 0  ,

the equation

G d (1) = 0

has at least two real solutions DI and D2, D I < D2, in d >  1

We notice next that

0 0

dGc ;z(1), 7r/i.  I 27TE,F,-1(Er (m) r( - -
rn7n  ))K J. (27V zn))

n=1 mln

f z_7( L i' 27 • 16 • K1 (2 )f i )

f  18  - 21r t 1 ,
1
/ 7z1 6 7 f  - e- 2 7 r ‘rz-v(1 1

2 )dyl •

Hence 
d G ( 1

z  
)  
 < O, provided that 1 < 8 e _ 2 ,

 namely that 0 < z <  ( 1 ° g 8 ) 2
d '

Hence, G (1) is monotone decreasing for 0 < z < ( 1°
2

g
7:3 ) 2. On the other hand,

167'
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dGz(1) = 0dz

has at most one real solution in z  >  1 . Because
4 2

-

,/-z-E f , -; , (E r (m )r (1 1 - ) )K i ir,/zn
n=1 min

is monotone decreasing for z  >  1 . T h is  can be seen as follows.4 2
CO

d (m)r(11:1))Ki (27r 11))
n=1 min

=  1   E ,(E r (m )4 1 4 _ .) )
2  0

- f - (y+y-i) dy
m en=1 min

f E n ( E r  ( m )  44 1  f  e - l r ' ' r “1 1 +1 1 -1 )  (y  Y  - 1 )  C lYm  2  0n=1 min

and

E n (E r (m )r (n ) ) 1 f - - it
zn +u-1 1 (y y -i) d y

2 m  2  0n=1 min

2r ■  y 1 f
2 r(m ) r( —  I) e-0 ,/e7i(y+y-1)

m  2  0n=1 min
0 0

> E
, r  m

f ,
Ain E ) r ( - - ) )  f1 - „ - i t c y + y - i )

d y ,m  2  0n=1 min

prov ided  tha t 
1 

 G 2
1

r , namely that <  z.
A/z 4r2

Consequently, we see that the equation

Gd (1 ) =  0

has exactly two real solutions DI and D2, DI < D2, in d  > O.
If d  > D2, then

G d (1) > 0.

Since

lim Gd (a) = — co ,
cî-.2 - 0

G(a) must have a zero in the in terval (1, 2).
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If 0 G  d < DI, we have also

G d (1) > 0

and G  (a) must have a zero in the interval (1, 2).
This proves (ii) of Theorem 2.
We get at the same time (iii) of Theorem 2.
We shall give proofs to several inequalities used above. It is clear that

E (1, d ) > 0 for any d > 0,

and

— 8 (L (1, x) (1
2
-- logd — log7r) I ; (1, X )) — co as d

Using lower bound for I f  (z )  described below, we have

27rE(1, 1 ) 27r • 16 • Ko(27ri 1 )
167r21 6 7 r 2

27r • 16 • eATT,Tir 1 =  3 2 r  —
e  

-4-
1 'Jr 3

167r2

> 2r (2logr + log4) — 8  4  ( 2 log 167r2l o g r )i r  1  1  

> 8  74 ( 211°g1617r2 logr) — 81: (1, X),

since (1, x) >  0. Finally, using an upper bound for K,, (z) described below,
we get

E (1 ,4 )  7  E(Er(k),(1))K0(4 )
/

r (Or ( 1 ) )  4 gA 4 -  e 1 ‘ 1 2
47c,,/ï/

n=1 min n=1 n=k1

n=k1 E - (E r (k )r < r  
24

r  ( k  r (/ )

- 24
n=1 n=k1 nrt n=1

CO -41r
e
-41rn.s

e - 4 r (E r (n) e 16C4(2)= 
1 6 2 4

— 2 \ 2 4
n=1

Here we notice that
co 00 - 1 — 41067 (i) I = 1r- e

27rmk
+ 4 EE =Tr + 4 E3 k 3 k (e21`k —1)

ni=lk =1 k=1
50 .

1 .=
3
 +  4 1E +  4 E
 k  (e zirk _1) k (e" k —1)k=1 k=51

167r
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Since

4 1 = 0.007490729799074184462554317—
k  (e' k — 1)

and

0 0

  

4 \  1  2  
k(e2

 — 1)2 5 e2 —

k=51

1.091 X  1 0 ' 40

we get

— 411;477 (i) I = 1.054688280995671930616768779•••.

Since

I: (1, x) (Co — 21og2 — 4login

we get

I: (1, x ) -= 0.1929013167969124293631-•.

Using this numerical value of I: (1, x), we get

— 8 (L (1, x) (  log4 — l o g )  +  L' (1, X))

8  7 1
-4(21

 
log4 —  l o g )  —  8 • 0.192901316797

e- 4 7 7r8  

> 1.29416728 > 0.0009075 >  2 r 27E (1,4) .

These justify above argument.
W e  sh a ll n ex t p ro v e  th a t s  = 1  i s  a  d o u b le  ze ro  fo r  bo th  GD ,(s) and

GD2 (S) •
W e shall notice first tha t s = 1  is  no t a sim ple zero for both G  CO and

G D2.  Because if d  satisfies

G d  (1 )  = 0,

then

c'd (1)

In other words, if d  satisfies

n-2

—  7log —

d  
+ 81: (1, x) 27rE (1, d) = 0,

k= 1

then
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8CoC (1, x) 4log r
c
 2 ( — ±  I: (1 , x )) —  (lo g- 5 ) 2 - 2-

27rE (1, d) ( -1
2  log 7-1

c/ ±  Co)  = 0.

To proceed further we need to locate D I a n d  D2 more precisely. We shall
use several numerical values which come from a rough use of a machine.

We start with recalling Lemma 3 of Bateman-Grosswald [2] which states
1

that for 0 » —

2  
and for z  > 0, we have

0 < ( -

2 z ) -  e  

,(z ) 1

and
i

1 1 — 4»2( 2 / 1  —  4   ±1)2( 1  —  4 2 ) 2) (9 — 4 2 )2< e z K ,(z )  ._ 1 .8z —  r 8z 2! (8Z) 2

In particular, we have for any z  > 0,

'  -7-r- (1 — < K  (z) < r (1 1 +  9e 2z 8z ° 2z 8z 1 2 8 z 2).

In a similar manner we have a more precise approximation as follows.

e (1
1  +K o (z)2z 8z

9  
128z21 0 2 4 z 3

"  <  

e - z i l r- ( 1 1 ±  9 75  3675  )
2z 8z 128z21 0 2 4 z 33 2 7 6 8 z 4

We shall give an upper bound for E(14) first. For any

d >  1  (75 • 128) 2

47r
2 \9 1024 1

we have

50

E (1, d) (Er (m )r( m
n ))e -2 7 V 7 6 -1 / 4  (7c.idn ■

1 
16 ir,/ dn

n=1 min
9 75 3675 )

5127r2dn 81927r3 (dn) 524288774 (cln)

+ OEr (m)r(11)e-21tArrn 1  7 r   ( 1 1  
m 47t-J --;  •In 1671-.fdTs

n=51 mIn

9 75 3675 )± + = E i  - I-  E2, say.
5127r2dn

8 1 9 2 7 r3 (d 1 M 5 2 4 2 8 8 7 7 4 (dn) 2



50 Er (m )r(lt)
A (x) min

n
x  m  •

n=1
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If d (71°01)2 1
47r /  51 and n 51, then e-27rvi < 

7

>  (71og51  )2 1
\ 51, then we have

Hence, if d

r (m) 4 )
E2 e  E "Ainm   (

1
1 

c-in2di n
2 16r/

n=51

9 75 3675 )
5127r2dn 81927r3 (dn) 5242887r4(dn)21

8e - x V 5 i d  

= {C (2) 2 /,  ( 2 ,  X )2
1 c (5 ) 24 5 ±  9  c( 3)2L (3, x )2

(1,1 167ci/W 2 2' 5127r2d

-/rA/51d75 r (7 ) 2 , 7 
' 

) 2  ± 3 6 7 5  (4)21, (4 , x )2 }  e  1   (A  ( 2 )
32 ) 1" \ 2 I

4 2 4 ) L ( 4 ,
2d71

' A  
(5 )  + 9 A  (3 )3 6 7 5  4 , (a )1

167rid 2 / 5127r2d 819725n-3de  ( 27 ) + 5242887r 4d2 -

= (d), say,

where we put

The value of Eminr (m) r(Z) at n = 1, 2, 3, • •• , 50 can be evaluated easily. In

fact, the corresponding values are

16, 32, 0, 48, 64, 0, 0, 64, 32, 128, 0, 0, 64, 0, 0, 80, 64, 64, 0,
192, 0, 0, 0, 0, 160, 128, 0, 0, 64, 0, 0, 96, 0, 128, 0, 96, 64, 0,
0, 256, 64, 0, 0, 0, 128, 0, 0, 0, 32, 320,

respectively. We notice also thaw by a rough calculation, we get

A (2) = 35.07460350047196233867•••

= 25.8012242491000305926.-

A (3) = 21.69437774734406166682...

