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Remarks on L2 -wellposed Cauchy problem
for some dispersive equations

By

Shigeo TARAMA

1. Introduction and results

W e consider the Cauchy problem with data on line t = 0  for the following
operator A defind by

Au (t, x) -=-1 u  (t, x) +  (t, x) + a  (x) - k u (t, x ) +1) (x)u (t, x)( 1 . 1 )
ax 

w ith the  complex-valued coeffcients a (x ) and b (x) belonging to the space Er
consisting o f all bounded smooth functions whose derivative o f any order is
also bounded on real line R.

If  th e  c o e ff ic ie n ts  a ( x )  a n d  b (x) a re  c o n s ta n t, w e  s e e  b y  Fourier
transformation that, when the imaginary part of the coefficent a (x) is not zero,
the Cauchy problem for A  is not P-wellposed.

T his im plies that the Cauchy problem fo r  A  is not always L 2 -wellposed.
Indeed w e see by the construction of asymptotic solutions th a t the  following
condition on the im aginary part of the coefficent a (x), w hich is denoted by
a1 (x) : there exists a constant K  such that we have for any x and y E R

Ea  (s) ds1 1(ix YI 2 (N )

is necessary for L 2 - wellosedness.
Our main interest is the  sufficiency o f  ( N ) .  W e show  in this paper that

the condition (N) implies L 2 - wellposedness.
Now we form ulate the C auchy p ro b le m . L e t T  be som e given positive

n u m b e r . F o r given functions g (x) and f  (t, x ) find a solution u (t, x ) satisfy-
ing

{

Au (t, x) (t, x) on [0, 7 ] X  R
u (0, x) =g (x) on R

Let X  be  a  subspace o f the  space of temperate distributions on R .  We
say that the above problem (C) is X - wellposed if for any g (x) E  X  and f (t, x)
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belonging to the  space consisting of X- valued continuous functions o n  [O. T],
which is denoted by c ([0, T ], X ) , there exists o n e  an d  only one solution
u (t, x) CC ([0, 7 ] , X ) satisfying following estimates: for any continuous semi-
norme p (  •  )  in X , there is a  continuous semi-norm p i (  •  ) such that fo r any
tE [0, 7]

p (u (t, x)) C (p i (g  (x)) + P i V (s, x))ds), (1.2)

where the constant C is independent of g (x) , f (t, x), and t.

Proposition 1.1. T he condition (N) is necessary f o r 1} - wellposedness of
the Cauchy problem (C) .

Proo f . We follow th e  method of S. Mizohata [4] . We assume that the
cond ition  (N ) is not satisfied a n d  th e  C a u c h y  problem (C ) is still L 2 -
wellposed. Then we draw some con trad ic tion . If  the  cond ition  (N) is not
satisfied, fo r any integer n> 0 there exist Y n , i a n d  yn,2 satisfying v,n ,2  Y n , 1 — >

+00 a s  n— > + co and

1
( S )  d S 1 .1 71, viv n,1 Y n,2I 2

.

O n  th e  other hand , if  the  C auchy  problem is L2-wellposed, we have  form
(1 . 2), for a solution u (t, x) of the problem (C)

u (t, x) II C O  (x) II + f o
t ll f (s, x) lus),( 1  .  3 )

where II v (x) II= (Ely (x) I2dx)
Let u (t, x) be given by

u (t, =exp (itV+ix — k .f a (v) vo I t i 3 t  2 )

where vo (x ) is a  non-negative smooth funcition satisfying

vo (x) = 0  for Ix' 1
and

f_.

1vo(x)Nix= 1,

on the other hand and xo a r e  real constants to be specified later. Then we
have II u (0, x) II= 1 and

Au (t, x) = exp(itV+ix —4 .1:z.x + 3 t P  a (y) dy) x

f (a' (x+ 3tV) — a' (x) b  (x ) ) Id  
vo(x— x0-1-3tV \)+R(t, x, e)1 (1.4)

141,2
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where the last term R (t, x, satisfies forll

IR (t, x, ) l ^c011% 1 V 0 ( k ) ( X — X ° ± 3 t 9 1 ,
k=0,1,2,3

with some positive constant Co

According to the properties of y,,, i and y„,2, we can take and xo,
depend on n, as follows

xo =yn,i and xo=yn,2

and

which

1 f x° a
I 

(y )dv>
xo- f  

For s u c h  and xo. let to be an element in [O, that maximizes the function

11::,a1(y )dy  on [O, Then on [0,t0] [Au (t, x) il is estimated by

1
ex p V è

f x
o
°

x 3 t o v a i  (y) dy)(1+ C2 W.) ,
for

1  f x+3tezf
exp( n  x a  (y)dy)1=exp( x ar(y)dy)

x+3tv

and on the support of Au (t, x),

31  fxx+3te2 a  ( y ) d y < _9].&fsro
(y) dy F  m axla  (x )I.

