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On May spectral sequences
Dedicated to Professor Teiichi Kobayashi on his 60th  birthday

By

Mizuho HIKIDA

1. Introduction

In  th is  paper, w e generalize th e  algebraic Novikov spec tra l sequences.
T h e n  w e  d e f in e  a  hom om orphism  f ro m  t h e  a lgeb ra ic  N ov ikov  spectral
sequence to the May spectral sequence and study conditions in which they are
isomorphic.

In  [3 ], w e  have indicated that the  differentials of the generalized Adams
spectral sequences can be calculated from those of the May spectral sequences.
M oreover w e can calculate  th e  algebraic N ovikov spectral sequences (c.f.,
P ro p o s it io n  2 .5 ) . H ence th e  re su lts  o f  th is  p a p e r  c a n  b e  a p p lie d  to  the
calculation o f  th e  differentials o f  th e  generalized Adams spec tra l sequences.
W e m ay apply to  the B P-and E(n) -A dam s spectral sequences, and  find the
n e w  e le m e n ts  o f  th e  s ta b le  h o m o to p y  g ro u p s  o f  sp h e re s  a n d  th e  E (n )
-localization o f  s p h e re s . T h e s e  re su lts  w ill  a p p e a r  in the forthcom m ing
papers.

VFp r  _
Let F  be a  ring  spectrum  w ith unit r F : S ° - - - F — )F the cofiber

of z- F  a n d  P s  = 1 " A  • • •  A 1-7  th e  s - fo ld  sm ash  product of F .  F o r  any CW
spectrum X, we have exact sequences

oF (rFA0* (prA0*
•• A P  A x )- - - 7 C  (FA T's A X ) - - - 7  ( F  AP A X) - - - '7"ru-i ( -F- ' A X) — > • • •

and a filtration

OF — O F oF

ZU (X ) 4- 1 r U + 1 (  A  X ) • • 4- 1 rUi- S  (F a A x ) 4--- " • .

T h e  F - A dam s spec tra l se q u e n c e  iFE;:u  (X), dÇ  i s  t h e  spectral sequence
induced from  the exact couple  consisting o f  th e  above long exact sequence.
We have

F E ' ( X )  = (Fs AX) , cif (rF  A l) * o  (Pr A 1)* and F E r  (X) I s  (FEt'u (X); di)
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(c.f., ( 2 . 1 ) ) .  U n d e r  certain conditions, F E ( X )  is i s o m o r p h ic  t o  the
associated graded group o f the  above filtration. I f  F *F =  F * (F ) is  f la t over

F*=F*(.3 °)  then FE ? (X ) =Ext.P:itF (F*, F *(X )).
Suppose F F  is  flat over F *  and  consider an ideal I  of F *  invarant under

the coacton of F F .  T h e n  the filtration

F * (X ) D IF * (X) D • • • D IT *  (X) D  p + IF * (x ) D

induces a spectral sequence

ira "  (X) , diri abutting to E xtF  (Ft, F *(X )).

W e call it the algebraic Novikov spectral sequence for I. If F = B P , X =  S° and
(p, vi, then this is so called by D. C. Ravenel (c.f. [8]).

P r  _
Next consider another ring  spectrum G .  The cofibration S° - - +G— >G

induces a  boundary homomorphism

ac: zu+t (Gt A  F  A  X) — '7u+t-i (Gt-1 - A  F  A  X).

We define a  filtra tion  ill, (X ) I  t oll n-
u (F  A  X) = F (X )  by

(1.1)V f 4 + 1  (X) =Im [(19G) t : zu+t(G` A  F  A  x) — , zu (F  A  X )].

This induces a spectral sequence

iFca t'u (X), 4 G I  abutting to F E U  t  (X).

W e call it the May spectral sequence (c.f. [3, 5]).
We assume that there exists a  map A: F G o f  r in g  sp ec tra . L e t I  be the

kernel of A* : F *
----*G* . In Lemma 3 .1 , we prove that if  .1* : F ( G ) G ( G )  is

monomorphic then ItF * (X) C  14 +1 (X ) .  Then we have a homomorphism

(1 .2 ) p:PF* (X) /P +1 F* (X) — ÷0*+t (X)/ Vt*+ +1 (X) .

Now Lemma 3 .1  implies the following.