A ( - - )  = 19 .56275687289406969882.•

A (4) -= 18.33050920944640605528-•.

Since



8e- rVii7t 1qi (d) (2.270153960111 1.619420555337 •
d 9 167rfc-1
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(2) 2 L (2, x) 2 = 2.270153960110982728•••,

C( ) 2 L (52-, = 1.619420555337452648-,

(3) 2 L (3, x) 2 = 1.356592254853679817-,

( j 2 LG, X  =  1.222748185229687098• ••,

and

(4 ) 2 L (4, x) 2 = 1.145665531455488938- •,

we have

9 75 ± 1.35659225485368 • 1.22274818522968 •
5127r2c/

3

81927r3ca
0 --Ir cl

+ 1.14566553145549 • 3675 } ' , {35.07460350047
524288r4d22 d 1

1 9 - 25.801222424911 • + 21.694377747344061 •
167r fc-I 512r2d

3675 - 19.5627568728941 •
7 5  

, ± 18.3305092094464 • }
81922t3ca 5242887r4d2

= qr (d), say.

W e  sh a ll g iv e  n e x t a  low er bound fo r E (1, d) as  follows. I f  d  >
(0.402467) 2 

= 0.002051497•••, then we have

E (1 ,d ) (E0n)411-))e-27rViv/ 7  ( 1
1 

47r/d 1677,4/
m il

- F OE r ( m ) r ) e 2( n ) -m
7rviWv/ r 1 

4
(1

167rj -in 
n = 2  min

\'9 75
5127r2dn 8192r3 (dn)

We denote E1 by qi (d)
Now we have the following inequality

9*((1) Gd (1) q*(d)

(d ) , say.

87r2

where we put
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g* (d) = - log i r
d

2 + 8 x 0.192901316796912429363 + 2 q * (d)

and

g*  (d) = 7f; +8 x 0.1929013167969124293632+2z (qt (d) +6" (d))

Furthermore, a  rough calculation shows that

g*  (6.039009) = - 5.704270722439.- x 10 - 8

g*  (6 .039001) = - 5.0218085245745••• x 10 - 9

g* (0 .16563) = - 0.0001300811639577.••
g*  (0 .1656) = 0.0070947906833076•••

and that

g* (6 .039002) = 5.134382159- X10 - 7

q* (6.039) = -5.269797505.• • x 10 - 7

g* (0 .165155) = -0.00028315072-•
g * (0 .165152) = 0.0000610434307333.-.

These irnply that Gd (1) = 0 at d  = D1 and d  = D2, where

0.165152 < <0.165663

and

6.039001 <D 2 <  6.039002.

Hence to complete the proof of (1) of Theorem 2, we have to prove that

G '; (1) 0 for d  = D1 and D2.

For this purpose, we shall first evaluate G  (1 ) . We see first after a  sim-
ple evaluation that the coefficient of (s - 1) 2 in  the Taylor series expansion of

it   F(s - 1 ) (s) + r s )  Z  - 1)

at s  = 1 is
C (i, X ) l 2 r i r r -  ( 1 )= 4 IC2

1
2
-r + 2Cit (1, X ) ± CoCi ± 123±  Co rr" (1) 

4

Ciz ±  C o l :  ( 1 ,  x ) L - (1,x) _ i_t 7r2 2(\ CorI :  (1 X)  \+ log-
i

-
r . 2 ( +

2
' )d 4 2 i m  1 ° g .Ti ) 8

( l o g V 3 J.

Similarly, we see that the  coefficient o f  (s - 1) 2 in  the  T aylor series expansion
of
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( f(-171. )  r6
 2 t  E (s, d)

at s 1 is

RE (1, d) 11(10 74-) 2 + c0iO4- + 2C — r" (1))+ 7TE(2)(1, d),

where E (2) (s, d) is the second derivative of E (s ,d) with respect to s.
Consequently, we get

G'd' (1) = 4C2  ± 16C il: (1, X) 4- 
8L—  (1, x) 4CoC ir ±  2.7J' (1) 

3 3
r 2 ( Cir o (1, X)+ 2C o r + C l :rc ( 1 )  +  8log L- (1, x) 
d 4 2 i

C07  A _ L' (1, X )  ) (
I o g +8(log n 2 ( 7E

2  ) 3  

7
d 8 ' 2 /

2

27rE (1, d)11 -(logl —E2- ) 2C olog 7r
d— (1)1+ 27cE (2 ) (1, d)4 d

This proves (ii) of Corollary 9.
We now complete the proof of Theorem a
Suppose that Gd (1) = O. Then

27TE (1, d) = clog  — 8.L' (1, X).

Substituting this into the explicit formula of GY (1) given above, we get

G :1 ' (1 ) = 12 (1 ° g  - cT
TC7 T

2  )  3 rc
2 )2

TC
2

2± 21: (1, x) (log 7  +  log 71 - (7cCo — -T

— 27rc1 — 4L-  (1, x))+ 4C27c +8L; (1, x)(2Ci — Cô + 561 )

±  4 C o C i r r  ±  4 7 1 - ( 3 )  ± 27r.E (2) (1, d) ,
81.—  (1, X)4  rCô 

3 3 3

where we have used the following formulas

r -  ( 1 ) ,  a + 7r
6

2 a n d  r- (1 ) =  a
We put

(x) fr-.•2x2 2L' (1, x)x 2 x ( r r a  — — 27cC1
 — 4L-  (1, X))

4C2r + 8L' (1, x) (2C i
 — Cô +

8L—  (1, x)4 7 r a LirC (3) 4CoCir +3 3 3

CO272  2 c  ( 3 )
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We see that

f'14 )= 7i+Ci ( 1 ,  X ) ) 2( 1 ,  X) 2 ±  7rC Ô

3
- -

6  
-27VC1

 - 4L-  (1, z)

G 0 for any x,

because

316L , z )  2  + -4L- (1, X)6
.77.3< 16 (0.192902) 2

 ±  IrCti - - 27r • (0.0728)+4 • 0.162741

<  -3 .737  <  O.

Hence, f i (x ) is monotone decreasing function of x. We notice that

.7 7 2 2ir
2

3.5 <4.08  < <log - g •--- 0.165663 <o - 0.1765152 < 4.09- < 4 .5

and that

-3 6 .5 8 4  <  ( lo g -D771-2) <  - 22.367.

We notice next that

2 71.2
0.3<0.4912-•<10  7r

2

g  6.0379002 -" ° g - -D2 < i ° g 6.039001 < 0 ' 4912

and that

r
2

-4 .82 52  < f i (lo ) <  -3 .276 .
D2

On the other hand,

E (2 ) (1 ,d )= E (-2 ogn
)2 

( E r (m)42 1
m ))K0 (27c.idn )

n=1 min
CO

1-
2

lognOE (-logm) r(m) + n- ))K 0 (27r.Idn)
n=1 min

CO

1 2nA/TIT; 2 dyE -
2-logn(Er(m) ;Af  m

n  ) -2-1

n=1 min

l logn(E ( - log m)r(m) r(r1 ))1f0 (27r.Vdn)2
n=1 min

<0.6
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±2(E (—log m) 2r(m) r(--1-1—m ) ) K 0 (27r cir/n )
n-1 min

+ (E (—log r(m) r(2 1 )) -27CV—Y+11-1 Ime  dn  2   _P ia
0

dy
n=1 min

0 0

• E 1 12 ° g.n (E  r
logy

e -21tvdny -f- Y- 1

m 0
2 dy

n=1 min

▪ E (E (—log m) r (m) r(1 ) e 2

  
 logy1 1 - - 1 r A r i l l + 21i I d ym  2  o  

n=1 min

E
( E r  (m ),r ( mV, ) )  f °'

e
-27r A/.27,y f .-, 

l o e y  

dy
n=1 min

CO

= E (Elog m (log m — n) r (m)r( n ) )K 0 (27c,/dn)
n=1 min

▪ E(Er(m)r(-1-))f e -27rird-ToL±f-2_ 1og2y 
dy

n=1 min

= f 2(d) ± h (d )  say.

We notice first that since for n 1 and for d  >  0,

Ko (27ridn) 111
1  

ci l  n4

we have

D -67rArDT
K0 (27rA/Din)  f o r  n 28

2Duïn 2

and

0 -20 ( b-7
Ko(27I- D  2n)   for n 1.