os xe--3tv xeR

Hence

(0, x)
 Il

(s, x ) 1+cItc, e x p ( A fxx
o
°( Y ) d y )  (1+ C2M

0 -3toe-
(1.5-a)

On the other hand, by similar arguments,

Ilu (to, x) II exp( f x :13 , 0 2 al (y)dy — maxla (x) I) . (1 . 5 - b)
seR

Since

1  f xo
a i(y )d y .

x0-3t0 2

and

1
to - -

   

— ,/yn,2— yn,1— ' +  00 as n +00,
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these estimates (1.5 - a and - b) and the inequality (1.3) contradict each other
for a large n .  For u (t, x ) is  a solution of the Cauchy problem  (C) with g (x)
=u (0, x ) and f (t, x) = Au (t, x)

Remark. Since the solution of

a a(t, x) — 3
2

y x y (t, x) = a ' (x - I- 3t 2 ) — a' (x) b  (x )

v (0, x ) = 0

is given by

v (t, x) =ta '(x+3tV ) 1 ( — a (x) + a  (x+3tV) — f x ± 3 t 2 b (s)ds),

we can elim inate the  term  a' (x 3t 2) — a' (x) b (x) i n  (1.4) b u t th e  term
—  3i* (3 ) (x +3tV) appears if u (t, x) is replaced by e- i ' " ' ) u (t, x). On the
other hand we must consider the estimate o f  (1.4) in the relatively large time
interval which contains w ith a large C in  order that the term (y) dy
becomes effecitve in  the  constructed so lu tio n . Thus it is difficult to im prove
the estimate.

Our main result is the following.

Theorem 1 .2 .  If  the  imaginary part of  the coef f icient a (x ) of  A  satisfies
the condition (N ) then the Cauchy problem (C ) is 1,2  - wellposed •

The proof is given in the next section.
N ow  w e explain the  no ta tion  u sed  in  th e  follwing se c t io n . T h e  inner

product (• , -) of L2 is defined by (y (x) , w (x)) = f_+:v (x)w (x)dx.
W e use the function space 11(k) with 0 w hich is a  space consisting of

all of u (x) EL 2 satisfying that

Ilu (x)11(k)= f  ( 1 _ 2 ) - (0  1 2  d

is finite where 77( ) i s  the Fourier transformation of y (x ) given by

i7(0 = f fe — iexv (x) dx. Then H(k) w ith th e  norm 14 (x) 11(k) is  a  Banach space.
Plancherel's theorem implies that 1,2 = 11(o). By .0 we denote the  space o f all
f  (x ) CB -  such  tha t xkf (x) E/3-  f o r  any k E  N where N is  the  se t o f all non-
negative integers.

We use the symbol class Sm , which is the set of symbols with a  parameter
1 a l (x, such that

a.i-Fk
u

I aX i
at (x, d C j , k ( 1 ± 1 1 ) m - k
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fo r  any j ,k e N, and 1 a n d  any  x, E  R , w here the  constan ts C j,k are
independent of 1.

F o r  a  symbol a l (x, , w e denote  by ar(x , D ) p.d.o., th is  is  to  say, the
peudodifferential operator, defined by

a  (x, D) u (x) = 2
1
7r f exp (ix ) a  (x , d

W e say that the order of a  p.d.o. at (x, D ) is m, if al (x, is  in S »'. F o r  t h e
calculus and properties of p.d.o. see H. Kumano-go [2]

The symbo <> 1
 d e n o t e  (V - F/2) -1.

Concerning the constants, they mey be different in  the  different formulas
even if the same letters are used.

2. The proof of Theorem 1.2

From  now on  w e assume th a t the  hypothesis of Theorem 1.2, tha t is  to
say, the condition (N) is satisfied.

We define the function 0(x, by

0 (x, =  3 < : > f  )ct (y)dy (2.1)

with a smooth function x (x) satisfying

1 for
X (x) = { 0, for

Then we have the following.

Propsition 2.1.

0 (x, ES ° ,

(x,
3 < > 2 (x) ES-2

Proof. W e  have from the definition

(x, =  ar (x) f  x  

3 < > 1 < > f(  Y  x  )ct (y) dy,3 < > 7  

more generally, since X (
 k ) (0)

 = 0 for k > O.

ak

axk
0 (X, =  

3 < > ;a l
( k - 1 ) ( x ) ±

(2. 2)

(2 .3)

fx  xw( Y  x  )ai(y)dy,
<

( - 1) k + 1
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for 1. Hence th e  a sse rtio n s  (2.2) a n d  (2 .3 ) follow from  th e  following
lemma.

Lemma 2 .2 .  For any compacty supported smooth function çÛ (x) the function
F(x, defined by

F (x, = f x (,b( x  )a/ (Y)dY,<>7
satisfies

IF(x, )1 C < > 1

where the constant C does not depend on

Proof. Noting

a  Y (w) dw= a  (y) ,a y  x

we obtain by the integration by parts

„
F (x, =  —  j_ cy '  i )  (w)dw)dy.