Theorem 1.1. Assume that there exists a map Â: F- - ' G of ring spectra.
Let I be the kernel of /1* : F *

- - *G* . If  2* :  F (G ) G (G )  is monomorphic then
there exists a hamomorphism

0:1.1a "  (X) , d̀ ] —+ IFGa t'" (X )  4 G1

of spectral sequence.
Moreover if p is isomorphic then 0 is isomorphic.

For example, consider F=BP, G =HZ/ (p) and X=S ° . Then

/= (v 0 —p, Yi, Y2 ,1)3 ,•••), ED1E/P+1 =z/ (p) [Vo, v i ; " ]  a n d

6)(14+1(S° ) (S°) =EDarzppiW  (BP) =E131,Exttil:(z/ (p), P*)=Z/ (P)[ao,
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where A *  is  the  dual of the Steenrod algebra and P* c A *  i s  the polynomial
part of A* when p  is odd and the subalgebra generated by v, when p= 2.
W e see that p is isomorphic, and so the algebraic Novikov spectral sequence is
isomorphic to the May spectral sequence.

Next, we study some other conditions under which (,b is  an isomorphism.

Theorem 1.2. We assume that 2* : F (G ) — G (G )  is monomarphic. If

Ker [A*: F*(G t A  X) — >G*(G` A  X )] =IF* (G  A  X ),

then (I) is an isomorphism.

Theorem 1.3. Let X  be a CW  spectrum, A: F— >G a m ap of  ring spectra
such that 2*: G (F) G ( G )  is  monomorphic and let I= Ker [2*: F* -- G*] . We
assume that F*(X ) is flat over F* and G*G is flat over G* and G-A danis spectral
sequence Ica' ( F )  converges to 71- *  (F ) and collapses.

If the r in g  E xtN ' (G* , G * ( F ) )  is generated by  Ext *
G (G* , G * ( F ) )  and

Ex tG (G *, G *(F)) and there exists an integer t (u) for each integer u such that
Exedi.V (G *, G* (F) ) = 0 for t >t(u ) , then the homomorphism (1) is isomorphic.

In  §2, w e don 't assum e that F F  i s  f la t  a n d  define th e  above spectral
sequences for any ring sp e c tru m . The above theorems are proved in §3.

2. Definitions of spectral sequences

In  th is  section, w e define  a n d  d iscuss th e  M a y  a n d  algebraic Novikov
spectral sequences according to [2, 3, 5, 8] for arb itrary  ring spectra.

In  th e  r e s t  o f  th is  paper, w e denote g  =  1-7 „ A  X .  F o r  th e  F-Adams
spectral sequence  FE " dn , we have

(2.1) Fau (X) =7r 7,(FA X 's .), df = (rF Aid) * 0 (pr A id) *
FEszu (x) Hs (FEs 'u (X ); di) =K er di/Im  di.

F o r  a n y  r in g  spectrum  F ,  consider a  cochain com plex  lau(x - ) ,  6F 1
defined by

(2.2) cpu(x)=7ru (Fs+1 AX) (Fs+ 1 = F A •••A F (s + 1 ) - tim es) and
s+1

5F = E ( - 1 ) 1 5 i* :  cse (x)---cy-Lu , where
1=0

5 i = 1 A r ' A 1: F s ' A X = Fs'  A S'A F' A X
—F 5 ' 1 AF A Fi A X = Fs 4 - 2  A X.

Proposition 2.1 ( [3 , Theorem  2.3] . F or an y  ring spectrum F. the
following holds.
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) FEZ (X) = Hs  (CP (X); 5 1')
) If  F * (F) is f lat over F*= F*(S °) , then

Hs (a..(x.); 5F) =Ext.* (F*, F * (X )) .

N ow  w e construct a  concrete isom orphism  o f  i). T h e  m ap pr:
induces a cochain homomorphism

(2.3) OF = (Pr A • • Apr A 1) *: CP (X ) = F. (F s A X) (P  A X) F E N  X ) .