2D2
,T n2

Hence, we get

2 8 o n l o  g m  (logrn — -1-logn)r(m)r(
<  (13

_n
m   e  2rA ( 1 10 <  

2D1+ n=1
1

11.7

Em pilogm •
e - 6 1 t V - 1 5   1E

2 D j  n =1

(login — -12-logn)r(m)r( 11 -)

n
2
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28 E lo g m  . (login — -1
2

- logn)r(m)r 1+11-11 1•

 

2
n=1

We notice next that

Zonlog n i  • (log m — n)r(m)r(),/i)

11
2

n=1
CO 0 0

= Z (   r ( m 2 )  h g 2 m ) • (E rm (m2) ) ( E  r ,(nv,tn 2 )  h g m ) 
2

n=1 n=1 n=1

=  (r  (2 )z  (2 )  — z' (2) 2 ) =-1-z 2 (2) (

z
) '  (2)1

2 Z

(LIC (2)L (2, X) ) 2 E  A logn • (1+x (n))
n = 2  n

16C2 (2) IC (2) C" (2) — (2 ) 2I.
Since for L  > L o ,

( 2 )V  loen (logL + 4 ± 2 h g L )=R I (L ), say,Li • L1/2
n=2

and

g  -  1 2 gL
IC' , (logL + 1 + 

l o

)= R2 (L ), say,(2) + l o  n  I
L i  

P i
2L

n=2

we get

IC (2 ) C "  ( 2 ) —  Ç (2) 2 11 - 7 ‘ 1°g2n
b L n

2 \ LA 2
V i  1 9 - ° - ) 21  +  71.

6
2RI (L)

n=2n=2

2R2 (L) +  R 22 (L) .

n=2

Since

Elog2fl 
n

2

n=2

1000

E log n 
n

2

n=2

= 1.925771492486574817—,

= 0.929643951846542088—,
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and

we get

R1(1000) S 0.07544353827622274147

R2 (1000) 0.007921570789540101327,

IC (2) C" (2) — (2) 21 2.442420134016605379.

Thus we get

Eminlogm • (logm — -12 logni)r (m)rCn
- 1 -1

n
2

n=1
105.7395223012017539.

1
The values of Eminlog-m  (lo gm  - -

2
logn)r (m)r(—

m
)  for n =1,2,3,- •,28

are

0, 8 • 1og22, 0, 8 • 1og24, 16 • 1og25, 0, 0,
80 • 1og22, 8 • 1og29, 32 • (1og22 ± 1og25)
0, 0, 16 • 1og2 13, 0, 0, 16 • (1og22 + 1og28) , 161og2 17,
16 • (1og22 ± 1og29) , 0, 16 • (31og2 5 21og24) ,
0, 0, 0, 0, 24 • 1og 225, 32 (1og2 2 + log 2 13) , 0, 0,

respectively. Hence we get

v i28 E n iin log in • (logm — —12 logn)r(m)r( mn

 =
n

2 8 . 465929760628084512. -.
n=1

Similarly, we get

28 lOgEmin ni •

n=1

(logm—  logn)r (m) 4 7:

n4
27r.1:1

0.000471188781950964.

Combining all of these estimates, we get

0 < f2 (D i) 0.271564050120363.

In the same manner, we get

A/3.2 E m i n logm • (logm — logn)r (m)re
0 < f2 (D2)

ini
-  2 1 rL

2 D T  n = 1 n
2
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1 6 ( 2 (2)1( (2) C" (2) — ( '( 2 ) 2 1
2D-2i

—27EVITz
e  X  105.746 .6 4 0 9 1 2 0 6 2 x

2/4

W e shall next estimate f3(d). For this purpose w e put, for simplicity, W
3+Ar = r i d  and V = e  2 .  Then we get for d  > 0.16,

f3 ( d ) Œ r  (m ) r ( n  )) f k ey  d y

m
n = 1  min

CO

<  2   V  1 Œ r t I o r tn r- 10g2Y 
w 2  n

n=1 min
\m v y 3 dy

00

<  log 2 V  
 e

-w v (E ( n )   ) 2 <   1 ° g2 V  e - w v  16C (2) 4 .
(VW) 2(VW) 2 M

2

m=1.

Hence, we get

f3(13 1) 6.56797543 x 10 - 8

.13(D2) 7 .7 9 5  x  1 0 '

Consequently, we get

E m  (1, D O  0.271564116.

E(2) (1, D2) 0.000006640912063.

Hence, we get

G 1 (1) <  —22.36 + 1.71 G — 20 < 0

<  —3.27 + 27r x 0.000006641 < —3  < 0 .

Thus s = 1 is a double zero for d  = DI or D2.
This completes the proof of Theorem 2.
Finally, w e shall give a  proof of Corollary 10 briefly. W e shall describe

the Taylor expansion of Z(s) as s= i  in two ways.

Z(s)=  4( (s)L  (s, x ) = s  4 ( C 0f  +  ( 1 ,  x ))

and

and

and



( s )
D  ( s )  =  b i n - D (1) (s — 1) (47rD' (1) 4- 4n-D (1) (logn + C0))

Finally,

4 7 C2
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+ 4(C1 )+ Cot (1 , X) + 2 s 1)

" C '  z )  +  L " '  ( 1 ' x )  ) ( s  — 1) 2 +4(C2 +  C it  ( 1 ,  X) + 2 6

On the other hand, Chowla-Selberg's formula gives us

r ( s 47rs
Z (s) = 2C(2s) + 2C(2s 1) r(s) r(s)D (s) '

It is easily seen that

2 C  ( 2 s )  + 2 ( 2 s( 2 s 1 )  
r(s 

(S) 1 ±  (2  (2 )  +  BS 

+(s 1 )  (4 C ' (2 ) +  B  +  (S  —  1 ) 2 (4 (2 )  +  B  +  •  •

where we put

Bo = (Co — log2) ,
.77.3

B1 = 4 C 1  — 47/C010g2 27 (log2) 2

and

B 2 =  27C C  (3) —  r 3 log2 — 1-7r (log2) 3 + 87/C2 — 8n-C1log2

1+ —
3 

C0rc3 +  47-(C0 (log2) 2.

+ (s — 1) 2 (27rD" (1) + 47rD' (1) (logir + co) + 27rD (1) ( (logr) 2

+ 2Co1ogn — r -  (1) + 2C20)) +•••.

Comparing the coefficients, we get first

3L- (1, x ) = + 2 '( 2 )  — 1
2
-r C20 — n-log2 + 12 +  ( lo g 2 ) 2

+ 2C0n login (i) I +  27rD (1) (log7 ± Co) + 27t-D' (1)

and

L'"  (1, z) 21C27 — 97rC1log2 37cC o (log2) 2 ±  +Coir 3 67rC 0C 1

— 2n (log2) — .7/-31og2 — 37rC (3) + 6CÇ' (2) — 6C 0 '(2 )
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3+  -2-7ra + 37rOlog2 (6C17r —  607r)  log l ( i)  I

+ 37rD (1) ( (log7r) 2
 —  C -  

7
6

2 ) +  6n-D' (1) logr 37rD" (1).

Since

D (1) Ee _to 17701d 12 g '
n=1 din

we get the expressions as stated in Corollary 10.

§ 5. Proof of ( iii)  of Corollary 5, Theorem 3 and Corollary 3

Suppose that 0 x < W e start w ith the formula

Gd (x, Q) =Z (x, Q)
2  7r  r(x - 1)  .71

ozil  d i . 1 r x ) t o k

(1d2r`ji F(x) E (x, d, Q) .

1
Since for 0 x  G —

2

IKx- 4 7 r i d n ) I  =  i _ x   fc—/i/)I

3
< e  ,177-in a t t ) 1   1   (1 +  2 .1. L d h

"  \  d n  2 4  \ 87r V  dn

we have

CO

(x, d, <  
1  V   1   (  m i-xy (no r ( )) e -  47i (

LA 3 _ x  \LA\  m  / /d4 n=1 n 4 2  M i n

where we have used Lemma 2 of Bateman and Grosswald [2], in stead of Lem-
m a 3  o f Bateman and Grosswald [2] used  in  the previous section. The right
hand side is bounded for any d  > 0 and if d  is sufficiently large, then it is

-
<  1  V  1  < 1

d A n  A dA
n=1

w here  A  i s  a  sufficiently la rge  constan t and  w e  have  u sed  a  tr iv ia l upper
bound

rQ(n) I (x, y); ax 2b x y  + c y 2n } i n.

1 1  )
,/dn



Epstein zeta functions 743

Since E (x, d, Q) is bounded for 0  x < 1

'
a n yfor d> 0 and  fo r any  Idl2 

d 
(o,

 Q) = z (0, Q)

Using the  functional equation and the Kronecker's lim it formula, for Z (s, Q) ,
we get at s = 0,

Z(s, Q)= (I I) 1 V—
s ) S ) Z (1 s,

27r.  