It follows from (N) tha t on the support of b'(- - - -e;.-`d

f .r
ual(w)dw C < > 1 .

Thus

( < >
y — x 1 

IF(x, 01 C < > t f ;)1

e)W e denote  by  e (x 'm  [resp. e- G ( x 'D) ] th e  p.d.o. w hose sym bol is e
ocx,

[resp. e- Ø ( x '° ]. Then we see from (2.2) that

e
anx,D)

e

- cx ,D) = I+ R i (x, D),

and

e
-C x ,1 3 >

e
0 (x ,D )

= I± R 2 (x, D),

where R1 (x, D) and R2 (X , D) a re  p.d.o of o rd e r  — 1. By th e  definition of the
symbol classes we see by choosing a large I that for j= 1  and 2

R (x, v (x) II v (x)

and
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Il R (x, D) v (x)11(3)I I  y  (x) II(3)

for any y (x) E.1,3 (see H. Kumano-go [2, Ch. 2 §4.]).
Therefore by choosing a large I  w e  se e  th a t eG(' 'D) i s  a n  automorphism in  L2

and H(3). In the following we take and fix such I Then we put

E (x, D) ,ecx,D)

and its inverse will be denoted by (x, D) .
We define the operators G and G1 whose domain is H(3 ) by

a3aG = a (x) — b (x) ,
ax 3

and

0 3a
G1= ax 3 aR (x)

where a R  ( x )  is  a real part of a (x) . Then

Proposition 2.3.

GE (x, D) = E (x, D) G B  (x , D)

where B (x, D ) is a L2 - bounded operator.

Proof.
In the following, we write P1 =P 2 if  th e  difference of the operotors P1 and

P2, P 1
—P 2 is  a L2 - bounded operator.

a T h e  (2.3) implies that 0 (x  )  E S - 1 . T h u s

[

a 3  E  (x D )1  = (x, D )E  (x, D)
ax3

where the symbol of P (x, D) is  — 2

ax (1)(x'

.  T h e  (2.3) implies aiso that

ia (x) aax = — 3P (x, D) .

Therefore we see that

a 3 ( x )   a )E (x D) = E (x, D) a 3

ax
,

ax ' ax 3

O n the  o ther hand, since iaR (x) E  S', [aR (x) j ,  E (x, D )] = O. H e n c e , b y
noting b (x)E (x, D) =0, we obtain the assertion of Proposition 2.3.
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Since for any y (x) E S  and any real

9i (2y (x) (x), (x) ) (A II v (x)I12 ,

we obtain

ll À y (x) — G1Y (x) il( 2 — C) Il

and

V /Iv (x) — GPI) (x) II (A — C) II v (x) II,

where G t is the  formal adjoint of G I. On the other hand the  ellipticity of Gi
implies that, if y (x) E L2 satisfes G ip  (x) E L2 , then y (x) E H(3 ). Hence we see
that G1 is a  generator of a  C° semi-group on L2 (see for example S. Mizohata
[3. Ch. 6. See. 4.] or S . Taram a [5 ] ) .  Thanks to Proposition 2 .3, we have

G=E (x, D) (G 1
-1- - (x, D)B (x, D))E - 1  (x, D) ,

where E -1 (x, D)B (x, D ) is a L2 - bounded operator. Since the operator G2= GI
+E - 1  (x, D)B (x, D) is also a  generator of a C° semi-group exp (tG 2 )  on L2 (see
E. D av is  [1, C h. 3 .  See. 1.), th e  operator G is a  generator o f th e  C° semi-
group E (x, D) exp (tG2 )  E- 1  (x, D) on L2 .

Therefore we see that the Cauchy problem (C) is H( 3 ) wellposed. That is
to say, when g (x) E H (3) and f (t, x) E  C ( [O. , H)3)), there exists one and
only solution u (t, x) E C  [0. , Ho)), satisfying tu (t, x) C C  [O. 7] , L 2) , of
the Cauchy problem (C) and this solution u (t, x) satisfies

Il u (t, g(x)Il+ftlif(s, x)lids).
0

The estimate above implies the existence of a solution u (t, x) o f th e  (C) with
g (x) EL 2 and f (t, x) E C ( [O. T] , L 2 ) .

By using the arguments above we can show also that under the condition
(N) the backward Cauchy problem for the adjoint operator:

lA*u (t, x) =f (t, x) o n  [0, 7]  
X R

u (T, x) =g (x) on R

where

A * a a 3 ( x )  b  ( x )  ,—  at  ax
is also H( 3 )-wellposed. Hence we see that th e  uniqueness of solutions in
C ( [O. , 1,2)  to th e  problem (C). Thus th e  proof o f Theorem 1.2 is com-
pleted.
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