Proposition 2.2. OF induces an isomorphism

or,:: Hs (au  (x) ; 5F )- - -Fa" (x) =Hs (FEIN (x);
Proof. The proof proceeds in  the sim ilar way as the  one of [3, Lemma

4.10 iv )] . W e  c o n s id e r  the cochain complexes

M  (r) = (r) L, 5 (r) 'AA and K ( r ) :=  I K (r)L, 5 ( r ) i i  for r_.0

given as follows:

M (r)
{ Fa' (X )  = 7(u (F A Fs AX) if s r

L-=
CF  F (n) = ru (FS  - r  A Fr  A X) if s>r,

if O s<r

if s_r,
if s

cr r-1,u (xn = ru (F s - r - I
A P A X )  if s>r,

0 if s r

{

S ( r ) k =  (1- F A 1)* if s=-r - F- 1

5 F  (X = F A X n  s> r+ 2 .

Furthermore, we have cochain maps

i (r) = ii

defined by

i (r)s=

(r) *[ : K (r) IT — 'IVI (r) : and j (r) = If (r) * : M  (r):---0 M (r +1)

{ 0 if s
and

(r )s = {

(t- F A *: C lu (S° A )a ) - - *Ct- r- L u (F A x ) i f  s> r
id if s

( —1) 5 - r  (pr A 1) *: (FA X n— >Crr-Lu (FA X n if s> r.

Then we have a short exact sequence

i ( r ) i ( r )
0 K (r):- - - >A1

K (r)L =

{4‘5F (x = x )10
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B y  [3, Lemma 2.2], Hs(K (r):) = 0 fo r  any  s; hence j(r) * is isom orphic on
cohomology groups, and so is 01 since M (0 )=C / '(X ) and

OE =  ( 1 ) 6 (s) s 0  o j (0 ) s: m  (0) (s +1 ) =  F a u  (x ) ( s  = 
s  + 1 )  \

2 ).

Now a short exact sequence

0— 'au (X ,Ft) - - 4 CP (F A g )

induces a long exact sequence

oc oc
(C P  (g) (CPu (FA X ) )— q -i s (a u  (g+1)

H s+ ' (cPu Oa)
Let hF : (X) - - ->1/° (CP (X ) )  be the Hurewicz homomorphism. We denote

h, 5c 5 C

P= (5c) s 0 hF: 7r*  (XD - - - - ql°  (a u (XD) — ).( a u  (Xr)) =1-P (Ct'u (X) ).

We notice the following

Lemma 2.3 [3, C orollary  1.7] . x F  e ( C pu (",,NA) )  converges to
x  E  n - 5 (X) i f  a n d  only if there exists a n  element x s E  7r u (X ,ç) such that

(xs ) = xF an d  (aF)s  (x s )  =x .

) W e assu m e  th e  F - A dam s spectral sequence IF E U  (X ) i  converges and
collapses at the E2

- term. Then FiF : 7r*(Xç) — ' Hs  (Cr  (X )) is  epimorphic f or any
s. I f  (V )s x s =0 for x s Eiru (g )  then OF  x ,=0.

Lemma 2.4. If  17F  (x) =- 0 for x  E  7 r (X .f) then there exists an  element
y (X,ç-Fi) such that (ap) 2 (y ) = (r)

Proof. We notice that

HS (C P  (F  A X ) )  =  0 fo r  s > 0 a n d  hF :  r *  (F A X)--+ H
°
 ( 0  ( F  A  X )) is

isomorphic

b y  [3, Lemma 2 .2 ]. Then we have an exact sequence

Pr* dc
0- 4 H° (Ct'u (g ) ) ---qi° (au (F A g ) ) — q--r (au (x+1) ) — H ' (au (g))— o

and isomorphisms

öc : Hs (CP (g + i ))=- Hs+1  (CP'u (X ) )  for s 1.

Then 17F  (x ) = (59  s 0  h ' (x ) = 0 im plies (5c  0 hF (x ) = 0, a n d  so  w e  have
OE 7E * (F A Xç_ i )  with pr*  0 hF  (0) = hF  (x). By the commutative diagram
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(rF A id )*

7tu-1-1( +1) 7ru (r s ) ru (FA Vs)
h fi

,

0 11° (a u  (X .) ) f r  ( C l ' u  (F A XF.;) ),

hF (x — pr* (0)) _ _ h F ( x )  — pr* 0 hF  (0) = 0 im plies that (TF  A id) *(x — pr* (0))
=0, and so we have y E  7 -

Cu.4-1 (X.
14 -1 )  with a '  (y) =x — pr* (6 ) . Then ( ö ')2  (y)_ aF ( x ) .

Next we discuss the  algebraic Novikov spectral seq u en ce . For an  ideal I
of F*, we assume that

os+1 (Pcse ( X) )  i tcr , * ( X) .

Then the filtration

(2 .4 )c p *  ( x )  D  •••  D i t •  c (x ) i t
'+ •  cp* (x) D • • •

induces a spectral sequence

irEsr'''u  (X ), diri abutting to FE.? (X) = j j s (c 5F ) .