,(1Al  \+- s
772s-1 ST( 1 s) 1 L

\ 4 1 F ( s  —  1 )  — s

( co
l o g ° g

21 1  ( 1). -‘/IA  )12) — ...}2
71- iTa 77 2a 2a

= 27c   (141V- s 2,_11(1 —  
.V1A1 \ 4 / r(S 1) SF"

Hence, we get

Z(0, Q) = —1 .
Consequently, we get

Gd (0, Q) = z (0, = — 1 ± O.

This is ( of Corollary 5.
1

Now by the functional equation of Z (s, Q), we have for any -2- > 1 > 0

Z ( — x  — 1, Q) =  2 7
A-r ) - 3 -a x  1F( ( 2

x
+  x )

i ) z (2 x ,

_ (  27r  \ —x (—  1 — x)1(2 x) 
 Z (2 x ,  Q )  >  01(1 — x)

and

1(2 — x) Z (x  —1, Q) = 27r ) 2X- 3

.11211-— 1) Z  —  x ' Q )

\
(

)
2x-3  ( x  —  1 ) 1 ( 2  —  x )

  z 2 — x, Q) < O.1(x)

Hence, using again the fact that Z (0, Q) = — 1, Gd r , Q) must have a zero near
x  = 0 when d  is sufficiently large.

W e shall now  locate it more precisely. W e suppose that d  is sufficiently
large.

1For this purpose we shall solve the following equation for > x  > O.

and Z ( - 1, =  0 ,  we have



(1 —  x) logd = log( 1

z (2 — x, r  ( 2  x )  VOT
2 )
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(xd 2  z(x — 1, ' Q) ± 2 (27)  x E  , d , Q)).
—  

By the functional equation, this is equivalent to

1-x - AA' 1 2 7 r    y
T(1 — x )Z  (1 — x, Q)- 27r Z (2 — x, Q)/12 — \

1-.r ji7r2d  2A i    )3 x E(x , d , Q)) .

Since at s = 1,

27r 

Z(s, Q )= 
s —

lAl

l
 + A o( s  — 1)A i• • • ,

where A o denotes the constant term in  Kronecker's limit formula mentioned in
the section 1 and A 1 is some constant. Hence, we get

2r
s/IAZ( 1 — x,Q)-= A o — x At •••.

Hence our equation to be solsed becomes

1 
= ii ( 1r ) 2/- (1 - x ) (  2 x A

xZ (2 — x, Q) T(2 X )  Y 1"I 'I1A1
ATAT

1 y   27r 
±  x 2,4 ± • .) — 2x Vd ( )3-xE (x, d, Q) 1

1 f (  271. \  3

X Z X , Q) r(2 x )   27r  1\04) + 0(x(1 d-A))1.

Taking a logarithm, this is reduced to

1 —x

971. 3
— logx ) ) + 0 (x (1 d- A )) .'11A1

Dividing by logd, we get

27r Z (2, Q) \
x 1  + +   1   10 (.4,61 )-E  0

( x  (1  +  d - A )  

logd logd g(   2r   V logd )'
\ AA' 1
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Here we put

1 4 r 2  (
1  +  

logd4 2
+ y ).x  — d  IdIZ (2, Q) d  WIZ (2, Q)

Then we have

1 4 2 l o g d 4r2 
d  1,61Z (2, Q) m  d  WIZ (2, Q) Y )

4 r 2  =  1 +  101gd  iog (1d w i z4(722
, 0   (1l o dgd 

IAIZ(2 , Q)

1  
+ l o g  

11IZ(2,Q)(   1  ( 1

nd 1 ogdlogd 4r 2

This is simplified to

1 4 7 E 2 ,  logcl 4 7 E 2  
IZ (2,

0
1 "7 - d 1.61Z (2, Q)d  1d

1  
 log  (1  +  

logd 4r
2

1 +  y )+  
0 (d lo g d  

(1 + y)).logd d  WIZ (2, (2)

At this stage we see easily that y  satisfies

y  = 0 ( —
d
1 )

and get

_ 1  4 2 (
1  +  

logd4 2 1X —  d  liliz (2, ()) d  WIZ (2, Q)
0 (

—c1))*

This proves our Theorem 3.
In  th e  same manner, we can prove Corollary 3. We shall give only a

sketch of the proof.
1

We suppose that k 1 and 0 x < By Chowla-Selberg's formula for

Z(s,Q ) and the functional equation of C(s), we have for 0 < x <

1—
2
Z (x

'  

Q) cer(x) 7E1 - 2 x

= (0 - 2 x C (2 — 2x) F(1 — x ) + (1 — 2x) F ( x f r i )
CO

+ 4 ir' l j - x Ettx—la1-2x (n) cos ( n 7 rb )K _  (2rcnk)a
n=1

(X )  +  U 2  (X )  , say.

y) )
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Ui (x ) and U2 (x ) are continuous functions.

Kx--1 (27mk) I = (2rnk)

< e 1 ( 1 ±  1 x 
nk \ 47rnk

we have

,E 1u2(x)‹ky-xl (n) cos(
—nrb

).1G4
n 1

( 2 r n k )
= a

E(k --,--x  nx -  2 ai _z r (n ) e -27rnk 
 1    (1 ± 1—

 X )

4 n-nk )
n=1

kA

1for 0 < x <  —

2 '  
where A  is  a  sufficiently large constant.

The Laurent expansion of U1 (x ) at x= 0 is

(x) = 2x
7rk  ( 2 )  +  C ot + +1k (— 2c(2) logk — 2 '  (2)

— r" (1) (2)) — 2C1r — C o f i  r — Gi)lx ± • • .

Hence we see that

lim Ui (x).=
i•-■ +0

and

1U 1 ( 1 ,(A  log k 
)

where A  is sufficiently large and A' is some positive constant.

Hence, U1 (x) + U2 (x ) = 0 m ust have a solution in  0 < x  < In fact, it

has only one solution.
To lacate it  more precisely, we start with the following equation.

C(1 — 2x) C( —  x )7 ± 2-r— F(x)7r 1 - 2 x 
(2 —  2x) F(1 — x)

(

F(x)

+  
47rxk4-s 
['(x ) jnx-crl_zz (n) cos (n) (27rnk))a

n=1

=

Using th e  L au ren t ex p an sio n  o f  (s) a t  s  = 1 and  the  above estimate on the
last sum, the problem is reduced to
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1 7 r
x(2 —  2x) F(1= . ( 2  ± 0 (x  (1  ±  V A ) ) .C — x )

Taking a logarithm, it is reduced to

1 x  =
2  

±  1 l o  ( C ( 2 ) 2 )  ±  1 ° g x ±  o ( l
x  ( 1  ±2logk g 7 r 2logk logk

We take

-= 
1  7   (

1 ± 
2 lo g k   

y )k  C (2)2 k C(2)2

and get our Corollary 3 as described in the introduction.

§ 6. Proof of Corollaries 1 and 2

W e proceed in  the  same manner as in  the  section 4. By Chowla-Selberg's
1

formula stated in the section 1, we get the following expansion at s  =  —

2  
for a

general Q.

Z (s, Q) =  ± 2C 0 ±  4  E  ao  )  cos ( n r i ) ) f - y
1
e

- n n k ( u + y - 1)
dy}

64a 27r2a
n=1

 2
4log22 —  41og2 logfre — (10q )

— loga • (C0 — log  —  210g2)±  2(log a
r
k -1- Co

CO

21og2) Ea0 (n) cos ( ri r b  ) 1  - -- irn k (y+y-i) d y
a 0

n=1

Thus we get

z '( - - ,Q) = 2a - [C(2)  — 41og22 — 410g2 • log-  — (10g7) 2

— loga • (Co —  logir — 2log2) -1- 2(log-
a
5
k
-  +  Co ± 210g2)

CO

o -0 ( n ) c o s
( n 7 r b J o

c
)

r o

ay - ie - rn k (y + y -n d y } .

n=1

This proves our Corollary 2.

We now suppose that —

a  
is  an even integer and put

CO

H  (k ) = Ecro(n) y-ie-rnkcy+y-ody.

n=1
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Then

Q) = 2logh — 2log47i-2 C 0 + (k) = J (k) , say.

We notice first that

(k ) -= — 2 7 rE n a0 ( n )  f  e - " k ( v + v - i ) dy  <O
0

n=1

for k  > 0 and

I '  (k) 27/.2 n 20 .0 (n ) (f o+  - 1 1ye Y  Y  d y f  y - l e - " k ( u + Y - i ) dy ) > 0
0

n=1

for k >  O.

Hence

— 2logk 2 lo g4A - — 2C0

and

4H (k)

are monotone decreasing convex continuous function of k > 0.

Since 1 (4) G  0, ( 4
1
7c ) > 0 and

k co,J(k)—■ 0 0  a s

the equation 1 ( k )  = 0 has at least two real solutions k1 and  k2 in

1 k2 >  k 1 >  -
4 7 r .