W e call it the generalized algebraic Novikov spectral sequence.
Let x  be an element of P CsFtu (X ) and

PI: PCP" (X) - 4PCP (X) / P+1 CP" (X)

th e  p ro je c tio n . If  OF  (x ) E I t + i C sF+ l u (X )  t h e n  PI (x) i s  a  cocycle, and  so we
have an element

[pi ( . 2 - ) ]  E lls (P O N  (x) / i t + i c ' k u  (X )).

A ccording  to  th e  f iltra t io n  (2.4), th e  differential di
r is  in d u c e d  f ro m  the

correspondence

l a t , u  (X) —Hs ( I t c p ,u  (x )  it+lau (x ) ) Hs+1 (r+1 (x))
( r + r c t. ,u (x))_+Hs+1 (p+rct,u (x) 8 t+ r+ la u  (X)) —

Moreover the coboundary

Hs ( i t c ' (X) I i t+ l c o p  (x))_>Hs+1 (Iti-lcp,u. (X))

is induced from the correspondence

6F
i t a "  (X) / It+ 1 Csfiu (X) 4— PCP (X) - - , I t C r - u (X) Di t + I - CsF'u  (X) .

By the above argument, we have the following.

Proposition 2.5. i  )  ra t ' (X ) = H (PCP (X) / P± l a u  (X)) .
)  For x E r c p  (X ), if  e  ( x .) (.4 (X) (r then
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[P./. (x )] E i
E tu (X) a n d  d ir' [./3/ (x)] = 0 for 1 — 1,

and so [p (x )] C l a t 'u (X) . Moreover

Lpi ( x )  ) 1E+1't+" (X ) and cl;i[pi (x)] = (x))]
iii)  Fo r x E i t cp u  (X), i f  5F  (x ) =0 then x  represents an element [x ] E  Fa u (X ) =
112 (ct- (x-)) and P I  x) represents [p i  ( x ) ]  c  l a " ( X )  .  Moreover [pi (x )]
converges to [x].

N e x t w e  d isc u ss  th e  M a y  sp e c tra l se q u e n c e . L e t F  a n d  G  b e  ring
rc p r  _

sp e c tra . T h e  cofibration S ° -- G— >G induces a  boundary homomorphism

a G :  E z i+ I (U t A FA F s AX) — >zu+t-i(jt - l A FA F s AX).

We define

(2.5) = Tin [  ( 0 9  7cu+t (Gt A FA F s  AX) — >ru (FA F s A X )]

Now the filtration

(2.6)
FEU (X) =  7t (F A Fs AX) = (X) D  Vzsi+1 (X) D • •  D  17L'-f-, (X) D (X) D •••

induces a spectral sequence

iFGa t 'u  (X); e i G i  abutting to FE 1 '"(X ).

W e call it the May spectral seqaence (c.f. [3, 5]).
W e  n o tic e  t h a t  t h e  filtration ( 2 .6 )  i s  t h e  G- A dam s f iltra tio n  of

71. 14 (F(F A X )  F a u .  (X) . If G - Adams spectral sequance

G a "  (F  A xf) = I»  (ct (F A X,n ; 5G ) Tcu-t (FA X ')

converges and collapses at E2, then the correspondence

17;
V V  / (X) *— V t (X) <- 7ru (Gf A FA X D — 'H` (a u (F A X Ç); 5G )

induces an isomorphism

VL't (X) / (X )  f i t (a u  (F A ; 0 G )

by Lemma 2 . 3 .  Hence

(2 . 7) FGa t . " (X) =  ( 1 7 V  (X) / 17 :+7 1 (X); cli*) (Hx (Ctu (F A ; 0 G ) ; d ' ) ,

where

df* = (T-F A1) * 0 (prAl ) *: ir (a u (F A g))—>11` ( C u  (X. + 1)) -- '11̀  (a u (F A g+i)) .

For the description of this El - term, we define a double cochain complex
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iCsA u (X) , 5F  , 5G 1 by

CPie =2Tu (Gt + 1  AF s + 1  A X) and

5+„ 1+,
c,F _E  ( 1) ior*:( X )  , dc E ( _ i )  5c* :  c sAu (x)„,sp,b-Fi.,u (X ) ,

i=o

where

lATFA1
or: Gt 'A F s + 1 - i AS ° AF 1A X  AFAFi AX

lArGA1

AS ° AGsi AP's' AX Gt + 1 - i  AG AG'AFs+ 1 AX.

Now (pr) A1: F s AX—>Fs AX=Xç induces a cochain map

OF : C '  (X), 5 G 1 = 1Cd" (FAFs AX) , 5 G 1— > 1Cdu(FAg) , 5 G 1 and
g: 11P (CW" (X); , 5 (CGI"(F A ; 5G ) , .

B y t h e  sam e w ay a s  in  P ro p o sitio n  2.2, w e  c a n  se e  th a t g  induces an
isomorphism

(2.8)
0 ,4  Ir (Ce* '  (X ); 5G ) ;  g ) — *Hs (Ht (c t u (F A Xç) ; 5G ); 41) = FcEl d 'u (X) .

Hence we have the following.

Proposition 2.6 ( [5],[3, Theorem 5.8]. We assume that
(2.6.1) G- Adams spectral sequence

cE?(F Ax.n =H' (ct" (F A xfl ; 5G) (F A xfl
converges and collapses at E2 for any s.
Then Foa f 'u (X) = Hs ( T i t (C * "  (X ); 5G ) ;  g ) .

) We assume that
(2.6.2) F F  a n d  F * (X ) are flat over F * and
(2.6.3) G-Adams spectral sequence

GE? ( F )  =  (a u  (F ))) r 1

converges and collapses at E2.

Then FGEt" (X) =Extnp- (F*, H t (C *  (F A X) )).

T h e  assumptions of t h e  above proposition  i i )  hold  fo r  th e  following
cases:

(2.9) F=BP,G=HZp, X=S ° ,
(2.10) F =BP, G E (n) , X =1,S °

For the second case, we refer [4, Theorem 3.18] and  [7, Theorem 6.2].
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3. Isomorphisms between spectral sequences

In this section, we prove Theorem 1.1-3.
In the first place, we argue on products:
For a ring spectrum G, the  product tt G : GAG —, G induces a  product

Csdu (X ) X G W  (Y) ---iC r s ' 'u + W  (XA

by taking

LAY
x y : Su AS' - - Gs AG A X AG A Gs' A Y— >

iAg Gni
GsAGAGAGs'AXAY GsAGAGs'AXAY

for xECV (X ) and y  E ct u" ( Y) (c.f., (2.2)). Then we have a product

Hs (c X (CV (y) ) H '  ( C t '''' (X A Y) ) .

If G* G is flat over G* , then this is the original product on Extt;Kt-groups.
Consider a  cofibering a: X 1

- - , X 2
— *X 3 and  a  spectrum Y such that

0---)CV (Xi) — 'C'e (X2) 'C (X3) - - q) and
0—*Csdu (X 1 A y- ) -a" (x, A Y) — *CC' (X3 A —>0

a re  e x a c t. Then we have the coboundary homornorphisms

5C : H s  (ctu (X 3))...„,H s+1 (c tu  ( x .1)) ,

5c : H s (c tu  (x 3  A t i  (au  (X ] A Y )) and
5c : (C t a (Y  AX3)) - - - '11"' (Ce" (Y  A Xi.))

For x EH' (Ctu (X 3)) , y EH ?  (a "  (Y )) , we have

(3.1) 5c (xy) = ( - 1) s' (5 c  x ) y  and 5c (yx) =-y (5 c  x ) .

For another ring spectrum F, the product ttF : A F —*F induces products

Tru ( S ) O r . ,  (Gs' AF) — "cu+14, (W A  AFAF) — '7u+u , (Us + s ' A F ) and
Hs (C tu (Gt A F. )) OH?  (CV (G AF)) — >Hs + s r  (Cd'"+ u (G  ̀AG` r AF))

For xE Tru (G s AF) , y  Tru' (G s ' AF),

(3 . 2)
hG (x y ) = (5 c ) s ' (5 G ) s (h (x)h ( 11)  ) ( 6C)ShG (x ) ) (5C) ehG ) ) (x) h G  )

b y  (3.1).
N ow  w e prove Theorem  1.1-3. Let 2: F G  b e  a  map o f r ing  spectra

and /=Ker [F*— >G*] . The following lemma implies Theorem 1.1 ,

Lemma 3.1. If F*(G )-- G * (G ) is manomorphic then the following
holds:



166 Mizuho Hikida

) Tm  laG: 7r4:+1(ff .AF)—Tc*(F)}
ii)  Tm  1 0 9  7-ru-E* (G t AF A X) — >r* (FAX)1 V t*+t (X) D P  F * (X) .