We notice next that
CO

(k) 411' (k) — 87rE a0 (n)f e - r n k ( u + Y - "d y .

n=1

Since

1f 0
-

e
-irnkcy-Hri)d y e - r r n k  ( Y ± Y - 1 ) ±  I

y

2

co -27Enk
>  f e - 27rnkyd,

e

2n-nk '

we get
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2 4 2J, (k)_ E a o  (n) e 2 "-7r
k  

(1 — 2 E  EC
2 7 r m 1 1 )

k k
n=1 m=1 7=1

2 / 1 \— 2E  < 2 2 i r k < 0 ,
e

2irmk e 1
?n=1

2 provided that 1 < e 2 rk  1'
 namely, that 0 < k <  

lo g 3
. Hence J  (k )  is mono-

tone decreasing for 0 < k  <  log3 . Moreover, J ' (k )  =  0 has at most one real2r

2(1
k\

CO

positive solution, because k Encro (n ) fo 
0 0

n=1

for k >  0. This can be seen as follows.

e ' ' dy i s  monotone decreasing

_44 k E n u o (n ) f:e
-rtokui+o- ')dy ) =  Enao(n) j  0dk

n 1 n=1=
0 0

—rnicly+y-11dy

— 7,En2cro ( n )  f  e - ""Y+Y- " (y  + dy
n=1

1/2 o.
c, (n) f  e

-Troray+y-i) -1)dY0
n=1

> rEn zao (n) f e' " + Y - l ) dy >  Enao (n) f e - nnk(Y+ Y-1)dy
0 0

n=1 n=1

Consequently, J  (k ) =  0 has exactly two real solutions k1 and k2 in  k2 > ki

We shall justify some of the above arguments. First, we shall prove that

J ( )
o '

1 11 I(  341-1(4-i) = 8E00'01(427m 4 7 r ) 8 K 0 (2 r y  V-
47r e  —4 >  6.45

n=1

1 > —2C0 =- —21og 4 7 r + 2log4r — 2C0.

1 Hence, we get J ( )  > 0,

We shall next show that

0 0

and

> 0.

CO

CO

CO

CO
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.1(4) <

4H(4) = 8E uo (n)K 0 (87-t-n) 8 E (Jo 2 .7r87rn e -8 1 r n

n=1 n=1

2e - sr E
n=1

Hence, we get

(n) 7r
4

2e -Eorc (2) 2 = -82T_ e
18 •n

2

j ( 4 )  =  21og4 — 2log4n-  -4-  2C 0 ±  4H(4)—  2 l o g r  2 C 0<  O.

From the above argument it is clear that if k  > k2 o r  0  <  k  < k l , then

Z(
1

-
2 '  

Q )> O.

Since

lim Z (a , Q ) =

a -1 -0

1Z(0-, Q) must have a real zero in the interval ( -

2 '  
1).

This proves (ii) of Corollary 1.
W e get at the same time (iii) of Corollary 1.

1
We notice first that for k1 and k2, s = —

2  
is not a simple zero of Z (s, Q) .

Because if k satisfies

2logk — 21og4n- 2 C 0 ±  4H (k ) = 0

then

-  41og22 — 41og2 • log Te — (log /7  — loga • (C o — log  —21og2)

2(
7r

log —

a k
Co ± 21og2).H (k) =  O.

To prove that s  =  1  
is  a double zero for these cases, we need to locate 14

and k2 m o re  precisely. Here we use  the  same method a s  to locate D I a n d  D2
more precisely. Here the  situa tion  is m uch sim pler because th e  functions in-
volved are much simpler and we get rough numerical values

= 0.1417332—

and

k2 = 7.055507955448•••

as noticed in the section 1.
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A s an example, we shall locate k2. We put

47 k (1 ±  e) with E  = 10-m .
e

C o

Then we have for this k,

=  log (1 ± E) + 2H( 4 (1 c
ll..
° (1  ±  e)).

Now

< 2H(4 7

 (1 ±  E)) 4Eao(n)Ko(
8 7 2  

 (1 ± e)n )
e 1 0 eCo

n=1

4  /e
C0 (1 + 10 -m ) V2 4 ( n )  e - Vco "PO

n=1

— ° (1 + 10 - 9 (e - %  — e  8e%2k  (2) 2 ) <  4 .
4

—  2 47r

On the other hand,

log (1 ± >  E >  10- "

Similarly, we have

log(1 —  E) < E E r"

Thus at k
4 7

 (1 + 10 - " ),
e co

Z(
1
-
2 '  

Q) > 0

and at k = (1 — 10 - '4)
ec °

1Z (-
2 '  

Q) < 0 .

Since

47 7.05550795544818276277064853817—

we get

k2 = 7.055507955448 •••.
We now proceed to complete the proof of Corollary 1.
We start with Chowla-Selberg's formula stated in the section 1.

e
C o
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1r(s — --
2
- ) ffr

Z (s, Q) = 2C (2s) + 20 -
 2 s (2 s  — 1) r(s) r s )  D  ( s )

where D (s) is introduced in the statement of Corollary 2 in the section 1.

The coefficient of (s — 1 - ) 2 of the Taylor expansion of2

r ( s  — 1),/Tr
2C (2s) + 20 - 2 sC (2s 1) f(s)

1 .
at s = —

2  
is

4  ( log .

r G )
3 re +  4  ( 1 )  ( lo g  7 ) 2

r 2

re)r-(1 )r  ( 1 )2 2/  +  2 ( 2 /   )3

p2
( 1

) r(.)

= -
r,(1

7r)( k 2 / )
2

"
G-)

+4c.( r ( 2 1 ) ) 2
71-

8Colog k  re) r(i)2 2

1'42) 4C4log-Fe — 8 C i log ±    1 6 C 2  +  3
/12) .r ( ) 31 \

1)2
Similarly, the coefficient of (s —  -f  of the Taylor expansion of

zirski—s
F ( s )  D ( s )  at

1

is
77- 2

2D-  ( 1 ) D(1 )1— 7(2 + 2 (C0 + 21og2) 2 + 4 (C0 ± 2log2) log LT- ± 2(log l2 2 k k

This implies that

— 1-log2a loga • fc-t Z t )

r(-1
2-) n. r(12---)

— Ylogfr,) +  4 (log---)
2 

4 ( lo g f ) (  ( 1 )  )rG-) r 2

r ( 1 )r- (1 ) r (112 2 2/1 r ( )
+ 4 C 0  

F"Gi) 

r2
(

) r ( ) )  8Colog—k  1 ,( 12 )

+ 2 (

r ( - )
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7r 2 r(-1) r t )+ 4C0 (1og— )  — 8C1log—

i r

  + 8C1
r(1)

+ 16C2 +  r(-..i)
+ 2D- ( -)+ D(1--)1— 172 +  2 (Co + 21og2) 2

+ 4(C 0 + 21og2) + 2(log-
k
-  1 .

Here we notice that

(rvm =  v 2 = 4 (r( 2 ) VI  1   ) n . 2

r ) (1 ) (2n)2 2
n = o  2 n=1

and

0 3 0 3

(TI :X M  _ 2 V 1  31 6 ( c ( 3 )
/ \ 2/ L .,J 0  (12  +

n=1

Hence, we get

(21

1

0  3

)

/=---  — 14( (3)

( 1; ) ( 2 1 ) 71.22 + # 1; )(D ) 2

and

f  \\3(  " V 1 ),r;-, ) \ 2 1 1 4 C ( 3 ) - F  372r2 ( r; ) ( 21 ) ( ( r;" ) \21 ) )

Consequently, we get

r (1 )r-  (1--) r (1) 2)  )2 +8c, 2r (
1 )

+ 1 6 C 2 +  
r"'"G) 2 2 + 2 ( 2 /   )3

+ 4 C 0 (

r2 (2 ) r(+)) r ( ) 2 3  r(1
2-)

4 ((1"' V 1 \ (   )),m,0( ( 21 ) ;  + 8C4  ) ( 12 ) + 16C2 (3)

Then

r ( 1 )

14 8 4= 16C2 — - T-C (3) + -3-0) — 8C1C0 — 8C11og4 + 4C8 log4 — -3-  1og34.

This implies (ii) of Corollary 2.
We now suppose that

1ZG) , ---  0  and 0.

Then we have
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2D( 1
2

- ) = iogf + 21og2 — Co.

We substitute this into above formula for -},„/WZ- G ) . Then we get

3
— 81og2. (log —7 r )

2 n-— 4 log -
k

- (2C i  — Co + 1og24)1 4

' (3)
8 4

3  l 3 ) +  40, log4 — -3- log34 + 16C 2 — 8C1C0 — 8C i log4

+  D( ) 7 2 +  2 (Co + 21og2) 2 + 4 (C 0 + 21og2) logfte + 2(10

+ 2 D 1 )

= +  (log ) 2 (C0 — 21og2)
,2

+ t —  8C 1 +  3C +  4C0log2 — 41og22)

5 1
— —

1 4  

(3) + — C8 + 6CF, log2 + 4Colog22 +  —

2  
7 2C03 3

— log2.7 2 —  log s 2 + 16C 2 — 8C1C0 8C ilog4  +  2D - ( ).

We put

1
f4 (X) =  — *X. 3  1— X 2 (Co — 21og2) + ,r( 7

2

2 8C1 +  3C6 + 4C0log2 — 41og22)

14 5— —
3

C (3) + —

3
cg + 6a log 2 + 4C o1og2 2

1 8+  7 t -2C0 — 1og2 • 7 2 — -
3
- 1og32 + 16C 2 — 8C1C0 — 8C1log4.

Then we see easily that

f :4(x) = — (x — (C o — 2log2)) 2 +  4Cô 7 r
2

28 C i

<O  f o r  a n y  x.

Hence f4 (x ) is  a monotone decreasing function of x . We notice that

3 < log- -  = 1 -0.141•
71..=  3 .0 9 8 5 3 8 . -  < 4ki ••

and that

f4(4) <  — 6 2  and j4 (3 ) <  — 39.

Similarly, we have

=  —0.809 .•• < —0.7—1 < log IT; 1 ° -  7 . 05550.• •

ikr) 21



▪ E n 5-321d 1-28c o s (n 7 5 -

log y • y s - 2e - " " Y " - d y
3

a  1 J 0
n=1 din
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and

f4( - 1 ) <  — 4  an d  f 4 ( - 0.7)< — 5.

1We shall estimate next D" (-

2
) .  First, by the definition, we get

D " (s ) = E 1og2n . n s__,E d i_2sc o s (niz-b) foo y s_L -n-nk(y+y-t)d y
a 0

n=1 din

mrb 3
▪ Elogn • ns- 1 E ( - 21ogd)c/1-2sco s( a  )f o ys--2e-rnk(y+y-i)dy

n=1 din

CO

logn • ns- iE d 's c o s ( n i r b T l o g y  •  y '
3

e r  - i -2 - n k ( u y - 1

E \  a  1  0
n=1 din

CO

• Elogn • ns- l E ( - 21ogd)d 1-2scos( nrcb ) f  s l e - nnk(y+y-i)da 0
n=1 din

E± ns-1 (-21ogd)2d1-2.scos nnt
o y-  3 - 4

2e
 -rnk(y+y-1)

d ya 
n=1 din

0 0

• En5-+E(-2Iogd)d 1 - 2 8  co s( n7 5 ) f
3

l o g y  •  y
s-2e-rnk(y+y-i ) a Ya 0

n=1 din

CO

n s-1 d  1-2s c o s y  • .  2 3 C  r n k  (11+1r 1 ),,1Elogn • nrcb 
0 lo g y  •a ttY

n=1 din

CO

▪ Ens-+E (-21ogd)d1-2scos(n7b)f-logy y s l e - r n k ( y + y - 1 ,41 „
a

n=1 din

CO

Hence, we get

D- (1 ) =  4  E(logd — ) 2cos( m r il f -
 1 e - " k(v+ Y-

1)d y2
n= 1 din

2  gna o y

E cro (n) cos( n
a
n-b ) f o

' '

n=1

= fs (k) 1'6 (k), say.

We shall estimate f5(k2) first.

10g2Y   e - n n k ( y + r -1 ) d  y
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f 5 (lez) = 8 E (logd -I1ogn) 2K0 (27z-nk2)
n=1 din

4   V I e- 2 1 r n k 2  

(logd — 1
2--logn) 2<  

Ark; Fn
n=1 din

<  4   1e -27rk2E  _
2 E (logd — llogn) 2

n=1 din

-  2e-

C" (2) (2) — (2)1
n  2

1.027713

Similarly, we get

14
V e -2nnki E(4  

gf5(k1) lo d — )

2

 2  ° g n

n=1 din

E d in (lO gd logn)2 14

+  4
 e -2Orki (E  

v Zon(logd —

AT -4 n2
n=1 n=1

Since

14E  e -2 :k 1  E(_  1

logd
2

logn) 20.07896949867,
n=1 din

Y  lo g d  — 1 1(42 _ d i n ( 2  - - ,
= 1—

2  
(C ' (2) C (2) — C' (2) 2)

n
2

n=1
1 X 2.44242013401660538

and
2

1 4

Ed in(logd —  logn)
 0.533458527928099-•,

n
2

n=1

we get

f5(k1) 0.85.

To estimate f6(k), we p u t W = fez  and V  = e 2 ,  for simplicity. Then we
have

E Cro (14) f c 's
 1 °g2Y e -wn(m+y-i)dy 2 E 0 .0 ,0 f :  log: y _wn..e 'du

n-1 n=1

X
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...
2   N I cro(n)=
W2 4-d rt2

n=1
00

<
4  E 00,0
W2 n

2

n=1

< _4_ Ç"2 (7 

n
2

0(n)
w2

n=1

I 0  

 2 — 6logy + 2log2Ye-wnydy
y3

f0
1 — 3logy + 10 g2Y e —WnYdy

y
3

.
4log2 V E U(fl) e -wvn

e
—wvn f - log2Y  dyJ v y3W 2 V 2 n

2

n=1

e (2

4log2 V  f
e
_wv 1 2WV +  2 e -3wv e-4W V E (7)on(n) 

w2 v2 2
—
9

n =4

4lo+ --r-g2 V r _wv 1 _2wv 2 -3wv e -4wv(c2 _  1  _  —
W 2 22 e

9 2
9 .

This implies that

and
if6(k1) I [f3(0 .131733) I5 0.001646

If6 (k2) I 1f3 (7 . 0555) I 5 3 .2 2   x 10 - 1 3 6 .

Hence, we get

<  — 39 + 1.8 < — 37 < 0 at k  = k i.

Similarly, we get

Z- ( ) < - 4 + 1.8 < —2 < 0 at k k

This proves all of Corollaries 1 and 2.

§ 7. Preliminaries for the proof of Theorems 4 and 5

We need another expression of E  (s) which gives a  better upper bound of
E  (s) for a larger Id. This will be used in the next section to prove some lem-
mas which is necessary for the proof of Theorems 4 and 5.

We start with expressing
0 0

E0 ( s )  =  Er(m) E &in) - 8
ni=1 —00<mi,m2<<=

E
in another way.

Eo (s) =  r (m) E f_. (mi+ y2 +  dm) - sdy
m=1 mi-
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r  ( I n ) E ((.1+ y 2 ±  dm) - s )dy
m=1 m1=-.

..
= Er(m)f0 0_ f 0

(x2+ dm)'dxdy
M = 1

CO

▪Er (m) f :0 (  {x} — ( (x2 ±  y 2 d m )  - s )dxdy

▪ Er ( m )  E nty) Dddy ((m i+  y 2 ±  dm) - s )dy
m=1

•-=  0 1 ( S )  +  02 (s) +  0 3  (s) , say.

Since
27r. f=

f  ( . / .2 ±  y2 ±  dm)'dx dy -= (r2 din) - s r dr d61

0 0 -00

= 27r (dm) - s + 1  f (74. 2 +  1 ) - s udu = s 1 (dm) - S + 1 ,—  

we get

— 1) 
0 1 (s) =  (s -- 1).

ds- - 1 k s )

By a change of variable x-= Vy 2 +  dm u and b y  a  repeated use of partial in-
tegral, we get for each integer j 1

CO

02 (3) = r (m ) f -  (y 2 ±  drn) - s ( t l y 2  d m u n
m=1

d
• (Tr- ((u 2 +  1 ) - s )dudy

CO

= (n ) j  ( y 2 + dm) - s- 74  r- B 2 1 ( {lY 2 ±  din U } 
J 2j!

m=1

.1(2j)
. ( ± 1) - s ) d U d y ,

d/4
(2»

where B21 (x)is the 2j — th Bernoulli polynomial.
Now suppose that Is I + 3, a 1,1 =  [Clogd] and d  is sufficiently

large. Then we have for any positive constant A

CO

10 2 (s )i_ E r (m )f_ 0 0 (y 2 H -d m )- '-+ -2 1
M=1
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• f l

 2
( 2 7 1 .