Proof. i  )  By the commutative diagram

(G A F)
OG

(S° AF)
(IA A ) *

(TGA1)

  

(TG An
z u (S°  A G )  > 7rit (G AG)

in which the upper line is exact, we see i) since

(TG A 1) *: (S'AG) — 'iru (GAG) and (1 A 2) *: wi,(GAF) -- >n-
z, (GAG)

are monomorphic by the assumption.
) For

x -= xix2. • ..xty E P • F (X )  (xi EL y EF* (X)),

we have elements

xi' E 7*-F i (G  A F ) w ith aG (x,') =x, and x'=x,.',x2'• . . it'YETru+* (G t AFAX)

b y  i) .  T h e n  ( a G ) i (x') =.r. T h i s  implies ii).

W e notice that if

(3 . 3) 1/-fc-F t (X) I'F * (X)

th e n  th e  M a y  a n d  algebraic  N ovikov sp e c tra l sequences a r e  isomorphic.
Hence we prove Theorem 1.2 and 1.3 by show ing (3.3).

Proof of Theorem 1.2. For any xE 17 14.+t (X), we have .r1E7ru-Ft( -0 A F A X )
w ith  (aG) f  (x,) = x .  Then

(z-G A1) * 0  (1 A 2 A 1 )* (a G xt)=  (1A /IA 1) * 0 (z -G A 1 )* (a G x t) =0.

Since

( I - 6  Ai) *: 7r* W A G e — 1 AG A X) - - *TC* AG t - 1 AG AX)

is monomorphic, (1 A Â A 1) *  (a G x t ) =- 0. h e n c e

aG x t EKer F*(Gt - 1AX) —G*(Gt - 1 A X)] = IF * (G t - 1 AX),

a n d  s o  w e  have X t - 1  E 71.*(G f - 1  A  F A x )  a n d  Ot E l  w i t h  aG =
Inductively, we have elements

x i E 7C* (G I A F A (i —t, t 1 ,",  0 )  and OE/(i —t, t-1,••-, 1)

with a G xi + ,= 0 :+ tx ,. Hence
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x  — (aG) t (x t ) (aG) t-1 (6txt-1)=  et 09 t - i  ( x t _ i )  =  •  =  o t e t , • • • 0 1 x 0 .

This im plies (3 .3 )  and this theorem.

W e prepare the following proposition for the proof of Theorem 1.3.

Proposition 3.2. We assume that A *: F * (G) —  G * (G ) is manomarphic.
If

p: ItF * (x )/ X)--*Vt*+t (X) / Vt*VH-1(X)

is epimorp hic and  there  ex ists  an integer t (u) for each integer u  such that
t (X) = 0 for t>  t (u) , then

0*: 'u (X) , d l i F o a t 'u (X) , (.1 }

is an isomorphism.

Proof. W e prove ( 3 . 3 ) .  Let

P: IT  * (X) —qT * (X) / I t  +1F * (X) , Pv: Vf*+t (X) Vt*-1-, (X) /V -F1 (X)

be p ro jec tions. F o r any x E V iu+t (X), we have

x'EEF* (X ) with pO P I(x ')= - P v (x ) and 01=x E 1/1++1t+i (X).

By induction, we have OiE Vi++it+i (X ) and 0 E I t +  F* (X ) (i = 1 , 2,•••) with

p op, (es') = pv (si) and ei+I=Oi — ME 14,-.M - 1A-1 (X).

B y th e  assum ption, Oi =  0  fo r  i > 1 (u), a n d  so  x  = + E(!) Oi". Hence
xE PF * (X) .

Proof o f Theorem 1.3.S i n c e  F ( X )  i s  f la t ,  th e  G- A dam s spectral
se q u e n c e  IGE t,:u (F  A  X ) }  is  is o m o r p h ic  to  ica u (F) F*F * (X ) . Since
G- Adams spectral sequence  IG E '(F )I  converges and collapses at E 2 and G *G
is flat,

1.44-t (X )/ V*++t+i (X) = (F) ® FF*  (X ) = Exed:c (G*, G * (F)) OF*F* (X) .

Then, by Lemma 3 .1  i) ,

1= 14+1 (S° ) V L 1  (S ° ) V 2*+2(S°) = Extki ic (G*, G (F))

is epimorphic, and so is

• F * (X) V+1 (X) / 17 V+t-Fi (X) =Exed:G(G*, G * (F)) F * F * (X)

by the assum ption. By Proposition 3 .2 , this implies Theorem 1.3.
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