(2j

2

)

i  2'(u 2 + 1) -`)--/ (21s1 ± 2j — 1) "dudy

2C (2j) 2' (21s1 + 2j — 1) 2 '
(270"

0 0

Er (m) f (y2 +  d m )  - j+1 dy (u2 ± 1) - a -  jclu
m=1

d 1 j
2 22.i)  

(270 v 
2i (21s1 + 2] —  1) 2 i

COE  r  ( m )ma-1-1-; I -  (i)2 + 1) ' ' ' I d v )  (f -  (u 2 + 1) ' - 'du)
m=1

<  (41 s 1 ± 4j — 2 ' ( 5  \ c'°gd « d-A.
27r/c-/

)  <  

27-c,a )

In a similar manner we can estimate 0 3  (s) . Since

Er (m) E (n2 +  dm)
m=1 n= —

CO

Er(m) ( (dm) ' f  ( x 2 ±  dm) - a  -1 -qd x
m=1

(l I: (x2 + dX)
0 0

Er(m) (dm) - ' - ' 1411 (1 + Vdm (u2 ± 1) ' 1 + Idu
m=1

+ dal +1) ,/ d
l
m  fl 642 + i) du),

we get for a 1

10 3 (s) 1 « d-A.

Thus we get for Isl ± 3, a 1  and d >  do , using the notations in-
troduced in the section 1,

Ig ( 5 ) I 12 ''/ d—  b (s ) E (s, 102(5)1 ± 103(s) I < d - A
b (s)

This will be used in the next section.

8. Proof of Theorems 4 and 5

W e shall extend the  argum ent in  S tark  [23]. W e shall provide several
lemmas which will be used in  the  proof of Theorems 4 and 5. We shall give a
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full proof only to Lemma 1. The proofs of the other lemmas will be omitted,
because it is clear how to modify Stark's proof in the present situation.

First we recall the well-known results concerning the function Z (s) = 4(
(s)L (s, x) . First of all it satisfies the following functional equation

-sr( s )Z ( s )  = 7r - 1 - - - sT(1 —  s)Z (1 — s).

The trivial zeros of Z (s) are

s  = —1, —2, —3,

Z(u) 0 for ci> 0.

(log (Id+ 3) ) (loglog (Id +3) )

For t 3 and for a 1 „ we have
(log (I t I + 3))1 (loglog (Itl + 3) )*

<  (logt)i (log logt)

and

-2-1 (s )  < (logt)1 (loglogt)

These come from Chapter ifi a n d  IV of Titchmarsh [25] and their exten-
sions to L  (s, x ) (cf. S a tz  6 .2  of p.295 in Prachar [19] for a weaker result,
which is already enough for our present purpose) . We put, as already intro-
duced in the section 1,

f (s) = z (s)( r )  s
ic i 

rs) , b (s) = ( frc )  s r( s )  and g (s) = 2 E (s, d, Q) .

15 5
Lemma 1. If 1 ± ,,... . a _ < , 3 t _ K — F 1 , o r i f  c r = . 0

(logtc)'i
t 3, then

if (s) > [f (2— s)I

and
(s) + f (2 — s) I > Ig (s) I.

Proof In the above region we have

lf(s)1 = 4Ib ( s) 11C(S) ( S ,  X)1 > 4 1b (9 ) 1 4 2
(logt)"§(log logt)-5

> 41b (s) I 1

(log/c) 2•

Z(s) *  0 for a _>.. 1
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since

For 1 +
1 1  

( l o g i c ) ; a  S  2 + 
lo g ic

a n d  3  S  t ± 1, we have

j (2 — s)1 6 2 - 2 a
tz - 2 1Z (2 — s)I b  (s ) \Tr)

2-2a
< log2 tc • t2-2°-t1+ -(2-6)

7r

< logic • e- A ( 1 °" (logic) -2

because

(s)j < log 2 ic • t i + ioigx '1. f o r 11  1 ± t > 3logic logic '

(s )  < 1 ) 2

n,14- logxn=1

1  < log 2K  f o r  o- 1 +
logic'

171-- ( '+h - it'F (1  + 1 1  it )Z (1  --I--
IZ( = I logic logic1  +  it)I  1

 ±  it)logic ir-(--1-61iTi-Fiop ( 
logic

2  
< tlogn+ 1 1 Z (1  ±  1

2  
it1  <  log2K • tlogx+ 1

logic )

and

1Z (a +  3 i )  <  1  for 1o -  1 +  1  
logic logic '

< 5For 2  ±  
1

logic —  a  2 and 3 S  t S K -f -  1, we have

K \
1(7r )

2 - s

 r(2 S )Z  (2 — S) 1L(2 S )  

b (s) I = lb (S)1

1X2 - 117r - ( 5 - " F(S — 1)Z ( S  — 1) 1 
1b (S)1

< K2 - 2 a I 1Z (S 1)1 < K2-26141 logic! 1
< K.2-2aio g 2 < 2 7-;--o -c io g 2x 1 0 g 2 / £  

K 2

5For a = 0 t 3, it is clear that

If (2 — s) (logic)b (s)

i t )

Hence we get



762 Akio Fujii

(s)I > If —
Consequently, we get

Ef(s) f (2 (s) I — 1/(2 — s) I

> 1b 1 lb (s) I >  3Ib (s)I >  ( s ) I  >  i q (s )1
log icl o g 2icl o g  /C KA • •

Lemma 2. If 1 1 11+ and  K_< K - F 1, then7 7
(logic) "g (logic)

(s )) > logic a n d  0(f; (s))i<logic.

Proof. Since

f (s ) = Fr, (s) (s),

we get

s)
1

> log —

K

logt — (logt) 0(—
t 

> logic.
Tr

Similarly, we get

1,a(ff:- (s ))I < logK.

Lemma 3. There exists a number To such that lc T o  K  1  and

arg f (1 ± iTo) 0 (2r)

Thus f (1 ± iT o ) > 0 and f (1 — iTo ) >  O.

Lemma 4. For 1 1a  1 + and t =  To,
(logic) i

if (s)1 (2 — s)I and [I. (s) f (2 — s)I > g  (s)!

with equality in the first part if  and only if  a = 1.

Lemma 5.
5

L et R be the interior of  the rectangle corners at —

2  
±

1—  ±  iT o . Then the number (counted with multiplicity) of  the zeros of a (s) in

R is exactly

2 + —

2  
arg f (1 ± iT0) •

TC



Epstein zeta functions 763

Thus we have for 0 < T  To

N ( T )  =  argf (1 i T )  0(1)

=  1 arg((— ) 1 +1 2 . T(1 iT )) argZ (1 + iT ) + 0 (1 )it-7 r

T 1= -  log—  +  — (T logT — T) —r argZ (1 + iT ) + 0 (1 ) .7C 7C

Since we know that

argC (1 iT ) , argL (1 + iT, x) log logT,

this proves our Theorem 5.
T h e  proof o f  Theorem 4  can  be  obta ined  i f  w e follow  the argum ent in

pp.53-54 of Stark [23].

§ 9. Proof of Theorem 6.

For the proof of Theorem 6, we shall prove the following lemma which is
more general than what we need.

Lemma 6. 1For any < a  1, for T >  T o and for 0 < h T ,  we have

r 2 T 7,(1  - cos (hlog2) 
T  

(arg (Z (o- +  i (t + h ))) — arg (Z (a  + i t ) ) )  2 dt =
22'

CO

A2+(4m 1 )  + cos (hlog (4m + 1))) ) 0 (T 1
- 3 ( a )

)  ,(4m + 1) "log 2 (4m + 1)

where .5 (a) is an appropriate positive constant which may depend on a.

It is clear that this result w ith a= 1 implies our Theorem 6.
Now suppose tha t 2 _< X = Ta T2 , a is  a  sufficiently small positive con-

stant which may depend on a. W e put

1 1  2  a  =-- (—

2  
+ 2maxPx,t 2' logX)'

p running here through all zeros  $ + i r  o f C(s) for which

x 3N3-1-1

— TI logX

??Z=1

We put further



Then we get for t T  and for a crx,f,

arg (C (cr + it)) = + it)du)

_ Ax (n) +  0 X+- 1 Ax(n)
n""logn

n<X 3
logX Z_i nax,r-F it

n<X3

logt))
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A (n) for 1 n 5 X

Ax (n) = A ( ')
(log )-±3--n ) 2 — 2(1o4 1

2-) 2

for X X2
2 (logX) 2

(10,g2q
A(fl) n for X2 < n < X 3.

2 (logX) 2

Under these notations, we shall use the following Selberg's explicit formula (cf.
p.239 of Selberg[20]) for a ax,t and t .

n<X3

Ax  (n)a AX (11) 
0 ( A r r ï  E 

n o x , t + i t o +
 0 0,1-11ogt).

ns
n<X3

= M (t) 0 (R  (t)), say.

We put

if 0-c r x , t
f (a, t) =1 1

0 otherwise.

Similarly for the Dirichlet L-function L (s, x) , we define similar notations
as follows. We put first

1
2max (8 (X)

1  2   \
2' logX)'p(x)

P (X ) running here through all zeros /3(x) + ir (X) of L (s, x) for which

It - r(x)I logX

Under these notations, w e  sha ll u se  the  following explicit form ula  (Cf. Fujii
[51) for a ax,t,x and t

V'
(s, X) =

A x (n) x (n)0 A x  (n) X (n)  i) +  0  (X71- f filogt).
n s 4-4

n<X 3n < X 3

Then we get for t T  and for a

x-318(x)-11
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a r g  (a ± it, X)) -= — E a Li - (u + it, x) du

_  ,( Ax(n) X (7 1 ))  +  0 ( XI - 1 Ax (n) X (n) ±  l o w ) )
Z-J n""logn / logX ki L.1

n<X3n < X 3

= M (t, x ) + 0 (R  ( t, x )) , say.

We put

1
if a

f  (a, t, X ) =
ax,t,x

0 otherwise.

Then for any a max (ax,:, a x , t , x ) ,  we have

arg(Z (a + it)) = M (t) + M(t, + 0 (R (t) + R (t, X ))
= (t) ± 0 (R-  (t)) , say.

Now for any 1 <  a S. 1,

f  T2T
(arg (Z (a + i (t + h))) —  arg(Z (a + it) ) ) 2cit

= f2T
f (a, t + (a, t)f (a, t + h, X)f (a, t, X ))

• (arg (Z (a + i (t + h))) — arg (Z (a + it) ) ) 2dt

f
2T

(1 f (a, t+ Of (a, Of (a, t ±h, X)f (a, t, X))

• (arg (Z (a + i (t + h))) — arg (Z (a + it) ) ) 2dt = S 1 +  S 2 ,  say.

Since

argC (a +  it) , argC (a + i (t + h ) ), argL (a + it, x )  and argL (a + i (t + h) , X)

< logT for a
1

we get

2T 2T
S 2  <  log2 T  ( f  (1 — f ( a ,  t ) ) d t + f  (1 — f (a, t, X))dt

f
2T 2T

(1 — f (a, t +  h ))d t +  f (1  —  f (a, t + h, x))dt)

= log2 T • (S's + ± S " ) ,  say.

1 1  < t 2T ; there exists /3 + iy in the region > 2 + io g x ,

Xi A
( 1

\ IIIT .  r 2T +  i o g x  such that m a x  ,8 > —2-  + 07 - -fl IlogX x3(13-1-0)
It rl ------"—logX

''' '  2 ' logX
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<  2 x30-4) 
logX  <  l o g X  

V(o.

'  
T) 

'
3 3

X 2  T- <7,-.2T+-XL
logX logX

R > ( -
1

+ a ) -
1

2 2

where we put

g r(a , T ) = min (7 1 -5-2 (1 -( 'yl + a ) 1 )
, T4 1_(+ )C2 2 2  lo g  T.

We notice that we have used Theorem 1 in  p.128 and Theorem 1 in  p.131 of
Karatsuba and Voronin [13]. (One might get a  better estimate if one does not

use a trivial estimate X3 (s- '12") <  X i.)  In  a  similar manner, we can estimate S '2' ,

S'2"  and  S r  and get

A  2  
S 2  < T*(0' log2Tlo '

where Theorem 1 in  p.128 and Theorem 1 in  p.131 of Karatsuba and Voronin
[13] can be easily extended to L (s, X).

To evaluate SI, we use the above formula for arg(C (0. + i t ) ) ,  arg(C (a +
i (t + h))), argL (or + it, x ), and argL (o. + i (t + h) ,X) . We get first

r2T
= f (a, t + (a, Of (a, t + h, X)f (a, t, X)) ( -A4 (t + h) — (t)) 2dt

± 0 (( 2T C  _
f h) I t 4  ( t ) ) 2 d t )  ( f  C  T R (t) 2d t » )  +  0 ( f

T

 R (t) 2 dt

=  S 3 0 (A/S4 )  ±  0  ( S 5 )  say.

2T
S 3  =  f  014 (t h) (t) ) 2 dt

rT2

T  
V (a, t f (a, Of (a, t + h, (a, t, x) —1)

(ii( t ±  h) —  (t)) 2 dt

-= S4 +S s , say.
1 „ \ 1/ r2 T

S 6 < ÇU f (a, t)) dt) 2 + ( f -  f(a, t + h))d t) 2

1 2T 1
2 T  (1 f t, X)) dt) 2( f  ( 1  —  f  (a, t±h, X)) d 0 2 )

• ( I : t ±  h) — R (t))4d t) 2

<  ( s / S '2 i/S'g" )  •  .,/737 say.

So we are left to evaluate S4, S7 and S5.



loeX

if a = 1

1if —

2  
<  o- < 1.

1

0 (x, a) =1,X 6 " - ' )

Epstein zeta functions 767

'  d tS 4  =  1 22. (1 2 ( '
=  — 71

1
-  E T  )72 (t)dt — 4

1 f 7
2:772 (t)dt f  T

2 T  ( t )1 2dt

=  S 8  +  S 8  ±  S9, say,

where we put

( t )v   A x (n )  ( 1 (x (n) ± 1) .
Z-4 n""logn  \n"

We get simply,

.3 8 Ax (m)Ax(n) < 0 (X , ,
(mn) crlogmlognlog (mn)

where we put

n<X3

m,n<X 3

By Montgomery and Vaughan [16], we get

S9 = E (T±o(n)) A (n )1 1121x(•) + 1 12

n2 ° Iog2n  n' h

(n) V+ 0 (T E  A2: + 0 ( A2 (n) )
/ \n log 2n Z-1 n' i log2n /

n>X n<x3
CO

— cos (hlog2)V A2(4m+1)= 7,(1 (1 cos (hlog(4m +1))))
22 °( 4 m  +1)  2 ° Iog2 (4m +1)m=1

T 0")) ,± 0 (01(X,±  0 (2 a io g x\ x - i  

where we put

log logX if 0- = 1

01(X, a) =--- { A-6(1-a) 1if —
2  

<  a  < 1.logX

Using Montgomery and Vaughan [16] again, we get

(.2 7 ' \ -1 A x (m )A x (n )  (  1  S7 < 1 i V  1  _
J T L—J (mn)""logm logn \ i n ' i \ n '

m,n<X 3

n<X 3

= 7 , ( 1  — cos (hlog2)  + V A 2  ( 4 m  +  1 )  (1 cos (hlog (4m +1) ) ) )
226Z - J  ( 4 m  ±  1) 2clog2 (4m +1)m=1

1)12dt



k<X 6
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r 2T 1 V  Ax(m )Ax(n)x (n)x (n)  ( 1
T (mn)°+itlogm logn \Mih

m,n<X3

« JZ
r  E u (0 12 dt f 2 ri E u (k ,x ) lzdtka+ it

k<X 6k < X 6

1\ ( n
i 1 ) 1 2  d tJ \  ih

E (T + 0 (k)) lu (k)1
2lu  (k , X )1 2  

k2a

( k ) 2Eao 20-2c T  X 1 2 0 - a ) lo g 3X,
k <X6

where

u (k) = Ax(m)Ax(n)  (  1  i)(  . 1) ao(k) = EZJ logm logn \ m ih n'h
cilkmn=k

m,n<X 3

u (k, x) = E A x  (TO AX (n) X (In) X (n)  (  1) (   1 
login logn 15 1 1 ) <  Co (? )th

mn= k
m,n<X 3

and we have used the estimate

Eag (k) < Ylog3 Y.
ks Y

Finally,

CT CT
S5 <  R 2  ( t )d t  +  f R 2 (t, x )d t =  S5 + S - 5 ,  say.

J rT

Using pp.248-251 of Selberg [20], we get

<
( f  C T

E AL(tn2,1,2 d t Tlo T)g2

log 2X  r
n<X 3

l o g q .  
( T logX (fi. X l - a f  c r i E Ax (p) log (Xp) 

42
-2- P " " 1 0 g 2 X  

1 d td c)
P<x 3

Tlog2 T) .
Xa- 1

Similarly, using an extension of Selberg's argument to  L X ) (cf. Fujii
[5] ), we get

»7 -1
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Consequently, we get

fr
2 T

(arg (6r (t h ))) —  a rg (Z (a + it ))) 2dt
0 0

= T (1 —cos (hlog2) E A '  (4m-1-1) 
22(7( 4 m  + 1 )  z alog2 (4m + 1) (1 

cos (hlog (4m + 1)) )
m=1

ot
± 0 (T 1 - 2-i

 ( a - 1 )
)  ±0(T1±-94-1r 

,v 1o

1

g T  ) log T  )

0 (T 31 T . (0", T) lo gT ) +  0 (T 1  (ra ( 1 - 0 ) logT + .iT/logT),/Yr(a, T) ).

Here we can choose an optimal a and get our Lemma 6 as described at the
beginning of this section, although we shall not describe it explicitly.
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